
Ain Shams Engineering Journal (2017) 8, 697–705
Ain Shams University

Ain Shams Engineering Journal

www.elsevier.com/locate/asej
www.sciencedirect.com
MECHANICAL ENGINEERING
Non-similar solutions of mixed convection flow

from an exponentially stretching surface
* Corresponding author.

E-mail addresses: pmpmath@gmail.com, pmpatil@kud.ac.in

(P.M. Patil), sjroy@iitm.ac.in (S. Roy), Ebrahim.Momoniat@wits.

ac.za (E. Momoniat).

Peer review under responsibility of Ain Shams University.

Production and hosting by Elsevier

http://dx.doi.org/10.1016/j.asej.2015.10.012
2090-4479 � 2015 Ain Shams University. Production and hosting by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
P.M. Patil a,*, D.N. Latha a, S. Roy b, Ebrahim Momoniat c
aDepartment of Mathematics, Karnatak University, Pavate Nagar, Dharwad 580 003, India
bDepartment of Mathematics, I. I. T. Madras, Chennai 600 036, India
cSchool of Computational and Applied Mathematics, University of Witwatersrand, Private Bag-3, Wits-2050, Johannesburg,
South Africa
Received 25 May 2015; revised 7 September 2015; accepted 18 October 2015
Available online 23 December 2015
KEYWORDS

Double diffusive convection;

Non-similar solution;

Exponentially stretching

sheet;

Chemical reaction;

Newton’s linearization and

finite difference scheme
Abstract In this paper we focus on to obtaining non-similar solutions for steady two dimensional

double diffusive mixed convection boundary layer flows over an impermeable exponentially stretch-

ing sheet in an exponentially moving free stream under the influence of chemically reactive species.

The nonlinear partial differential equations governing the flow, temperature and species concentra-

tion fields are presented in non-dimensional form with the help of suitable non-similar transforma-

tions. The resulting final non-dimensional set of coupled nonlinear partial differential equations is

solved by using an implicit finite difference scheme in combination with the Newton’s linearization

technique. The effects of various non-dimensional physical parameters on velocity, temperature and

species concentration fields are discussed. The results reveal that the streamwise coordinate n
remarkably influences the flow, thermal and solutal concentration fields which display the existence

of non-similar solutions.
� 2015 Ain Shams University. Production and hosting by Elsevier B.V. This is an open access article under

the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Self-similar solutions for the coupled momentum, thermal
and species concentration boundary layers over flat surfaces
are presented comprehensively in the convective heat and

mass transfer text books by Incropera et al. [1] and Bejan
[2]. Bejan [2] has suggested a similarity temperature variable
which reduces the energy equation to an ordinary differen-
tial equation. Soundalgekar and Murty [3] have examined

the effects of power law surface temperature variation on
the heat transfer from a continuous moving surface with
constant surface velocity. Similarity solutions were reported

by Ali [4] for the case of a power-law surface velocity and
three different thermal boundary conditions. Moutsoglou
and Chen [5] have considered buoyancy effects on the flow

and heat transfer from an inclined continuous sheet with
either uniform wall temperature or uniform surface heat
flux.
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Nomenclature

C species concentration

Cf local skin-friction coefficient
Cp specific heat at constant pressure
Cw concentration at the wall
C1 ambient species concentration

D mass diffusivity
f dimensionless stream function
F dimensionless velocity

g acceleration due to gravity
G dimensionless temperature
Gr;Gr� Grashof numbers due to temperature and species

concentration, respectively
H dimensionless species concentration
L characteristic length (m)
N ratio of buoyancy forces

Nu Nusselt number
Pr Prandtl number ðm=aÞ
ReL Reynolds number

Ri Richardson number
RðxÞ variable chemical reaction rate
Sc Schmidt number ðm=DÞ
Sh Sherwood number
T temperature (K)

Tw temperature at the wall (K)

T1 ambient temperature of the fluid (K)
u velocity component in the x direction (m s�1)
v velocity component in the y direction (m s�1)
x; y Cartesian coordinates (m)

Greek symbols
a thermal diffusivity (m2 s�1)
b; b� volumetric coefficients of the thermal and concen-

tration expansions, respectively
D chemical reaction parameter
e velocity ratio parameter
n; g transformed variables

l dynamic viscosity (kg m�1 s�1)
m kinematic viscosity (m2 s�1)
q density (kg m�3)

w stream function (m2 s�1)

Subscripts
e free stream condition
w conditions at the wall

n; g denote the partial derivatives with respect to these
variables, respectively
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Magyari and Keller [6] have examined the heat and mass
transfer characteristics on boundary layer flow due to an expo-

nentially continuous stretching sheet. An effect of suction on
the heat transfer phenomena over an exponentially stretching
continuous surface was examined by Elbashbeshy [7]. Partha

et al. [8] have investigated the effects of viscous dissipation
on the mixed convection heat transfer from an exponentially
stretching surface. Al-Odat et al. [9] have studied the effects

of magnetic field on the thermal boundary layer flow over an
exponentially stretching continuous surface. Sajid and Hayat
[10] have studied the influence of thermal radiation on the
boundary layer flow due to an exponentially stretching sheet.

Bidin and Nazar [11] obtained the numerical solutions of the
boundary layer flow over an exponentially stretching sheet
with thermal radiation. Dulal Pal [12] discussed the mixed con-

vection heat transfer in the boundary layers on an exponen-
tially stretching sheet with magnetic field. The effect of
radiation on the MHD boundary layer flow due to an expo-

nentially stretching sheet was investigated by Ishak [13].
Mukhopadhyay and Gorla [14] have examined the effects of
partial slip on boundary layer flow past a permeable exponen-
tially stretching sheet in the presence of thermal radiation. In

all these studies, self-similar or locally similar solutions have
been presented. Rehman et al. [15] have studied the boundary
layer stagnation point flow of third grade fluid over an expo-

nentially stretching sheet. Stagnation flow of couple stress
nanofluid over an exponentially stretching sheet through por-
ous medium was examined by Rehman et al. [16]. Rahman

and Nadeem [17] have analyzed the heat transfer characteris-
tics over a vertical exponentially stretching cylinder. Rehman
et al. [18] have discussed the nanoparticle effect over the

boundary layer flow from an exponentially stretching cylinder.
Hayat et al. [19–21] have examined the effects of three
dimensional flows for MHD, viscoelastic and Eyring-Powel
fluids over an exponentially stretching sheet. Flow of Casson

nanofluid with viscous dissipation and convective conditions
were studied by Hussain et al. [22].

Further, the phenomenon of chemically reactive species has

special significance in chemical and hydrometallurgical indus-
tries. The formation of smog represents a first order homoge-
neous chemical reaction. For instance, one can take into

account the emission of NO2 from automobiles and other smo-
kestacks. Thus, NO2 reacts chemically in the atmosphere with
unburned hydrocarbons (aided by sunlight) and produces per-
oxyacetylnitrate, which forms a layer of photo-chemical smog.

Chemical reactions can be treated as either homogeneous or
heterogeneous processes. It depends on whether they occur
at an interface or as a single-phase volume reaction [23]. Patil

and Kulkarni [24] have examined the effects of chemical reac-
tion on free convective flow of a polar fluid through a porous
medium in the presence of internal heat generation. Patil and

Pop [25] have studied the effects of surface transfer on
unsteady mixed convection flow over a vertical cone with
chemical reaction. Effects of chemical reaction on mixed con-
vection flow of a polar fluid through a porous medium in the

presence of internal heat generation were examined by Patil
et al. [26]. Hayat et al. [27] have analyzed the effects of temper-
ature and concentration stratification of mixed convection flow

of an Oldroyd-B fluid with thermal radiation and chemical
reaction. Shehzad et al. [28] have discussed the stagnation
point flow of thixotropic fluid with mass transfer and chemical

reaction. Hayat et al. [29] have examined the effects of Soret
and Dufour on three-dimensional flow over an exponentially
stretching surface through a porous medium in the presence

of chemical reaction and heat source/sink. Hsiao [30,31]
analyzed the heat and mass transfer characteristics on mixed
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convection for MHD viscoelastic fluid past a stretching sheet
with Ohmic dissipation. Nanofluid flow with multimedia physical
features for conjugate mixed convection and radiation was dis-

cussed by Hsiao [32]. Also, Hsiao [33] studied the MHD effects
on mixed convection for viscoelastic fluid past a porous wedge.

The main objective of the present numerical investigation is

to obtain non-similar solutions of double diffusive mixed con-
vection boundary layer flow along a vertical semi-infinite
impermeable exponentially stretching surface in an exponen-

tially moving free stream under the influence of chemically
reactive species.

2. Formulation of the problem

We consider a steady two-dimensional mixed convection
boundary layer flow along a semi-infinite vertical impermeable

exponentially stretching surface with velocity UwðxÞ moving in
an exponentially free stream with velocity UeðxÞ in the positive
x-direction of an incompressible viscous fluid of temperature
T1 and concentration C1, under the influence of chemically

reactive species. The x-axis is taken along the plate in the ver-
tically upward direction and the y-axis is taken normal to it. A
schematic representation of the physical model and coordi-

nates system is depicted in Fig. 1. The driving buoyancy force
arises due to the temperature and concentration differences in
the fluid. The concentration of diffusing species is assumed to

be very small in comparison with other chemical species far
away from the surface C1. The physical properties of the fluid
flow model are assumed to be constant except the density vari-
ations causing a body force in the momentum equation. The

Boussinesq approximation is employed for the fluid properties
to relate density changes, and to couple in this way the temper-
ature and species concentration fields to the flow field [34].

Under these assumptions, the equations of conservation of
Figure 1 Schematic flow model and coordinate system.
mass, momentum, energy and species concentration governing
the mixed convection boundary layer flow over a vertical
impermeable exponentially stretching surface are given by
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@x
þ @v

@y
¼ 0; ð1Þ
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þ v
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dx
þ m
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where all the parameters are defined in the nomenclature.
The physical boundary conditions are given by

y ¼ 0 : u ¼ UwðxÞ; v ¼ 0;

T ¼ Tw ¼ T1 þ ðTw0 � T1Þ exp 2x

L

� �
;

C ¼ Cw ¼ C1 þ ðCw0 � C1Þ exp 2x

L

� �
;

y ! 1 : u ! UeðxÞ; T ! T1; C ! C1: ð5Þ
The stretching sheet velocity UwðxÞ, free stream velocity UeðxÞ
and variable chemical reaction rate RðxÞ are respectively given
by the following:

UwðxÞ ¼ U0 exp
x

L

� �
; UeðxÞ ¼ U1 exp

x

L

� �

and RðxÞ ¼ R0 exp
x

L

� �
;

where U0 is the reference velocity, R0 is constant, U1 is the free
stream velocity and L is the characteristic length.

Using the following transformations

n ¼ x

L
; g ¼ U0

mx

� �1=2

exp
x

2L

� �
y;

wðx; yÞ ¼ ðmU1xÞ1=2 exp x

2L

� �
fðn; gÞ;

T� T1 ¼ ðTw � T1ÞGðn; gÞ;

ðTw � T1Þ ¼ ðTw0 � T1Þ exp 2x

L

� �
;

C� C1 ¼ ðCw � C1ÞHðn; gÞ;

ðCw � C1Þ ¼ ðCw0 � C1Þ exp 2x

L

� �
;

u ¼ @w
@y

; v ¼ � @w
@x
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x

L

� �
F;

v ¼ � mU0

x

� �1=2

exp
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2L

� �
ð1þ nÞ f

2
þ nfn þ

x

2
g

1

L
� 1

x

� �
@f

@g

� �
;

ð6Þ
to Eqs. (1)–(4), we find that Eq. (1) is identically satisfied, and

Eqs. (2)–(4) reduce

Fgg þ ð1þ nÞ f
2
Fg � nF2 þ nRiðGþNHÞ þ ne2 ¼ n½FFn � fnFg�;

ð7Þ
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Ggg þ ð1þ nÞPrf
2

Gg � 2PrnFG ¼ nPr½FGn � fnGg�; ð8Þ

Hgg þ ð1þ nÞScf
2

Hg � Scnð2Fþ ReLDÞH ¼ nSc½FHn � fnHg�:
ð9Þ

The physical boundary conditions (5) become

Fðn; 0Þ ¼ 1; Gðn; 0Þ ¼ 1; Hðn; 0Þ ¼ 1;

Fðn; gÞ ! e; Gðn; gÞ ! 0; Hðn; gÞ ! 0 as g ! 1:

ð10Þ
Here fðn; gÞ ¼ R g

0
Fdgþ fw; where fw ¼ 0. The Richardson

number, Ri, characterizes the relative importance of natural
and forced convections and thus it is known as the mixed con-
vection parameter, N is the dimensionless parameter represent-

ing the ratio between the thermal and the concentration
buoyancy forces, and e is the velocity ratio parameter which
are defined as

Ri ¼ Gr

Re2L
; N ¼ Gr�

Gr
and e ¼ U1

U0

; ð11Þ

where Gr ¼ gbðTw0 � T1ÞL3=m2 is the Grashof number refer-

ring to the wall temperature, Gr� ¼ gb�ðCw0 � C1ÞL3=m2 is

the Grashof number referring to the wall concentration
and ReL ¼ U1L=m is the Reynolds number. It is worth men-
tioning here that Ri > 0 (Tw > T1Þ corresponds to the

heated surface, Ri < 0 (Tw < T1Þ corresponds to the cooled
surface and Ri ¼ 0 (Tw ¼ T1Þ corresponds to the forced con-
vection flow. The positive values of NðN > 0Þ imply that

both buoyancy forces act in the same direction while the neg-
ative values of NðN < 0Þ appear when thermal and concen-
tration buoyancy forces act in opposite directions. Also,
N ! 0 for negligible buoyancy effect due to mass diffusion,

and N ! 1 for negligible buoyancy effect due to thermal
diffusion. The chemically reactive species parameter D is rep-
resenting the generation or consumption of the diffusing spe-

cies. If D is positive (>0) for species generation, it is negative
(<0) for species consumption and is zero for no chemical
reaction.

The practical interest of physical quantities are the skin fric-
tion coefficient Cf, the Nusselt number Nu and the Sherwood

number Sh, which represent the wall shear stress, the heat
transfer rate and the mass transfer rate at the surface, respec-
tively. These coefficients are defined as

Cf ¼ l
2ð@u=@yÞy¼0

qU2
w

¼ 2Re
�1=2
L n�1=2Fgðn; 0Þ

i:e:; ðReLn expðnÞÞ1=2Cf ¼ 2Fgðn; 0Þ;
ð12Þ

Nu ¼ �x
ð@T=@yÞy¼0

ðTw � T1Þ ¼ �ðReLn expðnÞÞ1=2Ggðn; 0Þ

i:e:; ðReLn expðnÞÞ�1=2
Nu ¼ �Ggðn; 0Þ;

ð13Þ

Sh ¼ �x
ð@C=@yÞy¼0

ðCw � C1Þ ¼ �ðReLn expðnÞÞ1=2Hgðn; 0Þ

i:e:; ðReLn expðnÞÞ�1=2
Sh ¼ �Hgðn; 0Þ:

ð14Þ
3. Method of non-similar solution

The set of dimensionless nonlinear coupled partial differential
Eqs. (7)–(9) under the boundary conditions (10) has been

solved numerically by using an implicit finite difference scheme
in combination with the Newton’s linearization technique. The
advantage of this technique is that it has quadratic rate of

convergence. Applying the Newton’s linearization technique
[35–38] the nonlinear coupled system of partial differential
equations is replaced by the following sequence of linear par-
tial differential equations:

Fiþ1
gg þ Xi

1F
iþ1
g þ Xi

2F
iþ1 þ Xiþ1

3 Fiþ1
n þ Xi

4G
iþ1 þ Xi

5H
iþ1 ¼ Xi

6;

ð15Þ

Giþ1
gg þ Yi

1G
iþ1
g þ Yi

2G
iþ1 þ Yi

3G
iþ1
n þ Yi

4F
iþ1 ¼ Yi

5; ð16Þ

Hiþ1
gg þ Zi

1H
iþ1
g þ Zi

2H
iþ1 þ Zi

3H
iþ1
n þ Zi

4F
iþ1 ¼ Zi

5: ð17Þ
The coefficient functions with iterative index i are known and
the functions with iterative index (i+ 1) are to be determined.

The boundary conditions are given by

Fiþ1ðn; 0Þ ¼ 1; Giþ1
g ðn; 0Þ ¼ 1; Hiþ1ðn; 0Þ ¼ 1;

Fiþ1ðn; gÞ ¼ e; Giþ1ðn; gÞ ¼ 0; Hiþ1ðn; gÞ ¼ 0 at g ¼ g1:

ð18Þ
The coefficients in Eqs. (15)–(17) are given by

Xi
1 ¼ ð1þ nÞ f

2
þ nfn; Xi

2 ¼ �nð2Fþ FnÞ; Xi
3 ¼ �nF;

Xi
4 ¼ nRi; Xi

5 ¼ nRiN; Xi
6 ¼ �n½ðFþ FnÞ þ e2�;

Yi
1 ¼ Pr ð1þ nÞ f

2
þ nfn

� 	
; Yi

2 ¼ �2PrnF; Yi
3 ¼ �PrnF;

Yi
4 ¼ �Prnð2Gþ GnÞ; Yi

5 ¼ Yi
4F;

Zi
1 ¼ Sc ð1þ nÞ f

2
þ nfn

� 	
; Zi

2 ¼ �Scnð2Fþ ReLDÞ;

Zi
3 ¼ �ScnF; Zi

4 ¼ �Scnð2HþHnÞ; Zi
5 ¼ Zi

4F:

The resulting sequence of linear partial differential Eqs.
(15)–(17) was discretisized using second order central difference
formula in g-direction (boundary layer) and backward differ-
ence formula in n-direction (streamwise). In each iteration step,

the equations were then reduced to a system of linear algebraic
equations, with a block tri-diagonal structure which is solved
using Varga’s algorithm [39]. To ensure the convergence of

the numerical solution to the exact solution, step sizes Dg and
Dn are optimized and the results presented here are independent
of the step sizes at least up to the fifth decimal place. A conver-

gence criterion based on the relative difference between the cur-
rent and previous iteration values is employed. The solution is
assumed to have converged and the iteration process is termi-

nated when the difference reaches less than 10�5; i:e:;

MaxfjðFgÞiþ1

w � ðFgÞiwj; jðGgÞiþ1

w � ðGgÞiwj;
jðHgÞiþ1

w � ðHgÞiwjg < 10�5: ð19Þ



Figure 2 Effects of Ri and e on velocity profile Fðn; gÞ for

N= 0.5, Pr = 0.7, Sc= 2.57, D ¼ 1; ReL ¼ 1 and n ¼ 0:5.
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4. Results and discussion

The numerical computations have been carried out for various
values of the governing parameters involved in the physical

problem, namely, Rið�2 6 Ri 6 5Þ; Scð0:22 6 Sc 6 2:57Þ;
eð0:5 6 e 6 1:5Þ; Dð�2 6 D 6 2Þ; Nð�2:0 6 N 6 2:0Þ and
nð0 6 n 6 1Þ. The edge of the boundary layer ðg1Þ has been
taken between 4.0 and 10.0 depending on the values of the
parameters. It may be noted that the range of parameter values
is used for air and water at different temperatures. For exam-
ple, Pr = 0.7 for air, Pr = 7.0 for water at 20 �C and the value

of Pr reduces for water at higher temperature. In order to ver-
ify the accuracy of the presented approach, we have validated
and compared some of steady state results of heat transfer rate

½�Ggð0Þ� by direct comparison with the results previously

reported by Soundalgekar and Murty [3], Ali [4] and Mout-
soglou and Chen [5]. Some of the comparisons are shown in
Table 1 and are found to be in excellent agreement. In support
of non-similar solutions the effects of Ri;N and e, some of the

other numerical results pertaining to skin-friction parameter

ðReLnenÞ1=2Cf, heat transfer parameter ðReLnenÞ�1=2
Nu and

mass transfer parameter ðReLnenÞ�1=2
Sh are tabulated in

Table 2.
The effects of velocity ratio parameter ðeÞ and buoyancy

(mixed convection or Richardson number) parameter ðRiÞ on
velocity profiles Fðn; gÞ when N= 0.5, Pr = 0.7, Sc= 2.57,
D ¼ 1; ReL ¼ 1 and n ¼ 0:5 are displayed in Fig. 2. The influ-
ence of buoyancy assisting force ðRi > 0Þ displays the over-

shoot in the velocity profile Fðn; gÞ near the surface for both
values of the velocity ratio parameter ðeÞ e ¼ 1 and e ¼ 1:5.
The magnitude of velocity overshoots increases with the

increase in buoyancy parameter ðRi > 0Þ. The physical reason
is that the assisting buoyancy force (Ri) acts like a supporting
pressure gradient and enhances the magnitude of velocity pro-
Table 1 Comparison of the steady state results ½�Ggð0Þ� for Ri ¼
previously published work.

Pr 0.7 1.0

Soundalgekar and Murty [3] 0.3508 –

Ali [4] 0.3476 0.4416

Moutsoglou and Chen [5] 0.34924 –

Present work 0.354218 0.444430

Table 2 Steady state results of skin-friction parameter ðReLnenÞ1=
parameter ðReLnenÞ�1=2

Sh for n ¼ 1:0; D ¼ 1:0; Sc ¼ 2:57; ReL ¼ 1:

Ri N e ðReLnenÞ1=2

1.0 0.5 0.5 �0.252

1.0 0.5 1.0 0.896

1.0 0.5 1.5 2.544

3.0 0.5 0.5 1.544

3.0 0.5 1.0 2.570

3.0 0.5 1.5 4.096

1.0 1.5 0.5 0.186

1.0 1.5 1.0 1.313

1.0 1.5 1.5 2.936
file jFðn; gÞj within the boundary layer. This causes a velocity
overshoot within the boundary layer. The higher velocity over-
shoot is observed in the vicinity of the wall within the bound-

ary layer for the case of e ¼ 1:5. It is interesting to note from
Fig. 2 that the buoyancy opposing force (Ri < 0) reduces the
magnitude of the velocity significantly within the boundary

layer for all the values of velocity ratio parameter
e ¼ 0:5; e ¼ 1 and e ¼ 1:5. The representative negative values
of RiðRi ¼ �2;�1Þ are presented in Fig. 2 to limit the number
of lines in this graph. However, for e < 1, the back flow is

observed near the surface considerably as it can be seen in
Fig. 2. This may be due to the fact that the wall velocity Uw

is dominating over the free stream velocity Ue. When e > 1,
0; N= 0, n ¼ 0; e ¼ 0; D ¼ 0; m ¼ 0 selected values of Pr to

2.0 7.0 10 100

0.6831 – 1.6808 –

– – 1.6713 –

– 1.38703 – –

0.683031 1.386868 1.680158 5.547516

2
Cf, heat transfer parameter ðReLnenÞ�1=2

Nu and mass transfer

0 and Pr ¼ 0:7.

Cf ðReLnenÞ�1=2
Nu ðReLnenÞ�1=2

Sh

1.203 2.862

1.304 2.944

1.410 3.045

1.291 2.959

1.370 3.024

1.460 3.111

1.220 2.883

1.317 2.962

1.420 3.060
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the back flow is not much observed because the reason is that
free stream velocity Ue slowly dominates over the wall velocity
Uw. The driving buoyancy parameter ðRiÞ is relatively less

influenced on the temperature and species concentration pro-
files ðGðn; gÞ;Hðn; gÞÞ and graphs are not presented here due
to limit the number of graphs.

Figs. 3 and 4 present the effects of ratio of buoyancy forces
parameter ðNÞ and ratio of velocity parameter ðeÞ on the veloc-

ity profile Fðn; gÞ and skin friction parameter ððReLnenÞ1=2CfÞ
for Pr= 0.7, Sc= 2.57, D ¼ 1, Sc= 2.57 and ReL ¼ 1. It is
observed that the velocity profile increases as ratio of buoy-
ancy forces parameter (NÞ increases for both values of velocity

ratio parameter ðeÞ at e ¼ 1 and e ¼ 1:5. Further, skin friction

parameter ððReLnenÞ1=2CfÞ increases with the increase in the

ratio of buoyancy parameter ðNÞ. The physical reason is that
the assisting ratio of buoyancy forces ðN > 0Þ implies support-
ing pressure gradient and thus fluid gets up accelerated. This

results into thinner momentum boundary layer and the skin
Figure 4 Effects of N and e on skin friction ðReLnenÞ1=2Cf for

Ri = 1, Pr= 0.7, Sc = 2.57, D ¼ 1, and ReL ¼ 1.

Figure 3 Effects of N and e on velocity profile Fðn; gÞ for Ri = 1,

Pr= 0.7, Sc = 2.57, D ¼ 1; ReL ¼ 1 and n ¼ 0:5.
friction parameter ððReLnenÞ1=2CfÞ increases. The results pre-

sented in Fig. 4 display that ððReLnenÞ1=2CfÞ increases with

the increase in the velocity ratio parameter. To be more speci-
fic, in particular, when D = 1, Ri = 1, ReL ¼ 1, Sc= 2.57,

Pr= 0.7 at n = 1.0, ððReLnenÞ1=2CfÞ increases approximately

about 199% and 240% as e increases from 1.0 to 1.5 for

N= �1.0 and 1.0, respectively (see Fig. 4).
The effects of Prandtl number (Pr) and the ratio of velocity

parameter ðeÞ on the temperature profile ðGðn; gÞÞ at n ¼ 0:5
are displayed in Fig. 5 for D = 1, Ri = 1, ReL ¼ 1,

Sc= 2.57, Pr = 0.7 and N= 0.5. The results presented in
Fig. 5 indicate that the magnitude of the temperature profile
decreases as Pr increases from Pr = 0.7 to Pr = 7.0 irrespec-

tive values of the ratio of velocity parameter. In the present
case, higher Prandtl number (Pr) fluid (water, Pr = 7.0) is
more viscous fluid which reduces the magnitude of velocity

within the boundary layer as compared to lower (Pr) fluid
(air, Pr = 0.7). It is also noticed in Fig. 5 that the magnitude
of temperature profiles reduces more near the wall due to the

increase in Prandtl number (Pr) from Pr= 0.7 to Pr = 7.0.
This may be due to the fact that the effect of viscosity is more
pronounced near the wall. Further, the temperature profile
ðGðn; gÞÞ also reveals the fact that the effect of higher Prandtl

number fluids (water, Pr = 7.0) results into a thinner thermal
and species concentration boundary layers as compared to
lower Pr fluid (air, Pr = 7.0). The physical reason is that the

Prandtl number controls the relative thicknesses of the
momentum and thermal boundary layers. For lower Pr fluids
(air, Pr = 0.7.) the heat diffuses very quickly compared to the

momentum. Thus, for lower Pr fluids, the thickness of the
thermal boundary layer is much bigger than the thickness of
velocity boundary layer. Similarly, for higher Pr fluids (water,

Pr= 7.0), the thickness of thermal boundary layer is much
smaller than that of velocity boundary layer.

Fig. 6 illustrates the role of streamwise coordinate n on the
velocity and temperature profiles ðFðn; gÞ;Gðn; gÞÞ when

Ri = 1.0, ReL ¼ 1, D = 1, N= 0.5, Sc= 2.57, e ¼ 1:5 and
Pr= 0.7. The velocity profile increases near the plate remark-
ably within the momentum boundary layer when streamwise

coordinate n increases from n= 0 to n = 1 whereas tempera-
ture profile ðGðn; gÞÞ decreases with the increase in streamwise
Figure 5 Effects of Pr on temperature Gðn; gÞ profile for Ri = 1,

N= 0.5, Sc = 2.57, D ¼ 1; ReL ¼ 1 and n ¼ 0:5.



Non-similar solutions of mixed convection flow 703
coordinate n. This indicates that the increase in streamwise
coordinate n acts as a supporting pressure gradient in the
momentum boundary layer and hence fluid moves faster. In

particular, for instance, Ri = 1.0, N= 0.5, Sc= 2.57,
D ¼ 1; ReL ¼ 1; e ¼ 1:5 and Pr = 0.7 at g ¼ 1:0, the velocity
profile increases approximately by 18% as streamwise co-

ordinate n increases from n = 0.0 to n= 1.0 while tempera-
ture profile ðGðn; gÞÞ decreases approximately about 62%.
The velocity and temperature profiles presented in Fig. 6 also

display that both the velocity and thermal gradients at wall
increase with the increase in streamwise coordinate n. This
clearly indicates that the streamwise co-ordinate n significantly
influences flow, thermal and in turn species concentration

fields and displays the existence of non-similarity solutions.
The variations of streamwise coordinate n and the ratio of

velocity parameter ðeÞ on the species concentration profile

Hðn; gÞ are depicted in Fig. 7 for D = 1, Ri = 1, ReL ¼ 1,
Sc= 0.66, Pr = 0.7 and N= 0.5. It is observed that species
concentration profile Hðn; gÞ decreases with an increase in
Figure 7 Effects of n and e on concentration Hðn; gÞ profile for

Ri = 1, N= 0.5, Pr = 0.7, Sc = 0.66, D ¼ 1 and ReL ¼ 1.

Figure 6 Effects of n on velocity Fðn; gÞ and temperature Gðn; gÞ
profiles for Ri = 1, N= 0.5, Pr= 0.7, Sc = 2.57, D ¼ 1;

ReL ¼ 1 and e ¼ 1:5.
streamwise coordinate n from n = 0.0 to n = 1.0, irrespective
values of the ratio of velocity parameter ðeÞ. The reason is that
an increase in the streamwise coordinate n acts as an adverse

pressure gradient in the species concentration profile which
reduces the mass diffusion. Thus, in turn, fluid flows become
slower. For example, for Ri = 1.0, N= 0.5, Sc = 0.66,

D ¼ 1; ReL ¼ 1 and Pr = 0.7 at g ¼ 1:5, the species concen-
tration profile decreases approximately about 56% and 61%
as streamwise coordinate n increases from n = 0.0 to n = 1.0

at e ¼ 0:5 and e ¼ 1:5, respectively.
Fig. 8 presents the distribution of the species concentration

profiles Hðn; gÞ with the chemical reaction parameter ðDÞ and
Schmidt number (Sc) for e ¼ 1, Pr = 0.7, Ri = 1,

ReL ¼ 1; N = 0.5 and n ¼ 0:5. This figure illustrates that spe-
cies concentration profiles Hðn; gÞ increase when the species
consumption or destructive chemical reaction (D < 0Þ is

increased. An increase in Hðn; gÞ increases the mass diffusion
and thus, in turn, the fluid velocity Fðn; gÞ also increases.
Whereas for D > 0 (species generation or constructive chemi-

cal reaction), the profiles of Hðn; gÞ tend to decrease and thus,
in turn, the fluid velocity is reduced. It should be worthy to
mention here that the values of Schmidt number Sc = 0.22,

0.66, 0.94 and 2.57 are chosen to be more realistic, namely,
representing diffusing chemical species of most common inter-
est such as water, Propyl Benzene hydrogen and water vapor
and Propyl benzene at 25 �C at one atmospheric pressure. It

is observed that the magnitude of the species concentration
profile Hðn; gÞ decreases significantly for the increase in Sch-
midt number (Sc) irrespective values of species consumption

or generation. The increase in the value of the Schmidt number
Sc leads to a thinning of the concentration boundary layer and
the concentration of the fluid decreases within the boundary

layer. One can observe that when the species are generated
(D > 0), the concentration profile Hðn; gÞ decreases with D.
However, the opposite trend is observed for the species con-

sumption case (D < 0).
The effects of chemical reaction parameter ðDÞ and the

velocity parameter ðeÞ on mass transfer parameter

ððReLnenÞ�1=2
ShÞ for Ri = 1.0, Pr = 0.7, ReL = 1, N = 0.5

and Sc = 2.57 are displayed in Fig. 9. It is observed that the
Figure 8 Effects of D and Sc on concentration Hðn; gÞ profile for
Ri = 1, N= 0.5, Pr = 0.7, e ¼ 1; n ¼ 0:5 and ReL ¼ 1.



Figure 9 Effects of D and e on mass transfer parameter

ðReLnenÞ�1=2
Sh for Ri = 1, N= 0.5, Pr= 0.7, Sc = 2.57 and

ReL ¼ 1.
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magnitude of the Sherwood number ððReLnenÞ�1=2
ShÞ increases

as the chemical reaction parameter ðDÞ increases from D ¼ �2
to D ¼ 2. Also, the results presented in Fig. 9 indicate that

ððReLnenÞ�1=2
ShÞ increases with the increase in the velocity

ratio parameter. To be more specific, for example,

when Ri = 1, ReL ¼ 1, Sc = 2.57, Pr = 0.7 at n = 1.0,

ððReLnenÞ�1=2
ShÞ increases approximately about 59% and

6% as e increases from 1.0 to 1.5 for D ¼ �2 and D ¼ 2,
respectively (see Fig. 9).

5. Conclusions

In this study, the numerical investigation of a double diffusive

mixed convection flow over an impermeable vertical exponen-
tially stretching surface in an exponentially moving free stream
in the presence of first order chemical reaction is carried out.

The following conclusions are drawn in this numerical
investigation:

� In the presence of the buoyancy assisting force ðRi > 0Þ, the
velocity profile exhibits 25% velocity overshoot for the
velocity ratio parameter e < 1. Further, Richardson num-
ber (Ri) tends to increase the magnitude of velocity over-

shoot for the velocity ratio parameter e > 1.
� Results indicate that the ratio of buoyancy forces (NÞ and
the ratio of velocity parameter (eÞ enhance the skin friction

coefficient parameter remarkably up to 35–40%.
� The streamwise coordinate n acts like a supporting pressure
gradient within the momentum boundary layer and velocity

increases approximately about 20% but the thermal and
species concentrations decrease about 60% and 56%,
respectively.

� The concentration profile Hðn; gÞ increases when the species

consumption or destructive chemical reaction (D < 0Þ is
increased. For, D > 0 (species generation or constructive
chemical reaction), the concentration profiles Hðn; gÞ
decrease and thus, in turn, the fluid velocity is reduced.
Acknowledgment

This work is supported by Major Research Project with ID:

MRP-MAJOR-MATH-2013-6619, University Grants Com-
mission, New Delhi 110 002.
One of the Authors’ Dr. P. M. Patil expresses his sincere grat-
itude to Shri Vijaykumar Toragal, Special Secretary to His

Excellency Governer of Karnataka State, India for his selfless
service to the people of Karnataka State.

References

[1] Incropera FP, Dewitt DP, Bergman TL, Lavine AS. Fundamen-

tals of heat and mass transfer. 6th ed. New York: John Wiley;

2007.

[2] Bejan A. Convective heat transfer. 3rd ed. New York: John Wiley

& Son; 2004.

[3] Soundalgekar VM, Murty TVR. Heat transfer in flow past a

continuous moving plate with variable temperature. Wärme
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