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REGULARITY OF BINOMIAL EDGE IDEALS OF
COHEN-MACAULAY BIPARTITE GRAPHS

A V JAYANTHAN AND ARVIND KUMAR

ABSTRACT. Let G be a finite simple graph on n vertices and Jg denote the correspond-
ing binomial edge ideal in S = Klx1,...,2Zn,Y1,.-.,Yn]. We compute the Castelnuovo-
Mumford regularity of S/Jg when Jg is the binomial edge ideal of a Cohen-Macaulay
bipartite graph. We achieve this by computing the regularity of certain bipartite sub-
graphs and some intermediate graphs, called k-fan graphs. In this process, we also obtain
a class of graphs which satisfy the regularity conjecture of Saeedi Madani and Kiani.

1. INTRODUCTION

Let G be a finite simple graph on [n]. Herzog et al. in [5] and independently Ohtani in
[10], introduced the notion of binomial edge ideal corresponding to a finite simple graph.
Let S = K[z1,...,Zn,Y1,.--,Yn], where K is a field. The binomial edge ideal of the
graph G is Jo = (w;y; — z;u: - {i,5} € E(G), i < j). Researchers have been trying to
establish connections between combinatorial invariants associated to G and algebraic in-
variants associated to Jg. In particular, connections have been established between homo-
logical invariants such as depth, codimension, Betti numbers and Castelnuovo-Mumford
regularity of Jg with certain combinatorial invariants associated to G, see for example
[3, 51 6] 18, @, 111 [12] 13]. In [9, Theorem 1.1], Matsuda and Murai proved that for any graph
G on vertex set [n], | <reg(S/Js) <n — 1, where [ is the length of longest induced path
in G. They conjectured that reg(S/Jg) = n — 1 if and only if G is the path graph. This
conjecture was settled in affirmative by Kiani and Saeedi Madani in [§]. For a graph G,
let ¢(G) denote the number of maximal cliques of G. If G is a closed graph, i.e., if Jg has
a quadratic Grobner basis, then Saeedi Madani and Kiani proved that reg(S/Jg) < ¢(G),
[12]. They conjectured that reg(S/Js) < ¢(G) for any finite simple graph G, [13]. In [7],
Saeedi Madani and Kiani proved the conjecture for generalized block graphs.

Another homological invariant associated with an ideal I is the depth of S/I. While
not much is known about the depth of binomial edge ideals, there are some results on
the structure of certain classes of graphs whose binomial edge is Cohen-Macaulay, which
corresponds to the highest possible depth. Bolognini et al. studied the structure of
bipartite graphs and characterized the Cohen-Macaulayness of the binomial edge ideals
of bipartite graphs in [I]. They introduced a family of bipartite graphs, denoted by F,,
and a family of non-bipartite graphs, called k-fan graphs, denoted by F}V(K,), whose
binomial edge ideals are Cohen-Macaulay (see Sections 2 and 3 for the definition).

There are very few classes of graphs for which the regularity of their binomial edge
ideals is known. The upper and lower bounds known are, in general, far from being sharp
for most of the classes of graphs. In this article, we compute the regularity of the binomial

edge ideals of Cohen-Macaulay bipartite graphs. First, we show that the k-fan graphs
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FYV(K,) satisfy the upper bound conjectured by Saeedi Madani and Kiani. It may be
noted that FV(K,) is not necessarily a generalized block graph or a closed graph. We
also obtain a subclass which attains the upper bound, (Theorem B.3]). We then compute
the regularity of k-pure fan graphs, (Theorem B4). In [1I], it was proved that if G is a
connected bipartite graph, then Jg is Cohen-Macaulay if and only if G = Gy * - - - x G,
where G; = F,,, or G; = F,;,, o---0 I}, for some m > 1 and m; > 3, see Section 2 for the
definition of the operations o and *. By [6, Theorem 3.1], it is known that if G = G; * Go,
then reg(S/Jg) = reg(S/Jg,) + reg(S/Ja,). Therefore, to compute the regularity of
Cohen-Macaulay bipartite graphs, we need to understand the regularity behavior under
the operation o. We first show that reg(S/Jp,,) = 3 if m > 2, (Proposition A.1)). We
then compute the regularity of the intermediate graphs such as F,,, o---o F,,, o H, where
H is either F, or a fan graph F}Y(K,) for some n > 3, (Theorem ). Using these
information, we obtain a precise expression for the regularity of binomial edge ideals of
Cohen-Macaulay bipartite graphs, (Theorem [A.7).

2. PRELIMINARIES

In this section, we recall some notation and fundamental results on graphs and the
corresponding binomial edge ideals which are used throughout this paper.

Let G be a finite simple graph with vertex set V(G) and edge set E(G). A graph G is
said to be bipartite if there is a bipartition of V(G) = V; UV, such that for each i = 1,2,
no two of the vertices of V; are adjacent. For a subset A C V(G), G[A] denotes the
induced subgraph of G on the vertex set A, that is, for i,5 € A, {i,j} € F(G[A]) if and
only if {i,j} € E(G). For a vertex v, G \ v denotes the induced subgraph of G on the
vertex set V(G) \ {v}. A vertex v € V(G) is said to be a cut vertez if G\ v has strictly
more connected components than G. A subset U of V(G) is said to be a clique if G[U]
is a complete graph. A vertex v is said to be a free vertex if it belongs to exactly one
maximal clique. For a vertex v, Ng(v) = {u € V(G) : {u,v} € E(G)} (neighborhood
of v), Ng[v] = Ng(v) U {v} and degqs(v) = |Ng(v)|. A vertex v is said to be pendant
vertex, if deg,(v) = 1. For a vertex v, G, is the graph on vertex set V(G) and edge set
E(G,) = E(G) U {{u,w} : u,w € Ng(v)}. We say that a graph G is Cohen-Macaulay if
S/Jq is Cohen-Macaulay. For a graph G, by reqularity of G, we mean the regularity of
the binomial edge ideal of G.

For every m > 1, F,,, denotes the graph on the vertex set [2m] and edge set E(F,,) =
{{2i,2j =1} :i=1,...,m,j =14,...,m}. It was shown that the graphs F},’s form basic
building blocks of Cohen-Macaulay bipartite graphs, see [I] for details. Here we recall
from [I] the two operations, denoted by % and o, which are important in the study of
Cohen-Macaulay bipartite graphs.

Operation *x : For ¢ = 1,2, let GG; be a graph with at least one free vertex f;. We
denote by G = (G4, f1) * (Ga, f2) the graph obtained by identifying the vertices f; and fo.

Operation o : For v = 1,2, let G; be a graph with at least one pendant vertex f; and
v; be its neighbor with degq (v;) > 2. Then we define G = (G, f1) o (G2, f2) to be the
graph obtained from G; and G5 by removing the pendant vertices fi, fo and identifying
the vertices v; and v,.
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In the above notation, we may suppress f; and f; whenever it is not necessary to
emphasize them. Below, we illustrate the definition of x and o with an example.

Let G and H be the graphs as given below:

V1 U1 U1
v Vs Ui uz Us Vo vs us Us vy U5 U3 Us
U1
V4 V6 U2 Ug Us V3 Vg V6 U2 Uq4 U6 V3 V4 = U2U4 U6
G H GxH GoH

The graph G * H given above is obtained by identifying the vertices vg of G and u; of
H. By deleting the vertices vg of G and u; of H and identifying the vertices v, and wus,
we obtain GG o H as given above.

For a subset T of [n], let T = [n] \ T and c(T) denote the number of connected
components of G[T]. Let Gy,---,G be connected components of G[T]. For each 1,

Y CG(T)

let G; denote the complete graph on V(G;) and
PT(G> = (ZBT{:CZ’ yl}’ Jd17 B Jéca(T))'
It was shown by Herzog et al. that Jg = TQ[ ]PT(G), [5]. For each i € T, if i is a

cut vertex of the graph G[T U {i}], then we say that T has the cut point property. Set
€ (G) ={¢p}U{T : T has the cut point property}. Throughout this paper, we use a short
exact sequence which allows us to use induction.

Remark 2.1. Let G be a finite simple graph and v be a vertex which is not a free vertex
in G. In [10, Lemma 4.8], it was shown that Jo = Q1 N Q2, where Q1 = Jg,, Q2 =
(@0, Yo) + Jerw and Q1+ Q2 = (Tw, Y) + Ja,\v- This gives rise to the following short exact
sequence:

0—>£—>£@£—>L—>0. (1)

Ja Q1 @ Q1+ Q2
The following basic property of regularity is used repeatedly in this article.

Lemma 2.2. Let S be a standard graded ring and M, N and P be finitely generated

graded S-modules. If 0 — M Iy N % P 0 is a short ezact sequence with f,qg graded
homomorphisms of degree zero, then

(1) reg(M) < max{reg(N),reg(P) + 1}.
(2) reg(M) = reg(N), if reg(N) > reg(P).
3. REGULARITY OF FV(K,)
In [1I], Bolognini et al. introduced a family of chordal graphs namely the fan of a
complete graph K,.

Definition 3.1. Let K,, be the complete graph on the vertex set [n] and W = {vy,...,v,} C
[n]. Then FY(K,) is the graph obtained from K, by the following operation: for every
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i =1,...,r, attach a complete graph K,, to K, in such a way that V(K,) NV (K,,) =

{vi,..., v}, for some a; > i. We say that the graph FV (K,,) is obtained by adding a fan
to K, on the set W and {K,,,..., K, } is the branch of that fan on W.

Let K,, be the complete graph on [n] and WiU- - -UW}, be a partition of a subset W C [n].
Let FYV(K,) be the graph obtained from K, by adding a fan on each set W;. For each
ie{l,... .k}, set Wi ={vi1,..., v} and {Ka,,,..., K, } be the branch of the fan on
W;. The graph FYV (K,) is called a k-fan of K, on the set W.

A branch {Kq,,, ..., K, } of the fan on W; is said to be a pure branch if for each
j=1,...,1, a;; = j+1. A fan on set W; is said to be pure fan, if its branch is pure.
If for each i € {1,...,k}, fan on set W; is pure, then F\V(K,) is said to be a k-pure fan
graph of K,, on W.

Example 3.2. Let G1 and Gy be the graphs as shown in the figure below.

Let W = {1,2,3} U {4,5}. Then

i it can be seen that Gy = F)V(Kg)

4 is a 2-pure fan graph while Gy =

6 FV(Kg) is a 2-fan graph which is
5 not a pure fan graph.

G!1 G2

In [I, Lemma 3.2], it was proved that F}V(K,) is Cohen-Macaulay. It may be noted
that if [IW;| > 1 for some 4, then F}V(K,,) is neither a closed graph nor a generalized block
graph. In this section, we prove that the regularity of the k-fan graph F}V (K, ) is at most
the number of maximal cliques in it, i.e., the class of k-fan graphs satisfies the regularity
upper bound conjecture of Saeedi Madani and Kiani. If k¥ = 1, then we denote F}V(K,)
by FW(K,).

Theorem 3.3. With the above notation, let G = F\V (K,,) be a k-fan graph of the complete
graph K, on W, where n > 2. Then reg(S/Jg) < c¢(G). Moreover, if for each i €
{1,...,k} and for each j € {1,...,1;}, a;; > j+ 1, then equality holds.

Proof. We prove the assertions by induction on k. For k = 1, set Wi = {vq,..., 0, }.
We proceed by induction on |W;| = ry. If 7 = 1, then result follows from [6, Theorem
3.1]. Assume that r; > 1 and that the result is true for r; — 1. Set G; = K,, \ v; and
Gy = FW\MUil (K, \ v1). Since Gy is the fan graph of K, \ v; on Wi \ {v;}, by induction,
reg(S/Ja,) < ¢(Ga). Note that G = cone(vy, G; U Ge). By [T, Theorem 3.19],

reg(S/Ja) = reg(S/Ja,) +1eg(S/Ja,) < 1+ c(G2) = ¢(G).

Now, assume that & > 1 and result is true for k — 1. We proceed by induction on ry.
If r, =1, then G = K, _, * FX}{U’“}(KH). By induction on k, reg(S/JFW\{vkyl} ) <
k—1

k,1 (Kn)

(B (KL)). By [6, Theorem 3.1],

reg(8/Jg) = reg(S/Jx,, ) +rea(S/J wiwn ) < 1+ (B (K,) = o(G),
’ k—1

(Kn)
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Assume that r;, > 1 and the result is true for v, — 1. Since, v = vy ; is not a free vertex, by
Remark 271], Jo = Q1N Q2, Q1 = Ja,, Q2 = (24, Yu) + Jaw and Q1 + Q2 = (24, Yu) + Ja,\0-
Let G' = F,XV\{U}(KH\U). Then G\ v = (K,,, \v)UG". By induction on 7y, reg(S/Ja) <
¢(G") and therefore,

reg(S/Qz2) = reg(S/ Jovw) = reg(S/ Jk,, \v) +1eg(S/Jor) < 1+ (G \v) = ¢(G).

Let H be the complete graph on vertex set Ng[v]. Note that G, is (k —1)-fan graph of H
on U =WiU---UWy_; and by induction on k, reg(S/Q1) = reg(S/Jg,) < ¢(G,) < ¢(G).
Also, G, \ v is (k — 1)-fan graph of H \ v on the set U = W; U ---U Wj_;. By induction
on k, reg(S/Q1 + Q2) = reg(S/Ja,\w) < ¢(Gy \ v) < ¢(G). Hence, by the short exact
sequence ([I) and Lemma 2.2] reg(S/Jg) < ¢(G). O

Now, we compute the regularity of k-pure fan graph. This result, along with the
regularity of F},,’s, helps us to compute the regularity of Cohen-Macaulay bipartite graphs.

Theorem 3.4. Let G = F\V(K,) be a k-pure fan graph of K, on W, where n > 2. Then
reg(S/Jg) =k + 1.

Proof. We prove this by induction on k. For k = 1,1let Wy = {v1, ..., v, f and { Ky, ..., Ko, }
be the branch of the fan on W;. We prove this assertion by induction on |W;| = ry. If
r1 = 1, then result follows from [6] Theorem 3.1]. Assume that 7y > 1 and the result is true
for ri—1. Write Ky, , = {v,w}. Set G’ = FW\"}(K, \vy). Since, G’ is 1-pure fan graph
of K, \vi on Wi \{v}, it follows from the induction hypothesis that, reg(S/Js/) = 2. Note
that G = cone(vy, wUG"). Therefore, by [7, Theorem 3.19], reg(S/Jg) = reg(S/Ja) = 2.

Now, assume that £ > 1 and result is true for k — 1. If r, = 1, then G = K, *

k,1
FK}{%‘}(KN). By induction on k, reg(S/JF,K\l{vk’l} ) = k. By [0, Theorem 3.1],

(Kn)

reg(S/Jg) = reg(S/JKak’l) + reg(S/JFW\{vkyl} )=k+1.

(Kn)

Assume that r;, > 1 and the result is true for r;, — 1. Since, v = vy ; is not a free vertex, by
Remarkml JG = Ql mQ2a Ql = JGva Q2 = ($v>yv)+JG\v and Ql +Q2 = (Ivayv)_l'JGv\w
Note that G\ v = wy; U G”, where G” is k-pure fan graph of K, \ v on W \ {v} and
K., , = {v,w;1}. By induction on ry, reg(S/Jar) = k + 1 and therefore,

reg(S/Q2) = reg(S/Ja\w) = reg(S/Jan) = k + 1.

Let H be the complete graph on the vertex set Ng[v]. Note that G, is a (k — 1)-pure fan
graph of H on W/ =W, U --- U Wj_y. By induction on k, reg(S/Q1) = reg(S/Jg,) = k.
Also, by induction on k, reg(S/Q1 + Q2) = reg(S/Jg,\») = k. Now, using the short exact
sequence ([I) and Lemma 2.2 we get reg(S/Jg) = k + 1. O

It was proved in [9, Theorem 1.1] that reg(S/Jg) > [, where [ is the length of longest
induced path. Note that if k& > 2, then for ;' (K,,) the longest induced path has length 3.
We conclude this section by obtaining an improved lower bound for this class of graphs.

Corollary 3.5. Let G = F)V(K,) be a k-fan graph of the complete graph K, on the set
W, where n > 2. Then reg(S/Jg) >k + 1.
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Proof. Let A = [n]U{w;; :i=1,... k}, where w;; € V(K,,,) \ [n]. Then G[A] is the
induced subgraph of G which is obtained by adding a whisker each to k vertices of K.
By applying [9, Corollary 2.2] and [6l, Theorem 3.1], we get reg(S/Jg) > reg(S/Jara)) =
k+ 1. O

4. REGULARITY OF COHEN-MACAULAY BIPARTITE GRAPHS

In this section, we compute the regularity of binomial edge ideals of Cohen-Macaulay
bipartite graphs. As a first step, we compute the regularity of F,,, for m > 2, which
are the basic building blocks of a Cohen-Macaulay bipartite graph. Note that F} is Ko,
therefore, reg(S/Jp ) = 1.

Proposition 4.1. For each m > 2, reg(S/Jg,) = 3.

Proof. We prove the assertion by induction on m. Observe that Fj is a path on 4 vertices,
therefore reg(S/Jp,) = 3.

Assume now that m > 3 and that the result is true for m — 1. Since v = 2m — 1 is not
a free vertex of Fy,, by Remark 21} Jp, = Q1N Q2, Q1 = Jir,) , Q2 = (Tv, %) + Jr,\0
and Q1 + Q2 = (%, Yu) + J(ru),\0- Note that (F,), = F"'(H) is the 1-pure fan graph
of H on the set W' = {2,4,...,2m}, where H is a complete graph on vertex set Ng,_ [v].
By Theorem B.4 reg(S/Q1) = reg(S/Jpw (gy) = 2. Since, F,, \ v = Fy,_1 U {2m}, by
induction on m, reg(S/Q2) = reg(S/Jr,, ,) = 3. Note that (F,), \v=F"'(H\v) is the
1-pure fan graph of H \ v on W’. It follows from Theorem [B.4] that reg(S/Q1 + Q2) =
reg(S/J(F,,),\v) = 2. Thus, by the short exact sequence (Il) and Lemma 2.2} reg(S/Jr,,) =
3. Hence, the assertion follows. O

It may be noted that for F),, any maximal induced path has length 3. Therefore, one
can say that F},’s have minimal regularity, in the sense that it attains the lower bound
given by Matsuda and Murai, [9].

Remark 4.2. For the operation o, in [I], the authors assumed that degg (v;) > 3, for
each i. By allowing degg, (vi) = 2, we can apply the operation o with Fy as one of the
graphs. If F,,, is a graph with my > 2, then F,,, o Fy = F,,, * F}. By [0, Theorem 3.1],
reg(S/JleoFQ) = reg(S/Jle*pl) =3+1=4.

We now compute the regularity of F},, o F,,, in terms of the regularities of F,, and

Fy,.
Proposition 4.3. Let my,my > 3 and G = (F,,,, f1) o (Fpny, f2). Then
reg(S/Jg) = reg(S/JE,, _,) +reg(S/Jr,, ) = 6.

Proof. Let V(Fy,,) = {u1, ..., usm, } and V(F,,,) = {wy, ..., wom, }. In F,, , there are two
vertices of degree 1, namely u; and usg,,,. So is the case for F,,,. It may be noted that
the graphs obtained by different choices of f; and f; are isomorphic. Hence, without loss
of generality, we may assume that f; = ug,, and fo = wan,,. Let v = U9y, -1 = Wap,—1 In
G. Since, v is not a free vertex of the graph G, by Remark 2.1} there exist Q1 = Jg, and
Q2 = (T, Yv) + Ja\w s0 that Jo = Q1 N Q2 and Q1 + Q2 = (24, ) + Jo,\v- Let H be the
complete graph on vertex set Ng[v]. Note that G, = F}V(H) is a 2-pure fan graph of H

1
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on W= Ng(v), G\v=F,, 1UF,, ;and G, \v=F)Y(H \ v) which is a 2-pure fan of
H \ v on W. Therefore, it follows from Theorem B4l and Proposition ET] that

reg(S/Q1) = 3,1eg(S5/Q2) = reg(S/Jlefl)_‘_reg(S/‘]Fmel) = 6 and reg(S/Q1 + Q2) = 3.
Hence, it follows from the short exact sequence ([Il) and Lemma that
reg(S/Jg) = reg(S/Jr,, ) +reg(S/Jr,, ) = 6.

For the rest of the section, we assume that F}V(K,) is a k-pure fan graph.

Proposition 4.4. Form,n > 3, let G = (F,,,, f1) o (F}V (K,), f2), where W = W, U -
Wi C [n]. Write v =1v, = vy in G. Assume that |W;| > 2 for some i and v € W;. Then

reg(S/Jg) = reg(S/Jr, ) + reg(S/‘]FkW(Kn)\{v,fg}) =k+4

Proof. Without loss of generality, assume that |[W;| > 2 and v € Wj. Since v is not a
free vertex of G, by Remark 2.I] there exist Q1 = Jg, and Qo = (4, ¥») + Je\w such
that Jo = Q1 N Q2 and Q1 + Q2 = (24, %) + Jg,\v. Let H be the complete graph on
Ng[v]. Note that G, = F}V'(H) is a k-pure fan of H on W' = Ng,\p, (v) U (W \ W)).
By Theorem B.4], reg(S/Q1) = reg(S/Ja,) = k+ 1. Since K,,, = {v, fo} and G \ v =
Fry U (EY(K,) \ {v, f2}), by Proposition .1l and Theorem B.4], we get

reg(S/Q2) = reg(S/Ja\w) = reg(S/Jp,, ) +1e8(S/Jpw (i, )\ju.12}) = K + 4.

Since G, \v is an induced subgraph of G, reg(S/(Q14+Q2)) = reg(S/Ja,\v) < reg(S/Jg,) =
k + 1. Hence we conclude from the short exact sequence ([Il) and Lemma that

reg(S/Ja) = reg(S/Jr,,_,) + re8(S/ Jpw (k) (v 2y) = k + 4.
]

Remark 4.5. (1) In Proposition we had assumed that m > 3. If m = 2, then
F, is a path of length 3. Since G = Fyo FYV(K,) = Fy x F}V(K,,), by [6, Theorem
3.1],
reg(S/Jg) = reg(S/Jr) + reg(S/JF]Xv(Kn)) =k+2.

(2) We had also assumed that |W;| > 2 for some i. If |W;| =1 for each i, then observe
that G\ v = F,_ U FX}{U}(Kn \ v) and hence reg(S/Q2) = k + 3. Note that the
reqularities of S/Q1 and S/(Q1 + Q2) remain the same. Therefore, it follows that
reg(S/Jg) =k + 3.

We now study the regularity of graphs obtained by composing several F},’s with a pure
fan graph using the operation o.

Theorem 4.6. Let n > 3 and H denote either F,, or FYV(K,,) with W =W, U---U W,
and |W;| > 2 for somei. Let G = F,,, 0---0 F,, o (H, f) be a graph with t > 2 and for
each i € [t], m; > 3. Let V(F,,, 0---0 Fy,,)NV(H) = {v} and f be a pendant vertex in
Ny (v). If H= FY(K,), then assume that v € W; and |W;| > 2. Then

reg(5/Ja) = reg(S/ Fmy—1) 4 1eg(S/ Finy2) + - - - + 1€g(S/ Finy—2) + 1eg(S/ T\ v, 53)-
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Proof. For each i € {1,...,t} and j = {1, 2}, let f;; be the only pendant vertices of F,,,
and for each i € {1,...,t =1}, V(F,) NV (Fn,,,,) = {vii+1}, i.e. Fy, 0F,, , is the graph
obtained from F,,, and F,,, , by removing the pendant vertices f;o, fi+1,1 and identifying
the vertices 2m; — 1 = v; ;41 = 2. Following Remark 21|, set Jo = Q1 N Q2, Q1 = Ja,,
Q2 = (ZL’U, yv) + JG\U and Ql + Q2 = (xmyv) + JGU\U‘

We proceed by induction on ¢t > 2. Let t = 2. Let H = FV(K,) and H’' be the
complete graph on Nglv]. Without loss of generality, assume that |W;| > 2 and v €
Wi. Note that G, = F,,, o G', where G’ = F)V'(H') is the k-pure fan graph of H’
on W' = Np, \p,,(v) U (W \ Wp). Since my > 3, it follows from Proposition [1.4] that
reg(S/Q1) = reg(S/Js,) = k + 4. Note that G\ v = F,,, o F,,,_1 UH\ {v, f}. By
Proposition and Remark [£.2]

reg(S/Q2) = reg(S/Ja,) = reg(S/Jr,, _,) +reg(S/Jr,, ,) +k+ 1.

Since G, \ v is an induced subgraph of G, reg(S/Jr,, _,) = 3 and reg(S/Jr,,
follows from the short exact sequence (Il) and Lemma 2.2 that

reg(S/Jg) = reg(S/Jr,, ) +reg(S/Jr,, ,) +k+1.

,) > 1t

Assume now that H = F,,. Without loss of generality, assume that v = 2n — 1.
Let H" be the complete graph on Ng[v] and G” = F)V'(H") is 2-pure fan of H” on
W" = Np, \f.(v) U Ng\s(v). Then G, = F,, o G”. By Proposition .4, reg(S/Q1) =
reg(S/Jg,) = 6. Since G\ v = F,,, o F,,,_1 U F,_1, by Proposition 3] and Remark [.2]

reg(5/Qs) = reg(S/ Jav) = reg(S/ Jr,, 1) +reg(5/Jp,, ) +reg(S/Jr, ) 2 7.

Note that G, \ v is an induced subgraph of G,. Thus, by [9, Corollary 2.2], reg(S/Q:1 +
Q2) = reg(S/Ja,\v) < reg(S/Ja,) = 6. Hence, it follows from the short exact sequence
(@) and Lemma [Z2] that

reg(5/Ja) = reg(S/Jp,, ) +1eg(S5/Jk,, ,) + reg(5/Jr, ,)-

Now, assume that ¢ > 3 and the result is true for < ¢t—1. Let H = F}’(K,,) and H; be the
complete graph on Ng[v]. Note that G,, = F},,, 0+ -0F,,,_, oGy, where Gy = F{(H,) is the
k-pure fan of Hy on U = Ng,, \s,,(v)U(W\W1), G\v = Fyy,0---0Fy,  oFy,, 1UH\{v, f}
and G, \v=F,, 0---0F,, ,oFV(H,\v). Hence by induction on t,

reg(S/Jg,) = reg(S/Fm,—1) +reg(S/Fm,—2) + -+ +1eg(S/Fm, ,—2) + k+ 1;

reg<S/JG\U) = reg(S/JFrrqfl) + reg(S/JFmeZ) _'_ T _'_ reg(S/JFmt7172>

+reg(S/Jr,, _,) +k+1;
reg(S/Ja\w) = 1eg(S/Fp, 1) +reg(S/Fpy_2) + - +1eg(S/Fpn,_,—2) + k+ 1.

By (1) and Lemma [Z2] we get
reg(S/Jq) = reg(S/F, 1) +reg(S/Fry o) + -+ +1eg(S/Fp,_2) + k + 1.

Now assume that H = F,,. Let Hy be the complete graph on vertex set Ng[v]. Note
that G, = F,, o ---0 F,, , o Gy, where G, = FY'(H,) is the 2-pure fan of H, on
U = NFmt\ft,Q(U> U NFn\f(U)v G \ v="Fyp 00k,  oF, 1 UF, and G, \ v =
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Fp, o0---0F, ,oFVY(Hy\v). Hence by induction on ¢,

reg(S/Ja,) = reg(S/Fn—1) +1eg(S/Fn,—2) + - +reg(S/Fp,_,—2) + 3;
reg(S/Javw) = reg(S/Jr,, ) +reg(S/Jr,, ,) + - +reg(S/Jr,, ,) +reg(S/Jr, ,);
reg(S/Ja\w) = reg(S/Fp,—1) +reg(S/Fp,—2) + - - +1eg(S/Fn,_,—2) + 3.

Using the short exact sequence (Il) and Lemma 2.2 we conclude that

reg(5/Ja) = reg(S/Jp,, 1) +1eg(S/Jp,, ,) + - +reg(5/Jr,, ,) +reg(S/Jr, ).

Hence, the assertion follows. O

Now, we obtain a precise expression for regularity of binomial edge ideal of Cohen-
Macaulay bipartite graphs. By [Il Theorem 6.1], if G is a connected Cohen-Macaulay
bipartite graph, then there exists a positive integer s such that G = G * - - - * G, where
Gy =F, orG;=F,, o -oFmi’ti, for some n; > 1 and m, ; > 3foreach j =1,...,t. Let
A={ie[s]:Gi=F,,ni>2}, B={i€[s]:Gi=F,,,ni=1}and C={i € [s]: G, =
Fpy00 0Fy,, ti > 2} Foreachi € C,let C; = {j €{2,...,t;—1} : m;; > 4}U{1,;}
and C] = {j € {2,...,t;—1} : my; =3}. Seta = [A|+>,.o|Ciland B = |B|+>_,.- |Cl].

Theorem 4.7. Let G = Gy * ---x G4 be Cohen-Macaulay connected bipartite graph. Let
a and B be as defined above. Then reg(S/Jg) = 3a+ 5.

Proof. By [0, Theorem 3.1],

s

reg(S/Jg) = Zreg S/Jg,).
i=1
By Proposition @], reg(S/Jg,) = 3 for i € A. If i € B, then reg(S/Jg,) = 1. If i € C,
then it follows from Theorem that reg(S/Jg,) = 3|Ci| + |C!|. Hence the assertion
follows. u

We illustrate our result in the following example. Let G = F5o0 F; o F30 F3o0 F3 be the
graph as shown in figure below

AN NN

Note that G is Cohen-Macaulay bipartite graph. With respect to the notation in
Theorem 7, A = () = B and C = {1}. Also, we have |C}]| = 3 and |C]| = 2. Therefore,
by Theorem L7 reg(S/Jg) = 11.
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