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Abstract

We study the theory of shift invariant spaces in L2(G), where G is a compact group. We define a range
function and show that a relation between an H-invariant space and the range function is valid as in the
case of abelian group setting. Here H is assumed to be a closed normal subgroup of G. We also obtain a
decomposition for an H-invariant space in terms of principle H-invariant spaces whose generators give rise
to “generalized Parseval frames” and use this result to study H -preserving operators.
© 2012 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Let T be the unit circle. A closed subspace M of L?(T) is called invariant if xf € M
Yf e M, where x(e'*) = e'*. It is said to be doubly invariant if x f and x ™' f e M Vf € M.
Let L*(T, H) denote the class of H-valued square integrable functions on T, where A is a sep-
arable Hilbert space. A range function J is defined to be a function from T into a family of
closed subspaces of 7. Let M be the set of all functions F in L>(T, #) such that F(e'*) lies in
J(¢*) a.e. Then it is well known that the doubly invariant subspaces of L%(T, ) are precisely
the subspaces M j. We refer to Helson [8] for more details.

In [2], Bownik obtained a characterization of shift invariant spaces in L(R") through range
function as in [8]. In [2], Bownik also looked at several interesting problems such as characteri-
zation of frames and Riesz families, decomposition of a shift invariant space into an orthogonal
sum of subspaces having tight frame generators, characterization of shift preserving operators in
terms of range operators.
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Shift invariant spaces play an important role in modern analysis for the past two decades
because of their rich underlying theory and their applications in various fields such as wavelets,
theory of frames, approximation theory, nonuniform sampling problems and so on. We refer
to [1] for more information about shift invariant spaces. The theory of shift invariant spaces
for locally compact abelian groups was studied by Cabrelli and Paternostro in [3], where they
extended many results of [2] in a locally compact abelian group setting. In [9], Kamyabi Gol
and Raisi Tousi took a different approach of obtaining a decomposition of a shift invariant space
of L?>(G), where G is a locally compact abelian group. They showed that every shift invariant
space can be decomposed as an orthogonal sum of spaces each of which is generated by a single
function whose shifts form a Parseval frame.

In this paper, our aim is to extend the theory of shift invariant spaces to the setting of a compact
group G, not necessarily abelian. We organize our paper as follows. In Section 2, we give the
necessary background as preliminaries. In Section 3, we define a range function and prove some
properties of it. In Section 4, we characterize the shift invariant subspaces of L>(G) in terms of
the range function. In Section 5, we use the approach of [9], to obtain a decomposition for a shift
invariant space in L>(G). Finally in the last section, we study H-preserving operators as in [2],
using the decomposition discussed in Section 5.

2. Preliminaries

Let G be a compact group. Then it is well known that G possesses a unique Haar measure
dx such that fG dx = 1. Further, an irreducible unitary representation of G is always finite-
dimensional. Let G denote the set of all irreducible unitary representations of G. Then G is
called the unitary dual of G and G is given the discrete topology.

Recall that if H; and H, are Hilbert spaces then the tensor product of H; and H,, denoted
by H1 ® Hs, is also a Hilbert space with the inner product

(U1 @ uz, v1 @ v2) = (uy, v1){Uz, v2),

for u1, vy € Hy and uj, vo» € Hs. This fact helps us to have the following definition. If 7 and o
are unitary representations of compact groups G| and G, respectively, then the map, denoted by
7T Qo,

(g1, 82) > 7 (g1) ®o(g2)

defines a unitary representation of G| x G».
The following theorem will be useful in the sequel.

Theorem 2.1. If G| and G, are compact groups, then a X @ = G1/><\G2 and the correspon-
dence is given by (w,0) —> 7 ® 0.

Given a representation 7w and u, v € Hy, the mapping x — ( (x)u, v) is called the coefficient
function of 7. Let M denote the space of all coefficient functions of the representation . Then
we have the following

Theorem 2.2. Let G be a compact group.

(1) The coefficient function arising out of an irreducible unitary representation belongs to
L*(G).
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(i1) (Schur’s orthogonality relations). If 7, 0 € G and # o, then the spaces My and M, are
mutually orthogonal subspaces of L*(G).

(iii) (Peter—Weyl theorem). The space L*(G) is equal to the closure of the direct sum of coeffi-
cient spaces of the irreducible unitary representations of G, i.e.,

L*(G) = @M,,.

eG

Definition 2.3. Let f € L'(G). Then the Fourier transform of f is defined as

f(ﬂ)=‘/dim(n)/f(x)rr(x)dx, neG.
G

Let B> (H) denote the Hilbert space of all Hilbert—Schmidt operators on a Hilbert space H,
with the inner product defined by

(T,S)=wr(TS*), T,SeBy(H).

As a consequence of the Peter—Weyl theorem we have the following theorems.

Theorem 2.4 (Plancheral theorem). The Fourier transform is a unitary map from L*(G) onto
P, e B2(Hr) and

1£13= Y1 F @ g0, for £ L2G).

reG

On polarization, one has

(f: @126 = Y _{f0), 805,30, for f.2 € LX(G).

neG

Theorem 2.5 (Fourier inversion formula). Let f € L*(G). Then the following inversion formula
holds:

fo) =) r(fmx)),

neG

in the L*(G) norm.

We refer to [4,6] for more details on compact groups.
Let G be a locally compact group and H a closed subgroup of G.

Definition 2.6. A section of G/H is a set of representatives of the quotient, i.e., a subset S of G
containing exactly one element of each coset.

It follows, by definition of the section of a quotient, that each element x € G has a unique
expression of the form x = 5.k with s € S and h € H. The following theorem on the existence of

a Borel section is from [5].

Theorem 2.7. There always exists a Borel section of the quotient G/ H.
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Also note that there is a one—one correspondence between G/H and the section S C G of
G/H, given by
[x]— [x]INS,

which enables us to identify the Hilbert space L?(G) with L2(H x G/H). More specifically we
have the following.

Theorem 2.8. The map

fef
where f~(h, [x]) = f([x]1NS).h), is a Hilbert space isomorphism between L%(G) and L*(H x
G/H).

Hence if f € L?(G) we denote by fthe corresponding function in L2(H x G/H).
Let H be a separable Hilbert space. A sequence {x,: n € N} C H is called a frame if there
exist positive constants A, B > 0 with B < oo such that Vx € H,

2
Allx > <Y [ 6x, ) |” < Bllx)1®.
neN

If A= B =1, then such a sequence is called a Parseval frame.

We refer to [7] for a study on frames.

Throughout this paper, G from now on will denote a compact group and H will denote a
closed normal subgroup of G. Further, any subgroup of G under consideration is taken to be a
closed normal subgroup of G.

3. Range function and its properties

In this section, we define the notion of range function and derive some of its properties. We
begin with the definition of range function.

Definition 3.1. A range function is a function J mapping Hintoa family of closed subspaces of
12(G/H, Bo(L*(H x G/H))) such that J () C @oeG//ﬁ By(Hrgs) forall m € H and J () is
a By(Hy)-module.

For a given range function J, we associate to each m € H, the orthogonal projection
onto J (),

Pr: @ Br(Hrgo) — J ().
0eG/K
Given a range function J, we define the subset M; of @ .5 @G <G/l By(Hreos)
C2(H,1*(G/H, By(L*(H x G/H)))) as

M, ::{d)e@ P BrHrzo): qb(n)eJ(n)vnefi}.

ﬂegaeﬁ]ﬁ

Lemma 3.2. The set M is a closed subset of @, . @oeﬁ By(Hzgo)-
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Proof. Let {®;}jcny C My be such that @; — @ in P 5 @UE@ By(Hzgs)- Consider the

functions g; : H — R defined as gi(m) :=1|®;(m) — @(@)|. Then it is clear that g; con-
J J J J

verges to 0 pointwise as j — oo and hence @; () converges to @ () in @aeﬁ/ﬁ By(Hey).

Since @ () € J() for all 7 € H and J () is closed, @ () € J() forall m € H. Therefore
deM;. O

Let Q: D7D, 577 B2(Hrgo) > Dreii D, 577 B2(Hrwo) be the linear mapping
defined by (Q®) () = Pr (P (1)).

Proposition 3.3. Let J be a range function and Py, w € H, be the associated orthogonal pro-
Jjection. Denote by P the orthogonal projection onto M j. Then

(PO)(w) = Pr(®(1)) VreH 0@ P BaHrso).

ﬂeﬁaeaﬁ

Proof. The proof is complete once we prove that P = Q. But this follows exactly as in the case
of abelian group setting. See [3]. O

Lemmil 3.4. If J1 and J, are two range functions such that Mj = M,, then Ji(w) = Jo ()
Vr € H, i.e., J1 and J are equal.

Proof. If P, and Q, are the orthogonal projections associated to J; and J, respectively, then
one can show that Py (ef].') = Qn(e,(';'/) forall o’ € G/H, 1 <i, j < dim(r ® ¢’), where ef;'/ €
@, 577 B2 (Ho) is defined by

’ ij 1 — g/
e%(a):{ln@a/ ifo =0,
0 otherwise.
The remaining proof will follow similar lines as in [3]. O

4. Characterization of H -invariant spaces

Definition 4.1. We say that a closed subspace V C L?(G) is H-invariantif f € V= L,f eV
Vh € H, where Ly, f (x) = f(h~'x).

For a subset A C L2(G), define

Eg(A)={L,¢: he H, p € A} and
S(A) =span Eg(A).
If A = {¢}, then we denote by S(¢) the space S(A). We call it a principle H-invariant space.

Lemma 4.2. The mapping T : L*>(G) — D.ci GaaeG//ﬁ By(Hrgo) defined by

Tf={{fo ® )}, GTitneit

is an isometric isomorphism.
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Proof. Notice that the map is well-defined. Further,

ITR=Y Y lfeeolha..,

ﬂeﬁgeaﬁ
= Z || f(ﬂ: ®U)||22(Hn®a)
r®ccHxG/H
& 2
= > 170lsm,
XEHWH

=1 fl2xm = 1fl26):
It remains to show that 7 is onto. Let ® € P .5 @06@82(7{”@0). Define F €
@Xeé Ba(H,) as
F(x)=®(w ®0), where x =n®o.

Take f € L?(G) such that f: F, which will be the requirement. O

Theorem 4.3. Let V C L*(G) be a closed subspace. Then V is H-invariant if and only if there
exists a range function J such that

V={felLl*G): Tf(x)elJ@)Vr e H}.

Proof. Suppose V is H-invariant. Since L%(G) is separable, V = S(A) for some countable
subset A of L2(G).
Define J as

J () =W{T<p(n): Y€ A}, neH.

We claim that V = {f € L*(G): Tf(r)e J(r) Vi € ﬁ}. In order to prove our claim, it is
enough to show that M = M; where M := T V. Then as in Theorem 3.10 of [3], we can show
that M C M.

In order to show that M; C M, let ¥ € M; be such that M L W. Then for each @ € M,
(@, %) = 0. In particular, if ® € T(A) CT(V)=M and h € H, we have T(L,T ~'®) e M
and hence

0=(T(L,T'®), %)
= Z(Tr(h)@(n), v (7))

neH

= > Y ([re@)(©). ¥ (1))

nEﬁgeﬁm
=Y Y wr(zm)@m) (@)W (1)(0)*)

NEﬁaeﬁ

=Y > (@) @))T(h")).

ﬂEﬁaeﬁ
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Define a function g € L>(H) as g() := ZﬂeG//ﬁtb(n)(o)lI/(n)(o)*. As g=0, g(w) =0 for
all 7 € H. Thus
(db(ﬂ),g’(ﬂ)): Z <@(7T)(0)1‘1’(77)(0))
oeG/H
= Z 1r(@ () (0)¥ () () )
ocG/H
:tr( Z @(n)(a)lll(rr)(o)*) =0 Vrer.
0eG/H

Since this holds for all @ € T(A), we have ¥ () € J(n)* Vi € H. Also, since ¥ € My,
Ve J(m) forall w € H. Thus U(r)=0forall T € H and hence ¥ = 0. Thus M=M;.

The converse is similar to the proof of Theorem 3.10 in [3], since T (Lp f) () = w(h)T f ()
forallm e H. O

Now as in the abelian case [3], we can conclude the following corollary.

Corollary 4.4. The correspondence between the H-invariant spaces and the range function is
one-to-one and onto.

We also have the following results.

Corollary 4.5. Let V be an H-invariant subspace of L*(G) and J the corresponding range
function. If P and Py are the orthogonal projections onto V and J(w) respectively, then for

every f € LX(G), T(Pf) () = Pz (T f(x)).
Proof. This follows from the definitions of J, P and P,. O

Corollary 4.6. Let V be an H -invariant subspace of L%(G) such that V = @a c1 Vo, where Vy
is also an H-invariant subspace of L*(G). Let J and Jy, a € I, be the corresponding range

functions associated with V and V,, o € I, respectively. Then J () = @a e Ju (), VT € H.

Proof. This follows from Corollary 4.4. 0O
5. Decomposition

The aim of this section is to decompose an H -invariant space into principle H -invariant spaces
whose generators give rise to “generalized Parseval frames.” By a generalized Parseval frame we

mean the following.

Definition 5.1. Let (A, do) be a measure space and H be a Hilbert space. A family {x,: o € A}
of H is called a generalized frame if there exist two numbers 0 < A < B < 00, so that

2
AL < [ i) dec< Blel? v e
A

If A= B =1, then {x4: « € A} is called a generalized Parseval frame.
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Let ¢ € L?(G). Let D, cfi(B2(Hz), @) denote the space consisting of functions r : H—
By(L*(H x G/H)) satisfying

Z Z ||r(7T)(’2’(7T ®U)||Z’2(Hn®a) <0

ﬂeﬁaeg/ﬁ

or equivalently

ZHr(n) Y. o)

neH O'Eﬁ

2

< Q.
BZ(HH’)

We endow this space with the following norm:

2= > |rméE o) |pa..

ﬂEﬁer]ﬁ

Proposition 5.2. Let ¢ € L*(G). Then f € S(¢) if and only if f(n) = r(n)f;)'(n) for some r €
Bt Bo(Hr). 9) and || f115 = I711*.

Proof. Let f € Eg(p). Then f(x) = Z?:l aiw(hflx),a,- € C,h; € H,1 <i < n. Then we
have

fm =Y amt§on) = (Zam(h»)é(n).

i=1 i=1
Let r() = > i, a;jmw(h;). Then it is clear that r € D, (B2(Hz), ). Also any expression of
the above form gives rise to an f € Eg(¢). Thus f € Eg(p) if and only if f(n) = r(n)é)’(n),
where r is as mentioned above. Now, let &7 denote the set of all such elements. Define a mapping

U:Eg(p)—> &P

given by
U(f)=r.
Clearly U is onto. Further
1713 = 1713
% 2
=2 2 lfmealsa,..,
weH geﬁ
S 2 2
=2 2 Ir®meaeo)lson., =M, @000
weH geﬁ

Therefore U is unitary. Thus there is a unique isometry U:S (¢) = 2 which extends U from
Sto &. By Theorem 2.4 & is @, . (B2(Hx), ). O

For ¢ € L*(G), define

wy(m) = ) $(r ®0)§(r ®0)*
oG/
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and let

2={re H: wy () is invertible}.

Theorem 5.3. Let ¢ € L*(G). The shifts of ¢ (w.rt. H) form a generalized Parseval frame for
the space S(¢) if
- { 1 ifmes2,
Wy () =
¢ 0 otherwise.
Proof. Let ¢ € L%(G). By Proposition 5.2, for every f € S(¢), we have ?(71) = r(n)g’g(n). So

(fs Lng) = (. Lng)

—~

|
h
=
S

= Z r(r(me(r @ ) @ o) m(h™'))
ﬂeﬁgeﬁ

= tr(r(n)w(p(n)n(h_l)).

Hence

f |f. L) 2 dh = f (. Lag) (o L) dh

H H
:/ Z tr(r(n)ww(n)n(hfl)) X Z W(V(”)wtp(”)” (h_l)) dh
y weH neH

(rDwy (), r(m)w, (1))

Il
N
m
T)

tr(r () we (M) we () *r(7)*).

S
m
T)

Thus

weH

f}(f, Lh¢)]2dh = Z tr(r (T wge (1) we (1) r (7). (1)
H

Using (1), it follows from the definition of generalized Parseval frame that {L,p: h € H} is a
generalized Parseval frame if and only if

D tr(r(m)wy ()wy (1) r (1)) = || £115.

weH
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This essentially means

2

Ztr(r(n)ww(n)ww<n)*r(n))=Z'r(n) Y P ®a)

neH nelH oeG/H By (M)

2

by Proposition 5.2. But
Z Hr(n) Z Pt Qo) = Z 1r(r () wy (7)r (7)*).
= By(Hr)

nel ceG/H nel

Thus we can conclude that {L,¢: h € H} forms a generalized Parseval frame if and only if

S tr(r (o () (1, (1) — 1) (7)) =0,

neH

from which the required result follows. O

Corollary 5.4. Let ¢ € L*(G). Define € L*(G) as

o) = { wy(0) 25 ifm e,
0 otherwise.
Then {Ly: h € H} is a generalized Parseval frame for S(¢p).

Proof. By Proposition 5.2, ¢ € S(¢). Also itis clear that ¢ satisfies Theorem 5.3 and hence the
proof is complete. O

Theorem 5.5. If V is an H -invariant subspace of L*(G), then there exists a family of functions
{pg: ¢ €l}in L%(G) (where I is an index set), such that V = EBaE] S(@y) and {Lyppy: h € H}
is a generalized Parseval frame for S(¢g).

The proof is exactly the same as in the abelian group case. See [9].
6. Range operators and H -preserving operators

Using the decomposition obtained in the previous section, we shall study H -preserving oper-
ators and range operators in this section.

Definition 6.1. A bounded operator 7 : V — L%(G) defined on an H-invariant space V is H-
preserving if TL, = L,T Yh € H.

Definition 6.2. Let V be a shift invariant subspace of L?(G) with J the range function
given in Theorem 4.3 and P its associated projection. A range operator on J is a mapping
R:H— {bounded operators on closed subspaces oflz(G//T-I, By(LA(H x G/H)))} so that the
domain of R(w) equals J(;r) and such that R(rr) is a bounded operator from a closed subspace
of @, 577 Bo(Mreo) 10 B, 577 Bo(Hrao) and R(r)(x(h)a) = 7 (h) R(7) (@).
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Theorem 6.3. Suppose V C L*>(G) is an H-invariant space and J is its range function.

(i) For every H-preserving operator T : V. — L?(G) there exists a range operator R on J such
that

(ToT)f(m)=R@)(Tf(w)) VYmeH, feV.
The resulting R satisfies

suB” R(m) “ < 0.

reG

(ii) Conversely, given a range operator R on J with sup, g [|R()|| < oo there is a boundid
H -preserving operator T : V — L*(G) such that (T o T) f(w) = R(w)(T f(x)) Vx € H,
f €V holds.

Proof. (i) Decompose V into principal H-invariant spaces indexed by some set, say /. Hence

V=P S )

ael

Let J, be the corresponding range function. Define, for each 7 € H ,ael,

Ro(m): Ju(m) > €D Br(Hreo)
oeG/H
by
Ra(0)(T(Lnpa)) = (W)(T o T o T ) (Tga) (7).

Note that for each «, R, is a bounded operator. For a given f € S(gy), let {g,} C span E g (¢)
be such that g, — f. Let @, = T (g,). Then

(ToD)f(n) =T (Tf)(m)= T<T<lirrlngn)>(7f) =lm 7 (77" (@) ()
=lm(ToT o7 !)@u(m)=(T o T o T ') lim(Tgu)(x)

=(ToToT 'NT @)= (Ra(m) o T)(f)().

Now define R()(f) = R(m)(D_yes fa) = D ges Ra(m)(fo). The operator R(xr) maps J (1)
into @aeﬁ By(Hrgs)- Also R(mr) is bounded. Further R(;r) commutes with (k) for all

heH.
By (2), any f € V is of the form (3, fo), fo € S(¢a). Hence,

(ToT)(f)m)=(To T)<Z fa><n>
=Y (ToT)fulr)
=Y (Ru(m) o T) fulr) = (R(x) o T)(f) ().

Now we shall show that sup, .z [|R()| < co. Let @ € M, be such that ||@| < 1. We shall
show t’llat sup, g IR(@)@ (@) || < |IT]l. If it were not true, then there would exist an € > 0 and
a0 € H such that
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[R@PO)| > ITI +e.
Consider f € V given by
idp,®0) ifm =0,
{ otherwise.

Tf(r)=
Now

H(ToT)fH =[TFI<ITINSI.
Also,
[ Tonf>= Y |(Ton ]

weH

=Y [ROT ]’

reH
= [r@)2 @)’
> (1T +€)|e@ | = (1T + €)1 £ 12,

which is a contradiction, thus proving our result.
(ii) For f € V, define F () = R(7)(T f (7). Define

T:V— L*G)
as
Tf =T\ (F).
Then T is linear. Since sup || R(;r)|| < oo, T is bounded. By a straightforward computation we

can show that T(Ly, f) = L,Tf forall feV. O

Theorem 6.4. Suppose T is an H-preserving operator on 'V and R is its range operator on J.
Then T is bounded below with constant ¢ > 0 i.e.,

ITAIZclfll YfeV
if and only if Vmr € HR () is bounded below with the same constant c.
Proof. One part of the proof easily follows from the definitions. For the other part, let us as-

sume that ||Tf|| > c|| f]| for all f € V. In order to prove that R(;r) is bounded below with the
constant ¢, we mention that it is enough to prove the following:

|RGm)P(m)a| = |P(m)al| Va e,
where @7, is a dense subset of @ = Br(Hrgs). Now the proof follows similar steps as

oceG/H
in[2]. O

We can also obtain the following result by proceeding in the same direction as in the proof
given in [2].

Theorem 6.5. Suppose V C L*(G) is an H-invariant space with its range function J and
T :V — V is an H-preserving operator with the associated range operator R.
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(1) The dual operator T* : V — V is also H-preserving with its corresponding range operator
R* given by R* (1) := R(7)* forall w € H.
(i1) Let A < B be two real numbers. T is self-adjoint with o (T) C [A, B] if and only if R(w) is
self-adjoint with o (R(1)) C [A, Bl forall m € H.
(iii) T is unitary if and only if R(r) is unitary for all w € H.
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