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1. Introduction

The primary mechanism of ductile fracture is the growth and coalescence of micro-
voids or blunted micro-cracks. In metals, these nucleate from hard inclusions and second
phase particles [1], or sometimes at slip- or twin-boundaries and intersections [26]. Mi-
crovoid growth and coalescence are natural outcomes in porous metal plasticity [4]; also
see Benzerga and Leblond [8] for an extensive review. Earlier models were isotropic and
only accounted for void growth [18, 41] with subsequent extensions to coalescence be-
ing heuristic [47]. Later, porous metal plasticity models accounting for anisotropy and
coalescence have been developed with increasing degree of accuracy, e.g., [13, 5, 31, 32, 9].

Of particular interest are models having a micromechanically-derived capability to
couple void shape and plastic anisotropy [23, 34, 24]. Modeling void shape evolution
is essential to various fundamental problems in ductile fracture mechanics such as: (i)
developing criteria for the onset of void coalescence [6, 38, 3]; (ii) accounting for damage
and fracture anisotropy [7]; and (iii) understanding damage accumulation under complex
loading conditions, for example void rotation in a shear field [36, 46] (obviously, rotation of
a void is meaningful if the void has a non-spherical shape). On the other hand, modeling
plastic anisotropy is essential to a host of engineering materials, notably aluminum alloys
and hexagonal close packed materials such as magnesium, titanium and zirconium alloys.
What is of particular importance is that the net rate of void growth in an anisotropic
material can be virtually suppressed or enhanced, under any stress state, depending on the
degree of anisotropy [5, 25]. This fact begins to be recognized in the mechanics literature
but remains to be taken fully advantage of in designing damage-tolerant, fracture-resistant
materials.

The constitutive models of anisotropic porous metal plasticity were developed based
on nonlinear homogenization combined with the theory of limit analysis. Their deriva-
tion typically involves consideration of a hollow spheroidal representative volume element
(RVE) made of a Hill orthotropic material and various kinematically admissible trial ve-
locity fields at the microscale [8]. For instance, Monchiet et al. [34] developed a model
based on consideration of the velocity fields used by Gologanu et al. [13, 14] in their earlier
versions of the GLD model, and Keralavarma and Benzerga [23] developed an improved
solution using a broader space of velocity fields [29] also used by Gologanu et al. [15] in
their improved GLD model. The model is, however, restricted to axisymmetric loadings
and microstructures for which the void axis is aligned with one direction of material or-
thotropy. Later, Keralavarma and Benzerga [24] developed a generalized model applicable
to arbitrary loadings and void orientations. This model thus constitutes a generalization
of the GLD model to plastically anisotropic matrices and also a generalization of Benzerga
and Besson’s (2001) model to spheriodal voids. Evolution equations were supplied for the
void volume fraction, void aspect ratio and void rotation. It is worth noting that plastic
potentials for ellipsoidal voids in an isotropic matrix have been previously derived using
an alternate non-linear homogenization procedure by Ponte Castañeda and Zaidman [40]
and later improved by Danas and Ponte Castañeda [11]. However, neither of these works
considered the case of anisotropic matrices. Within a similar variational framework Han
et al. [19] and Paux et al. [39] have recently proposed yield criteria for porous single crys-
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tals. These models inherently account for plastic anisotropy effects at the crystal level
but only for spherical voids. Other works have addressed the problem computationally.
For example, Yerra et al. [48] investigated the effects of plastic flow anisotropy using a
crystal plasticity description of the matrix to study the growth of spherical voids in single
crystals. Interestingly, they noted that when a Hill criterion is fit to the crystal plasticity
model their results can be rationalized for the most part on the basis of the Benzerga–
Besson model (2001). More recently, Lebensohn et al. [28] studied the growth of initially
spherical voids in a polycrystalline matrix by means of a fast Fourier transform formu-
lation. When fully developed, such results will provide a basis for assessing anisotropic
porous metal plasticity models. Also, crack-void interactions were investigated in textured
polycrystals [43]. However, for these more refined descriptions of matrix plasticity, closed
form yield criteria have not been developed, presumably due to the analytical complexity
of the homogenization problem.

The objective of the present paper is to perform a detailed numerical assessment of the
approximate analytical model of Keralavarma and Benzerga [24]. The model considers
aligned spheroidal voids in a Hill orthotropic matrix. The assumption of a spheroidal
void shape entails some restrictions, although the problem is sufficiently general for the
purpose of illustrating coupled effects of void shape and matrix anisotropy on ductile
damage evolution. A brief summary of the analytical model is presented in section 2 for
ease of reference. The performance of the model is assessed using two different approaches.
In section 3, a numerical method is developed to compute upper-bound yield loci for
anisotropic materials subjected to axisymmetric stress states following a limit analysis
procedure using a large number of trial velocity fields derived from the incompressible
axisymmetric velocity fields proposed by Lee and Mear [29]. Due to limitations of the
trial velocity fields employed, tight upper bound loci are only guaranteed in the case
of fully axisymmetric problems, even though rigorous bounds are obtained in all cases.
Recently, a finite-element based limit analysis method has been proposed that obviates the
need to choose trial velocity fields a priori [35], albeit at a higher computational cost. In
section 4, the analytical yield criterion is validated by comparison with these numerically
derived upper bound yield loci. Additional results for the macroscopic dilatancy due to
void growth at incipient yielding, obtained from the normality property of plastic flow, are
also compared. In section 5, the analytical model is integrated for specified loading paths
and the evolution equations for the microstructural variables are validated by comparing
the model predictions with finite-element predictions for the same using micromechanical
unit-cells.

2. Model Synopsis

In Keralavarma and Benzerga [24], the framework of Hill-Mandel homogenization
[21, 33] and limit-analysis was used to derive an approximate analytical yield criterion
for anisotropic porous materials, containing spheroidal voids embedded in a Hill-type or-
thotropic matrix [20]. The kinematic approach of homogenization was used, following
previous works on void shape effects [15] and material anisotropy effects [5], wherein the
representative volume element is subjected to homogeneous deformation rate boundary
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(a) (b)

Figure 1: Spheroidal representative volume elements containing confocal spheroidal voids: (a) prolate (b)
oblate.

conditions. The RVE was chosen to consist of a thick spheroidal shell containing a con-
focal spheroidal void, as illustrated in Fig. 1. Evolution laws were also derived for the
microstructural variables, porosity, void aspect ratio and orientation. The main results
are summarized here for completeness.

2.1. Yield Criterion

Following the Hill-Mandel homogenization approach, the macroscopic or ‘average’
stress, Σ, and deformation rate, D, for the RVE are given by

Σ = 〈σ〉Ω, D = 〈d〉Ω (1)

where σ and d are the corresponding microscopic fields, Ω represents the volume of
the RVE and the notation 〈·〉Ω represents the average over the volume of the RVE. An
approximate limit-analysis assuming a rigid ideal plastic behavior for the matrix and
using a limited set of trial velocity fields yields the following closed form expression for
the macroscopic yield surface in stress space,

F(Σ) = C
3

2

Σ : H : Σ

σ2
0

+ 2(g + 1)(g + f) cosh

(

κ
Σ : X

σ0

)

− (g + 1)2 − (g + f)2 = 0 (2)

where σ0 denotes the yield stress of the matrix in a reference direction and the fourth
order tensor, H, denotes the macroscopic plastic anisotropy tensor, defined by

H ≡ p+ η(X⊗Q +Q⊗X) (3)

The plastic anisotropy of the matrix enters the criterion above via the Hill tensor, p, and
a tensor p̂ which is a pseudo-inverse of p via the relation p : p̂ = p̂ : p = J. Here, J is
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the deviatoric projection operator given by J = 1− 1
3
1⊗ 1, where 1 and 1 are the fourth

and second order identity tensors respectively. The tensors p and p̂ may be related to
corresponding anisotropy tensors in deviatoric stress space h and ĥ by J : h : J = p and
J : ĥ : J = p̂ [see 5]. The tensors X and Q are tied to the void orientation by

X ≡ α2(e1 ⊗ e1 + e2 ⊗ e2) + (1− 2α2)e3 ⊗ e3 (4)

Q ≡ −1

2
(e1 ⊗ e1 + e2 ⊗ e2) + e3 ⊗ e3 (5)

where (e1, e2, e3) is a Cartesian frame introduced in Fig. 1 with e3 aligned with the void
axis and the directions of e1, e2 chosen arbitrarily.

In addition to the anisotropy tensor, h, and the void orientation, the criterion depends
on two non-dimensional variables that characterize the microstructure, the porosity, f =
a1b21
a2b22

, and the void aspect ratio, w = a1/b1. The variables f and w are related to the

eccentricities of the void, e1, and the RVE, e2, by

1

1− e21
=

{

w2 (p)
1/w2 (o)

(1− e22)
n

e32
=

1

f

(1− e21)
n

e31
, n =

{

1 (p)
1/2 (o)

(6)

where the abbreviations (p) and (o) stand for prolate and oblate respectively. The pa-
rameter g that appears in (2) may be interpreted as a ‘porosity-like’ quantity that takes
non-zero values only for oblate void shapes, given by

g ≡







0 (p)
e32

√

1− e22
(o)

(7)

In particular, a non-zero value of g for penny-shaped cracks, which is a limiting configu-
ration of an oblate void as the porosity tends to zero, allows for predictions of porosity
growth corresponding to the opening of the crack under certain types of loading.

The parameters C, η, κ and α2 that appear in the yield criterion (2) are functions
of the microstructural variables, f and w, defined above. In addition, these depend on
material anisotropy via three scalar anisotropy factors given by

h = 2

[

2(ĥ11 + ĥ22 + ĥ33 − ĥ23 − ĥ31 − ĥ12) + 3(ĥ44 + ĥ55 + ĥ66)

15

]1/2

hq =
ĥ11 + ĥ22 + 4ĥ33 − 4ĥ23 − 4ĥ31 + 2ĥ12

6
, ht ≡ h2 − 3

4
(ĥ11 + ĥ22 + 2ĥ66 − 2ĥ12)

(8)

where ĥij denote the components of the fourth order tensor ĥ, expressed in Voigt nota-
tion, in the frame (e1, e2, e3) of Fig. 1. It may be demonstrated that the parameter h is
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an invariant of the fourth order tensor ĥ while the values of hq and ht are invariant with
respect to arbitrary coordinate rotations about the void axis e3, as required. The ex-
pressions for the model parameters as functions of f, w and the above defined anisotropy
factors are provided in Appendix A.

2.2. Microstructure Evolution Laws

Numerical computations using the model requires the introduction of elasticity, which
is accounted for using an additive decomposition of the deformation rate tensor into elastic
and plastic parts, D = De+Dp. Assuming small elastic strains, a hypoelastic constitutive
law may be used to write De = C−1 : Σ̇, where Σ̇ denotes some objective measure of
the stress rate and C the tensor of elasticity. The macroscopic plastic strain rate may be
derived from the yield potential using the normality flow rule [21, 18], i.e.

Dp = Λ
∂F
∂Σ

(Σ) (9)

where F denotes the yield function of equation (2) and Λ denotes the plastic multiplier.
The evolution law for the porosity follows from the property of plastic incompressibility
of the matrix

ḟ = (1− f)trDp (10)

The evolution law for the void aspect ratio is determined using an approximate method
by assuming that the void shape remains spheroidal upon deformation. The proposed
evolution law for the void shape is given by

ẇ

w
=

3

2
Dp

′

33 +

(

1− 3α1

f
+ 3α2 − 1

)

trDp (11)

where Dp
′

= Dp − 1
3
(trDp)1 denotes the deviatoric part of the plastic deformation rate.

Apart from the evolution laws for f and w, an equation for the spin of the void
axis e3 is also required to complete the model. An equation for the same based on
the micromechanical analysis of Kailasam and Ponte Castaneda [22] was proposed in
Keralavarma and Benzerga [24]. This is omitted here, since all the numerical results
presented in this paper correspond to special cases of loading where the rotation of the
void axis is prevented.

3. Numerical Upper-Bound Yield Criterion

In this section, we present a numerical scheme for computing rigorous upper-bounds to
the macroscopic yield loci for RVEs of the type illustrated in Fig. 1, i.e. thick spheroidal
shells made of a Hill material and containing a confocal spheroidal void. We generalize
the numerical method developed by Gologanu et al. [15] for spheroidal voids in a Von
Mises matrix to the more general case of Hill orthotropic matrices. As in Gologanu et al.
[15], we employ a large number of velocity fields derived from the family of axisymmetric
incompressible velocity fields proposed by Lee and Mear [29] to describe the microscopic
velocity field in the RVE. In addition, a homogeneous non-axisymmetric deformation field
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is incorporated so that the method can be applied to the case of orthotropic materials that
do not respect transverse isotropy about the void axis. While rigorous upper-bound yield
loci are obtained in all cases, the method has the property that the loci will be quasi-exact
in the special case of materials that are transversely isotropic about the void axis1. For
general orthotropic materials, an alternative limit analysis approach that does not require
choice of trial velocity fields a priori has recently been proposed by Morin et al. [35]. The
method consists of discretising the RVE and using the finite element method to compute
the plastic limit load by directly applying a single large load step, without geometry
update, such that the limit load is reached in a few iterations. Exact microscopic velocity
fields are obtained numerically using this approach, which can potentially yield more
accurate results for non-transversely isotropic materials. On the other hand, the velocity
fields used in the derivation of the analytical model of Keralavarma and Benzerga [24] is
a small subset of the trial velocity fields used in the present limit analysis method and
is sufficient for the purpose of evaluation of the analytical model and the approximations
therein. The formulation here is restricted to the case of axi-symmetric loading about the
void axis, i.e. stress states of the form Σ = Σ11(e1⊗ e1+ e2⊗ e2)+Σ33e3⊗ e3, so that the
resulting yield locus represents the intersection in stress space of the yield surface with the
plane of axisymmetric loading. For simplicity, we further restrict the analysis to the case
where the void axis coincides with one of the axes of material orthotropy, although more
general cases can be considered by a straightforward extension of the present formulation.
In the following derivations, the Cartesian frame (e1, e2, e3) of Fig. 1 is taken to coincide
with the axes of orthotropy of the matrix.

3.1. Variational definition of the yield locus

In the kinematic approach of Hill-Mandel homogenization theory, the RVE of Fig. 1 is
subjected to homogeneous deformation rate boundary conditions v(x) = D ·x on ∂Ω. For
a rigid plastic material, the macroscopic plastic dissipation in the RVE, Σ : D ≡ Π(D),
equals the volume average of the microscopic plastic dissipation according to the Hill-
Mandel lemma; i.e. Σ : D = 〈σ : d〉Ω. This fact is used to arrive at a variational
expression for Π(D) as

Π(D) = inf
d∈K(D)

〈π(d)〉Ω (12)

where K(D) is the set of all incompressible microscopic deformation fields d that are
kinematically admissible with respect to the homogeneous deformation rate D at the
RVE boundary

K(D) = {d|∃v, ∀x ∈ Ω, d =
1

2
(∇v +∇vT ), trd = 0 and ∀x ∈ ∂Ω, v = D.x} (13)

v is the trial velocity field and π(d) is the microscopic plastic dissipation. The latter is
obtained from the maximum rate of dissipation principle as

π(d) = sup
σ
∗∈C

σ
∗ : d (14)

1We assume that the Lee and Mear [29] fields represent the complete family of incompressible axisym-
metric velocity fields
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where C denotes the microscopic convex of rigidity. For a Hill orthotropic material, the
above evaluates to

π(d) = σ0deq, deq ≡
√

2

3
d : ĥ : d (15)

where deq is an effective strain rate work conjugate to the reference yield stress σ0.
The macroscopic convex of reversibility or the region of potentially supportable stresses

Σ in stress space is given by the inequality

Σ : D ≤ Π(D) ∀D (16)

The macroscopic yield surface is the boundary of the above region defined as the en-
velope of hyperplanes in stress space, Σ : D = Π(D), parameterized by D [44]. Since
Π(D) is a homogeneous function of degree one in the components of D, the five ratios
of these components may be eliminated between the six equations above to obtain the
explicit equation for the macroscopic yield surface. Considering the special case of ax-
isymmetric loading about the void axis, one can see that the macroscopic stress and rate
of deformation tensors must be of the form

Σ = Σ11(e1 ⊗ e1 + e2 ⊗ e2) + Σ33e3 ⊗ e3, (17)

D = D11e1 ⊗ e1 +D22e2 ⊗ e2 +D33e3 ⊗ e3 (18)

under the assumption that the triad (e1, e2, e3) coincides with the principal directions of
matrix orthotropy. Using (17) and (18) in (16), the region of allowable stresses may be
written as

Σ11(D11 +D22 +XD33) ≤ Π(D11, D22, D33) ∀D11, D22, D33, X ≡ Σ33

Σ11

(19)

where X is the ratio of the principal stresses, and the notation Π is retained for conve-
nience. For axisymmetric loading, X is related to the stress triaxiality, T , by

X =
9T

3T − 1
− 2, T ≡ trΣ

3
√

3
2
Σ : Σ

(20)

In other words, the yield point for an axisymmetric stress state defined by the ratio of
the principal stresses X may be obtained by minimizing the right-hand side of equation
(19)1 with respect to arbitrary values of Dij and using the equality condition in (19)1 to
solve for Σ11. However, since Π(D) is homogeneous of degree one in D, inequality (19)1 is
homogeneous in D and one may scale the components of D arbitrarily. For convenience
we impose the condition

D11 +D22 +XD33 = 1 (21)

so that we have
Σ11 = Π̄(X) ≡ inf

D11,D22,D33

Π(D11, D22, D33) (22)

subject to the constraint (21). Note that the choice of constraint (21) implies that the
solution for Σ11 must be positive. However, since the yield surface is centrosymmetric
about the origin, −Σ11 is also a solution. Π(D11, D22, D33) is in turn calculated by eval-
uation of the infimum in equation (12) using a finite set of kinematically admissible trial
velocity fields as defined by (13).

8



3.2. Trial velocity fields

The macroscopic deformation tensor in (18) may be written as a linear combination
of an axisymmetric deformation rate, Da, and a pure shear deformation in the transverse
plane of the RVE, Ds, as

D = Da +Ds

Da = Da
11(e1 ⊗ e1 + e2 ⊗ e2) +Da

33e3 ⊗ e3, Ds = Ds
11(e1 ⊗ e1 − e2 ⊗ e2)

(23)

where

Da
11 =

D11 +D22

2
, Da

33 = D33, Ds
11 =

D11 −D22

2
(24)

For the numerical evaluation of Π(D11, D22, D33) in (22), using (12), we consider trial
velocity fields of the form

v = va +Ds · x (25)

d =
1

2

(

∇v +∇vT
)

= da +Ds (26)

where the first component, va, is an axisymmetric velocity field and the second velocity
field corresponds to a homogeneous pure shear deformation, Ds, in the transverse plane
of the RVE. From the kinematic boundary conditions, equation (13), we obtain

v = D · x ⇒ va = Da · x on ∂Ω (27)

We choose the field va from the family of incompressible axisymmetric velocity fields
proposed by Lee and Mear [29], which is assumed to represent the complete set of such
velocity fields. Due to the spheroidal geometry of the problem, we choose to work with
the spheroidal coordinate system (λ, β, ϕ), whose base vectors are defined in the Cartesian
frame of Fig. 1 as

eλ = {a sin β cosϕe1 + a sin β sinϕe2 + b cos βe3}/
√
gλλ

eβ = {b cos β cosϕe1 + b cos β sinϕe2 − a sin βe3}/
√
gλλ

eϕ = − sinϕe1 + cosϕe2

(28)

gλλ ≡ a2 sin2 β + b2 cos2 β,

{

a = c coshλ, b = c sinhλ (p)
a = c sinhλ, b = c coshλ (o)

(29)

where c denotes the semi-focal length of the spheroidal void. In the spheroidal system,
iso-λ surfaces are confocal spheroids with focal length, 2c, so that the surfaces of the void
and the RVE correspond to constant values of λ, designated λ1 and λ2 respectively. The
eccentricity, e, of the current confocal spheroid is related to λ as e = 1/ coshλ, with e1
and e2 denoting the eccentricities of the void and the RVE respectively. The components
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of the Lee and Mear [29] velocity fields, expressed in spheroidal coordinates, are















































vaλ(λ, β) = c2/
√
gλλ {B00/ sinh(λ)

+
+∞
∑

k=2,4,..

+∞
∑

m=0

k(k + 1)[BkmQ
1
m(w) + CkmP

1
m(w)]Pk(u)}

vaβ(λ, β) = c2/
√
gλλ {

+∞
∑

k=2,4,..

+∞
∑

m=1

m(m+ 1)[BkmQm(w)

+CkmPm(w)]P
1
k (u)}

(p) (30)















































vaλ(λ, β) = c2/
√
gλλ {B00/ cosh(λ)

+

+∞
∑

k=2,4,..

+∞
∑

m=0

k(k + 1)im[i BkmQ
1
m(w) + CkmP

1
m(w)]Pk(u)}

vaβ(λ, β) = c2/
√
gλλ {

+∞
∑

k=2,4,..

+∞
∑

m=1

m(m+ 1)im[i BkmQm(w)

+CkmPm(w)]P
1
k (u)}

(o) (31)

where

w ≡
{

cosh λ (p)
i sinh λ (o)

; u ≡ cos β (32)

In the above expressions, Pm
n and Qm

n represent associated Legendre functions of the
first and second kinds respectively, of order m and degree n [17], and Bkm and Ckm are
arbitrary real constants. The requirement of homogeneous boundary strain rate, equation
(27)2 for some unspecified Da, leads to the following expressions for Da

11 and Da
33 in terms

of the coefficients Bkm and Ckm of the Lee-Mear fields

Da
11 =

3c2

a22 − b22

[

G2(λ2)−
3a2
b2

F2(λ2)

]

, Da
33 =

3c2

a22 − b22

[

G2(λ2)−
3b2
a2

F2(λ2)

]

(33)

and linear constraints on the remaining coefficients Bkm and Ckm, given by [see 15]

{

e32B00/(3(1− e22)) + (3− e22)F2(λ2)/
√

1− e22 −G2(λ2) = 0 (p)

−e32B00/(3
√

1− e22) + (3− 2e22)F2(λ2)/
√

1− e22 −G2(λ2) = 0 (o)
(34)

Fk(λ2) = Gk(λ2) = 0, k = 4, 6, 8... (35)

where
{

Fk(λ) ≡
∑+∞

m=0 [BkmQ
1
m(w) + CkmP

1
m(w)]

Gk(λ) ≡
∑+∞

m=1 m(m+ 1) [BkmQm(w) + CkmPm(w)]
(p)

{

Fk(λ) ≡
∑+∞

m=0 i
m [iBkmQ

1
m(w) + CkmP

1
m(w)]

Gk(λ) ≡
∑+∞

m=1 m(m+ 1)im [iBkmQm(w) + CkmPm(w)]
(o)

(36)
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Note that equation (34) is obtained by using equations (33) to eliminate the components
of Da from the condition trDa = 3c3B00/(a2b

2
2). The constraint of equation (21) may

now be written using spheroidal coordinates by using (33) and (24) in (21) as

3c2

a22 − b22

[

(2 +X)G2(λ2)− 3

(

2
a2
b2

+X
b2
a2

)

F2(λ2)

]

= 1 (37)

Thus, the numerical evaluation of the yield point under axisymmetric loading (17), spec-
ified by the stress ratio X = Σ33/Σ11, corresponds to minimization of the function Π̄(X)
in (22) using trial velocity fields of the form (26), subject to linear constraints on the
values of the coefficients Bkm and Ckm, given by equations (34), (35) and (37).

3.3. Numerical minimization of the plastic dissipation

For given values of the microstructural parameters f and w, the eccentricities of the
void and RVE may be obtained from equation (6). The semi-focal length, c, may be
chosen arbitrarily since the problem is scale invariant. Combining (12) and (15), we may
write the macroscopic plastic dissipation as

Π(D) = inf
d∈K(D)

σ0〈deq〉Ω, deq =

√

2

3
d : ĥ : d (38)

d is computed using the decomposition of the microscopic velocity field, v, in (26), where
va is chosen to be a finite sub-set of the infinite double-series of the Lee-Mear fields
in equations (30)-(31). Adopting the velocity fields corresponding to the coefficients
B00, Bkm and Ckm, where k = 2, 4, 6, .., K and m = 0, 1, 2, ..,M , we have a total of
N = K(M+1)+2 trial velocity fields (including the homogeneous pure shear field Ds ·x).
It is clear that d is a homogeneous linear function of the coefficients B00, Bkm, Ckm and
the in-plane shear strain rate Ds

11. Let [d] stand for the 6× 1 Voigt vector representation
of d in the frame (e1, e2, e3). We may write

[d] = [L(λ, β, ϕ)][A] (39)

where [L(λ, β, ϕ)] is a 6 × N matrix whose components are functions of the coordinates
(λ, β, ϕ), and [A] is a N × 1 column vector defined as

[A] ≡ [B00 [Bkm]
T [Ckm]

T Ds
11]

T (40)

In (40), [Bkm] and [Ckm] denote column vectors of the corresponding Lee-Mear coefficients.
The expression for deq may be written as

deq =

√

2

3
[A]T [L]T [ĥ][L][A] = √

[A]T [M][A], [M] ≡ 2

3
[L]T [ĥ][L] (41)

where [ĥ] is the coordinatization of the anisotropy tensor, ĥ, in the frame (e1, e2, e3), ex-
pressed in Voigt form. Since (e1, e2, e3) is taken to be the frame of material orthotropy, [ĥ]
will be a diagonal 6×6 matrix. Combining equations (22), (38) and (41), the optimization
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problem for determination of the yield point under axisymmetric loading specified by the
stress ratio X may now be written in the form

Π̄(X) = inf
[A]∈RN

σ0

〈

√

[A]T [M][A]
〉

Ω
(42)

However, the components of [A] are subject to the constraints given by equations (34),
(35) and (37). These make a total of K linear equality constraints, which may be used to
eliminate K of the N unknowns as

[A] = [C][B] + [A0] (43)

where [B] is an N̄ × 1 vector of the remaining independent unknowns N̄ = N − K, [C]
is a constraint matrix of dimensions N × N̄ and [A0] is a constant vector. Using (43) in
(42), we have

Π̄(X) = inf
[B]∈RN̄

Π̃([B]), Π̃([B]) ≡ σ0

〈

√

([C][B] + [A0])T [M]([C][B] + [A0])
〉

Ω
(44)

The above represents an unconstrained minimization problem where Π̃([B]) is the ob-
jective function in N̄ variables, [B], and the space of admissible values of [B] is RN̄ .
Existence of the minimum is guaranteed by the fact that [ĥ] is a positive definite ma-
trix, which implies that [M] is positive semi-definite and hence the objective function is
convex. Further, the minimum value of the objective function (and therefore the yield
point according to (22)) will be unique even though the minimum may be attained for an
infinite number of values of [B]. The Jacobian of the objective function is given by

∂Π̃

∂[B]
= σ0

〈

[C]T [M]([C][B] + [A0])
√

([B]T [C]T + [A0]T )[M]([C][B] + [A0])

〉

Ω

(45)

The above problem can be solved for various values of the macroscopic stress triaxiality,
T , to obtain individual points on the yield locus using equation (22). A program is
developed to perform the above minimization using a conjugate gradient minimization
algorithm [12]. Henceforth, the yield locus obtained using the above method will be
referred to as the ‘exact numerical yield locus’. The analytical criterion of section 2 is
compared with the exact numerical yield loci for various proportional loading paths, void
shapes, volume fractions and material anisotropy coefficients in the following section.

4. Results

4.1. Yield Criterion

The numerical method of the previous section can be used to generate the yield locus
for axisymmetric loading about the void axis, i.e. stress states of the form Σ = Σ11(e1 ⊗
e1 + e2⊗ e2) +Σ33e3 ⊗ e3. The analytical equation of the yield locus (2) for axisymmetric
loading reads

h
′

qC

σ2
0

(

Σ33 − Σ11 +
3

2
ηΣh

)2

+2(g+1)(g+ f) cosh

(

κ
Σh

σ0

)

− (g+1)2− (g+ f)2 = 0 (46)
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Table 1: Table of material anisotropy parameters used in the numerical computations.

Name h1 h2 h3 h4 h5 h6

Isotropic 1.000 1.000 1.000 1.000 1.000 1.000
Material 1 1.000 1.000 1.000 2.333 2.333 1.000
Material 2 1.000 1.000 1.000 0.500 0.500 1.000
Material 3 1.650 0.778 0.893 1.378 0.943 1.627

where Σh is defined by Σh ≡ Σ : X = 2α2Σ11 + (1 − 2α2)Σ33 and h
′

q is defined similar

to hq in equation (8) using the components of the tensor h instead of ĥ. The criterion
also depends on the anisotropy factors h, hq and ht defined in (8). In the case when

(e1, e2, e3) coincides with the axes of orthotropy, the Voigt form of the tensors h and ĥ
are diagonalized and they take on simplified expressions

h = 2

[

2(ĥ1 + ĥ2 + ĥ3) + 3(ĥ4 + ĥ5 + ĥ6)

15

]1/2

, ht = h2 − 3

4
(ĥ1 + ĥ2 + 2ĥ6)

hq =
ĥ1 + ĥ2 + 4ĥ3

6
, h

′

q =
h1 + h2 + 4h3

6

(47)

In the above expressions, hi and ĥi (i = 1..6) represent the diagonal elements of the Voigt
matrix representation of the tensors h and ĥ respectively. These are related by [see 5]

ĥ1 =
−h1 + 2h2 + 2h3

h1h2 + h2h3 + h3h1

, ĥ2 =
2h1 − h2 + 2h3

h1h2 + h2h3 + h3h1

, ĥ3 =
2h1 + 2h2 − h3

h1h2 + h2h3 + h3h1

,

ĥ4 =
1

h4
, ĥ5 =

1

h5
, ĥ6 =

1

h6

(48)

It may also be noted that, in the case of transverse isotropy about the e3 axis, h
′

q = 1/hq.
A detailed tabulation of the Hill anisotropy coefficients in practically important engi-

neering materials is available in Benzerga [2]. For the numerical results presented here,
we have chosen to work with a set of fictitious material parameters that are loosely based
on the observed values of the Hill coefficients in engineering materials. Table 1 shows
the values of the Hill coefficients for four different materials. The first row corresponds
to an isotropic material, which is used as a reference. Materials 1 and 2 are transversely
isotropic materials with properties similar to those analyzed in Benzerga and Besson [5].
The properties of Material 1 are similar to those observed in thick Al sheets. Material 3
is not transversely isotropic and the properties are based on experimentally determined
values for C.P. grade Titanium 2. In particular, the chosen material designations and
properties are identical to those presented in Keralavarma and Benzerga [24] for consis-
tency.

Figs. 2(a)-(d) show the yield loci for the four materials from Table 1 for prolate cavities
of aspect ratio, w = 5, and three different values of the porosity. The loci are plotted with

2Since the available data in the literature for Ti correspond to thin sheets [30], for which the out of
plane strain ratios are not reported, these we assumed to be unity while calculating the data in Table 1.
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Figure 2: Comparison of the analytical and numerical yield loci for prolate cavities. (a) Isotropic matrix
(b) Material 1 (c) Material 2 (d) Material 3 and three values of the porosity, f . In all cases, w = 5. The
solid lines correspond to the analytical criterion of equation (46).

the mean stress Σm = 1
3
Σkk as the abscissa and Σ33−Σ11 as the ordinate, whose absolute

value equals the Von Mises effective stress for axisymmetric loading. The stresses are
normalized by σ3, the yield stress of the matrix in the e3 direction, which coincides with
one of the axes of orthotropy in all the cases considered here. The numerical yield loci
are plotted using discrete points, while the continuous lines correspond to the analytical
criterion of equation (46). In all the results presented here, the numerical yield loci are
calculated using twenty two trial velocity fields corresponding to the Lee-Mear coefficients
B00, Bkm, Ckm (k = 2, 4 and m = 0..5) and the homogeneous shear strain rate, Ds

11. It
is clear from the figure that the analytical criterion provides a close agreement with the
upper-bound numerical yield loci (which may be considered quasi-exact for the isotropic
matrix and materials 1 and 2, but not material 3) over a wide range of values of the
porosity and for all four materials considered. It may also be mentioned that, while the
new criterion in the case of prolate cavities and the isotropic matrix differs slightly from
that of Gologanu et al. [15] due to the different approach adopted in the definition of
the parameter κ, the loci of Fig. 2(a) are nevertheless in very good agreement with their
results.

Similar results for oblate cavities of aspect ratio, w = 1/5, are presented in Figs. 3(a)-
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Figure 3: Comparison of the analytical and numerical yield loci for oblate cavities. (a) Isotropic matrix
(b) Material 1 (c) Material 2 (d) Material 3 and three values of the porosity, f . In all cases, w = 1/5.
The solid lines correspond to the analytical criterion of equation (46).

(d). The new criterion is again seen to agree closely with the numerical data. However,
for certain values of the stress triaxiality, the analytical loci are seen to fall slightly inside
the numerical yield loci. Since the analytical criterion was derived using a subset of
the velocity fields used in computing the numerical locus, this indicates that some of the
approximations involved in the derivation of the former could potentially lead to violation
of the upper bound character of the solution. However, since the numerical locus is itself
a rigorous upper bound to the true locus and the violations observed in Figs. 3(a)-(d) are
not significant, it is expected that the analytical solution will be close to the true locus,
although upper bound character cannot be guaranteed.

In order to further characterize the yield criterion, we look at the variation of the
yield point under axisymmetric loading for two values of the stress triaxiality, T = 1
and T = 3, as a function of the void aspect ratio. The former value is representative
of the triaxiality in notched tension specimens while the latter value is representative of
T in the plastic zone near the tip of sharp cracks. Figs. 4 and 5 show the variation of
the hydrostatic stress at yield, designated Σy

m, as a function of the void aspect ratio for
T = 1 and T = 3 respectively. Subfigures (a)-(d) correspond the four different material
properties from Table 1. The discrete points represent the numerically determined values
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Figure 4: Variation of the hydrostatic stress at yield, Σy
m, under proportional axisymmetric loading, as

a function of the void aspect ratio, w, for porosity f = 0.001, and stress triaxiality, T = 1. (a) Isotropic
matrix (b) Material 1 (c) Material 2 (d) Material 3. The discrete points are the numerically determined
yield points, the solid line correspond to the analytical criterion of equation (46).

and the solid line corresponds to the analytical prediction from equation (46). Again, the
analytical predictions are seen to match closely the numerical values for the yield points,
which shows that the analytical yield locus matches the exact numerical locus over a wide
range of void aspect ratios.

4.2. Evolution of Porosity

In general, validation of the microstructure evolution equations require the integration
of the constitutive equations for specific loading paths and comparison with predictions
from finite-element simulations on porous unit-cells. A preliminary study of this type has
been conducted and the results are presented in section 5. However, one may also use
the numerical limit-analysis approach to determine the macroscopic dilatancy, Dm, using
the trial velocity fields that minimize the macroscopic plastic dissipation. In the case of
transversely isotropic materials, since the Lee-Mear fields are assumed to span the space
of axisymmetric velocity fields, the resulting value of ḟ may be expected to be close to
the true rate of porosity growth.

Fig. 6 illustrate the variation of Dm/D
sph
m under axisymmetric loading as a function
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Figure 5: Variation of the hydrostatic stress at yield, Σy
m, under proportional axisymmetric loading, as

a function of the void aspect ratio, w, for porosity f = 0.001, and stress triaxiality, T = 3. (a) Isotropic
matrix (b) Material 1 (c) Material 2 (d) Material 3. The discrete points are the numerically determined
yield points, the solid line correspond to the analytical criterion of equation (46).
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Figure 6: Dm/Dsph
m as a function of the void aspect ratio for (a) prolate cavities (b) oblate cavities,

stress triaxiality, T = 1 and porosity, f = 0.01. The solid line corresponds to the predictions from the
analytical model. Discrete points correspond to numerically determined values for Isotropic matrix (•),
Material 1 (◦) and Material 2 (△) from Table 1.

of the void aspect ratio, for f = 0.01, macroscopic stress triaxiality, T = 1, and three
transversely isotropic materials from Table 1. Dsph

m here corresponds to the value ofDm for
a spherical void (w = 1). Note that since, in general, the spherical and the non-spherical
RVEs have different yield points, and the materials being considered are not hardenable,
the comparison is made for the case that the two RVEs have the same axial strain rate, i.e.
D33 = Dsph

33 . The actual value of Dsph
m , used in the calculations reported here, is obtained

using a void with a vanishingly small eccentricity, which may be considered for all practical
purposes to be a sphere. Discrete points in the figure correspond to numerically obtained
values of Dm/D

sph
m using the method described in section 3. The solid lines correspond

to the model predictions using equations (9) and (46). In both the prolate and the oblate
cases, the analytical predictions show acceptable agreement with the numerical results for
the variation of Dm/D

sph
m with the void aspect ratio. Since the plastic strain rate is tied

to the direction of the normal to the yield locus, this result indicates that not only are
the analytical and exact numerical yield loci in good agreement with each other, but also
their slopes are closely matched such that good predictions for the plastic strain rate may
be expected using the analytical criterion and the associated flow rule.

5. Finite-Element Simulations

An alternative approach to validate the evolution equations for f and w is to compare
them against direct finite element simulations on porous unit cells. However, a systematic
study of this nature will require an extensive investigation involving a large number of
test cases, in the spirit of previous works [27, 38, 25] and others. This is especially true
in the case of coupled void shape and anisotropy effects, where the parameter space to be
explored is large. While such an investigation is beyond the scope of the present work,
we present a limited set of finite element calculations for transversely isotropic matrices
and axisymmetric states of loading, using the object-oriented finite element program, Ze-
bulon [10]. A cylindrical RVE, made of a transverse isotropic Hill matrix and containing
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Figure 7: Sketch of the RVEs used in the finite element unit-cell calculations: (a) prolate void and (b)
oblate void. A 2D axisymmetric analysis is performed and symmetry is invoked such that only the shaded
region is analyzed. The corresponding finite element meshes are also shown: (c) prolate void (w = 2)
and (d) oblate void (w = 1/2). Porosity f = 0.001 for both cases.

a spheroidal void in the center (Figs. 7(a) and (b)), is subjected to proportional axisym-
metric loading paths. The axis of the void is assumed to be aligned with the axis of
symmetry of the matrix and the major stress is applied along the axial direction. A two-
dimensional axisymmetric analysis is conducted due to the axisymmetry of the problem.
Exploiting additional symmetries, only one quarter of the unit-cell is analyzed (shaded
region in Figs. 7(a) and (b)) subject to symmetry boundary conditions on the left and
bottom boundaries, while the top and right boundaries are constrained to remain straight.
The surface of the void is traction free. Special boundary conditions are imposed to en-
sure proportional loading by applying a constant axial strain rate while the lateral strain
rate is iteratively adjusted to maintain a constant T . The average stress-strain response
for the unit-cell is obtained by plotting the variation of the Von Mises effective stress,
Σe = |Σ33 − Σ11|, as a function of the effective strain, Ee =

2
3
|E33 − E11|, where Σ11, E11

and Σ33, E33 are the true (Cauchy) stress and logarithmic strain of the RVE in the radial
and axial directions respectively. The reader is referred to Keralavarma et al. [25] for
additional details of the finite element computations.
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The effective stress–strain response of the RVE and the evolution of porosity, f , and
void aspect ratio, w, computed from the evolving geometry of the void are compared
against the predictions from the homogenized void growth model summarized in sec-
tion 2. While the model has been shown to predict some qualitative features evidenced
in cell model calculations such as the non-trivial coupling between void shape and matrix
anisotropy effects [see 24], a quantitative agreement was lacking due to the limitations
inherent in the choice of the composite spheroidal RVE. Most significantly, the model
underestimates the evolution of porosity compared to that obtained from the unit cell
calculations for moderate to high values of the stress triaxiality (T > 1), such as observed
in the process zone ahead of a crack-tip. This is a known limitation of Gurson-like models
that are derived assuming an RVE geometry that is linked to the void geometry such that
the resulting criterion is independent of the RVE geometry. In a periodic array of voids as
considered in the cell model calculations, homogeneous deformation rate boundary condi-
tions apply at the boundaries of the cylindrical RVE due to the requirement of symmetry,
while the deformation of spheroids confocal with the void is unlikely to be homogeneous
as assumed in the derivation of the analytical model. Tvergaard [45] has shown that pre-
dictions for void growth from the Gurson model can be significantly improved by using a
constant ‘void growth acceleration factor’ (so called Tvergaard parameter). Later finite
element studies by Gologanu et al. [16] on void shape effects indicated that the value of
this parameter should be a function of the void shape for non-spherical voids. In this
study, we adopt the proposal of Gologanu et al. [16] and modify the axisymmetric yield
criterion of equation (46) to introduce a heuristic parameter, qw. Further, the original
criterion does not account for strain hardening due to limit analysis being employed in
its derivation. On the other hand, a power-law hardening model with a small hardening
exponent is used in the unit cell computations for reasons of numerical stability. There-
fore, strain hardening is incorporated into the analytical model using a heuristic energy
balance approach for the plastic dissipation employed in previous studies [27, 38] by writ-
ing Σ : Dp = (1− f)σ̄deq, where σ̄ is the current yield stress of the matrix and deq is the
Hill equivalent strain rate defined in (38). σ̄ is given by

σ̄ = σ0

(

1 +
ǫeq
ǫ0

)N

, ǫeq =

∫ t

0

deq dt (49)

where σ0 is the initial yield stress of the matrix in a reference direction, ǫ0 is a reference
plastic strain and N is the power-law hardening exponent. Values of ǫ0 = 0.002 and
N = 0.1 are used in the present computations. Accordingly, the modified yield criterion
under axisymmetric loading is written as

h
′

qC

σ̄2

(

Σ33 − Σ11 +
3

2
ηΣh

)2

+2qw(g+1)(g+f) cosh

(

κ
Σh

σ̄

)

−(g+1)2−q2w(g+f)2 = 0 (50)

where the void growth acceleration factor qw in (50) is given by [see 16]

qw = 1 + 2(qs − 1)
w

1 + w2
(51)
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The limiting value of qw for a spherical cavity, qs is taken to be 1.6 in the following
calculations.

Gologanu et al. [16] have noted that the evolution equation for the void aspect ratio
(11) also requires heuristic correction to account for additional effects of porosity, void
shape and stress triaxiality evidenced in finite element computations. This correction is
required due to the fact that (11) is derived using the same set of trial velocity fields that
realize the minimum dissipation in (12), while there is no reason to expect that these
fields automatically yield the correct evolution of the void shape. We again adopt their
proposal for the void shape evolution law and write

ẇ

w
= φDp

′

33 + 3

(

1− 3α1

f
+ 3α2 − 1

)

Dm (52)

The parameter, φ, which is taken to be a function of the porosity, void aspect ratio and
the macroscopic stress triaxiality T [see 16]

φ ≡ 1 + φfφeφT (53)

where φf , φe and φT are functions of f, w and T respectively. These are given by

φe(e1) =
9

2

α1 − αGar
1

1− 3α1

, φf(f) = (1−
√

f)2, φT (T ) =







1− (T 2 + T 4)/9 if ΣmΣ
′

33 > 0
1− (T 2 + T 4)/18 if ΣmΣ

′

33 < 0
(54)

Expressions for α1 and αGar
1 as functions of e1 are given in Appendix A. Note that φe

is a function of w alone since the void eccentricity e1 is related to w via (6)1. It is also
worth noting that, in general, the heuristic parameters qw and φ could also depend on the
material anisotropy factors for the matrix (8). However, for the purpose of the present
study, this possible dependence is ignored and the proposal of Gologanu et al. [16] for
spheroidal voids in an isotropic matrix is used as-is.

The model constitutive equations are integrated using a convex cutting plane inte-
gration algorithm [37, 42]. Attention is focused on the early stages of deformation, well
before the onset of strain localization in the RVE. Fig. 8 shows the comparison of the
stress–strain response of the unit-cell to that obtained from integration of the model con-
stitutive equations. These results correspond to axisymmetric proportional loading with
a major axial stress (Σ33 > Σ11) and a macroscopic stress triaxiality, T = 1. The initial
porosity and void aspect ratios correspond to the meshes shown in Fig. 7. The Figs. 8(a)-
(b) show the unit-cell and model responses respectively, for the initially prolate cavity
of Fig. 7(a) and the Figs. 8(c)-(d) show the corresponding results for the initially oblate
cavity of Fig. 7(b). It may be seen that the stress-strain response of the model is in close
agreement with the FE results. Figs. 9(a) and 9(b) show comparison of the evolution of
porosity, f , as a function of the effective strain in the RVE, Ee, for the initially prolate
cavity of Fig. 7(a). Fig. 9(c) and 9(d) show comparison of the evolution of void aspect
ratio, w, as a function of the effective strain for the same RVE. It is observed that the
trends for the evolution of porosity and void shape with deformation for the three materi-
als are correctly predicted by the analytical model. However, the unit-cell results for the
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Figure 8: Comparison of the stress–strain response from the FE calculations and the analytical model
for initially prolate and oblate cavities (Fig. 7) and three different materials from Table 1. The results
correspond to axisymmetric proportional loading with a stress triaxiality, T = 1. (a) FE results and
(b) Model predictions for the initially prolate cavity. (c) FE results and (d) Model predictions for the
initially oblate cavity.
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Figure 9: Comparison of the unit cell response to the model results for the evolution of f and w, for an
initially prolate cavity and three different materials from Table 1. (a) FE results for the evolution of f
(b) Model prediction for the evolution of f (c) FE results for the evolution of w (d) Model prediction for
the evolution of w
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Figure 10: Comparison of the unit cell response to the model results for the evolution of f and w, for
an initially oblate cavity and three different materials from Table 1. (a) FE results for the evolution of
f (b) Model prediction for the evolution of f (c) FE results for the evolution of w (d) Model prediction
for the evolution of w

evolution of the void aspect ratio, w, for Material 1 evidences an anomalous behavior at
larger values of the effective strain. Examination of the corresponding deformed config-
uration of the unit-cell (not shown) indicates that while the void shape remains roughly
spheroidal for the isotropic matrix and Material 2, this is not true for Material 1 at large
strains. Since the analytical model assumes that the void remains spheroidal during the
deformation, such discrepancies may be expected in the case of certain types of material
anisotropy.

Figs. 10(a) and 10(b) show a similar comparison of the evolution of porosity, f , as a
function of the effective strain in the RVE, Ee, for an initially oblate cavity. The initial
porosity and void aspect ratio were f0 = 0.001 and w = 1/2, corresponding to Fig. 7(b).
Figs. 10(c) and 10(d) show comparison of the evolution of void aspect ratio, w, as a
function of the effective strain for the same RVE. Again, the model correctly predicts the
qualitative trends for the evolution of f and w with deformation for the three materials
studied, together with a reasonable quantitative agreement.
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6. Conclusion

A numerical method to derive rigorous upper bound yield loci for spheroidal RVEs
containing confocal spheroidal voids and subjected to axisymmetric stress states was
developed. For a specified loading path in stress space, the yield point was obtained
by conjugate gradient minimization of the plastic dissipation using a large number of
axisymmetric trial velocity fields. The analytical constitutive porous metal plasticity
model of Keralavarma and Benzerga [24] was also integrated to obtain the stress–strain
response and evolution of the microstructural variables for specified proportional loading
paths. The model predictions were compared with corresponding ‘exact’ results obtained
from finite-element calculations. The main conclusions of this study are summarized
below.

• Comparisons with numerical upper bound yield loci showed that the analytical yield
criterion of equation (2) respects the upper bound character of the homogenization
approach for prolate cavities as well as provides a close approximation for the nu-
merical yield loci at all triaxialities.

• Similar comparisons for oblate cavities also yielded good agreement albeit with larger
deviations from the numerical loci, possibly as a result of the different approaches
used to derive the prolate and oblate criteria. Also, possible violations of the upper
bound character were observed for flat voids although the differences were small in
all cases considered.

• Comparison of the model predictions for the evolution of the microstructure with
finite-element predictions showed good agreement for the special case of transverse
isotropy. However, some deviations have been observed in cases where the void
shape was found to deviate significantly from a spheroid as assumed in the analytical
model.

• The analytical model thus constitutes a robust generalization of current porous
metal plasticity models and can be used in large-scale simulations of ductile fracture
under conditions heretofore impossible to analyze.
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Appendix A. Expressions for the Model Parameters

The exponential term in the criterion (2) depends on two parameters, κ and α2. κ is
a measure of the pressure dependency of the yield surface, and is given by

κ =
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where
gf ≡ g

g + f
, g1 ≡

g

g + 1
(A.2)

and the anisotropy factors h and ht have been defined in (8). Note that the above
κ for prolate cavities is a much simplified version of the lengthier expression given in
Keralavarma and Benzerga [24]. It is verified numerically that this simplification leads
to no significant loss of accuracy. The argument of the ‘cosh’ also depends on the term
Σ : X, where X is defined by (4). Since the tensor X is coaxial with the void, this term
is in fact a weighted sum of the normal stress components in the axial and transverse
directions of the void, where the weights depend on the value of the parameter α2. α2 is
given by

α2 =
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The parameters C and η that appear in the square term of the yield criterion are given
by

η = −2

3

κQ∗(g + 1)(g + f)sh

(g + 1)2 + (g + f)2 + (g + 1)(g + f)[κH∗sh− 2ch]
,

C = −κhq(g + 1)(g + f)sh

(Q∗ + ηH∗)η
, sh ≡ sinh (κH∗), ch ≡ cosh (κH∗)

(A.4)

where H∗ ≡ 2
√

hq(α1 − α2), Q
∗ ≡

√

hq(1 − f) and hq is one of the anisotropy factors
defined in (8). H∗ and Q∗ depend on an additional parameter α1, given by
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Also, the heuristic parameter φe in the modified equation for void shape evolution (52)
depends on α1 and another function αGar

1 , given by

αGar
1 =

{

1/(3− e21) (p)
(1− e21)/(3− 2e21) (o)

(A.6)

Both α1 and αGar
1 are functions of w alone since e1 is related to w via (6)1.
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