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Abstract

Displacement field based on higher order shear deformation theory is implemented to study the static behavior of func-
tionally graded metal–ceramic (FGM) beams under ambient temperature. FGM beams with variation of volume fraction
of metal or ceramic based on power law exponent are considered. Using the principle of stationary potential energy, the
finite element form of static equilibrium equation for FGM beam is presented. Two stiffness matrices are thus derived so
that one among them will reflect the influence of rotation of the normal and the other shear rotation. Numerical results on
the transverse deflection, axial and shear stresses in a moderately thick FGM beam under uniform distributed load for
clamped–clamped and simply supported boundary conditions are discussed in depth. The effect of power law exponent
for various combination of metal–ceramic FGM beam on the deflection and stresses are also commented. The studies
reveal that, depending on whether the loading is on the ceramic rich face or metal rich face of the beam, the static deflection
and the static stresses in the beam do not remain the same.
� 2007 Elsevier Inc. All rights reserved.
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1. Introduction

The technique of grading ceramics along with metals initiated by the Japanese material scientist in Sendai
has marked the beginning of exploring the possibility of using FGMs for various structural applications [1].
Undoubtedly, FGM are meant for use where temperature fluctuations are severe. However, their performance
for loads under ambient conditions is also necessary to be investigated since, there can exist situations where
temperature fluctuations may be present for a short duration. Hence it is essential to examine the static behav-
ior of rectangular FGM beams, in terms of transverse deflection, transverse shear strain and stresses. During
the last two decade there has been a considerable research reports on thermal stresses, fracture, thermome-
chanical response, buckling, free vibration, etc. of FGM structural elements.
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The literature reveals a continued interest among the research community to develop efficient mathematical
models to predict the static and dynamic response of thin and thick beams. Kapania and Raciti [2] provide a
detailed review of shear deformation theories used for the static, vibration and buckling analysis of beams and
plates. Shi et al. [3] presented the quasi-conforming finite element for the deflection analysis of composite
beams using higher order theory. Chakraborty et al. [4] developed an exact shear deformable beam finite ele-
ment to study the static, free vibration, and wave propagation problems for bi-material beams fused with
FGM. Sankar and Tzeng [5] obtained an elasticity solution for FGM beams with exponential variation of
properties subjected to transverse loads. Subsequently, Sankar [6] developed a beam theory similar to simple
Euler–Bernoulli beam theory for functionally graded beams with elastic properties to vary exponentially and
evaluated thermal stresses. Calio and Elishakoff [7] derived closed form solutions for the natural frequencies of
axially graded beam-columns on elastic foundations with guided end conditions. Wu et al. [8] demonstrates
the use of semi-inverse method to find the solutions to the dynamic equation of axially functionally graded
simply supported beams. Croce and Venini [9] formulated the governing equations for the behavior of Reiss-
ner–Mindlin FGM plates. Zenkour [10] has derived the exact solution for FGM plates using generalized sinu-
soidal shear deformation theory and presented numerical results on displacement and stress response of FGM
plates under uniform loading. A general two-dimensional solution for the static analysis of a cantilever ortho-
tropic functionally graded beam using Airy stress function has been presented by Zhong and Yu [11]. Ding
et al. [12] have derived partial differential equation for plane stress problem of generally anisotropic beams
and stress functions thereof to obtain elasticity solution for anisotropic FGM beams with various boundary
conditions. Two-dimensional analytical solutions for orthotropic beams have been solved using two harmonic
displacement functions and Airy stress function respectively by Jiang and Ding [13] and Ding et al. [14]. Vibra-
tion and instability of spinning and stationary thin walled beams made functionally graded materials was
investigated under temperature gradients and high temperature based on thermo-elastic modeling by Oh
et al. [15], Librescu et al. [16] and Librescu and Oh [17]. Nonlinear static analysis of unsymmetrical function-
ally graded thin beams with geometric nonlinearity was investigated by Deschilder et al. [18].

The literature survey gives a clear indication that studies on static deflection and stresses under ambient
loading conditions of metal–ceramic FGM beams using higher order shear deformation theory are very
few in numbers, hence the objective of the present paper. Kinematics for moderately thick rectangular beams
satisfying zero shear strain on the top and bottom surfaces is utilized to define the strain displacement relation
involving the membrane, bending, higher order displacement and transverse shear strain. Independent strain
energies containing rotation of the normal and shear rotation terms are deduced. The principle of stationary
potential energy is used to obtain the static finite element equilibrium equations for FGM (functionally graded
material) beam with uniformly distributed transverse load. Equivalent single layer approach is followed for
the evaluation of the constitutive matrix of the FGM beam. The finite element formulation follows the con-
ventional displacement based approach to derive the stiffness matrices. Deflection and stress distribution in a
moderately thick FGM beam with various metal ceramic combination subjected to uniform load intensity are
presented.

2. Material properties of FGM beam and finite element formulation

2.1. Effective material properties of metal ceramic functionally graded beams

Fig. 1 shows a FGM beam composed of ceramic and metal of length L, width b and thickness h. Material
properties vary continuously in the z direction. Topmost surface consists of only metal and bottom surface has
only ceramic. In between volume fraction of ceramic Vc and metal Vm are obtained by power law distribution
in conjunction with simple law of constituent mixture as follows:

V c ¼
z

h
þ
1

2

� �n

; ð1aÞ

V m ¼ 1� V c; ð1bÞ
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where z = distance from mid-surface and n = power law index, a positive real number. For n = 0 volume frac-
tion of ceramic becomes one and homogeneous beam consisting only ceramic is obtained. When value of n is
increased, content of metal in FGM increases. The effective material properties MPeff are evaluated using the
relation,

MP effðzÞ ¼ MPmV mðzÞ þMP cV cðzÞ; ð2Þ

where MPm and MPc stands for material properties of metals and ceramics respectively. Thus the modulus of
elasticity Eeff, Poisson’s ratio meff, and shear modulus Geff, of FGMs can be given by

Eeff ¼ ðEc � EmÞ
z

h
þ
1

2

� �n

þ Em; ð3aÞ

meff ¼ ðmc � mmÞ
z

h
þ
1

2

� �n

þ mm; ð3bÞ

Geff ¼ ðGc � GmÞ
z

h
þ
1

2

� �n

þ Gm: ð3cÞ

Using the above relation it is possible to obtain an insight into the variation of the material properties across
the thickness of the beam for different power law indexes. Fig. 2a and b illustrates the variation of Young’s
modulus and Poisson’s ratio of SUS304—Si3N4 FGM beam. The present study refers to Reddy and Chin [19]
for material properties of various metals and ceramics.
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Fig. 1. Geometry of FGM beam and the possible variation of ceramic and metal through thickness.
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Fig. 2. Variation of Young’s modulus and Poisson’s ratio of SUS304–Si3N4 FGM beam along the thickness for various power law

indexes.
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2.2. Finite element formulation

The geometry of deformation for thick beams is shown in Fig. 3. The total rotation, dw
dx
, can be expressed as

the sum of bending rotation (or rotation of the normal) wx and rotation due to shear c. The displacement field
based on the higher order theory as stated in Heyliger and Reddy [20] is written as

uðx; zÞ ¼ u0ðxÞ þ zwx �
4

3h2
z3 wx þ w0;x½ �; ð4aÞ

wðx; zÞ ¼ w0ðxÞ; ð4bÞ

u0 is the mid-plane axial displacement and w0 is mid-plane transverse deflection. This displacement field is such
that it accounts for traction free condition on the top and bottom surfaces of the beam. Several investigators
have reported that using shear rotation instead of bending rotation improves the accuracy of the finite element
analysis, for example, Chee et al. [21]. Therefore, the kinematics incorporating shear strain is as follows:

uðx; zÞ ¼ u0ðxÞ � z w0;x � cð Þ �
4

3h2
z3c; ð5aÞ

wðx; zÞ ¼ w0ðxÞ: ð5bÞ

The displacement fields described by Eqs. (4a), (4b) and (5a), (5b) are the basis for the stiffness matrix
derivation.

2.3. Strain energy based on higher order theory in terms of rotation of normal, wx

The normal strain, ex1, and the transverse shear strain, cxz1, based on the displacement field given by Eqs.
(4a) and (4b) for one-dimension beam are as follows:

ex1 ¼ u
;x ¼ u0;x þ zwx;x � az3 wx;x þ w0;xx

� �

; ð6Þ

where a ¼ 4
3h2

and ex1 is the axial normal strain. Subscript ‘1’ stands for formulation based on rotation of nor-
mal as dof. Examining Eq. (6), it is essential to identify the following components of strains, namely, the mem-
brane strain, em1, bending strain, eb1, and strain due to higher order displacement, ehs1 respectively. The
transverse shear strain as per higher order displacement field is

cxz1 ¼ u
;z þ w

;x ¼ 1� 3az2
� �

wx þ w0;xð Þ: ð7Þ
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Fig. 3. Geometrical description of the deformation of thick beams.
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Strain energy for a FGM beam with rotation of normal as a variable is given by the following expression:

U e
1 ¼

b

2

Z l

0

Z

z

u0;x þ zwx;x � az3 wx;x þ w0;xx

� �� 	2
ðQxxÞeff þ ð1� 3az2Þ wx;x þ w0;xx

� �� 	2
ðQxzÞeff


 �

dzdx; ð8Þ

where (Qxx)eff is the effective longitudinal Young’s modulus and (Qxz)eff is the effective transverse shear mod-
ulus. Based on the strain energy expression given by Eq. (8), the nodal degrees of freedom are,
(u0 w0 w0,x wx). Evaluating the strain energy in Eq. (8) by substituting the strain components from
Eqs. (6) and (7),

U e
1 ¼

b

2

Z l

0

eTm1Axxem1 þ eTb1Dxxeb1 þ eThs1a
2H xxehs1 þ cTxz1Sxxcxz1 þ 2eTm1Bxxeb1 � 2eTb1aF xxehs1 � 2eTm1aExxehs1

� �

dx;

ð9Þ

where

ðAxx;Bxx;Dxx;Exx; F xx;H xxÞ ¼
X

nlay

j¼1

Z zjþ1

zj

ð1; z; z2; z3; z4; z6ÞðQxxÞeff dz; ð10aÞ

Sxx ¼
X

nlay

j¼1

Z zjþ1

zj

ð1� 3a2z2ÞðQxzÞeffdz: ð10bÞ

In the above expression the various coefficients are: Axx is the extensional stiffness, Bxx bending–extension cou-
pling stiffness, Dxx bending stiffness, Exx warping–extension coupling stiffness, Fxx warping–bending coupling
stiffness, Hxx warping–higher order bending coupling stiffness, Sxx shear stiffness. The quantities, (Qxx)eff and
(Qxz)eff, for FGM beams will be evaluated using Eqs. (3a) and (3c) as follows:

ðQxxÞeff ¼
Eeff

1� m2eff
and ð11aÞ

ðQxzÞeff ¼
Eeff

2ð1þ meffÞ
: ð11bÞ

2.4. Strain energy based on higher order theory in terms of shear rotation, c

The normal strain in terms of shear rotation will be

ex2 ¼ u
;x ¼ u0;x � zðw0;xx � c

;xÞ � az3c
;x: ð12Þ

Subscript ‘2’ stands for formulation is based on shear rotation as the variable. The transverse shear strain will
be expressed in terms of shear rotation as follows:

cxz2 ¼ u
;z þ w

;x ¼ cð1� 3az2Þ: ð13Þ

The strain energy in terms of shear rotation will be,

U e
2 ¼

b

2

Z l

0

Z

z

u0;x � z w0;xx � c
;x

� �

� az3c
;x

� 	2
Qxxð Þeff þ ð1� 3az2Þc

� 	2
Qxzð Þeff


 �

dzdx: ð14Þ

Strain energy in terms of strain components and integrated reduced stiffness coefficients is as follows:

U e
2 ¼

b

2

Z l

0

eTm2Axxem2 þ eTb2Dxxeb2 þ eThs2a
2H xxehs2 þ cTs2Sxxcs2 � 2eTm2Bxxeb2 � 2eTm2aExxehs2 þ 2eTb2aF xxehs2

� �

dx:

ð15Þ

The nodal degrees of freedom for the finite element will be, q2e ¼ u0i w0i w0i;x cif g
T, where i = 1,2.
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2.5. Stiffness matrix and load vector

The principle of minimum potential energy for an elastic body is followed to derive the finite element matri-
ces. Considering the work done by internal forces and the work done by the transverse load intensity, the total
potential energy is

P ¼
1

2

Z

V

r
T
edV �

Z

S

dTf dS; ð16Þ

where f = distributed forces per unit area, and d = displacement vector, u0 w0 wx0f g
T or u0 w0 cf g

T. Linear
interpolation functions, NL, are chosen for axial displacement, rotation of the normal and shear rotation. Her-
mite cubic interpolation functions, NH, are chosen for transverse deflection and slope. The strain energy
expression, Eq. (9), in terms of strain displacement matrix and element degrees of freedom is

U e
1 ¼

b

2
qT1e

Z l

0

BT
m1AxxBm1 þ BT

b1DxxBb1 þ BT
hs1a

2H xxBhs1 þ BT
m1BxxBb1 þ BT

b1BxxBm1

� ��

� BT
b1aF xxBhs1 þ BT

hs1aF xxBb1

� �

� BT
m1aExxBhs1 þ BT

b1aExxBm1

� �

þ BT
s1SxxBs1

	

dxq1e: ð17Þ

Using the principle of stationary potential energy, the first variation of P, i.e. dP = 0, leads to different finite
element matrices and are described below. The stiffness matrix containing the rotation of the normal is

ðKeÞ1 ¼ ðKmÞ1 þ ðKbÞ1 þ ðKhsÞ1 þ ðKc1Þ1 � ðKc2Þ1 � ðKc3Þ1 þ ðKsÞ1: ð18Þ

Different components of the overall stiffness matrix are, (Km)1 the membrane stiffness matrix, (Kb)1 the
bending stiffness matrix, (Khs)1 the stiffness matrix due to higher order displacement term, (Ks)1 the
transverse shear stiffness matrix (involving the effect of rotation of the normal), and (Kc1)1, (Kc2)1 and
(Kc3)1 are the coupling matrices due to coupling between membrane, bending, and higher order
displacement.

ðKmÞ1 ¼

Z l

0

BT
m1AxxBm1dx; ðKbÞ1 ¼

Z l

0

BT
b1DxxBb1dx;

ðKhsÞ1 ¼

Z l

0

BT
hs1a

2H xxBhs1dx; ðKsÞ1 ¼

Z l

0

BT
s1SxxBs1dx;

ðKc1Þ1 ¼

Z l

0

BT
m1BxxBb1 þ BT

b1BxxBm1

� �

dx; ðKc2Þ1 ¼

Z l

0

BT
b1aF xxBhs1 þ BT

hs1aF xxBb1

� �

dx;

ðKc3Þ1 ¼

Z l

0

BT
m1aExxBhs1 þ BT

hs1aExxBm1

� �

dx:

Considering the uniform load intensity, f, in the transverse direction, the nodal load vector, peUDL, is given by

peUDL ¼ 0
fl

2

fl2

12
0 0

fl

2

�fl2

12
0

� T

: ð19Þ

Similarly, using the strain energy expression containing the shear rotation term, Eq. (15), it is possible to arrive
at the second stiffness matrix. The nodal variables like, axial displacement and shear rotation are evaluated
using linear interpolation function and Hermite cubic interpolation functions are chosen for evaluation of
the variation transverse deflection and slope along the element. Applying the principle of stationary potential
energy, the stiffness matrix containing the shear rotation term can be obtained as follows:

ðKeÞ2 ¼ ðKmÞ2 þ ðKbÞ2 þ ðKhsÞ2 þ ðKsÞ2 � ðKc1Þ2 � ðKc2Þ2 þ ðKc3Þ2: ð20Þ

The various stiffness matrices in Eq. (20) have the same meaning as described for Eq. (18). However, the dif-
ferences arise in the transverse shear stiffness matrix (Ks)2, and coupling matrices due to Eq. (13). Based on the
formulation discussed, FORTRAN codes are developed and will be referred to as: (i) FGM-HSDT-RN (high-
er order theory with rotation of normal as one of the dof) and (ii) FGM-HSDT-SR (higher order theory with
shear rotation as dof).
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3. Numerical results and discussion

Numerical exercises are carried out to analyze static deflection characteristics and stress variation in various
FGM beams like SUS304–Si3N4, SUS304–Al2O3, SUS304–ZrO2, Ti–6Al–4V–Si3N4, Ti–6Al–4V–Al2O3, and
Ti–6Al–4V—ZrO2. A moderately thick FGM beams with L/h = 15 and length equal to 1.2 m is considered
for the study. The influence of metal–ceramic constituents is examined by varying the power law exponent.
Boundary conditions for the beams are clamped–clamped and simply supported. Width of the beam is unity.
The beam is divided into number of layers in thickness direction and each layer is assumed to be isotropic.
Eqs. (1a) and (1b) in conjunction with Eq. (2) are used to evaluate the effective properties of each layer
and hence the integrated stiffness coefficients, Eqs. (10a) and (10b). For deflection analysis properties are eval-
uated at the mid of each layer whereas for stress analysis properties are evaluated at top of each layer. To
obtain a proper representation of the constitutive matrix for FGM beam, a convergence study is required
for the choice on the number of layer across the thickness. It is found that a convergence of the elastic con-
stants is achieved with 70 layers across the thickness.

3.1. Convergence study

Table 1 gives the convergence study for FGM-HSDT-RN and FGM-HSDT-SR. FGM beam of SUS304-
Si3N4 with clamped free boundary condition, L/h = 15 and power law exponent of 1000 (metal rich) is taken
up for the study. The non-dimensional deflection is given by the relation: w ¼ w�E11�h3�b

F�L3
, where w is the trans-

verse deflection in meters, E11 is Young’s modulus in material direction ‘1’ and F is the applied point load.
Convergence is achieved with 20 elements using the code FGM-HSDT-SR whereas for FGM-HSDT-RN con-
vergence is obtained for 30 elements. Thus it can be seen that relatively faster convergence is obtained for
HSDT-FGM-SR when compared to FGM-HSDT-RN. All the results given here after will correspond to
beam with 30 finite elements.

3.2. Validation

A systematic and thorough validation of the FGM-HDST-RN and FGM-HDST-SR FORTRAN codes
are carried out. From Table 2 it can be observed that FGM-HSDT-SR gives same results for thin beam as
reported by Shi et al. [3]. The non-dimensional deflection are given by, w ¼ wDxx

FL3
. The results presented in Table

3 uses beam idealized with eight finite elements for clamped–clamped (CC), clamped–free (CF) and simply
supported (SS), and 10 finite elements for clamped–simply supported (CS). For thick beams and various
boundary conditions the results from the present code differ marginally when compared to those reported

Table 1

Convergence study on finite elements for FGM beams

Number of elements w

FGM-HSDT-SR FGM-HSDT-RN

2 3.602 3.384

5 3.604 3.573

20 3.605 3.604

30 3.605 3.605

Table 2

Non-dimensional tip deflections of isotropic cantilevered beam using one finite element for the beam

Formulation (or computer code) Aspect ratio

5 10 1000

HQCB-8A, Ref. [3] 0.3451 0.3363 0.3333

FGM-HSDT-SR 0.3419 0.3354 0.3333
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by Shi et al. [3]. The difference in the results can be accounted from the fact that Shi et al. uses a quasi-con-
forming technique wherein the element strain field is interpolated directly over the element domain rather than
differentiated from the assumed displacement field. Also it is to be mentioned that there was less faster con-
vergence when compared to the element proposed by Shi et al. Deflection results of Table 4 were also in exact
agreement for simply supported isotropic beam provided the number of elements idealized for the beam is two
times for the present code (FGM-HSDT-RN) when compared to Heyliger and Reddy [20].

A cantilever beam is loaded in the axial direction with a unit load and stresses are obtained at the tip. The
shear stress is zero while the axial stress is 20 N/m2 which is in agreement with that obtained by Chakraborty
et al. [4]. The depth wise distribution of stress is shown in Fig. 4. Geometric dimension of the beam are
L = 0.5 m, h = 0.05 m, load = 1.0 N at the tip and power law index (n = 400 (metal)). The material properties
are: (i) steel: E = 210 GPa, G = 80 GPa, a = 14.0 · 10�6

�C�1; (ii) Alumina: E = 390 GPa, G = 137 GPa,
a = 6.9 · 10�6

�C�1. We also attempt to validate for the example of orthotropic functionally graded cantilever

Table 3

Deflection validation for cross ply beams with different boundary conditions

Boundary conditions L/h = 15

HQCB-8a, Ref. [3] FGM-HSDT-SR % Error

CC 0.03344 0.029929 10.49

CF 1.0038 0.9108 9.2

CS 0.05657 0.0517 8.6

SS 0.1112 0.1035 6.9

Table 4

Comparison of deflection for cantilever beam with Ref. [20]

L h

160 12 Number of elements 2 4 8 16

Ref. [20] 30.838 32.368 32.742 32.823

FGM-HSDT-RN 30.838 32.367 32.742 32.822

80 12 Ref. [20] 3.9234 4.1105 4.1506 4.1567

FGM-HSDT-RN 3.9233 4.1104 4.1505 4.1567

12 12 Ref. [20] 0.023551 0.023741 0.023874 0.023931

FGM-HSDT-RN 0.023551 0.023741 0.023874 0.0239307
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Fig. 4. Depth wise axial stress distribution in steel–alumina clamped–free FGM beam under unit axial load.
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beam subjected to uniform pressure on its upper surface, from Zhong and Yu [11]. The dimensions of the
beam are length L=1.0 m, thickness h = 0.2 m. The grading function is of the type F ðzÞ ¼ e

az
h , where a is

the grading index. The material properties of the beam at z = z0 are

s11 s13 0

s31 s33 0

0 0 s44

2

6

4

3

7

5
¼ 10�12

5:41 �1:51 0

�1:51 95:2 0

0 0 137:0

2

6

4

3

7

5
Pa�1

:

It can be noticed from Fig. 5 that there is certainly good agreement with the analytical solution of Zhong and
Yu.

3.3. Studies on displacement field variables for various FGM beams

Transverse deflection characteristics for various FGM beams with clamped–clamped and simply supported
boundary conditions were examined. The non-dimensional deflection are given by the relation:
w ¼ wbEmetalh

3

fL4
� 100, where Emetal is Young’s modulus of metal considered. From Fig. 6a and b it can be

observed that, deflection of metal rich composition is more when compared to ceramic rich SUS304–Si3N4

FGM beam. This can be accounted for the Young’s modulus of ceramic (Si3N4; 322.76 GPa) being high when
compared to that of metal (SUS304; 207.89 GPa). This is further clear by referring to Fig. 2a indicating the
variation of Young’s modulus with different power law exponent for SUS304–Si3N4 FGM beam. Hence for
SUS304–Si3N4 FGM beam, transverse deflection decreases as power law exponent is decreased. From Fig. 7a
and b, the deflections for metal rich SUS304–ZrO2 beam are less than that of ceramic rich beam. This is con-
trary to that observed in Fig. 6a and b. This is because the Young’s modulus for ceramic (ZrO2; 168.06 GPa) is
less than that of metal (SUS304). Comparing the deflections of FGM SUS304–Si3N4 and SUS304–ZrO2, it is
found that irrespective of the power law index and boundary condition, FGM beam of SUS304–Si3N4 pro-
vides better resistance to load. Similar conclusions were arrived at for FGM beam constituting Ti–6Al–4V
with two different ceramic, Si3N4 and ZrO2. The effect on the deflection pattern as a result of interchanging
the loading from metal rich face to ceramic rich face is studied. The non-dimensional maximum deflection
of clamped–clamped SUS304–Si3N4 FGM beam is given in Table 5. w is the non-dimensional deflection when
loading is applied to metal rich face which is being on the top. wCT is the non-dimensional deflection when
loading is applied to ceramic rich face which is on the top. To simulate results with loading on metal rich sur-
face, Eqs. (1a) and (1b) hold true i.e., metal is always at the top and ceramic content will be more towards the
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bottom of the beam. When ceramic is required on the top of the beam and metal at the bottom the following
relations are used:

V m ¼
z

h
þ
1

2

� �n

and ð21aÞ

V c ¼ 1� V m: ð21bÞ
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Table 5

Non-dimensional maximum deflection of clamped–clamped SUS304–Si3N4 FGM beam of L/h = 15

n w (loading on metal rich face) wCT (loading on ceramic rich face)

0.0 1.998 2.976

0.05 2.0378 2.890

0.5 2.285 2.5419

1.0 2.417 2.417

2.0 2.5282 2.317

400.0 2.9733 1.999
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From Table 5 it can be observed that for homogeneous beam of ceramic and metal and for linear variation i.e.
n = 1, deflections remain same even if the loading faces are interchanged. But for power law index other than
0.0, 1.0, and 400 the deflection does not remain the same. This is because effective material property changes.
For example, for n = 0.5, w is less than wCT. Table 6 shows similar study for SUS304–ZrO2 FGM beam.

3.4. Comparison of deflection evaluated based on FSDT and HSDT

A FORTRAN computer code has also been developed based on first-order shear deformation theory, fol-
lowing the formulation discussed in Mathew et al. [22]. The features of this finite element are: (i) six dof per
node namely axial displacement, transverse deflection, rotation of the normal and their derivative with respect
to beam axis, and (ii) Hermite interpolation functions are used to evaluate the displacement field within the
element. (iii) Beam when idealized with 90 elements provides a converged solution. Table 7 lists the non-
dimensional transverse deflection, w, with point load acting at the tip of a SUS304–Si3N4 cantilever FGM
beam obtained from various theories and for varying L/h ratios. Power law exponent used is 400 (i.e. metal
rich beam). The deflection for FGM beams with different power law index evaluated by the FSDT and two
HSDT are listed in Table 8. From Tables 7 and 8 it can be seen that both the shear deformation theories yields
deflections with negligible difference. But FGM-FSDT needs 90 finite elements whereas higher order theories
produce results with 30 elements. If one is interested to study the shear stress variation across the thickness
higher order theory would be more useful.

Table 6

Non-dimensional maximum deflection of clamped–clamped SUS304–ZrO2 FGM beam of L/h = 15

n w (loading on metal rich face) wCT (loading on ceramic rich face)

0.0 3.697 2.976

0.05 3.645 3.013

0.5 3.405 3.216

1.0 3.311 3.311

2.0 3.237 3.389

400.0 2.978 3.695

Table 7

Non-dimensional tip deflection vs. L/h for SUS304–Si3N4 cantilever beam

L/h Non-dimensional deflection w

FGM-FSDT FGM-HSDT-RN FGM-HSDT-SR

5 3.704 3.714 3.714

10 3.608 3.622 3.622

15 3.591 3.604 3.605

30 3.581 3.593 3.595

60 3.577 3.589 3.591

100 3.577 3.589 3.591

Table 8

Non-dimensional tip deflection vs. power law index for SUS304–Si3N4 cantilever beam, L/h = 15

n Non-dimensional deflection w

FGM-FSDT FGM-HSDT-RN FGM-HSDT-SR

Ceramic 2.426 2.436 2.436

0.05 2.475 2.484 2.484

0.5 2.775 2.785 2.786

1.0 2.930 2.942 2.942

2.0 3.054 3.067 3.067

Metal 3.591 3.605 3.605
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3.5. Stresses in titanium alloy–ceramics and SUS304–ceramics FGM beams

The axial (bending or longitudinal) stresses and transverse shear stresses in various metal–ceramic FGM
beams are evaluated using FGM-HSDT-SR and their discussion is considered now. The stresses are evaluated
at the centre of each finite element and the results presented correspond to 15th element. The stresses are non-
dimensionalized using the relation, ðrxx; sxzÞ ¼

ðrxx ;sxzÞh
2

fL2
, where, rxx,sxz, are the axial and transverse shear stress

and f is the uniformly distributed load. The stresses are evaluated for loading cases involving load on metal
rich face and load on ceramic rich face and hence the effect on stress distribution is investigated thoroughly.

Fig. 8 illustrates the axial stress plot for Ti–6Al-4V–ZrO2 FGM beam with clamped–clamped edges and
UDL on the metal rich face. As expected the axial stresses are compressive on the metal rich face (top)
and tensile on the ceramic rich face (bottom). Note that the plots read negative sign for tensile stresses and
positive sign for compressive stresses. The variation of axial stress across the thickness is linear for homoge-
neous constituent FGM. From Fig. 8, it is to be noted that, for FGM with n = 400, which is suppose to be
metal rich, there is a kink in the stress variation close to bottom surface. This is because, in spite of choosing
high n, it is not possible to represent the beam fully with metal and some fraction of ceramic exists at the bot-
tom face. The axial stress variation is not linear for FGM beam with power law index: 0.05, 0.5, 1.0, 2.0. FGM
beam with n = 2.0, the tensile stresses at the bottom is maximum. The bottom of FGM beam has ceramic con-
stituent where the stresses are maximum. Further, the neutral plane shifts depending on the power law index.
For homogeneous FGM beams, i.e. for n = 0 and 400, the neutral plane exist through the mid of the thickness.
This is not true for power law index n= 0.05, 0.5, 1.0, 2.0, wherein the neutral plane shifts towards the bottom
face (ceramic rich face). The shift in the neutral plane is predominant for n = 1.0 and 2.0. This shift in the
neutral plane is expected because of effective material properties change across the thickness. The magnitude
of the compressive and tensile axial stresses at the top fibre and bottom fibre respectively are unequal in mag-
nitude for FGM beams with power law indexes 0.05, 0.5, 1.0, and 2.0. Further, the tensile axial stresses are
higher in magnitude when compared to compressive axial stresses. The plot of shear stress across the FGM
beam of Ti–6Al–4V—ZrO2 is presented in Fig. 9. The loading is directed on the metal rich face. It is observed
form the figure that, the shear stress across beam thickness is symmetric about the neutral plane, however, the
relative location of the neutral plane is not the same for FGM beams with different power law indexes con-
sidered in the study. The comment on the location of the neutral plane has been the outcome based on the
shear stress plots. For power law index other than homogeneous composition, neutral plane shifts towards
the ceramic rich face.

Fig. 10 demonstrates the variation of axial stress across the FGM beams of Ti–6Al–4V–ZrO2 with
clamped–clamped boundary condition and the loading is brought on to the ceramic rich face. Comparing

0.6

0.4

0.2

0.0

-0.2

-0.4

-0.6

-0.5 -0.4 -0.3 -0.2 -0.1 0.0 0.1 0.2 0.3

ceramic rich

Non-dimensional axial stress

N
o
n
-d

im
en

si
o
n
al

 t
h
ic

k
n
es

s

 ceramic(ZrO
2
)

 n=0.05

 n=0.5

 n=1.0

 n=2.0

 metal(Ti-6Al-4V)

      clamped-clamped

      metal at top

metal rich

Fig. 8. Non-dimensional axial stresses in clamped–clamped Ti–6Al–4V–ZrO2 FGM beam across the thickness.

2520 R. Kadoli et al. / Applied Mathematical Modelling 32 (2008) 2509–2525



Fig. 10 with Fig. 8, it is seen that the stress profile through the thickness is not the same, hence the effect of
interchanging the loading face. The axial stress variation is linear for n = 0 and 400. For power law index
n = 0.05, 0.5, 1.0 and 2.0, the axial stress variation across the thickness is not linear. The tensile stress is min-
imum for n = 2.0, since the constituent is more of metal, which provides better resistance to load. The neutral
plane is same for homogeneous FGM beams, i.e., at half the thickness, but for FGM with power law indexes
0.05, 0.5, 1.0 and 2.0, the neutral plane shifts towards the top (i.e. ceramic rich face). In Fig. 10, it is noticed
that the compressive axial stress are high in magnitude at the top when compared to the axial tensile stress at
the bottom for FGM beams with power law indexes other than 0.0 and 400.0.

The plots of transverse shear stress for Ti–6Al–4V–ZrO2 beam with clamped–clamped boundary condition
and loading put on ceramic rich face is shown in Fig. 11. Comparing Fig. 11 with Fig. 9, it is seen that the
neutral plane shifts upwards towards the ceramic rich face. Thus it is to be noted that the neutral plane is close
to ceramic rich face irrespective of the load is borne by metal or ceramic rich face. Similar studies on the stress
distributions were conducted for simply supported Ti–6Al–4V–ZrO2 FGM beam under similar conditions
mentioned for clamped–clamped FGM beam and only one stress plot is presented as in Fig. 12. The magni-
tude of axial stress is high for simply supported beam when compared to clamped–clamped beam.

Plots of axial stresses for FGM Ti–6Al–4V–Al2O3, and SUS304–Al2O3 are presented in Figs. 13, 15 and 17.
Transverse shear stresses for FGM Ti–6Al–4V–Al2O3, and SUS304–Al2O3 can be studied through Figs. 14, 16

0.6

0.4

0.2

0.0

-0.2

-0.4

-0.6

0.0 1.0x10
-3

2.0x10
-3

3.0x10
-3

Non-dimensional shear stress

N
o
n
-d

im
en

si
o
n
al

 t
h
ic

k
n
es

s

 ceramic(ZrO
2
)

 n=0.05

 n=0.5

 n=1.0

 n=2.0

 metal(Ti-6Al-4V)

        clamped-clamped

         metal on top

ceramic rich
metal rich

Fig. 9. Non-dimensional transverse shear stresses in clamped–clamped Ti–6Al–4V–ZrO2 FGM beam across the thickness.

0.6

0.4

0.2

0.0

-0.2

-0.4

-0.6

-0.3 -0.2 -0.1 0.0 0.1 0.2 0.3 0.4

Non-dimensional axial stress

N
o

n
-d

im
en

si
o

n
al

 t
h

ic
k

n
es

s

 metal(Ti-6Al-4V)

 n=0.05

 n=0.5

 n=1.0

 n=2.0

 ceramic(ZrO
2
)

           clamped-clamped

            ceramic on top

ceramic rich
metal rich

Fig. 10. Non-dimensional axial stresses in clamped–clamped Ti–6Al–4V–ZrO2 FGM beam across the thickness.

R. Kadoli et al. / Applied Mathematical Modelling 32 (2008) 2509–2525 2521



0.6

0.4

0.2

0.0

-0.2

-0.4

-0.6

0.0 1.0x10
-3

2.0x10
-3

3.0x10
-3

Non-dimensional shear stress

N
o
n
-d

im
en

si
o
n
al

 t
h
ic

k
n
es

s

 metal(Ti-6Al-4V)

 n=0.05

 n=0.5

 n=1.0

 n=2.0

 ceramic(ZrO
2
)

          clamped-clamped

           ceramic on top

ceramic rich
metal rich

Fig. 11. Non-dimensional transverse shear stresses in clamped–clamped Ti–6Al–4V–ZrO2 FGM beam across the thickness.

0.6

0.4

0.2

0.0

-0.2

-0.4

-0.6

-1.2 -0.9 -0.6 -0.3 0.0 0.3 0.6 0.9

Non-dimensional axial stress

N
o

n
-d

im
en

si
o

n
al

 t
h

ic
k

n
es

s

 ceramic(ZrO
2
)

 n=0.05

 n=0.5

 n=1.0

 n=2.0

 metal(Ti-6Al-4V)

      Simply supported

      metal on top

ceramic rich
metal rich

Fig. 12. Non-dimensional axial stresses in simply supported Ti–6Al–4V–ZrO2 FGM beam across the thickness.

0.6

0.4

0.2

0.0

-0.2

-0.4

-0.6

-0.8 -0.6 -0.4 -0.2 0.0 0.2

Non-dimensional axial stress

N
o
n
-d

im
en

si
o
n
al

 t
h
ic

k
n
es

s

 ceramic(Al
2
O

3
)

 n=0.05

 n=0.5

 n=1.0

 n=2.0

 metal(TI-6Al-4V)

      clamped-clamped

      metal at top

ceramic rich

metal rich

Fig. 13. Non-dimensional axial stresses in clamped–clamped Ti–6Al–4V–Al2O3 FGM beam across the thickness.

2522 R. Kadoli et al. / Applied Mathematical Modelling 32 (2008) 2509–2525



0.6

0.4

0.2

0.0

-0.2

-0.4

-0.6

-0.30 -0.15 0.00 0.15 0.30 0.45 0.60

Non-dimensional axial stress

N
o
n
-d

im
en

si
o
n
al

 t
h
ic

k
n
es

s

 metal(Ti-6Al-4V)

 n=0.05

 n=0.5

 n=1.0

 n=2.0

 ceramic(Al
2
O

3
)

      clamped-clamped

      ceramic on top

ceramic rich

metal rich

Fig. 15. Non-dimensional axial stresses in clamped–clamped Ti–6Al–4V–Al2O3 FGM beam across the thickness.

0.6

0.4

0.2

0.0

-0.2

-0.4

-0.6

0.0 1.0x10
-3

2.0x10
-3

3.0x10
-3

Non-dimensional shear stress

N
o

n
-d

im
en

si
o

n
al

 t
h

ic
k

n
es

s

 ceramic(Al
2
O

3
)

 n=0.05

 n=0.5

 n=1.0

 n=2.0

 metal(TI-6Al-4V)

      clamped-clamped

      metal at top

ceramic rich
metal rich

Fig. 14. Non-dimensional transverse shear stresses in clamped–clamped Ti–6Al–4V–Al2O3 FGM beam across the thickness.

0.6

0.4

0.2

0.0

-0.2

-0.4

-0.6

0.0 1.0x10
-3

2.0x10
-3

3.0x10
-3

Non-dimensional shear stress

N
o
n
-d

im
en

si
o
n
al

 t
h
ic

k
n
es

s

 metal(Ti-6Al-4V)

 n=0.05

 n=0.5

 n=1.0

 n=2.0

 ceramic(Al
2
O

3
)

      clamped-clamped

      ceramic on top

ceramic rich
metal rich

Fig. 16. Non-dimensional transverse shear stresses in clamped–clamped Ti–6Al–4V–Al2O3 FGM beam across the thickness.

R. Kadoli et al. / Applied Mathematical Modelling 32 (2008) 2509–2525 2523



and 18. A thorough examination of these results reveal that the profile of the axial stress distribution depends
on the power law index n = 0.05, 0.5, 1.0 and 2.0 and also the load bearing surface. The magnitude of the max-
imum tensile stress and compressive stress are highly dependent on the metal–ceramic combinations, load
bearing surface being either metal or ceramic and finally the power law index.

Finally, depending on the metal ceramic combination, the transverse shear stresses may differ considerably
for varying values of power law index. This can be observed for FGM beam Ti–6Al–4V–Al2O3 (Figs. 14 and
16) and SUS304–Al2O3 (Fig. 18) where the shear stress profile are prominently separated from one another
depending on the value of power law index, n, whereas for Ti–6Al–4V–ZrO2, the shear stress (Figs. 9 and
11) profiles are close to one another irrespective of the value of n. This nature of closeness of shear stress pro-
files may be due to large difference in the Young’s modulus of metal–ceramic in Ti–6Al–4V–Al2O3

(105.69 GPa and 320.7 GPa respectively).

4. Conclusions

Higher order beam theory was effectively used to study extensively the static displacement field compo-
nents, axial stress and shear stress distribution in various FGM beams. For FGM beams of SUS304–
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2524 R. Kadoli et al. / Applied Mathematical Modelling 32 (2008) 2509–2525



Si3N4, Ti–6Al–4V–Si3N4 and Ti–6Al–4V–ZrO2, it was observed that the deflections for a given boundary con-
dition are more for metal rich beam when compared to ceramic rich beam and deflection increases as the
power law index increases. For SUS304–ZrO2 the reverse was true. The axial stress distribution through
the depth is linear for metal–ceramic FGMs when power law index value leads to a homogeneous beam.
For power law index other than homogeneous composition the stress profile is not linear. The magnitude
of maximum axial tensile stress and maximum axial compressive stress is dependent on the metal–ceramic
combination as well as load bearing surface. When the load is changed from metal face to ceramic face,
the slopes or curvature of the axial stress profiles does not remain the same. Distribution of transverse shear
stress profile also depends on the metal–ceramic combination. Investigations on the static analyses of the
FGM beams revealed that the deflections, stresses and the location of the neutral surface are highly dependent
on power law index.
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