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We study the phenomena of decrease in lower critical solution temperature (LCST)

with addition of kosmotropic (order-making) cosolvents in thermoresponsive polymer

solutions. A combination of explicit solvent coarse-grained simulations and mean-field

theory has been employed. The polymer-solvent LCST behavior in the theoretical

models have been incorporated through the Kolomeisky-Widom solvophobic poten-

tial. Our results illustrate how the decrease in the LCST can be achieved by the

reduction in the bulk solvent energy with addition of cosolvent. It is shown that

this effect of cosolvent is weaker with increase in polymer hydrophilicity which can

explain the absence of LCST decrease in PDEA, water and methanol systems. The

coarse-grained nature of the models indicates that a mean energetic representation

of the system is sufficient to understand the phenomena of LCST decrease.

a)Electronic mail: sunil@iitpkd.ac.in

1

ar
X

iv
:1

71
1.

03
44

6v
2 

 [
co

nd
-m

at
.s

of
t]

  1
 M

ar
 2

01
8



I. INTRODUCTION

Cononsolvency is the phenomenon in which a polymer phase separates out in a mix-

ture of good solvents. This behavior is exhibited by many systems such as Poly(N-

isopropylacrylamide) (PNiPAM),1,2 Poly(N,N-diethylacrylamide) (PDEA),3–5 Poly(N,N-

dimethylacrylamide),6,7, Polyvinylalcohol8,9 and tertiary butyl alcohol10 in aqueous solu-

tions with different cosolvents. Our interest lies in the cononsolvency of thermoresponsive

polymer solutions which exhibit a bulk phase lower critical solution temperature (LCST)

accompanied by a temperature dependent coil-to-globule transition at the single chain level.

Well known examples of such polymers are PNiPAM11–13 and PDEA3,14,15 which show LCST

in water and cononsolvency with addition of cosolvents such as alcohols, dimethyl sulfoxide,

and tetrahydrofuran.16–18 In these systems, two interlinked phenomena can be observed with

the increase in cosolvent concentration: a coil-globule-coil re-entrant transition at fixed tem-

perature, and a decrease (increase) in the LCST in the low (high) cosolvent concentration

regime.18

A. Background

The physical origin of cononsolvency is a very important problem in the field of polymer

physics as it finds applications in polymer processing, self assembly, drug delivery and surface

modification. The current understanding of cononsolvency in thermoresponsive polymer

systems is predominantly based on the ternary system of PNiPAM, water and alcohols.

Through a combination of refractive index and size measurements in PNiPAM, water and

methanol mixtures, Zhang and Wu19 proposed that cononsolvency is driven purely by the

formation of water-methanol clusters. These clusters were shown to reduce the number of

hydration sites for the polymer which led to its collapse at low methanol concentrations.

On the other hand, the re-entrant transition at higher methanol concentrations is driven by

solvation of the polymer by excess methanol. This mechanism is supported by the molecular

simulations performed by Pang and coworkers20 on the ternary mixture of NiPAM, water,

and methanol; and the DSC and FTIR measurements by Sun and Wu.21 Bischofberger et

al.18,22 hypothesized, through a combination of calorimetric and scattering experiments, that

the LCST is dependent on the enthalpy difference between the bulk and bound water, and
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the entropy loss of bound solvent. The coil-to-globule transition occurs when the entropy loss

of bound solvent overcomes the energy gain of the bound solvent. The addition of alcohol

reduces the energy of the bulk solvent due to kosmotropic effect which leads to the reduction

in the LCST. They further observed that the type of alcohol does not have any effect on the

nature of transition. Based on these experimental observations, they proposed that a mean-

field description of the solvent mixture is sufficient to explain the cononsolvency behavior in

thermoresponsive polymers. The idea of mean-field description of the solvent mixture was

also proposed earlier by Amiya and coworkers,23 where they hypothesized that the attraction

between the solvent(s) and cosolvent(c) or a negative Flory-Huggins interaction parameter

(χcs) is at the origin of cononsolvency. Given the positive values of χcs in pure water-alcohol

mixtures, they proposed that the change to its negative values is due to polymer mediated

interactions.

The enhancement of the solvent-cosolvent attraction by the polymer has been questioned

by Schild and coworkers24 as the behavior of PNiPAM in water-methanol mixtures remains

same even with a 200 fold increase in the polymer concentration. Based on this observa-

tion, they stated that a mechanism involving local solvent-polymer interactions which vary

with composition may be driving the cononsolvency behavior. Through their calculation of

Kirkwood-Buff (KB) integrals for the NiPAM-water-methanol mixture, Mukherji et al.25,26

showed that the NiPAM-methanol interaction is the most dominant. They proposed that

cononsolvency is a generic phenomenon which is driven only by the preferential adsorption of

the cosolvent on the polymer.26,27 They further stated that this observation combined with

the argument made by Schild and coworkers24 regarding the positive nature of χcs points

to the non-applicability of mean-field theory. This mechanism of preferential adsorption of

the cosolvent is also supported by the work of Tanaka and coworkers.28,29 They extended

their cooperative hydration model30 to a two-component solvent and proposed that the

competitive hydrogen bonding of the solvents with the polymer is the driving force behind

cononsolvency.

However, recent studies which involve scattering experiments in combination with random

phase approximation theory have shown that the effective χcs is negative in PDEA-water(s)-

ethanol(c)31 and PDEA-water(s)-trimethylamine N -oxide (TMAO)(c) mixtures.32 This in-

dicates that there may be polymer mediated (direct or indirect) contribution to the solvent-

cosolvent interaction. Additionally, concerns have been raised by Pica and Graziano,33 and
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Vegt et al.34 regarding the usage of NiPAM monomer instead of the polymer for calcula-

tion of KB integrals25,26 as it neglects the effects of the polymer conformational entropy on

the effective coarse-grained potentials. Recent studies have also shown that preferential at-

traction of the cosolvent is not a prerequisite for cononsolvency.35,36 Further, cononsolvency

is absent in the case of PDEA, water and methanol mixtures even when the preferential

attraction of PDEA with methanol is higher in comparison to PNiPAM.37 Thus, it can

be seen that the questions regarding the applicability of a mean-field theory are not yet

resolved. Dudowicz and coworkers38,39 have remarked that the inclusion of strong associa-

tive interactions between different components in addition to the van der Waals interaction

in the standard Flory-Huggins theory can lead to a description of cononsolvency from a

mean-field perspective. Recent quasi-elastic neutron scattering experiments on the ternary

mixture of PNiPAM, water and methanol by Kyriakos and coworkers40 indicate the presence

of polymer-water, polymer-methanol and methanol-water hydrogen bonding. They further

state that the cononsolvency phenomenon might be dependent on both the solvent-cosolvent

and polymer-solvent interactions.

In addition to these studies, there have also been efforts to understand the difference

between the cononsolvency behavior of PNiPAM and PDEA in different alcohols. Richter-

ing and coworkers studied the cononsolvency in PNiPAM and PDEA micro-gels in water-

methanol mixtures through SANS measurements.37,41 Based on their measurements,41 they

proposed that the complexation of amide proton with methanol drives the cononsolvency be-

havior. Dalgicdir and coworkers42 studied the cononsolvency of PNiPAM in water-methanol

mixtures by means of molecular simulations. They proposed that methanol hinders the

ability of water to form hydrogen bond with the amide proton of PNiPAM leading to the

collapse of the polymer. Both of these studies point out that the lack of LCST decrease

in the ternary mixture of PDEA, water and methanol is due to the absence of the amide

proton. Since, PDEA exhibits cononsolvency in mixtures of water with higher alcohols such

as ethanol and propanol, it raises questions about the role of the amide proton.3–5

B. Cononsolvency in kosmotropic cosolvents

Based on the discussion in Sec. I A, it can be seen that the explanations for cononsolvency

range from specific features such as preferential attraction of the cosolvent, presence of
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amide proton, solvent cosolvent clustering to generic features such as mean energetics of

bulk solvent. The dominating mechanisms may also be different in the low and the high

concentration regimes. Moreover, some of these mechanisms are applicable only to PNiPAM,

but are not be valid in the case of other thermoresponsive polymers. Therefore, it can be

seen that even for the subset of thermoresponsive polymers in alcohols, the understanding of

the cononsolvency phenomenon is incomplete. Hence, to understand the overall behavior in

the family of thermoresponsive polymers, there is a need to identify the generic underlying

interactions and the regime in which they are dominant.

The cosolvents can be divided into two types, kosmotropic (order-making) and chaotropic

(order-breaking).43 The phenomenon of cononsolvency can be classified on the basis of two

main factors, namely, concentration and cosolvent type. From the concentration point of

view, low (high) concentration is the regime where the LCST decreases (increases) with

increase in cosolvent concentration. In this work, we use coarse-grained simulations and

theoretical models based on the Kolomeisky-Widom potential for studying the effects of

cosolvents on the LCST. Our focus lies on kosmotropic cosolvents in the low concentration

limit. These are liquids which decrease the energy of bulk water by strengthening the

hydrogen bonded network of water.44 Furthermore, these cosolvents prefer to stay in the

bulk.43 Some of the kosmotropic cosolvents which exhibit a decrease in the LCST in aqueous

solution of PNiPAM and PDEA are methanol, ethanol, propanol and TMAO.22,32,45 Our

results show that the decrease in enthalpy of the bulk solvent mixture due to addition of

cosolvent is responsible for the decrease in the LCST. In addition, we propose that a larger

decline in the enthalpy of bulk solvent mixture is required with increase in hydrophilicity

of the polymer to observe a change in LCST. Further, from a phenomenological point of

view, a mean-field description of the solvent and solvent-cosolvent interaction is sufficient to

understand the LCST decrease. The rest of the paper is organized as follows: in Sec. II, we

introduce the simulation and theoretical models. Section III presents the simulation results

and the numerical calculations of the theoretical models. Our findings are summarized in

Sec. IV.
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II. MODELS

In this section, we discuss the models used in the simulations and theoretical approaches.

The simulations were carried out by using a bead-spring polymer chain in solvent-cosolvent

mixture. For the theoretical studies, a three-component Flory-Huggins mean-field theory

with two-body interactions was employed. The scope of these models are limited to kos-

motropic (order-making) cosolvents in the low concentration limit. The simulation and

theoretical models will be explained in detail below. Unless otherwise mentioned, the term

cosolvent will refer to kosmotropic cosolvents.

A. Coarse-grained explicit solvent simulations

Following our earlier study on the LCST of polymer in pure solvent,46 the polymer is

modeled as a linear chain consisting of alternating solvophobic and amphiphilic beads (N

total beads, N/2 solvophobic, and N/2 amphiphilic beads). To avoid any temperature

dependence on the interaction potentials, the solvent-cosolvent mixture has been included

explicitly by Ns solvent and Nc cosolvent beads. The potential energy for the system is

given by the following expression

E =
N−1
∑

i=1

kb(bi − bi0)
2 +

Nt
∑

i=1

∑

j>i

4ǫij

[

(

σ

rij

)12

−
(

σ

rij

)6

−
(

σ

rc,ij

)12

+

(

σ

rc,ij

)6
]

, (1)

where N is the number of beads in the polymer chain, as mentioned before, kb the force

constant for the bonded interaction, bi the bond length between neighboring beads, Nt the

total number of beads in the system (N +Ns +Nc), bi0 the equilibrium bond length and rij

the distance between two non-bonded beads. The second term is the Shifted Lennard-Jones

(SLJ) potential with rc,ij being the cutoff distance at which the potential is truncated and

shifted to zero. The above form of SLJ potential ensures that all the beads are spherically

symmetric and have size σ. All the interaction parameters are kept independent of the

temperature. We define dimensionless quantities as rij = rij/σ, ǫij = ǫij/ǫss, kb = σ2kb/ǫss,

bi0 = bi0/σ, T = kBT/ǫss and t = t
√

ǫss/(mσ2), where ǫss is the potential energy of inter-

action between two solvent beads. We fix the values to bi0 = 1 and kb = 200 for all the

simulations. Kosmotropic cosolvents do not affect the properties of the hydration shell of

the polymer as they prefer to stay in the bulk. To incorporate this feature, the interaction
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of the polymer with the solvent and the cosolvent is kept the same. In other words, the

polymer does not distinguish between the cosolvent and solvent molecules. The values of

the fixed interaction parameters are given in Table I. The parameters ǫas, ǫah and ǫaa are the

interaction energies of the amphiphilic bead with the solvent bead, the solvophobic bead,

and the amphiphilic bead, respectively, and ǫcs is the interaction energy of the solvent with

the cosolvent. The variation in ǫcs is equivalent to changing the cosolvent. We define the

fraction of the cosolvent in the solvent-cosolvent mixture as Xc = Nc/(Ns +Nc).

TABLE I. Interaction parameters of the SLJ potential. Amphiphilic, solvophobic, solvent and

cosolvent are represented by A, H, S and C, respectively.

ij AA HH SS(CC) AH HS(HC) AS(AC) CS

ǫij 1 1 1 1 1 1.7, 1.8, 2.0 1.1, 1.2, 1.3, 1.4

rc,ij 2.5 2.5 2.5 2.5 21/6 2.5 2.5

Molecular dynamic simulations were performed in an NPT ensemble using the Nose-

Hoover thermostat for different temperatures at a constant pressure P = σ3P/ǫss = 0.002.

The trajectories were generated using the Velocity-Verlet algorithm with a time-step ∆t =

∆t
√

ǫss/(mσ2) = 0.004. All the studies were performed on aN = 200 chain in 5000 (Ns+Nc)

beads of the solvent mixture. In our previous work on a polymer in a pure solvent,46 we

observed a decrease in Rg with temperature for ǫas = 1.7, 1.8. Hence, the simulations were

performed on three different polymer-solvent interactions; ǫas = ǫac = 1.7, 1.8, 2.0 at three

different temperatures (T = 0.55, 0.65, 0.75). For each of these values, the effect of different

cosolvents were studied by varying ǫcs andXc. Each system was equilibrated for 1×108 steps,

and the data was sampled after every 2×106 steps. Four different initial configurations were

used for averaging. All simulations were performed using open source molecular dynamics

code LAMMPS.47

The simulation data were used for the calculation of different structural quantities. We

calculated the radius of gyration, Rg, of the polymer to monitor the swelling of the polymer

chain. The average Rg and error bars were calculated from the distribution obtained by

sampling 1600 simulation replicas. We define a dimensionless radius of gyration Rg = Rg/σ
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given by the following expression

Rg =

√

√

√

√

1

N

N
∑

i=1

(ri − rcm)2, (2)

where N = 200, rcm and ri are the dimensionless coordinates of the centre of mass of the

polymer chain and the i-th bead, respectively.

The effective interaction between the polymer beads, UAH, was calculated from the radial

distribution function of the amphiphilic and solvophobic bead pairs using the following

expression:48

UAH(r)

T
= − ln gAH(r). (3)

where UAH = UAH/ǫss is the dimensionless effective interaction.

B. Theoretical model

In this section, we discuss our theoretical models used for studying polymer (p) in a

solvent cosolvent mixture. The solvent(s)-cosolvent(c) mixture have been modeled by the

Flory-Huggins mean-field theory. The interactions between the different components (p, c, s)

have been taken into account through the Flory-Huggins interaction parameters (χαβ). The

polymer-solvent mixture exhibits an LCST and the corresponding interaction parameter

χps takes into account this behavior. The LCST behavior has been modeled by using the

Kolomeisky-Widom (KW) potential.46,49 In the KW-model, solvent molecules form a one-

dimensional lattice with a nearest neighbor interaction and each solvent molecule can exist in

q different states. Depending on the interaction between the neighboring solvent molecules,

they can be classified into one Bound State (BS) and q−1 Unbound States (US) with energy

w and u, respectively. The energy of the BS state is lower than that of the US state, w < u.

On the other hand, the US state has higher entropy than the BS state, kB ln q − 1 > 0. The

polymer-solvent interaction in the present model and the KW potential are related by the

following relation (see SI for details),

χps =
1

2
− BKW

ν
, (4)

where BKW is the second virial coefficient corresponding to the KW potential, T is the

temperature and ν is the volume per unit site. The expression for BKW has been derived in
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FIG. 1. Variation of B̃KW with T̃ = kBT/(u− w) for different q values.46

our previous work (see SI for details).46 We define dimensionless quantities, B̃KW = BKW/ν

and T̃ = kBT/(u − w). The dependence of B̃KW on T̃ is shown in Fig. 1 which shows that

the solute-solute interaction is repulsive at low T̃ and attractive at high T̃ .

Kosmotropic cosolvents prefer to stay in the bulk. This is taken into account by fixing

the polymer-cosolvent interaction (χpc) to zero. The solvent-cosolvent Flory-Huggins in-

teraction parameter χcs can be divided into contributions from the enthalpic and entropic

contributions.

χcs = (χcs)enthalpic + (χcs)entropic. (5)

The entropic contribution arises from the conformational changes of the solvent on mixing.

In the case of pure water-alcohol mixtures, (χcs)enthalpic is negative and (χcs)entropic is positive.

In the presence of a long chain polymer, it is reasonable to assume that the polymer induced

changes to the conformational entropy of the solvent are more dominant than the cosol-

vent induced changes. Hence, in the case of a polymer solution, one can neglect (χcs)entropic

which in turn keeps χcs to be negative. This is supported by recent studies involving scatter-

ing experiments in combination with random phase approximation theory which show that

the effective χcs is negative in PDEA-water(s)-ethanol(c)31 and PDEA-water(s)-TMAO(c)

mixtures.32 The domination of the enthalpic contribution of the cosolvent over its entropic

contribution in the presence of the polymer has also been suggested by Bischofberger et al.22

Therefore, Eq. (5) can be modified to the following form in the case of a low concentration

regime

χcs ≈ (χcs)enthalpic =
∆HE

Xc(1−Xc)
≈ ∆HE

Xc

, (6)
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where Xc = φc/ (φs + φc) with φc and φs being the volume fractions of the cosolvent and

solvent respectively, and ∆HE is the enthalpy of mixing between the solvent and cosolvent.

The theoretical framework for the multiple polymer chain and single polymer chain systems

are explained below.

1. Multiple chain solution

To study the phase separation in the bulk polymer solution, we adopt the three-

component Flory-Huggins theory with only two-body interactions. The free energy of

the system is given by

f =
F

kBT
=

φp

N
lnφp + φc lnφc + φs lnφs + χcsφcφs + χpsφpφs + χpcφpφc, (7)

where F is the free energy per unit volume, N is the degree of polymerization of the polymer

chain, φp, is the volume fraction of the polymer. The first three terms in the above expression

are the entropic contributions, and the last three terms are the enthalpic contributions from

the two-body interactions. The three volume fractions are not independent as the overall

number of sites is fixed,

φc + φs + φp = 1. (8)

Hence, the free energy expression in Eq. (39) takes the following form,

f =
φp

N
lnφp + φc lnφc + (1− φp − φc) ln (1− φp − φc) + χcsφc(1− φp − φc)

+ χpsφp(1− φp − φc) + χpcφpφc.

(9)

The phase behavior of the system is characterized by the spinodal obtained by

D =
∂2f

∂φ2
c

∂2f

∂φ2
p

−
(

∂2f

∂φp∂φc

)2

= 0. (10)

The χspi
ps can be analytically obtained by solving Eq. (10) (see SI for details). The variation

of χspi
ps was studied for different cosolvent concentrations and χcs. The spinodal transition

temperature T̃c, can be calculated from χspi
ps using Eq. (4).

2. Single chain solution

To study the coil-to-globule transition, we consider a single polymer chain in a solvent-

cosolvent mixture. The schematic of the system is given in Fig. 2. Here Vp is the volume
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occupied by the polymer and is given by the following expression,

Vp =
4πR3

g

3
, (11)

FIG. 2. Schematic of the single polymer chain in a solvent cosolvent mixture. VP = 4πR3
g/3 is the

volume occupied by the polymer, and VB is the bulk solvent mixture.

where Rg is the radius of gyration, VB is the volume occupied by the bulk solvent-cosolvent

mixture. The overall volume of the system V (= VP + VB) is fixed. The free energy of the

system is given by the following expression,

Fcg = Felastic + Fmixing, (12)

where Felastic is the elastic contribution due to the structural changes in the polymer chain

and Fmixing is the contribution arising due to the entropy of mixing and two-body interac-

tions. The elastic free energy Felastic, has been adopted from the theory of coil-to-globule

transition.50

felastic =
Felastic

kBT
= α2 +

1

α2
, (13)

where α = Rg/R
ideal
g characterizes the extent of swelling. For Fmix, we adopt the Flory-

Huggins mean-field theory,

fmixing =
Fmixing

kBT
=

VP

v
(φ

′

s lnφ
′

s + φ
′

c lnφ
′

c + χpsφ
′

pφ
′

s + χcsφ
′

cφ
′

s + χpcφ
′

pφ
′

c)

+
VB

v
(φ

′′

s lnφ
′′

s + φ
′′

c lnφ
′′

c + χcsφ
′′

cφ
′′

s ),

(14)

where v is the fixed volume per unit site, φ
′

i = Niv/VP and φ
′′

i = Niv/VB are the local volume

fractions in the polymer and the bulk volume, respectively. The overall free energy is as

follows,

11



fcg =
Fcg

kBT
= α2 +

1

α2
+

VP

v
(φ

′

s lnφ
′

s + φ
′

c lnφ
′

c + χpsφ
′

pφ
′

s + χcsφ
′

cφ
′

s + χpcφ
′

pφ
′

c)

+
VB

v
(φ

′′

s lnφ
′′

s + φ
′′

c lnφ
′′

c + χcsφ
′′

cφ
′′

s ).

(15)

Given that the overall volume (V ) of the system is fixed, one can define the volume fractions

with respect to V instead of the local volumes VP and VB. Then the dimensionless free

energy fcg can then be rewritten in the following way (see SI for details),

fcg
V/v

=
(Φ

′

p)
5/3

N2/3(Φ′)2/3κ2/3
+

(Φ
′

)2/3(Φ
′

p)
1/3κ2/3

N4/3
+ Φ

′

c ln
Φ

′

c

Φ′
+ Φ

′

s ln
Φ

′

s

Φ′
+ χps

Φ
′

pΦ
′

s

Φ′

+ χcs
Φ

′

cΦ
′

s

Φ′
+ χpc

Φ
′

cΦ
′

p

Φ′
+ Φ

′′

c ln
Φ

′′

c

Φ′′
+ Φ

′′

s ln
Φ

′′

s

Φ′′
+ χcs

Φ
′′

cΦ
′′

s

Φ′′
,

(16)

where Φ
′

= VP/V , Φ
′′

= VB/V , Φ
′

i = N
′

i v/V and κ is the parameter which controls the

rigidity of the polymer chain and has been set to unity for all the cases. The equilibrium

swelling of the polymer chain can be obtained by minimizing the free energy in Eq. (16)

with respect to Φ
′

, Φ
′′

, Φ
′

s, Φ
′

c, Φ
′′

s and Φ
′′

c . The minimization is subjected to the following

constraints,

Φ
′

s + Φ
′

c + Φ
′

p = Φ
′

,

Φ
′′

s + Φ
′′

c = Φ
′′

,

Φ
′′

c + Φ
′

c = Φc,

Φ
′′

+ Φ
′

= 1,

(17)

where Φc = (N
′

c+N
′′

c )v/V is the fixed overall concentration of the cosolvent. As the polymer

is confined to the polymer volume, we have Φ
′

p = Φp and Φ
′′

p = 0, where Φp = Nv/V is the

overall fixed concentration of the polymer. The calculations were performed using the open

source optimization package IPOPT.51 The variation of the swelling of the polymer chain

with temperature has been studied for different χcs and Xc. As in the case of the multiple

chain theory, the temperature is calculated from χps by using Eq. (4).
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III. RESULTS AND DISCUSSION

A. Simulation

To understand the variation of Rg with cosolvent concentration for different cosolvents,

we first look at the system with ǫas = 1.8. In Fig. 3(a), we see that for a solvent pair,

increase in Xc leads to a more collapsed state, while for a given cosolvent concentration,

higher interaction strength (ǫcs) tends to collapse the chain. Many studies19,22,38,46 have

shown the effective interaction of the bulk solvent is an important contribution which affects

the LCST. In our study, we calculate the effective interaction of the bulk solvent-cosolvent

mixture (ǫbulk), which is dependent on ǫcc, ǫss, ǫcs and Xc, by the mixing rule commonly used

in mean-field theory (see SI for details),

ǫbulk = (1−Xc)
2 ǫss + 2(1−Xc)Xc ǫcs +X2

c ǫcc. (18)

We then perform a variable transformation from Xc to ǫbulk. The variation of Rg with ǫbulk

0.0 0.1 0.2 0.3 0.4
Xc

2.8

3.2

3.6

4.0

4.4

4.8

R
g

(a) ǫcs = 1.2
ǫcs = 1.3
ǫcs = 1.4

1.00 1.05 1.10 1.15 1.20
ǫbulk

2.8

3.2

3.6

4.0

4.4

4.8

R
g

(b) ǫcs = 1.2
ǫcs = 1.3
ǫcs = 1.4

FIG. 3. Variation of Rg for different solvent cosolvent interaction strengths at ǫas = 1.8 and

T̃ = 0.65 with (a) cosolvent fraction Xc, and (b) mean energy of bulk solvent-cosolvent mixture

ǫbulk, which can be related to Xc by Eq. (18) .

for different ǫcs is shown in Fig. 3(b). We highlight the data collapse indicating that for

a given polymer, Rg is dependent only on the bulk solvent energy. Hence, it can be said

that the mean energetic representation of the solvent-cosolvent interaction is sufficient to

understand the collapse of the polymer with the addition of cosolvent. These results are in

agreement with the experimental findings by Bischofberger et al.18
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In our earlier work on the mechanism of LCST in pure solvent,46 we showed that the

LCST is dependent on the energy difference between the bulk and bound solvent, and the

entropy loss of the bound solvent. This can now be extended to the case of LCST in solvent-

cosolvent mixture. In the case of pure solvent (Xc = 0), the polymer is an expanded state

due to the domination of the mean energy difference between the bulk and bound solvent

over the bound solvent entropy loss. The attraction between the beads is screened due

to the high level of solvation. With the addition of the cosolvent, the energy of the bulk

solvent decreases. The entropy and the energy contributions from the solvation shell of the

polymer are not modified as the cosolvent prefers to stay in the bulk. The reduction in

the bulk solvent energy leads to a lower mean energy difference between the bulk and the

bound solvent which causes a drop in the LCST and a decrease in Rg. The gain in the bulk

solvent energy leads to unbinding of the solvent from the solvation shell of the polymer.

This leads to higher contact between the polymeric beads leading to increase in the effective

attraction between them causing the chain to collapse. Figure 4 shows the variation in the

effective attraction, Uah/kBT = − ln gah, with r for different ǫbulk values. It can be seen

that the attraction between the polymeric beads becomes stronger with increase in ǫbulk.

The temperature dependent variation of Rg for different cosolvent conditions is shown in
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FIG. 4. Variation of the effective attraction Uah/kBT = − ln gah with r for different ǫbulk values

for (a) ǫas = 1.8 and (b) ǫas = 2.0.

Fig. 14(b). For ǫbulk = 1.144, Rg is almost independent of T , for the range of temperatures

investigated, which implies that the LCST is lower than T = 0.55. With a decrease in ǫbulk,

which for a given cosolvent is equivalent to drop in its concentration, Rg increases for all the
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temperatures indicating a systematic rise in LCST. In other words, the LCST drops with

increase in ǫbulk.
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ǫbulk = 1.14

FIG. 5. Variation of Rg with T for different ǫbulk values. For all the cases, ǫas = 1.8. ǫbulk = 1.0 is

the case when Xc = 0.

The effect of the hydrophilicity of the polymer was also studied by performing simulations

for ǫas = 1.7, 2.0 with the same solvent-cosolvent combinations as before. Figure 6(a) shows

the variation of Rg with ǫbulk for different ǫas values. For a given ǫbulk, it can be seen

that Rg increases systematically with increase in the hydrophilicity of the polymer. As the

hydrophilicity of the polymer becomes higher, the energy difference between the bound and

bulk solvent increases. This increases the stability of the bound solvent due to which a

larger drop in the bulk solvent energy (increase in ǫbulk) is required to collapse the polymer.

Combining the effects of the polymer hydrophilicity and cosolvent induced bulk solvent

energy decrease, it can be said that Rg is dependent on the the difference between the

polymer-solvent interaction energy ǫas, and the energy of the bulk solvent-cosolvent mixture

ǫbulk. This implies that polymers with different hydrophilicity should have the same Rg as

long as the mean energy difference between the bound solvent and the bulk solvent-cosolvent

mixture is same. This can be used to obtain the master coil-to-globule transition curves.

For example, Rg for a system with parameters ǫas,1 and ǫbulk,1 should be equivalent to Rg for

a system with parameters ǫas,2 and ǫbulk,2, given that ∆ǫbulk = ǫbulk,2 − ǫbulk,1 = ǫas,2 − ǫas,1.

Using these relations, we shifted the trends in Fig. 6(a) of polymer with ǫas = 1.7 by

∆ǫbulk = 0.3 and of ǫas = 1.8 by ∆ǫbulk = 0.2 to obtain the master coil-to-globule transition

curve for ǫas = 2.0. The resulting master curve is shown in Figure 6(b). It can be seen that

the data collapses well into a sigmoidal curve of the form Rg = C1+a/[b+exp
(

c(ǫshiftbulk − C2)
)

]
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FIG. 6. (a) Variation of Rg with ǫbulk for different ǫas values, and (b) variation of Rg with

ǫshiftbulk = ǫbulk + ∆ǫbulk for ǫas = 2.0 master curve. The sigmoidal curve has the form Rg = C1 +

a/[b+ exp
(

c(ǫshiftbulk − C2)
)

]where a = 0.96, b = 0.39, c = 17.4, C1 = 3.0, C2 = 1.3.

where ǫshiftbulk = ǫbulk + ∆ǫbulk, indicating that Rg is only dependent on the mean energy

difference between the bound solvent and the bulk solvent-cosolvent mixture. Similar master

curves have been obtained for ǫas = 1.7, 1.8. The sigmoidal fits to these master curves are

shown in Fig. 7. It can be seen that a larger drop in bulk solvent-cosolvent energy (higher
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FIG. 7. Sigmoidal fits to master curves for different ǫas values. The curves have the form Rg =

C1 + a/[b+ exp
(

c(ǫshiftbulk − C2)
)

]. See SI for more details.

ǫshiftbulk) is required to collapse a polymer with higher hydrophilicity. Another point to be

noted is that a cosolvent which can induce a change of bulk energy to ǫshiftbulk = 1.1 is able to

collapse the polymers with ǫas = 1.7, 1.8 but not ǫas = 2.0. This could be a possible reason
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for methanol to cause an LCST decrease in aqueous solution of PNiPAM but not in that of

PDEA. This point will be discussed in detail in Sec ??

In the simulation model, the solvent mixture is spherically symmetric and does not take

into account the conformational entropy change of mixing. This model is able to exhibit

the LCST decrease and Rg collapse which have been observed in experiments. This in

turn justifies keeping only the mixing energy contribution to the Flory-Huggins interaction

parameter (χcs) in the theoretical model (see Eq. (6)).

B. Theoretical model

The mean-field phase behavior of the multiple chain system (Eq. (9)) which has been

obtained using the procedure in Sec. II B 1 is shown in Fig. 8. Figure 8(a) shows the variation

of D with χps for different χcs. The value of the polymer-solvent interaction parameter at the

spinodal χspi
ps , is lowered with decrease in χcs which indicates a decrease in the solubility of

the polymer. The monotonic decrease of the corresponding transition temperature T̃c with

decrease in χcs can be seen in Fig. 8(b). This behavior can be understood by examining
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FIG. 8. (a)Variation of the determinant of the hessian matrix with χps for different χcs values. (b)

Variation of the transition temperature T̃c with χcs. Both results are for the multiple chain system

(Eq. (9)). The calculations were performed at N = 10000, χpc = 0, φp = 0.01 and φc = 0.01

the overall second virial coefficient, which is given by the following expression (see SI for
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details),

B = 1−
[

2(1−Xc)χps(T̃ ) + 2Xcχpc − 2Xc(1−Xc)χcs

]

≈ 1− 2
[

χps(T̃ )−Xcχcs

]

.
(19)

The value of χps at which B = 0 is lowered as χcs decreases. This indicates that temperature

of phase separation T̃c drops with a decrease in the bulk solvent mixture. The variation of

the coil-to-globule transition with χcs in the single chain system (see Sec. II B 2) is shown

in Fig. 9. The coiled state is indicated by Φ
′

= 1 and the globule state by a lower value

of Φ
′

(Φ
′ 6= 0 as Rg is finite). The transition temperature decreases with a decrease in

χcs. Another point to note is that the transition temperature is the same as in the multiple

chain calculations (Fig. 8(b)) which indicates the coexistence of the bulk phase separation

with the coil-to-globule transition. This feature may be expected due to the nature of the

mean-field theory and has been experimentally observed in PNiPAM water-alcohol systems

at low alcohol concentrations.18,37
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χcs = −3.0

FIG. 9. Variation of Φ
′

with temperature T̃ for different χcs in the single chain system (Eq. (16)).

The calculations were performed at N = 10000, χpc = 0, Φp = 0.01 and Φc = 0.01.

To understand the results from a phenomenological point of view, let us first start with

the free energy difference of a solvent molecule between the BS and US states in the absence

of cosolvent;

∆F = FBS − FUS = UBS − UUS − T (SBS − SUS), (20)

where UBS (UUS) and SBS (SUS) are the energy and the entropy of the BS (US) state of the

solvent, respectively. Using the model parameters defined in Sec. II, the above quantity can
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be expressed as

∆F = −(u− w) + kBT ln (q − 1) = kBT ln x, (21)

where

x = (q − 1) exp

(

−u− w

kBT

)

. (22)

The phase transition occurs when x > 1. In our previous study,46 we showed that the

LCST in the case of pure solvent is dependent on the competition between the mean energy

difference between the bulk and the bound solvent (UBS − UUS), and the bound solvent

entropy loss (SBS − SUS). For x < 1, the enthalpic gain (u − w) dominates (mixed state),

whereas for x > 1, the bound solvent entropy loss ln (q − 1) dominates (demixed state). The

addition of cosolvent leads to a decrease in the energy of the bulk solvent u. The energy

of the bound solvent w, on the other hand, remains unaffected as the cosolvent prefers

to stay in bulk. The expression for x in Eq. (22) takes the following form in the case of

solvent-cosolvent mixtures,

x = (q − 1) exp

(

−um(Xc, χcs)− w

kBT

)

, (23)

where um is the energy of the solvent in the solvent-cosolvent mixture, which depends on Xc

and χcs. As mentioned earlier, the energy of the solvent in the bulk um, decreases with the

addition of the cosolvent. This reduces the mean energy difference between the bulk and

the bound solvent leading to a decrease in the LCST. The addition of cosolvent diminishes

the energetic advantage of the bound solvent by decreasing the energy of the bulk solvent.

Hence, it can be said that the decrease in LCST with the addition of cosolvent is driven

by the decrease in the bulk solvent mean energy. This is in agreement with the simulation

results and is supported by the experimental work of Bischofberger et al.18,22 To highlight

the influence of cosolvent, x in Eq. (23) can be rewritten in the following manner,

x = (q − 1) exp

(

−um(Xc, χcs)− w

u− w

u− w

kBT

)

= (q − 1) exp

(

− 1

γ(Xc, χcs)T̃

)

, (24)

where

γ(Xc, χcs) =
u− w

um(Xc, χcs)− w
, (25)

is the ratio of the mean energy difference between the bulk and the bound solvent in the

case of pure solvent to that in the solvent-cosolvent mixture. The quantity γ characterizes
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the extent of decrease of LCST with cosolvent addition and γ = 1 corresponds to the case

of pure solvent. High values of γ indicate a higher decrease in bulk solvent energy, which in

turn indicates a larger drop in the LCST in comparison to the pure solvent case.

Another aspect which has to be examined is the hydrophilicity of the polymer. Let

us consider the case of a polymer where the bound solvent energy is w′ and look at the

expression in Eq. (23),

x = (q − 1) exp

(

−um(Xc, χcs)− w′

kBT

)

= (q − 1) exp

(

−um(Xc, χcs)− w′

um(Xc, χcs)− w

um(Xc, χcs)− w

u− w

u− w

kBT

)

= (q − 1) exp

(

− λ

γT̃

)

= (q − 1) exp

(

−∆um,w′

T̃

)

(26)

where

λ =
um(Xc, χcs)− w′

um(Xc, χcs)− w
, (27)

is the ratio of mean energy difference between the bulk and bound solvent for a polymer

with the respect to the base polymer (bound solvent energy w) and

∆um,w′ =
λ

γ
, (28)

is the parameter which captures the cumulative effect of the cosolvent and the polymer

hydrophilicity on T̃c, and γ is defined in Eq. (25). Higher values of λ (> 1) indicate higher

hydrophilicity of the polymer. The LCST of the system will drop with the decrease in the

value of ∆um,w′ . For a fixed solvent-cosolvent mixture (fixed Xc, γ), as the hydrophilicity

of the polymer rises, the mean energy difference between the bound solvent and the bulk

solvent increases due to increase of λ and ∆um,w′ . This enhances the stability of the bound

solvent which reduces the extent of LCST decrease induced by the cosolvent. Hence, to

obtain the same drop in LCST, one requires a larger increase in γ as the hydrophilicity of

the polymer increases. This is in agreement with the results in the simulation studies.

C. Comparison with experiments

Let us first look at the LCST decrease with the addition of different alcohols. Figure 10

shows the variation of the excess enthalpy of mixing, ∆HE withXc for different water-alcohol
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mixtures. HereX∗

c is the concentration at which ∆HE is minimum and the low concentration

regime is defined by Xc < X∗

c . It is important to note that the decreasing (and negative)

trends of ∆HE and relatively constant values of X∗

c are observed over the temperature

range under consideration.44,52,53 This data (Xc < X∗

c ) is fitted to Eq. (6) to obtain χcs

for different alcohols (see Table. II). These χcs values were incorporated in the multiple
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FIG. 10. Enthalpy of mixing in water-alcohol (kosmotropic or order-making) mixtures as a function

of alcohol concentration Xc (=xalcohol/(xalcohol+xwater)), at 25
◦C. Data taken from Lama and Lu.44

The solid vertical lines are the concentrations (X∗

c ) at which ∆HE is minimum for the respective

alcohols. The low concentration regime is Xc < X∗

c .

chain framework (Eq. (9)) to obtain the theoretical prediction of LCST with Xc for different

alcohols. Figure 11(a) shows the variation of T̃c (LCST) with Xc for alcohols. It can be

TABLE II. χcs and X∗

c for different alcohols in the low Xc limit.

Isopropanol Ethanol Methanol

χcs -2.47 -2.00 -1.18

X∗

c 0.076 0.144 0.246

observed that T̃c decreases with an increase in alcohol concentration. Additionally, the extent

of T̃c decrease (per unit concentration) is highest for isopropanol followed by ethanol and

methanol. These results qualitatively match with the experimental data shown in Fig. 11(b)

for the PNiPAM, water and alcohols systems. The agreement between experiment data and

theoretical prediction indicates that the mean energetics of the solvent-cosolvent mixtures

are more important than the structural details for understanding the phenomena. In the
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FIG. 11. Variation of transition temperature (T̃c or LCST) with Xc for different alcohols.

(a)Theoretical prediction in the multiple chain framework, (b) Experimental data for PNiPAM.44

simulation and theoretical studies, we have shown that the LCST decrease is dependent

on the interplay between the polymer hydrophilicity and the extent of cosolvent induced

decrease in bulk solvent energy. This can be used to explain the absence of the LCST decrease

in PDEA, water and methanol mixtures. To understand this in a better way, let us first look

at the case of PDEA and PNiPAM in pure water. The non-polar solvent accessible surface

area (SASA) for PDEA is higher than PNiPAM.42,54 This implies that the bound solvent

energy (bound solvent entropy loss) is lower (higher) for PDEA in comparison to PNiPAM

((ǫas)PDEA > (ǫas)PNiPAM or (w)PDEA < (w)PNiPAM, qPDEA > qPNiPAM).
55,56 In other words,

the mean energy difference between the bulk and bound solvent (∆ǫ = ǫas−ǫss or λ), and the

entropy loss of the bound solvent are higher for PDEA than PNiPAM (∆ǫPDEA > ∆ǫPNiPAM

or λPDEA > λPNiPAM). This might be the reason for the almost same LCST in aqueous

solutions of PDEA and PNiPAM. Given the higher ∆ǫ in PDEA in comparison to PNiPAM,

the drop in the energy of the bulk solvent (ǫss − ǫbulk or γ) with addition of methanol is not

sufficient to induce a LCST decrease.

From the simulation point of view, PNiPAM and PDEA can be considered analogous

to polymers with ǫas = 1.7 and ǫas = 2.0, respectively. Then, it can be seen from Fig. 7

that a cosolvent with ǫbulk = 1.05 (analogous to methanol) is able to induce a change of

Rg in ǫas = 1.7 (PNiPAM) but not in ǫas = 2.0 (PDEA). In the multiple chain theory,

this can be understood by considering the parameter ∆um,w′ (Eq. (28)). In the case of

PNiPAM, the addition of methanol leads to a decrease in ∆um,w′ (increase in γ) which
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causes a drop in LCST. In PDEA, however, this γ increase is countered by the increase

in λ (higher hydrophilicity) due to which ∆um,w′ does not change which in turn leads to a

constant LCST. This suggest that cosolvents such as ethanol, isopropanol, which induce a

much stronger decrease in the bulk solvent energy are required to observe an LCST decrease

in the case of PDEA. An additional point which arises from the above discussion is that

for a given cosolvent, the extent of decrease in LCST is lower for polymers with higher

hydrophilicity. Figure 12(a) shows the variation of the LCST with Xc for different polymer

hydrophilicity (λ) at χcs = −2.00 (ethanol). The model assumes that the polymers have the

same LCST in pure solvent (Xc = 0). The extent of LCST change decreases at higher λ. This

is qualitatively similar to the experimental variation of the LCST for PNiPAM (analogous

to λ = 1.0) and PDEA (λ = 2.0) with increase in ethanol concentration (Figure 12(b)).

This is also supported by the simulation results in Fig. 6(a).
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FIG. 12. (a)Variation of transition temperature T̃ with Xc for varying polymer hydrophilicity at

χcs = −2.00 (Ethanol) in the multiple chain framework. (b) Experimental variation of LCST with

ethanol concentration for PNiPAM22 and PDEA3.

A point to note is that the temperature and its extent of decrease depend on the model

parameters namely the number of solvent orientations in the KW model, q, and the degree

of polymerization, N . By suitable tuning of these parameters, the extent of change in

temperature can be varied to a limited extent. The temperature variation can be increased

by reducing the value of q to small values. We desist from going to smaller values of q as

it is not realistic within the framework of the one dimensional Kolomeisky-Widom model,

which assumes q to be large in the analysis. Due to this, the inferences from our theoretical
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model are based only on the trends and not the quantitative estimates. However, Barkema

and Widom57 have shown through computer simulations that the functional form of the

potential remains the same for the two and the three dimensional cases and it is applicable

for small q values as well. This indicates that the trends from our models are consistent at

all values of q. Another point of observation is that there is a difference in the curvature of

the theoretical and experimental trends. This may be due to the fact that χcs is assumed

to be independent of the cosolvent concentration in the model. In real liquid mixtures, χcs

is dependent on the cosolvent composition. This variation of χcs will differ for each solvent-

cosolvent combination. In case of kosmotropic cosolvents, the strength of the water hydrogen

bonded network increases with cosolvent concentration (Xc < X∗

c ) which indicates that the

magnitude of χcs may be an increasing function of Xc. However, this variation is dependent

on the chemical specific details, which is not within the scope of this paper. However, given

the qualitative matching of the trends in the models with the experimental data for the

acrylamide family of polymers, it can be said that these system specific details may not

affect the overall generic mechanism. This can be seen by looking at the variation of the

experimentally observed LCST in PNiPAM, water and alcohols mixtures with the excess

enthalpy of mixing of the water-alcohol mixture. A weak dependence of the LCST on the

cosolvent chemical details in Fig. 13 supports our hypothesis that the decrease of the mean

energy of the bulk solvent-cosolvent mixture is the dominant contribution.
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FIG. 13. Experimental variation of LCST with the excess enthalpy of mixing for different alcohol-

water mixtures.22,44
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IV. SUMMARY AND CONCLUSIONS

In this paper, we have examined the effects of cosolvents on the LCST in thermore-

sponsive polymer solutions. Our approach has been to address the phenomenon using a

generic bead-spring simulations and theory such that dominant interactions leading to the

phenomena can be identified. In the introduction of this paper, we mentioned that the from

a generic point of view, the phenomenon of cononsolvency can be classified on the basis of

cosolvent type and concentration regime. The question which arises is that whether there

can be a generic explanation for the cononsolvency phenomenon which is independent of

concentration regime and cosolvent type. Our observations are contrary to such an expla-

nation. As the concentration of the cosolvent exceeds X∗

c , the change in LCST becomes

dependent on the molecular weight, concentration and architecture. Additionally, there is

no temperature dependent coil-to-globule transition accompanying the bulk phase separa-

tion. Also, the exclusion of cosolvent from the polymer hydration shell is not valid. In this

regime the cosolvent-polymer interaction may be dependent on the specific chemical details

as in the case of PNiPAM and PDEA in urea-water mixtures.

In the current work, we have focussed on kosmotropic (order-making) cosolvents in the

low concentration limit. In the simulation studies, we have considered a single bead-spring

polymer chain in an explicit solvent-cosolvent mixture. The interaction parameters are in-

dependent of temperature. In our theoretical models, we have considered both multiple

polymer chain system and single polymer chain in a solvent-cosolvent mixture. The inter-

actions between the different components have been modeled by Flory-Huggins interaction

parameters. The polymer-solvent interaction parameter, χps is modeled through the solvo-

phobic potential, which follows from our earlier work46 on the LCST of thermoresponsive

polymers in a pure solvent.

Our calculations indicate that the LCST decrease with addition of kosmotropic cosolvents

may be driven by the decrease in the energy of the bulk solvent. The LCST is dependent on

the mean energy difference between the bound and the bulk solvent. This reduces the stabil-

ity of the bound solvent leading to the decrease in the LCST. These results are in qualitative

agreement with the experimental work on PNiPAM of Bischofberger et al.18 Additionally,

we have shown that the cosolvents which have a weak decrease in mean bulk solvent energy

may not be able to induce the LCST decrease as the hydrophilicity of the polymer increases.
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This is in agreement with the experimental observation that the LCST of aqueous PDEA

is not modified with the addition of methanol. PDEA is more hydrophilic (higher mean

energy difference between bound and bulk) than PNiPAM and the lowering of the bulk sol-

vent energy by methanol is not sufficient to affect the LCST in this case. This shows that

our simulation and theoretical models are able to explain the trends qualitatively across the

acrylamide family of thermoresponsive polymers. An important point to emphasize here is

that the simulation model is able to exhibit both the temperature dependent and cosolvent

dependent transitions without the presence of temperature dependent interaction parame-

ters. The qualitative matching of our predictions with experimental data indicates that the

mean energetics of the system are the dominant considerations in the system. Therefore,

from a phenomenonlogical point of view, it can be said that details regarding the structure of

the cosolvent and its interaction with the solvent may not be very important in comparison

to the mean energetics. From an application point of view, this indicates that the choice of

kosmotropic cosolvent to control the LCST can be made by examining its effect on the bulk

energy.
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VI. SUPPLEMENTARY MATERIAL

VII. SECOND VIRIAL COEFFICIENT BKW : KOLOMEISKY-WIDOM

POTENTIAL

The second virial coefficient of the Kolomeisky-Widom model can be calculated using the

following expression,

BKW = 4π

∫

∞

0

dr r2
(

1− e−E(r)/kBT
)

, (29)

where the prefactor of 1/2 is included within BKW and E(r) is the monomer-monomer

interaction potential which has the following form:

E(r) =







∞ : r < σ

U(r) : r > σ
. (30)

Here E(r) for r < σ corresponds to the (hard-core) excluded volume interaction, and U(r)

for r > σ is the KW solvophobic potential. The expression for U(r) is

U(r) = −kBT ln

[

1 +

(

1 +Q

1−Q

)(

1− S

1 + S

)(r−σ)/σ
]

, (31)

where

S =

[

1− 4x

(1 + x)2

(

1− 1

c

)]1/2

, (32)

Q =
sgn (x − 1)

[1 + 4x/(x− 1)2c]1/2
, (33)

x =
q − 1

c
(34)

c = e(u−w)/kBT . (35)

By using the above expression, BKW is obtained as follows

BKW =
4πσ3

3

[

1 + 3

(

1 +Q

1−Q

)(

1

lnL
− 2

(lnL)2
+

2

(lnL)3

)]

, (36)

where L = (1− S)/(1 + S). The dimensionless virial coefficient is given by

B̃KW(T̃ ) =

[

1 + 3

(

1 +Q

1−Q

)(

1

lnL
− 2

(lnL)2
+

2

(lnL)3

)]

, (37)

where

T̃ =
kBT

(u− w)
. (38)
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VIII. BULK PHASE SEPARATION

1. Spinodal analysis

The free energy per unit site for the multiple chain system is given by the following

expression,

F

kBT
= f =

φp

N
lnφp + φc lnφc + φs lnφs + χcsφcφs + χpsφpφs + χpcφpφc, (39)

the corresponding Hessian matrix is,

H =





∂2f
∂φ2

p

∂2f
∂φp∂φc

∂2f
∂φc∂φp

∂2f
∂φ2

c



 , (40)

where the elements of the matrix are as follows,

∂2f

∂φ2
p

=
1

Nφp

+
1

1− φc − φp

− 2χps, (41)

∂2f

∂φp∂φc

=
∂2f

∂φc∂φp

=
1

1− φc − φp

− (χcs + χps − χpc) (42)

∂2f

∂φ2
c

=
1

φc

+
1

1− φc − φp

− 2χcs, (43)

The χspi
ps at the transition point (D = 0) for a given φp and φc can be analytically obtained

using the following expression,

χspi
ps =

−1

φcφpφs

{

− φpφs [−1 + φc(χcs + χpc)]

±
(

− φpφs[1− φp − 2φcφsχcs][−nφp(1− 2φcχpc)− φc]

)1/2}

,

(44)

where φs = 1− φp − φc.
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2. Relation of χps to T̃

The polymer-solvent Flory-Huggins parameter χps can be related to the virial coefficient

B̃KW (Eq. (37)) by

χps =
1

2
− B̃KW

=

[

1 + 3

(

1 +Q

1−Q

)(

1

lnL
− 2

(lnL)2
+

2

(lnL)3

)]

,
(45)

where L = (1− S)/(1 + S),

S =

[

1− 4x

(1 + x)2

(

1− 1

c

)]1/2

, (46)

Q =
sgn (x − 1)

[1 + 4x/(x− 1)2c]1/2
, (47)

x =
q − 1

c
(48)

c = e1/T̃ . (49)

For a given value of χps, the corresponding temperature T̃ (for fixed q) can be obtained by

numerically solving Eq. (45).
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3. Overall second virial coefficient B

To derive the expression for B in the multiple chain system, let us first consider the

volume fractions of the solvent and cosolvent in terms of Xc and φp

φc = Xc(1− φp),

φs = (1−Xc)(1− φp),
(50)

The multiple chain free energy expression can then be rewritten in the following way,

f =
φp

N
lnφp +Xc(1− φp) ln [Xc(1− φp)] + (1−Xc)(1− φp) ln [(1−Xc)(1− φp)]

+ χcs(1−Xc)Xc(1− φp)
2 + χps(1−Xc)φp(1− φp) + χpcXc(1− φp)φp.

(51)

Here, the second virial coefficient B is the coefficient of φ2
p and has the following form,

B = 1− [2(1−Xc)χps + 2Xcχpc − 2Xc(1−Xc)χcs]. (52)

In the case of low concentration, the virial coefficient is

B = 1− (2χps + 2Xcχpc − 2Xcχcs) ,

= 1− 2 [χps +Xc(χpc − χcs)] .
(53)
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IX. COIL-TO-GLOBULE TRANSITION

The swelling parameter can be expressed in terms of the overall volume fractions in the

following way,

φ
′

p =
Nσ2l

Vp

=
3Nσ2

4πR3
g

=
3Nσ2

4πα3N3/2l2
=

k√
Nα3

,

α =

(

k

φ′

p

√
N

)1/3

=

(

Φ
′

k

Φ′

p

√
N

)1/3

=

(

Φ
′

k

Φ′

p

√
N

)1/3

,

(54)

where

κ ∼
(σ

l

)2

. (55)

The overall volume of the system is constant and can be expressed in terms of the molecular

weight (N) and the overall polymer volume fraction (Φp) in the following way,

V

v
=

N

Φp

. (56)
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X. MEAN ENERGY OF THE BULK SOLVENT-COSOLVENT MIXTURE

Let the number of solvent and cosolvent in the bulk be Nbulk
s and Nbulk

c , respectively.

The fraction of the cosolvent in the bulk by the following expression,

Xbulk
c =

Nbulk
c

Nbulk
c +Nbulk

s

. (57)

The total mean energy of the bulk solvent-cosolvent mixture can be evaluated in the following

way,

Ebulk = Nbulk
c

(

Xbulk
c ǫcc + (1−Xbulk

c )ǫcs
)

+Nbulk
s

(

(1−Xbulk
c )ǫss +Xbulk

c ǫcs
)

= Nbulk
c Xbulk

c ǫcc +Nbulk
s (1−Xbulk

c )ǫss + ǫcs(N
bulk
s Xbulk

c +Nbulk
c (1−Xbulk

c ))

= (Nbulk
c +Nbulk

s )((Xbulk
c )2 ǫcc + (1−Xbulk

c )2 ǫcc + 2Xbulk
c (1−Xbulk

c )ǫcc),

(58)

and the average mean energy of the mixture is the following,

ǫbulk =
Ebulk

Nbulk
c +Nbulk

s

= (Xbulk
c )2 ǫcc + (1−Xbulk

c )2 ǫcc + 2Xbulk
c (1−Xbulk

c )ǫcc. (59)

Given the dilute nature of the system, we have Xbulk
c = Xc.
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XI. SIMULATION MASTER CURVES

The figure shows the master curves for ǫas = 1.7, 1.8.

0.7 0.8 0.9 1.0 1.1 1.2

ǫshiftbulk

3

4

5

6

R
g

(a)

ǫAS = 1.7

Rg = C1 +
a

b+exp [c(ǫshiftbulk−C2)]

Sigmoidal fit

0.8 0.9 1.0 1.1 1.2 1.3

ǫshiftbulk

3

4

5

6

R
g

(b)

ǫAS = 1.8

Rg = C1 +
a

b+exp [c(ǫshiftbulk−C2)]

Sigmoidal fit

FIG. 14. Variation of Rg with ǫshiftbulk = ǫbulk + ∆ǫbulk master curves and corresponding sigmoidal

fits of the form Rg = C1 + a/[b+ exp
(

c(ǫshiftbulk − C2)
)

] (a)for ǫas = 1.7 where a = 0.96, b = 0.39, c =

17.4, C1 = 3.0, C2 = 1.0 (b) for ǫas = 1.8 where a = 0.96, b = 0.39, c = 17.4, C1 = 3.0, C2 = 1.1.
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