
Applied Mathematical Modelling 39 (2015) 7244–7265
Contents lists available at ScienceDirect

Applied Mathematical Modelling

journal homepage: www.elsevier .com/locate /apm
Seismic ground motion in micropolar elastic half-space
http://dx.doi.org/10.1016/j.apm.2015.03.006
0307-904X/� 2015 Elsevier Inc. All rights reserved.

⇑ Corresponding author.
E-mail address: raghukanth@iitm.ac.in (S.T.G. Raghukanth).
Maheshreddy Gade, S.T.G. Raghukanth ⇑
Dept. of Civil Engineering, IIT Madras, India

a r t i c l e i n f o
Article history:
Received 6 May 2013
Received in revised form 14 February 2015
Accepted 5 March 2015
Available online 18 March 2015

Keywords:
Strong ground motion
Micro-rotations
Reduced micro polar continuum
a b s t r a c t

In this article, analytic expressions for the frequency wave number spectra are derived for
the displacement and rotational components at the ground surface of a micropolar elastic
half-space. The ground motion is caused by buried sources described in terms of unit
impulsive force and micro-moments. Closed-form analytic expressions for both plane
strain and anti-plane strain conditions are established. In the sequel, Green’s functions
for reduced micro polar half-space where the couple stresses are zero and the stress tensor
is nonsymmetric are also presented. Numerical results are presented for anti-plane strain
case. The derived expressions can be used to simulate rotational and displacement
components of ground motion during earthquakes.

� 2015 Elsevier Inc. All rights reserved.
1. Introduction

The dynamic response of an elastic half-space due to buried seismic sources has been a subject of great interest to seis-
mologists and engineers for computing the surface ground motion. Beginning with the pioneering work of Lamb [1] on elas-
tic waves generated by line sources, several articles on ground motion simulation in layered elastic media have appeared in
the technical literature [2–6]. In these studies, analytical expressions for three translational components have been derived
based on classical continuum mechanics theory. These analytical models are widely used for investigating the interior struc-
ture of the earth as well as earthquake source process through modeling of the recorded strong motion data [7,8].

On the other hand, studies on rotational components of ground motion and its effects on engineering structures are still
not clear. The difficulty in measuring rotational components is mainly due to lack of technology in the strong motion devices
to observe such small rotations in wide frequency band and distance range. However, there have been many reports about
rotation of obelisks, grave stones and buildings during past earthquakes [9,10]. Many structural failures and much of the
damage caused by earthquakes have been attributed to rotational ground motions [11]. There have been evidences during
the past earthquakes and theoretical studies also show that contribution from rotational excitations reaches almost 50% of
the total response. Recently, with modern acquisition technology such as fiber-optical or ring laser gyros, it has become
possible to measure rotational motions during earthquakes. Takeo [12] recorded near-field rotational ground motion for
several events during earthquake swarm in Izu peninsula, Japan. Igel et al. [13] and Suryanto et al. [14] obtained rotational
time histories at teleseismic distances for Mw 8.1 Tokachi-Oki (2003) and Mw 6.3 Al Hoceima, Morocco earthquake (2004).
There have been efforts in the past to develop mechanistic models for computing rotational time histories. Bouchon and
Aki [15] simulated rotational ground motions in the near-field due to buried strike-slip and dip-slip faults in the layered
medium. The rotational components induced by seismic waves are obtained from the space derivatives of the displacements.
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The simulated rotations were small compared to the amplitude of the translational components. Takeo [12] simulated
rotational ground motions based on the classical continuum mechanics and compared them with the recorded rotational
velocities of Mw 5.7 magnitude earthquake in Izu peninsula, Japan. These results showed that the recorded rotations are
several times larger than the simulated rotations computed from linear displacements. These differences have been attrib-
uted to the internal structure and discontinuities in the earth’s crust. In order to get reliable estimates of rotations, one will
have to model the microstructure of the medium itself as correctly as possible. In this regard, the linear theory of micropolar
elasticity developed by Eringen [16] will be a suitable tool in simulating all the six components of ground motion. In the
micropolar continuum theory, deformation is described not only by the displacement vector u but also by the rotation vector
/, which characterizes the micro-rotation of the particle. Kulesh et al. [17–19] and Grekova et al. [20] studied wave
propagation in isotropic full and reduced Cosserat half-space. In this article, closed-form analytical expressions for the
Green’s functions in a two-dimensional micropolar medium are established. A spatial and temporal Fourier transform is used
for solving the governing equations of motion. Analytical expressions are derived for the displacement and rotational
components at the ground surface.

2. Basic equations of linear theory of micropolar elasticity

In continuum theories, a physical body B is considered to be a collection of a set of material particles. The motion of each
material particle is described by a position vector identifying the location of each particle as a function of time. The number
of degrees of freedom associated with each material point in classical continuum theory is three. In microcontinuum
theories, it is assumed that there is a micro-structure around each material point which can deform and rotate indepen-
dently from the surrounding medium [21]. The intrinsic deformation of a material particle is represented by a geometrical
point and some deformable vectors, known as directors attached to the point that denotes the orientations and intrinsic
deformations of the material particle. By increasing the number of directors attached to the material point, higher order
microcontinuum theories can be derived. If the number of deformable directors is three, the material body is known as a
micromorphic continuum. The number of degree of freedom associated with each material point in a micromorphic contin-
uum is twelve. Assuming rigid directors, the degree of freedom at each material point reduces to six and the body is known
as micropolar continuum. In the micropolar continuum theory, deformation is described by the displacement vector u and
the rotation vector /, which characterizes the micro-rotation of the particle [22]. The equations of motion for micropolar
elastic solid are
rji;j þ qXi ¼ q€ui;

mji;j þ eijkrjk þ JYi ¼ J€/i;
ð1Þ
where rij, mij are the stress and couple-stress tensors respectively. mij is the body force per unit mass and Yi is the body
couple per unit mass and q is the density of the medium. J is the parameter describing the rotational inertia of the medium.
eijk denotes the unit anti-symmetric tensor. The kinematic relations for infinitesimal strain (�ij) and curvature twist (uij)
tensor are expressed as
�ij ¼ uj;i þ ekji/k;

uij ¼ /j;i;
ð2Þ
The linear constitute laws for an isotropic micropolar elastic solid are
rij ¼ k2kkdij þ ðlþ jÞ2ij þ l2ji;

mij ¼ aukkdij þ buij þ cuji;
ð3Þ
where dij, is the Kronecker delta, k and l are the Lame’s constants respectively. a, b, c and j are the four new constants
describing the microstructure medium. For internal energy to be a positive quantity, the six elastic constants has to satisfy
the condition
3kþ 2lþ j P 0; l P 0; j P 0;
3aþ bþ c P 0; c P b P 0; c P 0:

ð4Þ
By eliminating rij, mij, uij and �ij using Eqs. (2), (3) and (1), we obtain a system of six coupled equations of linear
micropolar elasticity expressed in vector form as
c2
1rr � u� c2

2r�r� uþ Jw2
0

2
r� /� €u ¼ 0;

c2
3rr � /� c2

4r�r� /þw2
0

2
r� u�w2

0/� €/ ¼ 0;
ð5Þ
where c1, c2, c3, c4 are the wave velocities
c2
1 ¼

kþ 2lþ j
q

; c2
2 ¼

lþ j
q

; c2
3 ¼

aþ bþ c
qJ

; c2
4 ¼

c
qJ

; w2
o ¼

2j
qJ

: ð6Þ
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It can be observed that, when j = 0 the governing equations for displacement and microrotation become uncoupled. In
this case, Eq. (5a) reduces to the displacement equations of motion of the classical elasticity. Eq. (5b) represents a hypotheti-
cal body in which only rotations occur.

3. Plane waves in an infinite micropolar elastic solid

In classical elasticity, two types of waves namely longitudinal and shear waves exist in an infinite medium. In micropolar
theory, the microstructure of the medium reveals new types of waves not encountered in the classical continuum mechanics.
According to Helmholtz decomposition, the field equations (Eq. (5)) in a micropolar elastic medium can be simplified by
separating the displacement and microrotation components into potential and solenoidal parts in the following form
u ¼ rqþr�W; r �W ¼ 0; ð7Þ

/ ¼ rnþr�U; r:U ¼ 0: ð8Þ
By substituting the above equation in Eq. (5) and in absence of body forces and couples we obtain the following system of
equations
c2
1r2q� €q ¼ 0; ð9Þ

c2
3r2n�w2

0n� €n ¼ 0; ð10Þ

c2
2r2Wþ Jw2

0

2
r�U� €W ¼ 0; ð11Þ

c2
4r2U�w2

0Uþ
w2

0

2
r�W� €U ¼ 0: ð12Þ
It can be observed that the equations for vector potentials W and U are coupled. Following Parfitt and Eringen [23], the
plane waves advancing in the positive direction can be expressed as
qf ; n;W;Ug ¼ af ;b;A;Bg exp½ikðn � r� vtÞ�; ð13Þ
where a, b are complex constants. A, B are complex constant vectors, k is the wave number, v is the phase velocity and n is
the unit normal vector. Substituting q from Eq. (13) in Eq. (9) and using Eq. (7), the displacement vector can be obtained as
u ¼ ik1an exp½ik1ðn � r� v1tÞ�; ð14Þ
where
v2
1 ¼

kþ 2lþ j
q

: ð15Þ
It can be noted from Eq. (14) that the displacement of the particles is in the same direction as that of waves traveling at
velocity v1. Such a motion represents a train of longitudinal waves. These waves are similar to the dilatational waves
encountered in the classical continuum mechanics. Similarly substituting the expression for n from Eq. (13) in Eqs. (10)
and (8) yields
/ ¼ rn ¼ ik2bn exp½ik2ðn � r � v2tÞ�; ð16Þ
where the velocity of these waves can be expressed as
v2
2 ¼

aþ bþ c

qJ 1� 2j
qJx2

� � : ð17Þ
It can be observed from Eq. (16) that the microrotation vector points in the direction of propagation of waves. These new
dispersive waves are known as longitudinal microrotation waves. The speed (v2) of these waves depend on frequency and
are not encountered in the classical theory. Similarly Eqs. (13), (11) and (12) yield
ðx2 � c2
2k2ÞAþ i

Jw2
0

2
n� B ¼ 0; ð18Þ

Jw2
0

2
n� Aþ ðx2 �w2

0 � c2
4ÞB ¼ 0: ð19Þ
Solving Eq. (19) for B gives
B ¼ �Jw2
0

2ðx2 �w2
0 � c2

4Þ
n� A: ð20Þ
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The above equation indicates that the three vectors n, A and B are mutually perpendicular to each other. The waves asso-
ciated with W are known as transverse displacement waves and those waves associated with U are known as transverse
microrotation waves. By eliminating A and B from the above equations and solving for velocities of the coupled waves,
we get
v2
3;4 ¼

w2
0

2k2 þ
c2

2 þ c2
4

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4

w2
0

k2 þ c2
4 � c2

2

� �2

þ Jw4
0

4k2

s
: ð21Þ
The upper sign (+) corresponds to the velocity v3 of the coupled transverse displacement wave and the lower sign (�)
corresponds to the velocity v4 of the coupled transverse microrotational waves. The coupled transverse displacement waves
represent the counterpart of the classical shear waves and reduces to them when j and c are zero. The coupled transverse
microrotational waves are new and are not encountered in the classical theory. The above expressions can be find in Eringen
[24].

4. Ground motion at free surface of half-space due to a buried sources

Consider a homogeneous micropolar elastic half-space with free surface y = 0 and assume the wave normal n to lie in the
xy-plane. The particle motion is invariant with respect to z if the wave normal is in xy-plane. Then, the displacements u and
microrotations / are functions of x, y and t. The derivative with respective to z is zero. Subsequently, the six coupled equa-
tions (Eq. (5)) can be written as.
C2
1
@2ux

@x2 þ
@2uy

@x@y

" #
� C2

2
@2uy

@x@y
� @

2ux

@y2

" #
þ Jw2

0

2
@/z

@y
� @

2ux

@t2 ¼ 0;

C2
1
@2ux

@x@y
þ @

2uy

@y2

" #
þ C2

2
@2uy

@x2 �
@2ux

@x@y

" #
� Jw2

0

2
@/z

@x
� @

2uy

@t2 ¼ 0;

C2
4
@2/z

@x2 þ
@2/z

@y2

" #
þw2

0

2
@uy

@x
� @ux

@y

� �
�w2

0/z �
@2/z

@t2 ¼ 0;

C2
3
@2/x

@x2 þ
@2/y

@x@y

" #
� C2

4

@2/y

@x@y
� @

2/x

@y2

" #
þw2

0

2
@uz

@y
�w2

0/x �
@2/x

@t2 ¼ 0;

C2
3
@2/x

@x@y
þ
@2/y

@y2

" #
þ C2

4

@2/y

@x2 �
@2/x

@x@y

" #
�w2

0

2
@uz

@x
�w2

0/y �
@2/y

@t2 ¼ 0;

C2
2
@2uz

@x2 þ
@2uz

@y2

" #
þ Jw2

0

2
@/y

@x
� @/x

@y

� �
� @

2uz

@t2 ¼ 0:

ð22Þ
It can be observed that, two displacement components ux, uy and one microrotation component /z are coupled through
Eqs. (22)(a–c). Eqs. 22(d–f) represents coupled equations for two microrotations /x, /y and one displacement component uz.
Further, from Eq. (3) it can be shown that the stresses rxx, ryy, rxy, ryx, mxz, myz, mzx and mzy depend only on ux, uy and /z and
the stresses rxz, ryz, rzy, rzx, mxx, myy, myx and mxy are functions of /x, /y and uz. This makes it possible to resolve the 3D prob-
lem into two parts, where one is plane strain case corresponding to ux, uy and /z and the other is anti-plane strain case
corresponding to /x, /y and uz.

4.1. Plane strain

The Cartesian coordinates x and z are directed along the surface of the half-space and the y-axis is perpendicular to it. The
solution to the buried source can be treated effectively as a half-space problem involving stress discontinuities across the
plane y = y0. For this purpose it is convenient to view the half-space as being composed of an upper and lower region of
the same material defined as.
ðIÞ Region I; jxj <1; 0 < y 6 y0;

ðIIÞ Region II; jxj <1; y0 < y 61:
For a plane strain problem, the displacement and rotation vector is represented as u = (ux,uy,0) and / = (0,0,/z). Two
potential functions, q and W, can be defined to describe the displacements in x- and y-directions.
ux ¼
@q
@x
þ @W
@y

; uy ¼
@q
@y
� @W
@x

; /z ¼ /: ð23Þ
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The equations of motion for plane deformation parallel to xy plane in terms of the potentials are
c2
1
@2q
@x2 þ

@2q
@y2

 !
� @

2q
@t2 ¼ 0;

c2
2
@2W
@x2 þ

@2W
@y2

 !
þ Jw2

0

2
/� @

2W
@t2 ¼ 0;

c2
4
@2/
@x2 þ

@2/
@y2

 !
�w2

0/�
w2

0

2
@2W
@x2 þ

@2W
@y2

 !
� @

2/

@t2 ¼ 0:

ð24Þ
The constitutive equations (Eq. (3)) in terms of potentials can be written as
rxx ¼ kr2qþ ð2lþ jÞ @2q
@x2 þ

@2W
@x@y

 !
;

ryy ¼ kr2qþ ð2lþ jÞ @2q
@y2 �

@2W
@x@y

 !
;

rxy ¼ ð2lþ jÞ @
2q

@x@y
þ l @

2W
@y2 � ðlþ jÞ @

2W
@x2 � j/;

ryx ¼ ð2lþ jÞ @
2q

@x@y
� l @

2W
@x2 þ ðlþ jÞ @

2W
@y2 þ j/;

mxz ¼ b
@/
@x

; myz ¼ b
@/
@y

; mzx ¼ c
@/
@x

; mzy ¼ c
@/
@y

:

ð25Þ
The buried sources inside the medium can be effectively treated as stress discontinuities across the plane y = y0. The three
loading cases considered in this study are shown in Fig. 1(a)–(c). The magnitude of these three loads acting on the line y = y0

are exp[�i(kx + xt)] per unit length. These can be expressed as
ryyðx; y ¼ yþ0 ; tÞ � ryyðx; y ¼ y�0 ; tÞ ¼ exp½�iðkxþxtÞ�; ð26Þ

ryxðx; y ¼ yþ0 ; tÞ � ryxðx; y ¼ y�0 ; tÞ ¼ exp½�iðkxþxtÞ�; ð27Þ

myzðx; y ¼ yþ0 ; tÞ �myzðx; y ¼ y�0 ; tÞ ¼ exp½�iðkxþxtÞ�: ð28Þ
The displacements and micro-rotations are required to be continuous across the plane y = y0. These are given as
uxðx; y ¼ yþ0 ; tÞ ¼ uxðx; y ¼ y�0 ; tÞ; ð29Þ

uyðx; y ¼ yþ0 ; tÞ ¼ uyðx; y ¼ y�0 ; tÞ; ð30Þ

/ðx; y ¼ yþ0 ; tÞ ¼ /ðx; y ¼ y�0 ; tÞ; ð31Þ
Fig. 1. (a)–(c) Three loading conditions for plane strain problem.
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The boundary conditions in a half-space are given by the vanishing of stresses at the free surface which is
ryyðx;0; tÞ ¼ ryxðx;0; tÞ ¼ myzðx;0; tÞ ¼ 0: ð32Þ
The solutions of Eq. (24) can be written as
qðx; y; tÞ ¼ ~qðyÞ exp½�iðkxþxtÞ�;
Wðx; y; tÞ ¼ ~WðyÞ exp½�iðkxþxtÞ�;
/ðx; y; tÞ ¼ ~/ðyÞ exp½�iðkxþxtÞ�:

ð33Þ
Here k is the real wave number along the x direction and x stands for frequency. Substituting the above equation in Eq.
(24), the governing equations can be rewritten as
d2~q

dy2 þ
x2

c2
1

� k2
� �

~q ¼ 0;

d2 ~W

dy2 þ
x2

c2
2

� k2
� �

~Wþ J
w2

0

2c2
2

~/ ¼ 0;

d2 ~/

dy2 þ
x2

c2
4

�w2
0

c2
4

� k2
� �

~/� w2
0

2c2
4

d2 ~W

dy2 þ
k2w2

0

2c2
4

~W ¼ 0:

ð34Þ
In region I, the solution to the equation can be expressed as
~qðyÞ ¼ AIe�iv0ðy�y0Þ þ BIeiv0ðy�y0Þ;

~WðyÞ ¼ DI
1e�iv1ðy�y0Þ þ DI

2e�iv2ðy�y0Þ þ DI
3eiv1ðy�y0Þ þ DI

4eiv2ðy�y0Þ;

~/ðyÞ ¼ #1 DI
1e�iv1ðy�y0Þ þ DI

3eiv1ðy�y0Þ
� �

þ #2 DI
2e�iv2ðy�y0Þ þ DI

4eiv2ðy�y0Þ
� �

:

ð35Þ
In region II and below the seismic source
~qðyÞ ¼ AIIe�iv0ðy�y0Þ;

~WðyÞ ¼ DII
1e�iv1ðy�y0Þ þ DII

2e�iv2ðy�y0Þ;

~/ðyÞ ¼ #1 DII
1e�iv1ðy�y0Þ

� �
þ #2 DII

2e�iv2ðy�y0Þ
� �

;

ð36Þ
where
#1 ¼
2c2

2

Jw2
0

k2 þ v2
1 �

x2

c2
2

� �
;

#2 ¼
2c2

2

Jw2
0

k2 þ v2
2 �

x2

c2
2

� �
:

m0, m1 and m2 are the vertical wave numbers defined through,
v0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

c2
1

� k2

s
; v1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 � k2

q
; v2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � k2

q
;

a1;2 ¼
ðc2

2 þ c2
4Þx2

2c2
2c2

4

þ ðw
2
0J � 4c2

2Þw2
0

8c2
2c2

4

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðc2

2 � c2
4Þ

2

4c4
2c4

4

x4 þw2
0ðw2

0Jðc2
2 þ c2

4Þ � 4c2
2ðc2

2 � c2
4ÞÞ

8c4
2c4

4

x2 þw4
0ðw2

0J � 4c2
2Þ

2

64c4
2c4

4

s
:

ð37Þ
The total numbers of unknown coefficients are 9. These constants have to be found from the above nine boundary con-
ditions. The stress free boundary condition on the surface of the half-space (Eq. (32)) results in
DI
2 ¼

1
C5 þ C2C3 � C1C4

2kv0Jw2
0ð2lþ jÞC3e�iy0ðv2þv0Þ

	 

BI � 2C1C3e�iy0ðv1þv2Þ

	 

DI

3 � ðC1C4 � C5 þ C2C3Þe�2iv2y0
	 


DI
4

h i
;

ð38Þ

DI
1 ¼ e�2iv1y0 DI

3 þ
C6

C7
e�iy0ðv1þv2ÞDI

4 � eiy0ðv2�v1ÞDI
2

� �
; ð39Þ

AI ¼ �e�2iv0y0 BI þ C8

C9
eiy0ðv2�v0ÞDI

2 � e�iy0ðv0þv2ÞDI
4

� �
: ð40Þ
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From the continuity of displacements and rotations along the plane y = y0 (Eqs. (29)–(31)), the constants AII
;DII

1 and DII
2 can

be expressed as
AII ¼ AI þ
C10BI � 2kc2

2ðv1 þ v2Þ v1DI
3 þ v2DI

4

� �
C11

; ð41Þ

DII
1 ¼ DI

1 þ
2v0 x2 � c2

2ðk
2 þ v2

2Þ
� �

kBI � v2DI
4

� �
þ ðv1 þ v2ÞC12DI

3

ðv1 � v2ÞC11
; ð42Þ

DII
2 ¼ DI

2 �
2v0 x2 � c2

2ðk
2 þ v2

1Þ
� �

kBI � v1DI
3

� �
� ðv1 þ v2ÞC13DI

4

ðv1 � v2ÞC11
; ð43Þ
where
C1 ¼ Jw2
0 lk2 � v2

1ðlþ jÞ
� �

� 2j x2 � c2
2ðk

2 þ v2
1Þ

� �
;

C2 ¼ Jw2
0 lk2 � v2

2ðlþ jÞ
� �

� 2j x2 � c2
2ðk

2 þ v2
2Þ

� �
;

C3 ¼ v1 c2
2ðk

2 þ v2
1Þ �x2

� �
kðk2 þ v2

0Þ þ v2
0ð2lþ jÞ

� �
;

C4 ¼ v2 c2
2ðk

2 þ v2
2Þ �x2

� �
kðk2 þ v2

0Þ þ v2
0ð2lþ jÞ

� �
;

C5 ¼ k2c2
2Jw2

0v0v1v2ðv2
1 � v2

2Þð2lþ jÞ2;

C6 ¼ v2 c2
2ðk

2 þ v2
2Þ �x2

� �
;

C7 ¼ v1 c2
2ðk

2 þ v2
1Þ �x2

� �
;

C8 ¼ kv2c2
2ðv2

1 � v2
2Þð2lþ jÞ;

C9 ¼ c2
2ðk

2 þ v2
1Þ �x2

� �
kðk2 þ v2

0Þ þ v2
0ð2lþ jÞ

� �
;

C10 ¼ j2c2
2ðv1 þ v2Þ � v0 x2 � c2

2ðk
2 � v1v2Þ

� �
;

C11 ¼ j2c2
2ðv1 þ v2Þ þ v0 x2 � c2

2ðk
2 � v1v2Þ

� �
;

C12 ¼ j2c2
2ðv1 � v2Þ � v0 x2 � c2

2ðk
2 þ v1v2Þ

� �
;

C13 ¼ j2c2
2ðv1 � v2Þ þ v0ðx2 � c2

2ðk
2 þ v1v2ÞÞ:
Six coefficients AI
; DI

1; DI
2; AII

; DII
1 and DII

2

� �
are expressed in terms of other three coefficients BI;DI

3; and DI
4

� �
in above

equations (Eqs. (38)–(43)). These three coefficients have to be estimated by using stress discontinuity boundary condition
along the plane y = y0 (Eqs. (26)–(28)).

4.1.1. Results for specific source distributions
Loading case I:
~ryyðx; y ¼ yþ0 ; tÞ � ~ryyðx; y ¼ y�0 ; tÞ ¼ 0;

~ryxðx; y ¼ yþ0 ; tÞ � ~ryxðx; y ¼ y�0 ; tÞ ¼ exp½�iðkxþxtÞ�;

~myzðx; y ¼ yþ0 ; tÞ � ~myzðx; y ¼ y�0 ; tÞ ¼ 0;

BI ¼ �kc2
2

2v0x2ðlþ jÞ ; ð44Þ
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DI
3 ¼ �

ðc2
2ðk

2 þ v2
2Þ �x2Þ

2x2ðlþ jÞðv2
1 � v2

2Þ
; ð45Þ

DI
4 ¼

ðc2
2ðk

2 þ v2
1Þ �x2Þ

2x2ðlþ jÞðv2
1 � v2

2Þ
; ð46Þ
Loading case II:
~ryyðx; y ¼ yþ0 ; tÞ � ~ryyðx; y ¼ y�0 ; tÞ ¼ exp½�iðkxþxtÞ�;

~ryxðx; y ¼ yþ0 ; tÞ � ~ryxðx; y ¼ y�0 ; tÞ ¼ 0;

~myzðx; y ¼ yþ0 ; tÞ � ~myzðx; y ¼ y�0 ; tÞ ¼ 0

BI ¼ 1

2ðkþ 2lþ jÞðk2 þ v2
0Þ
; ð47Þ

DI
3 ¼ �

kðc2
2ðk

2 þ v2
2Þ �x2Þ

2c2
2v1ðkþ 2lþ jÞðv2

1 � v2
2Þ
; ð48Þ

DI
4 ¼

kðc2
2ðk

2 þ v2
1Þ �x2Þ

2c2
2v2ðkþ 2lþ jÞðv2

1 � v2
2Þ
: ð49Þ
Loading case III:
~ryy x; y ¼ yþ0 ; t
	 


� ~ryy x; y ¼ y�0 ; t
	 


¼ 0;

~ryx x; y ¼ yþ0 ; t
	 


� ~ryx x; y ¼ y�0 ; t
	 


¼ 0;

~myz x; y ¼ yþ0 ; t
	 


� ~myz x; y ¼ y�0 ; t
	 


¼ exp �iðkxþxtÞ½ �;

BI ¼ 0; ð50Þ

DI
3 ¼

iJw2
0

4c2
2v1b v2

1 � v2
2

	 
 ; ð51Þ

DI
4 ¼ �

iJw2
0

4c2
2v2b v2

1 � v2
2

	 
 : ð52Þ
The obtained solutions are valid for the loading cases shown in Fig. 1 where the loads act periodically all over the plane
y = y0 and harmonically in time. The corresponding solutions for the three unidirectional unit impulses can be obtained by
using the Fourier integral representation of the Dirac delta function.

4.2. Anti-plane strain

For a anti-plane strain problem, the displacement and rotation vector is represented as u = (0,0,uz) and / = (/x,/y,0). Two
potential functions, n and U can be defined to describe the rotations about x- and y-directions.
/x ¼
@n
@x
þ @U
@y

; /y ¼
@n
@y
� @U
@x

; uz ¼ uz: ð53Þ
The equations of motion for plane deformation parallel to xy plane in terms of the potentials are
c2
3
@2n
@x2 þ

@2n
@y2

 !
�w2

0n�
@2q
@t2 ¼ 0;

c2
2
@2uz

@x2 þ
@2uz

@y2

 !
� Jw2

0

2
@2U
@x2 þ

@2U
@y2

 !
� @

2uz

@t2 ¼ 0;

c2
4
@2U
@x2 þ

@2U
@y2

 !
�w2

0Uþ
w2

0

2
uz �

@2U
@t2 ¼ 0:

ð54Þ
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The constitutive equations (Eq. (3)) in terms of potentials can be written as
rxz ¼ ðlþ jÞ @uz

@x
þ j

@n
@y
� @U
@x

� �
;

ryz ¼ ðlþ jÞ @uz

@y
� j

@n
@x
þ @U
@y

� �
;

rzx ¼ l @uz

@x
� j

@n
@y
� @U
@x

� �
;

rzy ¼ l @uz

@y
þ j

@n
@x
þ @U
@y

� �
;

mxx ¼ ar2nþ ðbþ cÞ @2n
@x2 þ

@2U
@x@y

 !
;

myy ¼ ar2nþ ðbþ cÞ @2n
@y2 �

@2U
@x@y

 !
;

myx ¼ ðbþ cÞ @
2n

@x@y
þ b

@2U
@y2 � c

@2U
@x2 ;

mxy ¼ ðbþ cÞ @
2n

@x@y
� b

@2U
@x2 þ c

@2U
@y2 ;

ð55Þ
The buried sources inside the medium can be effectively treated as stress discontinuities across the plane y = y0. The three
loading cases considered in this study are shown in Fig. 2(a)–(c). The magnitude of these three loads acting on the line y = y0

are exp[�i(kx + xt)] per unit area. These can be expressed as
myyðx; y ¼ yþ0 ; tÞ �myyðx; y ¼ y�0 ; tÞ ¼ exp½�iðkxþxtÞ�; ð56Þ

myxðx; y ¼ yþ0 ; tÞ �myxðx; y ¼ y�0 ; tÞ ¼ exp½�iðkxþxtÞ�; ð57Þ

ryzðx; y ¼ yþ0 ; tÞ � ryzðx; y ¼ y�0 ; tÞ ¼ exp½�iðkxþxtÞ�: ð58Þ
The displacements and micro-rotations are required to be continuous across the plane y = y0. These are given as
/xðx; y ¼ yþ0 ; tÞ ¼ /xðx; y ¼ y�0 ; tÞ; ð59Þ

/yðx; y ¼ yþ0 ; tÞ ¼ /yðx; y ¼ y�0 ; tÞ; ð60Þ

uzðx; y ¼ yþ0 ; tÞ ¼ uzðx; y ¼ y�0 ; tÞ; ð61Þ
boundary conditions in a half-space are given by the vanishing of stresses at the free surface which is
myyðx;0; tÞ ¼ myxðx;0; tÞ ¼ ryzðx; 0; tÞ ¼ 0: ð62Þ
Fig. 2. (a)–(c) Three loading conditions for anti-plane strain problem.
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The solutions of Eq. (54) can be written as
nðx; y; tÞ ¼ ~nðyÞ exp½�iðkxþxtÞ�;
Uðx; y; tÞ ¼ ~UðyÞ exp½�iðkxþxtÞ�;
uzðx; y; tÞ ¼ ~uzðyÞ exp½�iðkxþxtÞ�:

ð63Þ
Here k is the real wave number along the x direction and x stands for frequency. Substituting the above equation in
Eq. (54), the governing equations can be rewritten as
d2~n

dy2 þ
x2

c2
3

�w2
0

c2
3

� k2
� �

~n ¼ 0;

d2~uz

dy2 þ
x2

c2
2

� k2
� �

~uz � J
w2

0

2c2
2

d2 ~U

dy2 þ J
k2w2

0

2c2
2

~U ¼ 0;

d2 ~U

dy2 þ
x2

c2
4

�w2
0

c2
4

� k2
� �

~Uþ w2
0

2c2
4

~uz ¼ 0:

ð64Þ
In region I, the solution to the equation can be expressed as
~nðyÞ ¼ AIe�iv0ðy�y0Þ þ BIeiv0ðy�y0Þ;

~UðyÞ ¼ DI
1e�iv1ðy�y0Þ þ DI

2e�iv2ðy�y0Þ þ DI
3eiv1ðy�y0Þ þ DI

4eiv2ðy�y0Þ;

~uzðyÞ ¼ 11 DI
1e�iv1ðy�y0Þ þ DI

3eiv1ðy�y0Þ
� �

þ 12 DI
2e�iv2ðy�y0Þ þ DI

4eiv2ðy�y0Þ
� �

:

ð65Þ
In region II, the solution to the equation can be expressed as
~nðyÞ ¼ AIIe�iv0ðy�y0Þ;

~UðyÞ ¼ DII
1e�iv1ðy�y0Þ þ DII

2e�iv2ðy�y0Þ;

~uzðyÞ ¼ 11DII
1e�iv1ðy�y0Þ þ 12DII

2e�iv2ðy�y0Þ;

ð66Þ
where
11 ¼
2c2

4

w2
0

k2 þ v2
1 þ

w2
0

c2
4

�x2

c2
4

� �
;

12 ¼
2c2

4

w2
0

k2 þ v2
2 þ

w2
0

c2
4

�x2

c2
4

� �
:

m0, m1 and m2 are the vertical wave numbers defined through,
v0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

c2
3

�w2
0

c2
3

� k2

s
; v1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 � k2

q
; v2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � k2

q
;

a1;2 ¼
ðc2

2 þ c2
4Þx2

2c2
2c2

4

þ
w2

0J � 4c2
2

	 

w2

0

8c2
2c2

4

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðc2

2 � c2
4Þ

2

4c4
2c4

4

x4 þw2
0ðw2

0Jðc2
2 þ c2

4Þ � 4c2
2ðc2

2 � c2
4ÞÞ

8c4
2c4

4

x2 þw4
0ðw2

0J � 4c2
2Þ

2

64c4
2c4

4

s
:

ð67Þ
The total numbers of unknown coefficients are 9. These constants have to be found from the above nine boundary
conditions. The stresses are zero along the free surface (y = 0). From the Eq. (62) the constants AI;DI

1; and DI
2 can be

expressed as
DI
2 ¼

1
K1K4 �K2K3

K6K1 2kv0ðbþ cÞe�iy0ðv0þv2ÞBI � 2ðbv2
1 � ck2Þe�iy0ðv1þv2ÞDI

3

� �
� ðK1K5 þK2K3Þe�2iv2y0 DI

4

h i
; ð68Þ

DI
1 ¼ e�2iv1y0 DI

3 þ
K2

K1
e�iy0ðv1þv2ÞDI

4 � eiy0ðv2�v1ÞDI
2

h i
; ð69Þ

AI ¼ �e�2iv1y0 BI þ
K7 eiy0ðv1�v0ÞDI

1 � e�iy0ðv0þv1ÞDI
3

� �
þK8 eiy0ðv2�v0ÞDI

2 � e�iy0ðv0þv2ÞDI
4

� �h i
K5

: ð70Þ
The continuity of displacements and rotations along the plane y = y0 (Eqs. (59)–(61)) results in
AII ¼ AI þ 1
K10

K9BI � 2kc2
4ðv1 þ v2Þ v1DI

3 þ v2DI
4

� �h i
; ð71Þ



7254 M. Gade, S.T.G. Raghukanth / Applied Mathematical Modelling 39 (2015) 7244–7265
DII
1 ¼ DI

1 þ
1

ðv1 � v2ÞK10
ðv1 þ v2ÞK11DI

3 þ 2v0 x2 �w2
0 � c2

4ðk
2 þ v2

2Þ
� �

ðkBI � v2DI
4Þ

h i
; ð72Þ

DII
2 ¼ DI

2 þ
1

ðv1 � v2ÞK10
ðv1 þ v2ÞK12DI

4 � 2v0 x2 �w2
0 � c2

4ðk
2 þ v2

1Þ
� �

kBI � v1DI
3

� �h i
; ð73Þ
where
K1 ¼ v1 2ðlþ jÞ ðaþ bþ cÞv2
0 þ ak2

� �
x2 �w2

0 � c2
4ðk

2 þ v2
1Þ

� �
þ jðaþ bþ cÞw2

0ðk
2 þ v2

0Þ
h i

;

K2 ¼ v2 2ðlþ jÞ ðaþ bþ cÞv2
0 þ ak2

� �
x2 �w2

0 � c2
4ðk

2 þ v2
2Þ

� �
þ jðaþ bþ cÞw2

0ðk
2 þ v2

0Þ
h i

;

K3 ¼ ðaþ bþ cÞv2
0 þ ak2

� �
bv2

1 � ck2
� �

þ v0v1k2ðbþ cÞ2;

K4 ¼ ðaþ bþ cÞv2
0 þ ak2

� �
bv2

2 � ck2
� �

þ v0v2k2ðbþ cÞ2;

K5 ¼ ðaþ bþ cÞv2
0 þ ak2

� �
bv2

2 � ck2
� �

� v0v2k2ðbþ cÞ2;

K6 ¼ ðaþ bþ cÞv2
0 þ ak2

� �
;

K7 ¼ kv1ðbþ cÞ;

K8 ¼ kv2ðbþ cÞ;

K9 ¼ k2c2
4ðv1 þ v2Þ � v0ðx2 �w2

0 � c2
4ðk

2 � v1v2ÞÞ;

K10 ¼ k2c2
4ðv1 þ v2Þ þ v0 x2 �w2

0 � c2
4ðk

2 � v1v2Þ
� �

;

K11 ¼ k2c2
4ðv1 � v2Þ � v0ðx2 �w2

0 � c2
4ðk

2 þ v1v2ÞÞ;

K12 ¼ k2c2
4ðv1 � v2Þ þ v0 x2 �w2

0 � c2
4ðk

2 þ v1v2Þ
� �

:

Six coefficients AI;DI
1;D

I
2;A

II;DII
1 and DII

2

� �
are expressed in terms of other three coefficients BI;DI

3; and DI
4

� �
in above

equations (Eqs. (68)–(73)). These three coefficients have to be estimated by using the stress discontinuity condition along
the plane y = y0 (Eqs. (56)–(58)).

4.2.1. Results for specific source distributions
Loading case I:
myy x; y ¼ yþ0 ; t
	 


�myy x; y ¼ y�0 ; t
	 


¼ 0;

myxðx; y ¼ yþ0 ; tÞ �myxðx; y ¼ y�0 ; tÞ ¼ 0;

ryzðx; y ¼ yþ0 ; tÞ � ryzðx; y ¼ y�0 ; tÞ ¼ exp �iðkxþxtÞ½ �;

BI ¼ 0; ð74Þ

DI
3 ¼

iw2
0

4c2
4v1ðlþ jÞðv2

1 � v2
2Þ
; ð75Þ

DI
4 ¼ �

iw2
0

4c2
4v2ðlþ jÞðv2

1 � v2
2Þ
; ð76Þ
Loading case II:
myyðx; y ¼ yþ0 ; tÞ �myyðx; y ¼ y�0 ; tÞ ¼ 0;

myxðx; y ¼ yþ0 ; tÞ �myxðx; y ¼ y�0 ; tÞ ¼ exp �iðkxþxtÞ½ �;
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ryzðx; y ¼ yþ0 ; tÞ � ryzðx; y ¼ y�0 ; tÞ ¼ 0;

BI ¼ kc2
4

2bv0ðw2
0 �x2Þ

; ð77Þ

DI
3 ¼ �

ðx2 �w2
0 � c2

4ðk
2 þ v2

2ÞÞ
2bðv2

1 � v2
2Þðw2

0 �x2Þ ; ð78Þ

DI
4 ¼
ðx2 �w2

0 � c2
4ðk

2 þ v2
1ÞÞ

2bðv2
1 � v2

2Þðw2
0 �x2Þ ; ð79Þ
Loading case III:
myyðx; y ¼ yþ0 ; tÞ �myyðx; y ¼ y�0 ; tÞ ¼ exp½�iðkxþxtÞ�;

myxðx; y ¼ yþ0 ; tÞ �myxðx; y ¼ y�0 ; tÞ ¼ 0;

ryzðx; y ¼ yþ0 ; tÞ � ryzðx; y ¼ y�0 ; tÞ ¼ 0;

BI ¼ 1

2ðaþ bþ cÞðk2 þ v2
0Þ
; ð80Þ

DI
3 ¼

k x2 �w2
0 � c2

4ðk
2 þ v2

2Þ
� �

2v1c2
4ðv2

1 � v2
2Þðaþ bþ cÞðk2 þ v2

0Þ
; ð81Þ

DI
4 ¼ �

kðx2 �w2
0 � c2

4ðk
2 þ v2

1ÞÞ
2v2c2

4ðv2
1 � v2

2Þðaþ bþ cÞðk2 þ v2
0Þ
: ð82Þ
The obtained solutions are valid for the loading cases shown in Fig. 2 where the loads act periodically all over the plane
y = y0 and harmonically in time. The corresponding solutions for the three unidirectional unit impulses can be obtained by
using the Fourier integral representation of the Dirac delta function.

5. Reduced micropolar elastic half-space

The above derived expressions can be used to simulate Green’s functions in a micropolar medium. The main limitation
with the micropolar theory is that six material constants are required to simulate ground motion. These constants are not
directly available for rock and soil medium. To circumvent these difficulties, Schwartz et al. [25] proposed reduced micropo-
lar theory to model granular materials. In this theory, the material point in a continuum is defined by three displacements u
and three rotations / which are kinematically independent. In reduced micropolar theory the particles are free to rotate
(micro rotation) but the continuum does not offer resistance to micro-rotation, unlike micropolar theory. The stress tensor
is asymmetric and couple stress tensor is zero. By this assumption three micropolar constants ða; b; cÞ are eliminated.
Previously Grekova et al. [20] studied surface wave propagation in reduced Cosserat medium. The equations of the motions
in terms of u and / can be expressed as
c2
1rr � u� c2

2r�r� uþ Jw2
0

2
r� /� €u ¼ 0;

w2
0

2
r� u�w2

0/� €/ ¼ 0;
ð83Þ
where
c2
1 ¼

kþ 2lþ j
q

; c2
2 ¼

lþ j
q

; w2
o ¼

2j
qJ

: ð84Þ
5.1. Ground motion at free surface of half-space due to a buried source

5.1.1. Plane strain
For a plane strain problem, the displacement and rotation vector is represented as u = (ux,uy,0) and / = (0,0,/z). Two

potential functions, q and W, can be defined to describe the displacements in x- and y-directions.
ux ¼
@q
@x
þ @W
@y

; uy ¼
@q
@y
� @W
@x

; /z ¼ /: ð85Þ
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The equations of motion for plane deformation parallel to xy plane in terms of the potentials are
c2
1
@2q
@x2 þ

@2q
@y2

 !
� @

2q
@t2 ¼ 0;

c2
2
@2W
@x2 þ

@2W
@y2

 !
þ Jw2

0

2
/� @

2W
@t2 ¼ 0:

ð86Þ
The constitutive equations (Eq. (3)) in terms of potentials can be written as
rxx ¼ kr2qþ ð2lþ jÞ @2q
@x2 þ

@2W
@x@y

 !
;

ryy ¼ kr2qþ ð2lþ jÞ @2q
@y2 �

@2W
@x@y

 !
;

rxy ¼ ð2lþ jÞ @
2q

@x@y
þ l @

2W
@y2 � ðlþ jÞ @

2W
@x2 � j/;

ryx ¼ ð2lþ jÞ @
2q

@x@y
� l @

2W
@x2 þ ðlþ jÞ @

2W
@y2 þ j/:

ð87Þ
The buried sources inside the medium can be effectively treated as stress discontinuities across the plane y = y0. The mag-
nitude of these three loads acting on the line y = y0 are exp[�i(kx + xt)] per unit area. These can be expressed as
ryyðx; y ¼ yþ0 ; tÞ � ryyðx; y ¼ y�0 ; tÞ ¼ exp½�iðkxþxtÞ�; ð88Þ

ryxðx; y ¼ yþ0 ; tÞ � ryxðx; y ¼ y�0 ; tÞ ¼ exp½�iðkxþxtÞ�: ð89Þ
The displacements and micro-rotations are required to be continuous across the plane y = y0. These are given as
uxðx; y ¼ yþ0 ; tÞ ¼ uxðx; y ¼ y�0 ; tÞ; ð90Þ

uyðx; y ¼ yþ0 ; tÞ ¼ uyðx; y ¼ y�0 ; tÞ: ð91Þ
The boundary conditions in a half-space are given by the vanishing of stresses at the free surface which is
ryyðx;0; tÞ ¼ ryxðx;0; tÞ ¼ 0 ð92Þ
The solutions of Eq. (86) can be written as
qðx; y; tÞ ¼ ~qðyÞ exp½�iðkxþxtÞ�;
Wðx; y; tÞ ¼ ~WðyÞ exp½�iðkxþxtÞ�;
/ðx; y; tÞ ¼ ~/ðyÞ exp½�iðkxþxtÞ�:

ð93Þ
Here k is the real wave number along the x direction and x stands for frequency. Substituting the above equation in Eq.
(86), the governing equations can be rewritten as
d2~q

dy2 þ
x2

c2
1

� k2
� �

~q ¼ 0;

d2 ~W

dy2 þ
x2

c2
2

� k2
� �

~Wþ J
w2

0

2c2
2

~/ ¼ 0:

ð94Þ
From Eq. (83b) ~/ can be expressed in terms of potential ~W as
~/ ¼ w2
0

2ðx2 �w2
0Þ
�k2 ~Wþ d2 ~W

dy2

" #
: ð95Þ
Substitute equation (95) in Eq. (94b) for ~/ and the solution to the Eq. (94) can be expressed as
In region I
~qðyÞ ¼ AIe�iv0ðy�y0Þ þ BIeiv0ðy�y0Þ;

~WðyÞ ¼ DI
1e�iv1ðy�y0Þ þ DI

2eiv1ðy�y0Þ:
ð96Þ
In region II
~qðyÞ ¼ AIIe�iv0ðy�y0Þ;

~WðyÞ ¼ DII
1e�iv1ðy�y0Þ;

ð97Þ
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where m0, and m1 are the vertical wave numbers defined through,
v0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

c2
1

� k2

s
; v1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðw2

0 �x2Þ x2 � k2c2
2

� �
þ Jk2w4

0

4c2
2ðw2

0 �x2Þ � Jw4
0

:

vuut ð98Þ
Grekova et al. [20] studied wave propagation in isotropic reduced Cosserat half-space. v0 ¼ 0 and v1 ¼ 0 correspond to
the dispersion relations for the compression and shear-rotational waves in the reduced Cosserat medium. The compression
wave is similar to classical continuum. The shear wave is coupled with rotation wave and the phase velocity of the shear
wave is function of frequency.

The total number of unknown coefficients is 6. These constants have to be found from the above six boundary conditions.
The displacements are continuous along the plane (y = y0). From the Eqs. (90) and Eq. (90).
DII
1 ¼ C3BI þ DI

1 þ C1DI
2; ð99Þ

AII ¼ C1BI þ AI � C2DI
2: ð100Þ
The stresses are zero along the free surface (y = 0). From the Eq. (92).
AI ¼ ðPPÞBI þ ðSPÞDI
2; ð101Þ

DI
1 ¼ ðPSÞBI þ ðSSÞDI

2; ð102Þ
where PP, PS, SP and SS are reflection coefficients. It can be shown that as j ? 0, these reflection coefficients are as same as
linear elastic reflection coefficients reported in Aki and Richards [26].where
PP ¼ ðC5C4 � C6Þe�2iy0v0

C5C4 þ C6
;

SP ¼ 2C4C6e�iy0ðv1þv0Þ

C5C4 þ C6
;

PS ¼ �2C5e�iy0ðv1þv0Þ

C5C4 þ C6
;

SS ¼ ðC5C4 � C6Þe�2iy0v1

C5C4 þ C6
;

C1 ¼
k2 � v0v1

k2 þ v0v1

;

C2 ¼
2kv1

k2 þ v0v1

;

C3 ¼
2kv0

k2 þ v0v1

;

C4 ¼
ð2lþ jÞkv1

kðk2 þ v2
0Þ þ v2

0ð2lþ jÞ
;

C5 ¼ 2kv0ð2lþ jÞðx2 �w2
0Þ;

C6 ¼ 2lðk2 � v2
1Þðw2

0 �x2Þ þ jð2v2
1x

2 þw2
0ðk

2 � v2
1ÞÞ:
Results for specific source distributions
Loading case I:
ryyðx; y ¼ yþ0 ; tÞ � ryyðx; y ¼ y�0 ; tÞ ¼ 0;

ryxðx; y ¼ yþ0 ; tÞ � ryxðx; y ¼ y�0 ; tÞ ¼ exp½�iðkxþxtÞ�;

DI
2 ¼

ðx2 �w2
0Þ

ðk2 þ v2
1Þ 2lðx2 �w2

0Þ þ jð2x2 �w2
0Þ

� � ; ð103Þ
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BI ¼ � kðx2 �w2
0Þ

v0ðk2 þ v2
1Þ 2lðx2 �w2

0Þ þ jð2x2 �w2
0Þ

� � : ð104Þ
Loading case II:
ryyðx; y ¼ yþ0 ; tÞ � ryyðx; y ¼ y�0 ; tÞ ¼ exp½�iðkxþxtÞ�;

ryxðx; y ¼ yþ0 ; tÞ � ryxðx; y ¼ y�0 ; tÞ ¼ 0;

DI
2 ¼

k

2v1ðkþ 2lþ jÞðk2 þ v2
0Þ
; ð105Þ

BI ¼ 1

2ðkþ 2lþ jÞðk2 þ v2
0Þ
: ð106Þ
The obtained solutions are valid for the loading cases shown in Fig. 1(a) and (b) where the loads act periodically all over
the plane y = y0 and harmonically in time. The corresponding solutions for the two unidirectional unit impulses can be
obtained by using the Fourier integral representation of the Dirac delta function.

5.1.2. Anti-plane strain
For a anti-plane strain problem, the displacement and rotation vector is represented as u = (0,0,uz) and / = (/x,/y,0). The

equations of motion for plane deformation parallel to xy plane
c2
2
@2uz

@x2 þ
@2uz

@y2

 !
þ Jw2

0

2
@/y

@x
� @/x

@y

� �
� @

2uz

@t2 ¼ 0: ð107Þ
The constitutive equations (Eq. (3a)) in terms of displacements can be written as
ryz ¼ ðlþ jÞ @uz

@y
� j/x: ð108Þ
The buried sources inside the medium can be effectively treated as stress discontinuities across the plane y = y0. The mag-
nitude of the load acting on the line y = y0 is exp[�i(kx + xt)] per unit area. This can be expressed as
ryzðx; y ¼ yþ0 ; tÞ � ryzðx; y ¼ y�0 ; tÞ ¼ exp½�iðkxþxtÞ�: ð109Þ
The displacement is required to be continuous across the plane y = y0. These are given as
uzðx; y ¼ yþ0 ; tÞ ¼ uzðx; y ¼ y�0 ; tÞ: ð110Þ
The boundary conditions in a half-space are given by the vanishing of stresses at the free surface which is
ryzðx;0; tÞ ¼ 0: ð111Þ
The solution of Eq. (107) can be written as
/xðx; y; tÞ ¼ ~/xðyÞ exp½�iðkxþxtÞ�;
/yðx; y; tÞ ¼ ~/yðyÞ exp½�iðkxþxtÞ�;
uzðx; y; tÞ ¼ ~uzðyÞ exp½�iðkxþxtÞ�:

ð112Þ
Here k is the real wave number along the x direction and x stands for frequency. Substituting the above equation in Eq.
(107), the governing equation can be rewritten as
c2
2

d2~uz

dy2 þ
Jw2

0

2
�ik~/y �

@~/x

@y

 !
þ ðx2 � k2c2

2Þ~uz ¼ 0: ð113Þ
From Eq. (83b) ~/x and ~/y can be expressed in terms of potential ~uz as
~/x ¼
w2

0

2ðw2
0 �x2Þ

@~uz

@y
;

~/y ¼
ikw2

0

2ðw2
0 �x2Þ

~uz:

ð114Þ
Substitute equation (114) in Eq. (113), after rearranging (113)
d2~uz

dy2 þ v2
0~uz ¼ 0; ð115Þ
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where
v0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðx2 � k2c2

2Þðw2
0 �x2Þ þ Jw4

0

4c2
2ðw2

0 �x2Þ � Jw4
0

s
:

In region I, the solution to the eq. can be expressed as
~uzðyÞ ¼ AIe�iv0ðy�y0Þ þ BIeiv0ðy�y0Þ: ð116Þ
In region II, the solution to the equation can be expressed as
~uzðyÞ ¼ AIIe�iv0ðy�y0Þ: ð117Þ
The total number of unknown coefficients is 3. These constants have to be found from the above three boundary condi-
tions. Displacement is continuous along the plane (y = y0). From Eq. (110).
AII ¼ AI þ BI: ð118Þ
The stress is zero along the free surface (y = 0). From Eq. (111), the constant AI can be expressed as
AI ¼ BIe�2iv0y0 : ð119Þ
Using the stress discontinuity boundary condition along the plane y = y0 reported in Eq. (109), the constant BI can be
obtained as
BI ¼ i
2v0K1

; ð120Þ
where
K1 ¼ ðlþ jÞ � jw2
0

2ðw2
0 �x2Þ

;

As j ? 0, it can be shown that these constants (BI and AI) are equivalent to linear elastic constants [26]. The obtained
solutions are valid for the loading cases shown in Fig. 2c where the loads act periodically all over the plane y = y0 and
harmonically in time. The corresponding solutions for the unidirectional unit impulse can be obtained by using the
Fourier integral representation of the Dirac delta function.

6. Numerical results

Ground motions have been simulated numerically to illustrate the application of derived analytical expressions. Time
histories are estimated for anti-plane strain problem. Seven material constants (k, l, c, a, b, j and j) are required to define
linear elastic micropolar material. Reduced micropolar theory requires two additional material constants j and j in addition
to Lame’s constants (k, l). In the present study, the material properties (k, l, c, and j) are taken from the work of Eringen
[24]. The following values of material parameters are used for numerical simulation, k = 7.59 GPa, l = 1.89 GPa, c = 2.63 kN,
j = 0.015 GPa, q = 2180 kg/mm3 and j = 0.196 mm2. The other two material constants a and b are approximately taken as c.
The response of micropolar elastic half space is estimated for three different loading cases shown in Fig. 2a. The response for
unit impulsive sources as shown in Fig. 3 are obtained by taking Fourier transform.
Fig. 3. (a)–(c) Three unit impulsive force/micro-moments applied at (0,Y0) corresponds to anti-plane strain problem.



Fig. 4. Frequency-wavenumber spectra’s of uz;/x and /y .
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Gp
z ðx; y; tÞ ¼

1
2p

Z 1

�1

Z 1

�1
uzðk; y;xÞ exp½�iðkxþxtÞ�dkdx;

Gp
/x
ðx; y; tÞ ¼ 1

2p

Z 1

�1

Z 1

�1
/xðk; y;xÞ exp½�iðkxþxtÞ�dkdx;

Gp
/y
ðx; y; tÞ ¼ 1

2p

Z 1

�1

Z 1

�1
/yðk; y;xÞ exp½�iðkxþxtÞ�dkdx;

ð121Þ
where Gp
z ;G

p
/x

andGp
/y

are the Green’s functions of displacement uz, rotation component /x and rotation component /y due to

unit impulsive source applied in the p-direction. uz;/xand/y are the response of the medium for loadings as shown in the
Fig. 2. The infinite integrals in Eq. (121) can be numerically evaluated by discrete wave number method developed by
Bouchon [27]. In this method, the infinite integrals are replaced by summations by introducing spatial periodicity in the
loading. Selecting the appropriate cut-off frequency and wavenumber values is very important in discrete wave number
method. These cut-off values should be selected such that no important information on displacement/rotation is left outside
the integration limits. The cut-off values are selected from frequency (x)-wavenumber (k) spectra’s of uz;/x and /y. The
corresponding x� k spectra’s are plotted in Fig. 4. The cut-off frequency x ¼ 2 rad=s and the cut-off wavenumber
k ¼ 0:004 rad=m. The final solution is obtained by Fourier transform in the complex frequency domain. A review of the
discrete wave number method is available in Bouchon [27]. The ground motions are calculated at four locations on the free
surface for a unit impulsive force/micro moment applied at a depth of 10 km (Y0 = 10 km). The three constants BI;DI

3 and DI
4

for unit impulsive force (Fyz) are estimated by using Eqs. (74)–(76), for all frequency (x) and wavenumber (k) ranges. Other

three constants AI
;DI

1 and DI
2 are calculated from Eqs. (68)–(70). The two potentials n;U and displacement uz are estimated

using Eqs. (65) and (63). The rotational components are obtained from potentials by using Eq. (53). These are substituted in
Eq. (121) to obtain the displacement and rotation time histories for a unit impulsive force. The simulated time histories are
shown in Fig. 5. In a similar fashion Green’s functions are calculated for both unit impulsive micro-moment applied in
x-direction (Myx) and y-direction (Myy) from Eq. (121) using the constants reported in Eqs. (77)–(79) and Eqs. (80)–(82).
The simulated time histories at four locations on the surface of the half-space are reported in Figs. 6 and 7. From Figs. 5–
7, it can be observed that the arrival time of the first wave increases with increase in the distance from the source. The peak
values of the simulated displacements are higher than the amplitude of the micro-rotations for all the three loading cases.
The unit impulsive micro-moment applied about x-axis (Myx) has produced higher displacements and rotations compared to
other two impulsive loads.

Fig. 8 shows the simulated displacement and rotation time histories for reduced micropolar elastic half-space. The two
constants AI and BI are estimated by using Eqs. (119) and (120) for unit impulsive force for all frequency (x) and wavenum-
ber (k) ranges. The displacements and rotations are estimated from Eqs. (114) and (116). These are substituted in Eq. (112)
and the Green’s functions are simulated using Eq. (121). The obtained peak displacements and micro-rotations in a reduced
micropolar half-space are lower than compared to micropolar half-space (Fig. 5). This can be attributed to the presence of
additional microrotational waves in micropolar elastic half-space.
Fig. 5. Response of micropolar elastic half space for unit impulse force (Fyz).



Fig. 6. Response of micropolar elastic half space for unit impulse micro-moment (Myx).

Fig. 7. Response of micropolar elastic half space for unit impulse micro-moment (Myy).
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It will be interesting here to compare the simulated displacements with linear elastic half-space solution available in Aki
and Richards [26]. Accordingly the displacement (uz) time history is simulated for an unit impulse force (Fyz) applied at a
depth of 10 km (Y0 = 10 km) for Reduced micropolar half space with j = 0 (linear elastic half-space), Reduced micropolar half
space and Micropolar half space. The material constants are kept same for all the four cases. The ground displacements are
estimated at four locations on the surface of the half-space. Fig. 9 shows the comparison of displacement time histories for all
the three mediums. The simulated displacement time history of reduced micropolar for j = 0 is also valid for a linear elastic
medium. The peak amplitude values for linear elastic and reduced micropolar elastic half space are close to each other. The
micro effects on the simulated displacement time histories are more pronounced in the full micropolar medium compared to
reduced micropolar medium. The peak displacement in a full micropolar elastic medium is also higher than compared to the
reduced and linear elastic half-space.



Fig. 8. Response of reduced micropolar elastic half space for unit impulse force (Fyz).

Fig. 9. Comparison of displacements for unit impulse force (Fyz).
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In addition to Lame’s constants only two additional material constants rotational inertia (j) and kappa (j) are
required to define reduced micropolar medium. In this present study j = 0.196e�6 m2 is used to simulate response of
the reduced micropolar medium. For earth medium j value may be very high because of the presence of big stones, hard
rocks and heterogeneity. Ground motions are simulated for four different values of j whose order varies from 10�6 to
104 m2 to understand the effect of j on ground motions. The simulated ground motions are presented in Fig. 10. It
can be observed form Fig. 10, that the effect of j on translation motion (uz) is negligible. The rotational motions increase
with increase in the rotational inertia of the medium. The effect of rotational inertia is observed only in rotational
motions. The rotational inertia (j) and kappa (j) values for reduced micropolar and additional three material constants
(a, b and c) for full micropolar earth medium can be estimated once sufficient recorded rotational ground motions data
becomes available.



Fig. 10. Effect of rotational inertia (j) on ground motions.
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7. Summary and conclusions

In this article fundamental solutions for both micropolar and reduced micropolar half space have been presented. The
problem is divided into plane strain and anti-plane strain by assuming that the waves are traveling in XY plane only.
Greens functions for buried concentrated force and micro-moment have been derived. Fourier integral representation is used
to derive the fundamental solutions. In addition to longitudinal and shear waves, micro-rotational waves are been observed
in micropolar theory. A total of six material constants are required to fully define an elastic micropolar medium. For reduced
micropolar half-space the number of constants required to define the medium is three. Given these material constants one
can simulate translation and micro-rotation time histories for a given unit impulse force and micro-moment. The derived
analytical expressions can be used to simulate displacement field at the ground surface due to an earthquake with known
rupture characteristics. The earthquake sources are generally modeled as a moment tensors. The advantage with micropolar
theory is that one can apply directly the impulsive micro-moments in the half space. This theory can be used to simulate
both rotational and translation ground motions for earthquakes. Discrete wave number method can be used to numerically
evaluate the infinite integrals (Eq. (121)) for estimating displacement and rotation time histories. The closed form analytical
expressions of frequency wave number spectra obtained in this study can be directly used to understand the temporal and
spatial variability of seismic ground motion. The corresponding correlation characteristics of ground motions can be
estimated from the frequency wave number spectrum. Numerical results have been presented for anti-plane strain case.
The displacement and rotational time histories due to a unit impulsive force and micro-moment are simulated for both
reduced and full micropolar medium (Figs. 5–8).

In the present study, expressions for surface displacement field have been derived using wave propagation in a single
layered elastic half-space. These expressions can be further used to obtain Green’s functions for layered half-space using
propagator based formalism [6].

The major limitation with the micropolar theory is that additional material constants and rotational inertia of the
medium are required to simulate ground motion. No studies have been done till date to estimate these constants for rock
and soil medium. However with recent developments in strong motion instrumentation, it has become possible to measure
rotational motions during the earthquake. With the help of strong motion data, one can estimate the micropolar material
properties of the rock medium.
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