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REGULARITY OF BINOMIAL EDGE IDEALS OF

COHEN-MACAULAY BIPARTITE GRAPHS

A V JAYANTHAN AND ARVIND KUMAR

Abstract. Let G be a finite simple graph on n vertices and JG denote the correspond-
ing binomial edge ideal in S = K[x1, . . . , xn, y1, . . . , yn]. We compute the Castelnuovo-
Mumford regularity of S/JG when JG is the binomial edge ideal of a Cohen-Macaulay
bipartite graph. We achieve this by computing the regularity of certain bipartite sub-
graphs and some intermediate graphs, called k-fan graphs. In this process, we also obtain
a class of graphs which satisfy the regularity conjecture of Saeedi Madani and Kiani.

1. Introduction

Let G be a finite simple graph on [n]. Herzog et al. in [5] and independently Ohtani in
[10], introduced the notion of binomial edge ideal corresponding to a finite simple graph.
Let S = K[x1, . . . , xn, y1, . . . , yn], where K is a field. The binomial edge ideal of the
graph G is JG = (xiyj − xjyi : {i, j} ∈ E(G), i < j). Researchers have been trying to
establish connections between combinatorial invariants associated to G and algebraic in-
variants associated to JG. In particular, connections have been established between homo-
logical invariants such as depth, codimension, Betti numbers and Castelnuovo-Mumford
regularity of JG with certain combinatorial invariants associated to G, see for example
[3, 5, 6, 8, 9, 11, 12, 13]. In [9, Theorem 1.1], Matsuda and Murai proved that for any graph
G on vertex set [n], l ≤ reg(S/JG) ≤ n− 1, where l is the length of longest induced path
in G. They conjectured that reg(S/JG) = n− 1 if and only if G is the path graph. This
conjecture was settled in affirmative by Kiani and Saeedi Madani in [8]. For a graph G,
let c(G) denote the number of maximal cliques of G. If G is a closed graph, i.e., if JG has
a quadratic Gröbner basis, then Saeedi Madani and Kiani proved that reg(S/JG) ≤ c(G),
[12]. They conjectured that reg(S/JG) ≤ c(G) for any finite simple graph G, [13]. In [7],
Saeedi Madani and Kiani proved the conjecture for generalized block graphs.

Another homological invariant associated with an ideal I is the depth of S/I. While
not much is known about the depth of binomial edge ideals, there are some results on
the structure of certain classes of graphs whose binomial edge is Cohen-Macaulay, which
corresponds to the highest possible depth. Bolognini et al. studied the structure of
bipartite graphs and characterized the Cohen-Macaulayness of the binomial edge ideals
of bipartite graphs in [1]. They introduced a family of bipartite graphs, denoted by Fm

and a family of non-bipartite graphs, called k-fan graphs, denoted by FW
k (Kn), whose

binomial edge ideals are Cohen-Macaulay (see Sections 2 and 3 for the definition).

There are very few classes of graphs for which the regularity of their binomial edge
ideals is known. The upper and lower bounds known are, in general, far from being sharp
for most of the classes of graphs. In this article, we compute the regularity of the binomial
edge ideals of Cohen-Macaulay bipartite graphs. First, we show that the k-fan graphs
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FW
k (Kn) satisfy the upper bound conjectured by Saeedi Madani and Kiani. It may be

noted that FW
k (Kn) is not necessarily a generalized block graph or a closed graph. We

also obtain a subclass which attains the upper bound, (Theorem 3.3). We then compute
the regularity of k-pure fan graphs, (Theorem 3.4). In [1], it was proved that if G is a
connected bipartite graph, then JG is Cohen-Macaulay if and only if G = G1 ∗ · · · ∗ Gs,
where Gi = Fm or Gi = Fm1 ◦ · · · ◦ Fmt

for some m ≥ 1 and mj ≥ 3, see Section 2 for the
definition of the operations ◦ and ∗. By [6, Theorem 3.1], it is known that if G = G1 ∗G2,
then reg(S/JG) = reg(S/JG1) + reg(S/JG2). Therefore, to compute the regularity of
Cohen-Macaulay bipartite graphs, we need to understand the regularity behavior under
the operation ◦. We first show that reg(S/JFm

) = 3 if m ≥ 2, (Proposition 4.1). We
then compute the regularity of the intermediate graphs such as Fm1 ◦ · · · ◦Fmt

◦H , where
H is either Fn or a fan graph FW

k (Kn) for some n ≥ 3, (Theorem 4.6). Using these
information, we obtain a precise expression for the regularity of binomial edge ideals of
Cohen-Macaulay bipartite graphs, (Theorem 4.7).

2. Preliminaries

In this section, we recall some notation and fundamental results on graphs and the
corresponding binomial edge ideals which are used throughout this paper.

Let G be a finite simple graph with vertex set V (G) and edge set E(G). A graph G is
said to be bipartite if there is a bipartition of V (G) = V1 ⊔ V2 such that for each i = 1, 2,
no two of the vertices of Vi are adjacent. For a subset A ⊆ V (G), G[A] denotes the
induced subgraph of G on the vertex set A, that is, for i, j ∈ A, {i, j} ∈ E(G[A]) if and
only if {i, j} ∈ E(G). For a vertex v, G \ v denotes the induced subgraph of G on the
vertex set V (G) \ {v}. A vertex v ∈ V (G) is said to be a cut vertex if G \ v has strictly
more connected components than G. A subset U of V (G) is said to be a clique if G[U ]
is a complete graph. A vertex v is said to be a free vertex if it belongs to exactly one
maximal clique. For a vertex v, NG(v) = {u ∈ V (G) : {u, v} ∈ E(G)} (neighborhood
of v), NG[v] = NG(v) ∪ {v} and degG(v) = |NG(v)|. A vertex v is said to be pendant
vertex, if degG(v) = 1. For a vertex v, Gv is the graph on vertex set V (G) and edge set
E(Gv) = E(G) ∪ {{u, w} : u, w ∈ NG(v)}. We say that a graph G is Cohen-Macaulay if
S/JG is Cohen-Macaulay. For a graph G, by regularity of G, we mean the regularity of
the binomial edge ideal of G.

For every m ≥ 1, Fm denotes the graph on the vertex set [2m] and edge set E(Fm) =
{{2i, 2j − 1} : i = 1, . . . , m, j = i, . . . , m}. It was shown that the graphs Fm’s form basic
building blocks of Cohen-Macaulay bipartite graphs, see [1] for details. Here we recall
from [1] the two operations, denoted by ∗ and ◦, which are important in the study of
Cohen-Macaulay bipartite graphs.

Operation ∗ : For i = 1, 2, let Gi be a graph with at least one free vertex fi. We
denote by G = (G1, f1)∗ (G2, f2) the graph obtained by identifying the vertices f1 and f2.

Operation ◦ : For i = 1, 2, let Gi be a graph with at least one pendant vertex fi and
vi be its neighbor with degGi

(vi) ≥ 2. Then we define G = (G1, f1) ◦ (G2, f2) to be the
graph obtained from G1 and G2 by removing the pendant vertices f1, f2 and identifying
the vertices v1 and v2.
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In the above notation, we may suppress f1 and f2 whenever it is not necessary to
emphasize them. Below, we illustrate the definition of ∗ and ◦ with an example.

Let G and H be the graphs as given below:

v1

v2

v3 v4

v5

v6 u2 u4 u6

u1 u3 u5

G H

v1

v2

v3 v4

v5

v6 u2 u4 u6

u1

u3 u5

G ∗H

v1

v2

v3

v5

v4 = u2u4 u6

u3 u5

G ◦H

The graph G ∗H given above is obtained by identifying the vertices v6 of G and u1 of
H . By deleting the vertices v6 of G and u1 of H and identifying the vertices v4 and u2,
we obtain G ◦H as given above.

For a subset T of [n], let T̄ = [n] \ T and cG(T ) denote the number of connected
components of G[T̄ ]. Let G1, · · · , GcG(T )

be connected components of G[T̄ ]. For each i,

let G̃i denote the complete graph on V (Gi) and

PT (G) = ( ∪
i∈T

{xi, yi}, JG̃1
, · · · , JG̃cG(T )

).

It was shown by Herzog et al. that JG = ∩
T⊆[n]

PT (G), [5]. For each i ∈ T , if i is a

cut vertex of the graph G[T̄ ∪ {i}], then we say that T has the cut point property. Set
C (G) = {φ}∪{T : T has the cut point property}. Throughout this paper, we use a short
exact sequence which allows us to use induction.

Remark 2.1. Let G be a finite simple graph and v be a vertex which is not a free vertex

in G. In [10, Lemma 4.8], it was shown that JG = Q1 ∩ Q2, where Q1 = JGv
, Q2 =

(xv, yv)+JG\v and Q1+Q2 = (xv, yv)+JGv\v. This gives rise to the following short exact

sequence:

0 −→
S

JG

−→
S

Q1

⊕
S

Q2

−→
S

Q1 +Q2

−→ 0. (1)

The following basic property of regularity is used repeatedly in this article.

Lemma 2.2. Let S be a standard graded ring and M,N and P be finitely generated

graded S-modules. If 0 → M
f
−→ N

g
−→ P → 0 is a short exact sequence with f, g graded

homomorphisms of degree zero, then

(1) reg(M) ≤ max{reg(N), reg(P ) + 1}.
(2) reg(M) = reg(N), if reg(N) > reg(P ).

3. Regularity of FW
k (Kn)

In [1], Bolognini et al. introduced a family of chordal graphs namely the fan of a
complete graph Kn.

Definition 3.1. LetKn be the complete graph on the vertex set [n] andW = {v1, . . . , vr} ⊆
[n]. Then FW (Kn) is the graph obtained from Kn by the following operation: for every
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i = 1, . . . , r, attach a complete graph Kai to Kn in such a way that V (Kn) ∩ V (Kai) =
{v1, . . . , vi}, for some ai > i. We say that the graph FW (Kn) is obtained by adding a fan

to Kn on the set W and {Ka1 , . . . , Kar} is the branch of that fan on W .

Let Kn be the complete graph on [n] and W1⊔· · ·⊔Wk be a partition of a subset W ⊆ [n].
Let FW

k (Kn) be the graph obtained from Kn by adding a fan on each set Wi. For each

i ∈ {1, . . . , k}, set Wi = {vi,1, . . . , vi,ri} and {Kai,1 , . . . , Kai,ri
} be the branch of the fan on

Wi. The graph FW
k (Kn) is called a k-fan of Kn on the set W .

A branch {Kai,1 , . . . , Kai,ri
} of the fan on Wi is said to be a pure branch if for each

j = 1, . . . , ri, ai,j = j + 1. A fan on set Wi is said to be pure fan, if its branch is pure.

If for each i ∈ {1, . . . , k}, fan on set Wi is pure, then FW
k (Kn) is said to be a k-pure fan

graph of Kn on W .

Example 3.2. Let G1 and G2 be the graphs as shown in the figure below.

2

1
3

4
6

5

G1

2

1

3

4

6

5

G2

Let W = {1, 2, 3} ⊔ {4, 5}. Then

it can be seen that G1 = FW
2 (K6)

is a 2-pure fan graph while G2 =
FW
2 (K6) is a 2-fan graph which is

not a pure fan graph.

In [1, Lemma 3.2], it was proved that FW
k (Kn) is Cohen-Macaulay. It may be noted

that if |Wi| > 1 for some i, then FW
k (Kn) is neither a closed graph nor a generalized block

graph. In this section, we prove that the regularity of the k-fan graph FW
k (Kn) is at most

the number of maximal cliques in it, i.e., the class of k-fan graphs satisfies the regularity
upper bound conjecture of Saeedi Madani and Kiani. If k = 1, then we denote FW

1 (Kn)
by FW (Kn).

Theorem 3.3. With the above notation, let G = FW
k (Kn) be a k-fan graph of the complete

graph Kn on W, where n ≥ 2. Then reg(S/JG) ≤ c(G). Moreover, if for each i ∈
{1, . . . , k} and for each j ∈ {1, . . . , ri}, ai,j > j + 1, then equality holds.

Proof. We prove the assertions by induction on k. For k = 1, set W1 = {v1, . . . , vr1}.
We proceed by induction on |W1| = r1. If r1 = 1, then result follows from [6, Theorem
3.1]. Assume that r1 > 1 and that the result is true for r1 − 1. Set G1 = Ka1 \ v1 and
G2 = FW1\{v1}(Kn \ v1). Since G2 is the fan graph of Kn \ v1 on W1 \ {v1}, by induction,
reg(S/JG2) ≤ c(G2). Note that G = cone(v1, G1 ⊔G2). By [7, Theorem 3.19],

reg(S/JG) = reg(S/JG1) + reg(S/JG2) ≤ 1 + c(G2) = c(G).

Now, assume that k > 1 and result is true for k − 1. We proceed by induction on rk.

If rk = 1, then G = Kak,1 ∗ F
W\{vk,1}

k−1 (Kn). By induction on k, reg(S/J
F

W\{vk,1}

k−1 (Kn)
) ≤

c(F
W\{vk,1}
k−1 (Kn)). By [6, Theorem 3.1],

reg(S/JG) = reg(S/JKak,1
) + reg(S/J

F
W\{vk,1}

k−1 (Kn)
) ≤ 1 + c(F

W\{vk,1}
k−1 (Kn)) = c(G).
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Assume that rk > 1 and the result is true for rk−1. Since, v = vk,1 is not a free vertex, by
Remark 2.1, JG = Q1∩Q2, Q1 = JGv

, Q2 = (xv, yv)+JG\v and Q1+Q2 = (xv, yv)+JGv\v.

Let G′ = F
W\{v}
k (Kn \ v). Then G\ v = (Kak,1 \ v)⊔G′. By induction on rk, reg(S/JG′) ≤

c(G′) and therefore,

reg(S/Q2) = reg(S/JG\v) = reg(S/JKak,1
\v) + reg(S/JG′) ≤ 1 + c(G \ v) = c(G).

Let H be the complete graph on vertex set NG[v]. Note that Gv is (k−1)-fan graph of H
on U = W1⊔ · · ·⊔Wk−1 and by induction on k, reg(S/Q1) = reg(S/JGv

) ≤ c(Gv) < c(G).
Also, Gv \ v is (k − 1)-fan graph of H \ v on the set U = W1 ⊔ · · · ⊔Wk−1. By induction
on k, reg(S/Q1 +Q2) = reg(S/JGv\v) ≤ c(Gv \ v) < c(G). Hence, by the short exact
sequence (1) and Lemma 2.2, reg(S/JG) ≤ c(G). �

Now, we compute the regularity of k-pure fan graph. This result, along with the
regularity of Fm’s, helps us to compute the regularity of Cohen-Macaulay bipartite graphs.

Theorem 3.4. Let G = FW
k (Kn) be a k-pure fan graph of Kn on W, where n ≥ 2. Then

reg(S/JG) = k + 1.

Proof. We prove this by induction on k. For k = 1, letW1 = {v1, . . . , vr1} and {Ka1 , . . . , Kar1
}

be the branch of the fan on W1. We prove this assertion by induction on |W1| = r1. If
r1 = 1, then result follows from [6, Theorem 3.1]. Assume that r1 > 1 and the result is true
for r1−1. Write Kak,1 = {v1, w}. Set G

′ = FW1\{v1}(Kn\v1). Since, G
′ is 1-pure fan graph

ofKn\v1 onW1\{v1}, it follows from the induction hypothesis that, reg(S/JG′) = 2. Note
that G = cone(v1, w⊔G′). Therefore, by [7, Theorem 3.19], reg(S/JG) = reg(S/JG′) = 2.

Now, assume that k > 1 and result is true for k − 1. If rk = 1, then G = Kak,1 ∗

F
W\{vk,1}

k−1 (Kn). By induction on k, reg(S/J
F

W\{vk,1}

k−1 (Kn)
) = k. By [6, Theorem 3.1],

reg(S/JG) = reg(S/JKak,1
) + reg(S/J

F
W\{vk,1}

k−1 (Kn)
) = k + 1.

Assume that rk > 1 and the result is true for rk−1. Since, v = vk,1 is not a free vertex, by
Remark 2.1, JG = Q1∩Q2, Q1 = JGv

, Q2 = (xv, yv)+JG\v and Q1+Q2 = (xv, yv)+JGv\v.
Note that G \ v = wk,1 ⊔ G′′, where G′′ is k-pure fan graph of Kn \ v on W \ {v} and
Kak,1 = {v, wk,1}. By induction on rk, reg(S/JG′′) = k + 1 and therefore,

reg(S/Q2) = reg(S/JG\v) = reg(S/JG′′) = k + 1.

Let H be the complete graph on the vertex set NG[v]. Note that Gv is a (k− 1)-pure fan
graph of H on W ′ = W1 ⊔ · · · ⊔Wk−1. By induction on k, reg(S/Q1) = reg(S/JGv

) = k.
Also, by induction on k, reg(S/Q1 +Q2) = reg(S/JGv\v) = k. Now, using the short exact
sequence (1) and Lemma 2.2, we get reg(S/JG) = k + 1. �

It was proved in [9, Theorem 1.1] that reg(S/JG) ≥ l, where l is the length of longest
induced path. Note that if k ≥ 2, then for FW

k (Kn) the longest induced path has length 3.
We conclude this section by obtaining an improved lower bound for this class of graphs.

Corollary 3.5. Let G = FW
k (Kn) be a k-fan graph of the complete graph Kn on the set

W , where n ≥ 2. Then reg(S/JG) ≥ k + 1.
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Proof. Let A = [n] ⊔ {wi,1 : i = 1, . . . , k}, where wi,1 ∈ V (Kai,1) \ [n]. Then G[A] is the
induced subgraph of G which is obtained by adding a whisker each to k vertices of Kn.
By applying [9, Corollary 2.2] and [6, Theorem 3.1], we get reg(S/JG) ≥ reg(S/JG[A]) =
k + 1. �

4. Regularity of Cohen-Macaulay bipartite graphs

In this section, we compute the regularity of binomial edge ideals of Cohen-Macaulay
bipartite graphs. As a first step, we compute the regularity of Fm, for m ≥ 2, which
are the basic building blocks of a Cohen-Macaulay bipartite graph. Note that F1 is K2,
therefore, reg(S/JF1) = 1.

Proposition 4.1. For each m ≥ 2, reg(S/JFm
) = 3.

Proof. We prove the assertion by induction on m. Observe that F2 is a path on 4 vertices,
therefore reg(S/JF2) = 3.

Assume now that m ≥ 3 and that the result is true for m− 1. Since v = 2m− 1 is not
a free vertex of Fm, by Remark 2.1, JFm

= Q1 ∩ Q2, Q1 = J(Fm)v
, Q2 = (xv, yv) + JFm\v

and Q1 + Q2 = (xv, yv) + J(Fm)v\v
. Note that (Fm)v = FW ′

(H) is the 1-pure fan graph
of H on the set W ′ = {2, 4, . . . , 2m}, where H is a complete graph on vertex set NFm

[v].
By Theorem 3.4, reg(S/Q1) = reg(S/JFW ′(H)) = 2. Since, Fm \ v = Fm−1 ⊔ {2m}, by

induction on m, reg(S/Q2) = reg(S/JFm−1) = 3. Note that (Fm)v \ v = FW ′
(H \ v) is the

1-pure fan graph of H \ v on W ′. It follows from Theorem 3.4 that reg(S/Q1 +Q2) =
reg(S/J(Fm)v\v

) = 2. Thus, by the short exact sequence (1) and Lemma 2.2, reg(S/JFm
) =

3. Hence, the assertion follows. �

It may be noted that for Fm, any maximal induced path has length 3. Therefore, one
can say that Fm’s have minimal regularity, in the sense that it attains the lower bound
given by Matsuda and Murai, [9].

Remark 4.2. For the operation ◦, in [1], the authors assumed that degGi
(vi) ≥ 3, for

each i. By allowing degGi
(vi) = 2, we can apply the operation ◦ with F2 as one of the

graphs. If Fm1 is a graph with m1 ≥ 2, then Fm1 ◦ F2 = Fm1 ∗ F1. By [6, Theorem 3.1],
reg(S/JFm1◦F2) = reg(S/JFm1∗F1) = 3 + 1 = 4.

We now compute the regularity of Fm1 ◦ Fm2 in terms of the regularities of Fm1 and
Fm2 .

Proposition 4.3. Let m1, m2 ≥ 3 and G = (Fm1 , f1) ◦ (Fm2 , f2). Then

reg(S/JG) = reg(S/JFm1−1) + reg(S/JFm2−1) = 6.

Proof. Let V (Fm1) = {u1, . . . , u2m1} and V (Fm2) = {w1, . . . , w2m2}. In Fm1 , there are two
vertices of degree 1, namely u1 and u2m1 . So is the case for Fm2 . It may be noted that
the graphs obtained by different choices of f1 and f2 are isomorphic. Hence, without loss
of generality, we may assume that f1 = u2m1 and f2 = w2m2 . Let v = u2m1−1 = w2m2−1 in
G. Since, v is not a free vertex of the graph G, by Remark 2.1, there exist Q1 = JGv

and
Q2 = (xv, yv) + JG\v so that JG = Q1 ∩Q2 and Q1 +Q2 = (xv, yv) + JGv\v. Let H be the
complete graph on vertex set NG[v]. Note that Gv = FW

2 (H) is a 2-pure fan graph of H
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on W = NG(v), G \ v = Fm1−1 ⊔ Fm2−1 and Gv \ v = FW
2 (H \ v) which is a 2-pure fan of

H \ v on W . Therefore, it follows from Theorem 3.4 and Proposition 4.1 that

reg(S/Q1) = 3, reg(S/Q2) = reg(S/JFm1−1)+reg(S/JFm2−1) = 6 and reg(S/Q1 +Q2) = 3.

Hence, it follows from the short exact sequence (1) and Lemma 2.2 that

reg(S/JG) = reg(S/JFm1−1) + reg(S/JFm2−1) = 6.

�

For the rest of the section, we assume that FW
k (Kn) is a k-pure fan graph.

Proposition 4.4. For m,n ≥ 3, let G = (Fm, f1) ◦ (F
W
k (Kn), f2), where W = W1 ⊔ · · · ⊔

Wk ⊆ [n]. Write v = v1 = v2 in G. Assume that |Wi| ≥ 2 for some i and v ∈ Wi. Then

reg(S/JG) = reg(S/JFm−1) + reg(S/JFW
k

(Kn)\{v,f2}) = k + 4.

Proof. Without loss of generality, assume that |W1| ≥ 2 and v ∈ W1. Since v is not a
free vertex of G, by Remark 2.1, there exist Q1 = JGv

and Q2 = (xv, yv) + JG\v such
that JG = Q1 ∩ Q2 and Q1 + Q2 = (xv, yv) + JGv\v. Let H be the complete graph on

NG[v]. Note that Gv = FW ′

k (H) is a k-pure fan of H on W ′ = NFm\f1(v) ⊔ (W \ W1).
By Theorem 3.4, reg(S/Q1) = reg(S/JGv

) = k + 1. Since Ka1,1 = {v, f2} and G \ v =
Fm−1 ⊔ (FW

k (Kn) \ {v, f2}), by Proposition 4.1 and Theorem 3.4, we get

reg(S/Q2) = reg(S/JG\v) = reg(S/JFm−1) + reg(S/JFW
k

(Kn)\{v,f2}) = k + 4.

SinceGv\v is an induced subgraph ofGv, reg(S/(Q1+Q2)) = reg(S/JGv\v) ≤ reg(S/JGv
) =

k + 1. Hence we conclude from the short exact sequence (1) and Lemma 2.2 that

reg(S/JG) = reg(S/JFm−1) + reg(S/JFW
k

(Kn)\{v,f2}) = k + 4.

�

Remark 4.5. (1) In Proposition 4.4, we had assumed that m ≥ 3. If m = 2, then
Fm is a path of length 3. Since G = F2 ◦F

W
k (Kn) = F1 ∗F

W
k (Kn), by [6, Theorem

3.1],

reg(S/JG) = reg(S/JF1) + reg(S/JFW
k

(Kn)) = k + 2.

(2) We had also assumed that |Wi| ≥ 2 for some i. If |Wi| = 1 for each i, then observe

that G \ v = Fm−1 ⊔ F
W\{v}
k−1 (Kn \ v) and hence reg(S/Q2) = k + 3. Note that the

regularities of S/Q1 and S/(Q1 +Q2) remain the same. Therefore, it follows that

reg(S/JG) = k + 3.

We now study the regularity of graphs obtained by composing several Fm’s with a pure
fan graph using the operation ◦.

Theorem 4.6. Let n ≥ 3 and H denote either Fn or FW
k (Kn) with W = W1 ⊔ · · · ⊔Wk

and |Wi| ≥ 2 for some i. Let G = Fm1 ◦ · · · ◦ Fmt
◦ (H, f) be a graph with t ≥ 2 and for

each i ∈ [t], mi ≥ 3. Let V (Fm1 ◦ · · · ◦ Fmt
) ∩ V (H) = {v} and f be a pendant vertex in

NH(v). If H = FW
k (Kn), then assume that v ∈ Wi and |Wi| ≥ 2. Then

reg(S/JG) = reg(S/Fm1−1) + reg(S/Fm2−2) + · · ·+ reg(S/Fmt−2) + reg(S/JH\{v,f}).
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Proof. For each i ∈ {1, . . . , t} and j = {1, 2}, let fi,j be the only pendant vertices of Fmi

and for each i ∈ {1, . . . , t−1}, V (Fmi
)∩V (Fmi+1

) = {vi,i+1}, i.e. Fmi
◦Fmi+1

is the graph
obtained from Fmi

and Fmi+1
by removing the pendant vertices fi,2, fi+1,1 and identifying

the vertices 2mi − 1 = vi,i+1 = 2. Following Remark 2.1, set JG = Q1 ∩ Q2, Q1 = JGv
,

Q2 = (xv, yv) + JG\v and Q1 +Q2 = (xv, yv) + JGv\v.

We proceed by induction on t ≥ 2. Let t = 2. Let H = FW
k (Kn) and H ′ be the

complete graph on NG[v]. Without loss of generality, assume that |W1| ≥ 2 and v ∈
W1. Note that Gv = Fm1 ◦ G′, where G′ = FW ′

k (H ′) is the k-pure fan graph of H ′

on W ′ = NFm2\f2,2
(v) ⊔ (W \ W1). Since m2 ≥ 3, it follows from Proposition 4.4 that

reg(S/Q1) = reg(S/JGv
) = k + 4. Note that G \ v = Fm1 ◦ Fm2−1 ⊔ H \ {v, f}. By

Proposition 4.3 and Remark 4.2,

reg(S/Q2) = reg(S/JG\v) = reg(S/JFm1−1) + reg(S/JFm2−2) + k + 1.

Since Gv \ v is an induced subgraph of Gv, reg(S/JFm1−1) = 3 and reg(S/JFm2−2) ≥ 1, it
follows from the short exact sequence (1) and Lemma 2.2 that

reg(S/JG) = reg(S/JFm1−1) + reg(S/JFm2−2) + k + 1.

Assume now that H = Fn. Without loss of generality, assume that v = 2n − 1.
Let H ′′ be the complete graph on NG[v] and G′′ = FW ′′

2 (H ′′) is 2-pure fan of H ′′ on
W ′′ = NFm2\f2,2

(v) ⊔ NFn\f (v). Then Gv = Fm1 ◦ G′′. By Proposition 4.4, reg(S/Q1) =
reg(S/JGv

) = 6. Since G \ v = Fm1 ◦ Fm2−1 ⊔ Fn−1, by Proposition 4.3 and Remark 4.2,

reg(S/Q2) = reg(S/JG\v) = reg(S/JFm1−1) + reg(S/JFm2−2) + reg(S/JFn−1) ≥ 7.

Note that Gv \ v is an induced subgraph of Gv. Thus, by [9, Corollary 2.2], reg(S/Q1 +
Q2) = reg(S/JGv\v) ≤ reg(S/JGv

) = 6. Hence, it follows from the short exact sequence
(1) and Lemma 2.2 that

reg(S/JG) = reg(S/JFm1−1) + reg(S/JFm2−2) + reg(S/JFn−1).

Now, assume that t ≥ 3 and the result is true for ≤ t−1. Let H = FW
k (Kn) and H1 be the

complete graph on NG[v]. Note that Gv = Fm1 ◦· · ·◦Fmt−1 ◦G1, where G1 = FU
k (H1) is the

k-pure fan ofH1 on U = NFmt\ft,2
(v)⊔(W \W1), G\v = Fm1◦· · ·◦Fmt−1◦Fmt−1⊔H\{v, f}

and Gv \ v = Fm1 ◦ · · · ◦ Fmt−1 ◦ F
U
k (H1 \ v). Hence by induction on t,

reg(S/JGv
) = reg(S/Fm1−1) + reg(S/Fm2−2) + · · ·+ reg(S/Fmt−1−2) + k + 1;

reg(S/JG\v) = reg(S/JFm1−1) + reg(S/JFm2−2) + · · ·+ reg(S/JFmt−1−2)

+ reg(S/JFmt−2) + k + 1;

reg(S/JGv\v) = reg(S/Fm1−1) + reg(S/Fm2−2) + · · ·+ reg(S/Fmt−1−2) + k + 1.

By (1) and Lemma 2.2, we get

reg(S/JG) = reg(S/Fm1−1) + reg(S/Fm2−2) + · · ·+ reg(S/Fmt−2) + k + 1.

Now assume that H = Fn. Let H2 be the complete graph on vertex set NG[v]. Note
that Gv = Fm1 ◦ · · · ◦ Fmt−1 ◦ G2, where G2 = FU ′

2 (H2) is the 2-pure fan of H2 on
U ′ = NFmt\ft,2

(v) ⊔ NFn\f(v), G \ v = Fm1 ◦ · · · ◦ Fmt−1 ◦ Fmt−1 ⊔ Fn−1 and Gv \ v =
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Fm1 ◦ · · · ◦ Fmt−1 ◦ F
U ′

2 (H2 \ v). Hence by induction on t,

reg(S/JGv
) = reg(S/Fm1−1) + reg(S/Fm2−2) + · · ·+ reg(S/Fmt−1−2) + 3;

reg(S/JG\v) = reg(S/JFm1−1) + reg(S/JFm2−2) + · · ·+ reg(S/JFmt−2) + reg(S/JFn−1);

reg(S/JGv\v) = reg(S/Fm1−1) + reg(S/Fm2−2) + · · ·+ reg(S/Fmt−1−2) + 3.

Using the short exact sequence (1) and Lemma 2.2, we conclude that

reg(S/JG) = reg(S/JFm1−1) + reg(S/JFm2−2) + · · ·+ reg(S/JFmt−2) + reg(S/JFn−1).

Hence, the assertion follows. �

Now, we obtain a precise expression for regularity of binomial edge ideal of Cohen-
Macaulay bipartite graphs. By [1, Theorem 6.1], if G is a connected Cohen-Macaulay
bipartite graph, then there exists a positive integer s such that G = G1 ∗ · · · ∗Gs, where
Gi = Fni

or Gi = Fmi,1
◦· · ·◦Fmi,ti

, for some ni ≥ 1 and mi,j ≥ 3 for each j = 1, . . . , ti. Let
A = {i ∈ [s] : Gi = Fni

, ni ≥ 2}, B = {i ∈ [s] : Gi = Fni
, ni = 1} and C = {i ∈ [s] : Gi =

Fmi,1
◦· · ·◦Fmi,ti

, ti ≥ 2}. For each i ∈ C, let Ci = {j ∈ {2, . . . , ti−1} : mi,j ≥ 4}⊔{1, ti}
and C ′

i = {j ∈ {2, . . . , ti−1} : mi,j = 3}. Set α = |A|+
∑

i∈C |Ci| and β = |B|+
∑

i∈C |C ′
i|.

Theorem 4.7. Let G = G1 ∗ · · · ∗Gs be Cohen-Macaulay connected bipartite graph. Let

α and β be as defined above. Then reg(S/JG) = 3α+ β.

Proof. By [6, Theorem 3.1],

reg(S/JG) =

s∑

i=1

reg(S/JGi
).

By Proposition 4.1, reg(S/JGi
) = 3 for i ∈ A. If i ∈ B, then reg(S/JGi

) = 1. If i ∈ C,
then it follows from Theorem 4.6 that reg(S/JGi

) = 3|Ci| + |C ′
i|. Hence the assertion

follows. �

We illustrate our result in the following example. Let G = F3 ◦ F4 ◦ F3 ◦ F3 ◦ F3 be the
graph as shown in figure below

Note that G is Cohen-Macaulay bipartite graph. With respect to the notation in
Theorem 4.7, A = ∅ = B and C = {1}. Also, we have |C1| = 3 and |C ′

1| = 2. Therefore,
by Theorem 4.7 reg(S/JG) = 11.
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