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FUNCTIONAL EQUATION FOR THE SELMER GROUP OF
NEARLY ORDINARY HIDA DEFORMATION OF HILBERT
MODULAR FORMS.

SOMNATH JHA, DIPRAMIT MAJUMDAR

ABSTRACT. We establish a duality result proving the ‘functional equation’ of the
characteristic ideal of the Selmer group associated to a nearly ordinary Hilbert
modular form over the cyclotomic Z, extension of a totally real number field.
Further, we use this result to establish a duality or algebraic ‘functional equation’
for the ‘big’ Selmer groups associated to the corresponding nearly ordinary Hida
deformation. The multivariable cyclotomic Iwasawa main conjecture for nearly
ordinary Hida family of Hilbert modular forms is not established yet and this can
be thought of as an evidence to the validity of this Iwasawa main conjecture. We
also prove a functional equation for the ‘big’ Selmer group associated to an ordi-
nary Hida family of elliptic modular forms over the Zf) extension of an imaginary
quadratic field.
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INTRODUCTION

We fix an odd rational prime p and N a natural number prime to p. Throughout,
we fix an embedding ¢, of a fixed algebraic closure Q of Q into C and also an
embedding ¢ of Q into a fixed algebraic closure Q of the field Q, of the /-adic
numbers, for every prime ¢. Let F' denote a totally real number field and K denote
an imaginary quadratic field. For any number field L, S will denote a finite set
of places of L containing the primes dividing Np. The cyclotomic Z, extension
of L will be denoted by L.y, and the unique Zf) extension of K will be denoted
by Ke. Set I' := Gal(Leye/L) = Zy and 'k := Gal(K./K) = Z2. Let B be a
commutative, complete, noetherian, normal, local ring of characteristic 0 with finite
residue field of characteristic p. We will denote by BJ[[I']] (resp. B[[I'k]]) the Iwasawa
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algebra of I' (resp. I'x) with coefficient in B. Let M be a finitely generated torsion
BJ[[I']] (resp. B|[I'k]]) module. Then M* denote the BI[[[']] (resp. B[[I'k]]) module
whose underlying abelian group is the same as M but the I' (resp. I'x) action is
changed via the involution sending v — v~! for every v € T' (resp. 7 € I'x). We
denote the characteristic ideal of M in B[[I']] (resp. B[[I'x]])) by Chpqry(M) (resp.
Chp[r,)(M)). The main results of the article is the following theorem.

Theorem (Theorem 3.10 and Theorem 4.9). Let R be a branch of Hida’s universal
nearly ordinary Hecke algebra associated to nearly ordinary Hilbert modular forms
(resp. Hida’s universal ordinary Hecke algebra associated to ordinary elliptic mod-
ular forms). Let Tr be a Gg (resp. Gg) invariant lattice associated to ‘big” Galois
representation (pr,Vgr) and set T = Homg(Tr,R(1)). Let X(Tr/Fey.) (resp.
X(Tr/Kw)) denote the dual Selmer group of R over Fey (resp. K ). Then under
certain conditions, as ideals in R[[I']] (resp. R[[I'k]]), we have the equality

Chriry(X (Tr/ Feye)) = Chryry(X (Tr/ Feye)")

(resp.
Chyrr) (X (Tr/K)) = Chg(r) (X (Tr/Kx)).) O

Theorem 3.10 and Theorem 4.9 generalizes [J-P’, Theorem 5.2]. An ingredient in
the proof of Theorem 3.10 is Theorem 2.10, where we prove a functional equation
for the Selmer group of a single Hilbert modular form. Theorem 2.10 is a variant of
[Grl, Theorem 2] and [Pe, Theorem 4.2.1]. The motivation for the above theorems
is explained below.

Let E be an elliptic curve defined over Q with good ordinary reduction at an odd
prime p. Let Lg be the complex L function of E. Then by modularity theorem, F
is modular and Lg coincides with the L-function of a weight 2 newform of level Ng,
where Ng is the conductor of E. Moreover, Lg has analytic continuation to all of
C and if we set

Ap(s) == Ni/*(2m)~*T(s)Lg(s)

to be the completed L-function of E, where I'(s) is the usual I' function, then (due
to Hecke)

Ap(2 —s) = +Ag(s),s € C. (1)
Thus Lg satisfies a functional equation connecting values at s and 2 — s, where
s € C. Let ¢ vary over the Dirichlet characters of I' = Gal(Qy./Q) i.e. ¢ € I, then
the twisted L-function Lg(s, ¢), will also satisfy a functional equation similar to (1)
connecting the values of Lp(2 — s,¢) and Lg(s,¢™!). In particular, Lg(1,¢) and
Lg(1,¢71) are related by a functional equation.

Now, by the work of Mazur and Swinnerton-Dyer [M-SD], the p-adic L-function
of E exists. Let gr(7T) be the power series representation of the p-adic L-function
of Ein Z,[[I']] ® Q, = Z,[[T]] ® Q,. Then we have,

 g5(0) = (1 — a;")’Lp(1)/Qp,

e gp(o(T) — 1) = %, for a character ¢ of T' of order p* > 1. Here
a, + By = a,, a,f, = p with p 1 a,, Qp is the real period of E and 7(¢) is
the Gauss sum of ¢.
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We assume that gp € Z,[[I']]. Then using the above interpolation properties, we
can deduce from (1), a functional equation for the p-adic L-function (also proven in
[M-T-T]), given by

9e(T) = UEQE(l T - 1), (2)

where ug is a unit in the ring Z,[[I']] = Z,[[T]]. In other words, we have an equality
of ideals in Z,[[I']],

(96(T)) = (91— — 1) 3)

By the cyclotomic Iwasawa main conjecture for F (cf. [S-U, § 3.5]), the p-adic L-
function ¢gg(7T') is a characteristic ideal of the (dual) p*-Selmer group X (7, E/Qcyc).
Thus, we should get

Chz, (X (TpE/Qeye)) = Chz, (X (T,E"/Qeye)"), (4)

as ideals in the Iwasawa algebra Z,[[[']]. (Notice that by Weil pairing, T, E* = T, E).

Indeed, under certain assumptions, (4) is a corollary of the main conjecture of
Iwasawa theory for elliptic curves (proven in [S-U, Corollary 3.34], also see [I<a])
together with the fact that the p-adic L-function gg satisfies functional equation
(3). However, for any elliptic curve E defined over Q which is ordinary at p, (4)
was already proven by [Grl, Theorem 2] (and also independently in [Pe, Theorem
4.2.1]) purely algebraically and without assuming the existence of gg. The proofs
uses duality and pairing in cohomology, (like the Poitou-Tate duality, generalized
Cassels-Tate pairing of Flach) among other tools.

Now for any compatible system of [-adic representations associated to a motive, a
complex L-function is defined and one can think of similar questions. For example,
for a normalized cuspidal Hilbert eigenform f, which is nearly ordinary at primes p
of a totally real number field F' dividing the prime p, one can associate a compat-
ible system of [-adic representation. Furthermore, one can define a Selmer group
X (T}/Fy.) using the Galois representation of the Galois group G = Gal(F/F).
Under suitable conditions (for example, non-critical slope), the p-adic L-function for
f, which interpolates the complex L-function, exists (see [Di], also see [Sa]); and a
precise Iwasawa main conjecture for f over Fi. can also be formulated (for example,
see [Wa]). However, this cyclotomic Iwasawa main conjecture for f is not proven
yet. In Theorem 2.10, we prove the functional equation for the characteristic ideal
of the Selmer group of f i.e.

Cho,ry(X(Ty/Feye)) = Cho oy (X (17 / Feye)'), (5)
algebraically (without assuming the existence of the p-adic L-function or the Iwasawa
main conjecture of f). Thus, Theorem 2.10 can be thought of as a modest evidence
towards the validity for the cyclotomic [wasawa main conjecture for f.

Now, let us consider the nearly ordinary Hida deformation of Hilbert modular
forms. A ‘several variable’ p-adic L-function (say LP) associated to (a branch R of
the) nearly ordinary Hida family Hy o over Fiy. will interpolate the special values

of the complex L-functions of the various individual nearly ordinary normalized
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cuspidal Hilbert eigenforms lying in the family (cf. [Oc4], [Di]). Hence, £P should
also satisfy a functional equation. Again, by the ‘several variable’ Iwasawa main
conjecture over Fi . for a nearly ordinary Hida family Hxr o of Hilbert modular
forms (cf. [Wa]), £, should be a characteristic ideal of the ‘big’ Selmer group
X(Tr/Feye) of the branch R of the nearly ordinary Hida family. Thus, we would
expect to get a ‘functional equation’ stating

Chyry (X (Tr/Feye)) = Chpyry (X (T / Feye)") (6)

where I' = Gal(Feye/F'). Again, we will prove this fact algebraically (without any
assumption on the analytic side) in Theorem 3.10 and thus, in turn, this can be
thought of as a modest evidence for the validity of the Iwasawa main conjecture for
the nearly ordinary Hida deformation of Hilbert modular forms over Fiy..

From an purely algebraic point of view of duality and pairing in cohomology, The-
orem 3.10 can also be thought as a direct generalization of result of [Grl, Theorem
2] in the nearly ordinary Hida deformation setting.

An entirely parallel argument as above, in the setting of ordinary Hida deforma-
tion of elliptic modular forms over the Zf) extension of an imaginary quadratic field
K, works as the motivation for Theorem 4.9. (Functional equation for elliptic mod-
ular forms over the cyclotomic Z, extension of K was discussed in [J-I”, Theorem
5.2].) In this case though, we would like to stress that for an imaginary quadratic
field K, under certain hypotheses, the three variable Iwasawa main conjecture over
K, for an ordinary Hida family of elliptic modular form has been proven in [S-U,
§ 3.6.3]. Indeed, in that article a suitable three variable p-adic L-function for the
ordinary Hida family has been constructed ([S-U, § 3.4.5]). It is known that this
3 variable p-adic L-function should satisfy a functional equation. Thus, at least in
principle, the work of [S-U] should also establish the equality

Chrir) (X (Tr/Kx)) = Chriro)(X (Tr/Kx)")

in R[[I'k]]. However, we would like to mention that our proof of the functional equa-
tion for the Selmer group X (7zr/Kw) (Theorem 4.9) is simple and we do not need
to make use of the vast tools involved in the proof of the 3 variable main conjecture
of [5-UJ. Moreover, in Theorem 4.9, we do not need some of the hypotheses of the
proof of the main conjecture (see [5-U, § 3.6]).

The key idea of the proof of Theorem 2.10 is to use generalized Cassels-Tate
pairing of Flach along with a “control theorem” (Theorem 2.3). The central idea
of the proof of Theorem 3.10 (and Theorem 4.9) can be explained in three steps.
First, we show that for infinitely many arithmetic points the specialization map is
a pseudo-isomorphism. Secondly, we use the fact that functional equation holds at
the fibre for infinitely many arithmetic specialization. Finally, we use some suitable
lifting techniques, generalization of results of [Oc3], to obtain our results. This gives
a simple proof of the desired functional equation of the ‘big’ Selmer group of the
nearly ordinary Hida family.

The structure of the article is as follows. In section 1, we discuss some preliminary
results in two parts. In subsection 1.1, we discuss preliminaries related to the Hida

deformation for nearly ordinary Hilbert modular forms and ordinary elliptic modular
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forms, only to the extent which we need in this article. In subsection 1.2, we define
various Selmer group involved. In section 2, we prove a control theorem for Hilbert
modular form and deduce Theorem 2.10. In section 3, we discuss the specialization
results connecting the ‘big’ Selmer groups with the Selmer groups of the individual
Hilbert modular forms at the fibres and prove the main theorem in the Hilbert
modular form case (Theorem 3.10). We prove the second version of the main theorem
for elliptic modular forms over Z?2 extension in section 4 (Theorem 4.9).
Acknowledgment : We would like to thank T. Ochiai, A. Raghuram, B. Baskar,
R. Greenberg, A. Pal and R. Sujatha for discussions. During this project, first
named author was initially supported by JSPS postdoctoral fellowship and later by
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ISI postdoctoral fellowship and later by IISER Pune postdoctoral fellowship.

1. PRELIMINARIES

1.1. Preliminary results on Hilbert Modular Forms.

1.1.1. Hilbert Modular Forms and Nearly Ordinary Hecke Algebra. In this subsec-
tion, we collect some basic results about nearly ordinary Hida deformation of Hilbert
modular forms and ordinary Hida deformation of elliptic modular forms, which are
needed in the course of this article. All the results in this section are well known
and can be found in the literature (cf. [Hil], [Hi2], [Wil], [Wi2]). Our presentation
of results in this subsection, in many cases, follows the presentation of [I-O].

Let p be an odd prime. Let I’ be a totally real number field of degree d, O be
the ring of integers of F', and Jr denotes the set of embedding of F' into R. To
an ideal M of Op, we attach standard compact open subgroups K, K; and Ky, of
Gly(OF ®7 Z) as follows:

Ko(M) = { <i Z) € Glao(Op @2 2) | = 0 (mod M)}

Ki(M) = { (‘CL fi) € Ko(M)|d =1 (mod M)}

Ky (M) = { (CCL Z) € Ko(M)|a,d=1 (mod /\/l)}

Definition 1.1. A weight k = >___; k;7 is an element of Z[Jr|, an arithmetic
weight is a weight such that k. > 2 for all 7 € Jp and k; has constant parity. A
parallel weight is an integral multiple of the weight t = ZTGJF 7. Two weights are
said to be equivalent if their deference is a parallel weight. To an arithmetic weight
k, one associates a weight v € Z[Jp|, called the parallel defect of k, which satisfies
k+2v e Zt.

Let O be the ring of integers of a finite extension of (@, which contains all conju-
gates of F. For k an arithmetic weight and v its parallel defect, Sy ,,(U; O) denotes
the holomorphic cusp forms of weight (k, w) of level U and coefficient in O, where U

is a finite index subgroup of Gly(OF ® Z) containing K11(M) for some M C Op,
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and w = k+v —t. A cuspidal Hilbert modular form Sy ,,(U; O) is called primitive if
it is not a Hilbert modular form of weight (k,w) and of level smaller than U. A nor-
malized primitive Hilbert eigenform is called a Hilbert newform. To f € S ,,(U; O),
one can naturally associate an automorphic representation 7y € Glo(Ap).

Fix an ideal N of I which is prime to p and for any s € N, we have an action of
G = (Or @z Zy)* x ((OF ®zZ,)*/O%) on Skw(K1(N) N Ki11(p*); O). We have an
action of the p-Hecke operator Ty(p), normalized according to the parallel defect v,
on the space S .,(K1(N) N Kq1(p®); O). The largest O submodule of Sy ., (K1(N) N
K11(p°); O) on which Ty(p) acts invertibly is denoted by Sio (K1 (N) N K11 (p®); O).
A form f € Sy (K1 (N) N K11 (p®); O) is called nearly ordinary if f € Sp-o- (K (N)N
Ku(p*); 0).

The nearly ordinary Hecke algebra Hy, ,,(K1(N)N K11 (p®); O) of weight (k, w) and
level K1(N) N Ki1(p°) is defined to be the O subalgebra of Endo(Sye (K1(N)
K11(p®); O)) generated by the Hecke operators. The O algebra Hy , (K7 (N)
Ki11(p®); O) is finite flat over O.

Let k£ be an arithmetic weight and v be its parallel defect. By the perfect du-
ality between Hy, ,,(K1(N) N K11 (p®); O) and SEo (K1 (N) N K11(p*); O), giving an
eigen cuspform f € Spo (K (N) N K (p®); O) is equivalent to giving an algebra
homomorphism

N
N

¢ Hy o (KG(NV) N K11(p°); O) = Hy oo (K1 (ND?); O) — @p

sending 7' € Hy ,,(K1(Np®); O) to a(f|T).

Let Ao denote the completed group algebra O[G/Gyors). The algebra Ay is non-
canonically isomorphic to the power series algebra O[[ X, -, X,]], where r = 1 +
d+ dpyp, 0pp be the defect of the Leopoldt’s conjecture for F' at p.

Let the nearly ordinary Hecke algebra Hyr o be the inverse limit w.r.t. s of the
Hoy: o( K1 (N)N K11 (p®); O). By fundamental work of Hida, for any arithmetic weight
k € Z[Jp], we have Hy o = lim H,. ,(K1(N) N K11(p®); O). The nearly ordinary

Hecke algebra Hy o is finite torssion free Ap module and hence a semi-local ring. Let
a be one of the finitely many ideals of height zero in Hy, . The algebra R = Hyr 0/a
is called a branch of Hy 0.

Definition 1.2. For a weight k € Z[Jp], an algebraic character £ : G = (O ®g
Zy)* % ((Op @zZ,)* |O3) — Q of weight (k,w) is a character of the form, &(a, z) =
U(a, z)X@iM(z)a", where 1 is a character of finite order, [n + 2v| is the unique
integer satisfying n+2v = [n+2v|t (Recall, n = k+2t, w = k+v—t). An algebraic
character of weight (k,w) is an arithmetic character of weight (k,w) if its restriction
to O C (Op ®z Z,)* is trivial. An algebra homomorphism, ¢ € Hom(Ap, Q,) is
algebraic (resp. arithmetic) of weight (k,w) if £|q is algebraic (resp. arithmetic)
of weight (k,w). If R is a finite Ao algebra, ¢ € Hom(R,Q,) is algebraic (resp.
arithmetic) of weight (k,w) if {|a, is algebraic (resp. arithmetic) of weight (k,w).
A prime ideal Py C R which is defined as the kernel of an algebraic (resp. arithmetic)

specialization of £ of R is called an algebraic (resp. arithmetic) point.
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For any k be an arithmetic weight and any of its parallel defect v, and for any

nearly ordinary eigen cuspform f € Spo (K1 (N) N Ky (p°); O) which is new at every
prime diving N, there exists a unique branch R of Hy o and a unique arithmetic
specialization &; : R — Q, of weight (k,w) such that £;(R) is canonically identified
with Qf(th(Kl(N) N Ku(ps); O))
Let R be a branch of Hy . Then for any k be an arithmetic weight and any of its
parallel defect v, and for any arithmetic specialization ¢ : R — Q, of weight (k, w),
there exists a unique nearly ordinary eigen cuspform f; € Hy ,(K1(Np®); O) for
some s, such that {(R) is canonically identified with gz, (Hg ., (K1(N)N K1 (p®); O)).
We will donate the set of arithmetic points of R by X(R). For each £ € X(R),
P = ker(§) is a coheight 1 prime ideal in R.

1.1.2. Galois Representation. Galois representation associated to a Hilbert modular
eigen cuspform was constructed and studied by Carayol, Ohta, Wiles, Taylor and
Blasius-Rogawski. We briefly recall their results in the following two theorems.

Theorem 1.3. Let f € Sp.(K1(M);Q,) be a normalized eigen cuspform of arith-
metic weight k, and let K be a finite extension of Q, containing all Hecke eigenvalues
for f. Then there exists a continuous irreducible G representation Vy = K% which
1s unramified outside Mp and satisfies

det(1 — P X|V;) =1 —T\(f)X + Sa(f)X?
for all X t Mp, where T\ (resp. S\) is the Hecke operator induced by the coset
class K1(M) <(1) 7&) Ky1(M) (resp. Ki(M) (78 7?)\) K1(M)), where 7y is a uni-
formizer at X\ and F'ry is the geometric Frobenius at \.

The G representation Vi is known to be irreducible, and hence characterized upto
isomorphism by the above equation.

Remark 1.4. Let f € Sp.(K1(M);Q,) be a normalized eigen cuspform of arith-
metic weight k, and let K be a finite extension of Q, containing all Hecke eigenvalues
for f as in Theorem 1.5. If p | p, let c(p, f) be the T'(p) eigenvalue of f. We say f
is ordinary at p if c(p, f) is a unit in the ring of integers of K and f is ordinary at
p if and only if for allp | p, [ is ordinary at p.

Next theorem describes the local properties of the Galois representation V5.

Theorem 1.5. Let f € Sy.(Ki(M);Q,) be a normalized eigen cuspform. Let
Winaw = maz {w,, 7 € Jp}. Let Vi (resp. m¢) be the Galois representation (resp.
automorphic representation) associated to f.
(1) If XMt p, then
(a) The inertia group Iy at X\ acts on Vy through infinite quotient iff my,
is a Steinberg representation. In this case, Vy has a unique filtration by
graded pieces of dimension one:

0= (Vi) = Vy = (Vi)y =0

which is stable under the decomposition group Gy at X. The inertia
group Iy acts on (Vy)¥ (resp. (Vy)y) through a finite quotient of Iy.
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An eigenvalue o of the action of a lift of Fry to Gy on (Vy)i (resp.
(Vi)y ) is an algebraic number satisfying oo = (]\fp/@()\))wmafg”+1 (resp.
(NergN) ™5 ).

(b) If I\ acts on Vy through a finite quotient, the action of Iy is reducible
iff A is principal series. If Iy acts on Vy through a finite quotient, an
etgenvalue o of the action of a lift of Fry to G\ on V; is an algebraic
number satisfying |a|oo = (Npjg(A)) 5.

(2) If plp, and if f is nearly ordinary at p. Then V; has a unique filtration by
graded pieces of dimension one:

0— (Vf);r = Vi— (Vy), =0

which is stable under the decomposition group G, at p, and Hodge- Tate weight
of (V) is greater then Hodge-Tate weight of (Vy), .

Remark 1.6. Let f € Sj.(K1(M);Q,) be a normalized eigen cuspform of arith-
metic weight k with associated Galois representation Vi over K as in Theorem 1.5.
If f is p-ordinary, then for all primes p | p,

€ *
Vile, {0 5p] ,
where €,, 0, are characters of G\, with values in K* and 0, is unramified. In the case

of nearly ordinary f at p, our Galois representation restricted G, looks same, except
0 need not be unramified.

The following two theorems are the Hida family versions of the two above theorem,
and are due to the work of Wiles and Hida.

Theorem 1.7. Let R be a branch of Hy 0. Then there exists a finitely generated
torsion free R module Tr with continuous Gp action, which satisfies the following
properties:
(1) The vector space Vi = Tr @r K is of dimension 2 over KC, where K is the
fraction field of R.
(2) The representation pr of Gr on Vg is irreducible and unramified outside
primes dividing N'poo.
(3) For any arithmetic weight (k,w), and for any nearly ordinary eigen cuspform
[ e S (K1(N)NK (p*); O) which corresponds to the arithmetic weight § =
Er on the branch R, Ty = Tr®@r&F(R) is a lattice of the Galois representation
Vs associated to f.

Next theorem characterizes the local behavior of the Galois representation asso-
ciated to R.

Theorem 1.8. Let R be a branch of Hy o and Vr =V be the Galois representation
over K. Then,
(1) For every prime At N'p, we have:

det(1 — Fr,X|V) =1 —ThX + S)X?
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where T\ and Sy are Hecke operators on R at A\ which is obtained at the limit
of the Hecke operators in Theorem 1.3 at finite levels.

(2) For every prime p|p, we have a canonical filtration obtained as the limit of
the filtration given in Theorem 1.5:

0=V =V=V =0
which is stable under the action of the decomposition group G, at p.

For an ideal NV in O which is prime to p, we have a Hida’s nearly ordinary Hecke
algebra Hy o. We fix a branch R of Hy o and a representation 7 = Tx as in
Theorem 1.7. We assume that we have a G, stable filtration

0=T" =T =T =0

by finite type R modules 7,7 and 7.~ with continuous G}, action which gives the
exact sequence

0=V =V =V, =0
in Theorem 1.8 by taking base extension to .

Let mg denote the maximal ideal of R and Fr be the finite field R/mg. Asso-
ciated to the Galois representation of G in Theorem 1.7, there exist a canonical
residual Galois representation pr : Gp — GLy(Fr). Throughout this article, we
assume the following two hypotheses on this p.

Hypothesis 1.9. (Irr): The residual representation pr of Gr is absolutely irre-
ducible.

Hypothesis 1.10. (Dist): As before, let G, be the decomposition subgroup of Gp
at p. The restriction of the residual representation at the decomposition subgroup
i.e. pr |a, is an extension of two distinct characters of G, with values in Fy for
each p|p.

Remark 1.11. Conditions (Irr) and (Dist) together implies that the representation
T can be chosen to be free of rank two over R and, for each p | p, the graded pieces
7,5 and T,” are both free of rank one over R.

1.1.3. ordinary Hida deformation of elliptic modular forms. We summarize the rel-
evant results for p-ordinary Hida family of elliptic modular forms in the following
remark. This details can be found in the literature (also in [J-P, Section 1]).

Remark 1.12. Let f =Y a,q" be a normalized elliptic eigenform of weight k > 2,
level N and nebentypus 1. We say that f is p-ordinary if v,(a,) is a p-adic unit. Also
assume that [ is p-stabilized (p-refined). By the work of Eichler-Shimura, Deligne,
Mazur-Wiles, Wiles and many other people, to such an f, one can associate a Galois
representation py : Go — GL(Vy), here Vy is a two dimensional vector space over a
finite extension of Q,, which is unramified outside Np, and for any prime | 1 Np,

arithmetic Frob, has the characteristic polynomial X* — a; X + 1 (1)I*~1, moreover,
restricted to the decomposition subgroup at p, we have, Vi|q, ~ 601 1 with €2

unramified. We have a notion of Hida family and arithmetic points for elliptic
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modular forms of tame level N. A theorem of Hida asserts that if (N,p) =1 and f
s a p-stabilized newform of weight k > 2, tame level N, then there exists a branch
R of an ordinary Hida family and an arithmetic point £ : R — Q, such that
E(R) canonically corresponds with f. By the work of Hida and Wiles, to R one can
associate a big Galois representation of dimension two, pr : Go — GL(Vg), where
Vr is a vector space of dimension two over IC, the fraction field of R. The Galois
representation pr is unramified at all finite places outside Np and for a primel t Np,
one has det(1 — FrX|y) =1 —T)X + S, X2, where T}, S; are Hecke operators on R
51 *
0 &
ordinary Hilbert modular forms, throughout the article, we make the following two
hypotheses.

at I, moreover, Vz|q, ~ with € unramified. Similar to the case of nearly

Hypothesis 1.13. (Irr):The residual representation pr of Gq is absolutely irre-
ducible.

Hypothesis 1.14. (Dist):For the representation pr |a,, we have & # € (mod myp).

Under (Irr) and (Dist), we have the lattices Ty in Vy and Tr in Vg invariant
under py and pr respectively, such that Ty = Tr @r £(R). Moreover, Tg has a
filtration as G, module,

0=Tg > Tr =Tz =0
such that the graded pieces T and T; are free R module of rank one.

1.2. Various Selmer groups. We fix a totally real number field F' and as S = Sg
is a finite set of finite places of F' containing the primes lying above Np. Let
f e SEa(Ki(N) N Kiu(p®); O). Let Vi denote the Galois representation associated
to f over Ky, a finite extension of Q, containing all Hecke eigenvalues of f as in
Theorem 1.3. We denote the ring of integer of K; by Oy. Let Ty C Vy be a Gp
invariant lattice. Thus we have an induced action of Gr on the discrete module
Ay =V} /Ty. Further, since py is nearly ordinary at p, Ay has a filtration as a G,
module for every p|p,

0 — (Ay)y — Ap — (Ay), — 0, (7)

where both (Af);fv and (Af)p_v are free over O of rank 1.
Let £ be an finite or infinite algebraic extension of F' and w will denote a prime in L.
The notation w | S will mean the prime w of £ is lying above a prime in S. Given
such a prime w, let G, and I, respectively denote the decomposition subgroup and
inertia subgroup for the extension Q/L£ with respect to the primes w/w, where we
have fixed a prime w of Q over w. We denote the Frobenius element at w by Fr,, so
that G, /I, =< Fr, > .

Let R be a branch of Hy o. By Theorem 1.7, we have a free R lattice T = Tx.
Define,

A=Ar =T ®g Homeon (R, Q,/Z,).
For any arithmetic character § of R, we have from definition 1.2, A[FP] = Aj,. Using
Theorem 1.8 and by the assumption 1.10, we get A has a filtration as a GG, module
0— A —A— A7 —0, (8)
10



where both AF Y and Ay Y are free R modules of rank 1. Also we have A [P =

(Afg)p_ :
Let L be a finite extension of K. We define various Selmer groups associated to
f and R, defined over L.

Definition 1.15 (Greenberg Selmer group of f).
S(Ay/L) =ker(H'(Fs/L, Ay) — @& H'(L,, Ag)% @ H'(I,.(A7);)%) (9)

w|S,wip wlplp
Definition 1.16 (Strict Selmer group of f).
S'(Af/L) = ker(H' (Fs/L, Ay) — @ H'(L,,Ap)® & H'(Gu.(4y);)) (10)

w|S,wip wlplp
Definition 1.17 (Greenberg Selmer group of R).
S(A/L) =ker(H'(Fs/L,A) — & H'(l,, A% & H'(L,, A;)“) (11)

w|S,wip wlplp
Definition 1.18 (Strict Selmer group of R).
S'(A/L) :=ker(H'(Fs/L,A) — & H'(I,, A & H'(G, A;)) (12)

w|S,wip wlplp
Definition 1.19. Let S*+ € {S,S'}. Define the Pontryagin dual
Xl(Tf/L) = Homcont(SJ_(Af/L)a QP/ZP) (13)

where X+ =X if St =S and X+ = X' if St = 9.
Define X*-(Tr/L) by replacing X+ by X+, Ay by A and Ty with Tr in (13).

For an infinite extension F,, of F, the Selmer group S*(A;/Fy,) (respectively
St(A/F)) is defined by taking the inductive limit of S*(A/L’) (resp. S*(A/L"))
over all finite extensions L’ of F' contained in F,, with respect to the natural re-
striction maps. The corresponding Pontryagin duals are denoted by X (77/F.,) and
X (Tr/Fx) respectively.

Under the natural action of I' = Gal(Fiye/F'), X (Tt/Feye) (vespectively X (Tr/Feye))
acquires the structure of a Of[[I']] (respectively R[[I']]) module. Also note that for
B e {Af, A}, we have 0 — S'(B/Feye) — S(B/ Feye).

Next we discuss various types of twisted Selmer groups. For any Z, module M, let
M (1) denotes the Tate twist of M by the p-adic cyclotomic character x, : I' — Z.
Define

T = Homg (Tr, R(1)).

We have a corresponding filtration of 7* as a GG, module

0— (Tr)y — Tr — (Tg)y, — 0,

where the graded pieces are defined as (73), := Homz((Tr),, R(1)) and (Tg), =
Homg ((T=);, R(1)). We can now define
A" = T; @r Homeont (R, Q,/Z,).

From the above discussion, we can get a filtration of A4* as in (8).
11



Also, corresponding to a newform f, we define

T; = HOIIlof(Tf, Of(l))
Then it is easy to see that the quotient 7" ®@r {(R) is isomorphic to T, . Also define
Ay =T; ®Q,/Zy. Then as in (7), there is a filtration

p

with (A;i);rv and (A})p_v are free Oy module of rank 1.

From the above discussions, by making obvious modifications in the definitions
1.15, 1.17 and 1.19, we can now define the Greenberg Selmer groups S(A}/L),
S(A*/L) and their respective Pontryagin duals X(77/L) and X (T /L) for any
finite or infinite extension £ of F'.

Let p: I' — O7 be a character. Set T, = Oy(p), the Gr module with underlying
group Oy and an G action on it via p. Set Ty(p) =T, ®o, Ty, Af(p) =T, ®o, Ay
and (Ay), (p) =T, ®o, (Ay), with the diagonal action of Gp. Let M be an O[[I']]
module. Define M(p) =T, ®o, M with v € I' acting by diagonal action. Applying
®o,T), to the filtration in (7), we get a filtration for T, ® A;. Proceeding in a way
similar to the definition 1.15, define the Greenberg Selmer groups with respect to
the ‘twist’ p, S(A; ® T,/L) and X (T, ® Ty/L), for any extension £ of F' (possibly
infinite). As p acts trivially on G, we notice that

X(T, @ Ty Feye) = X(Ty/Feye) ® Tp-. (14)

In particular X(7, ® Ty/F.y.) is a finitely generated torsion O;[[I']] module if and
only if X (T}/Feye) is so.

0 — (A7), — A} — (A7), — 0,

Remark 1.20. Let f be a newform nearly ordinary at p. Then we can express
TP =T Of(X;) as Galois modules for some t € 7Z and for some newform f*
which is nearly ordinary at p, has the same level and weight as f but possibly dif-
ferent character. Hence for any extension L of F', we deduce that X (T, @ T} /L) =
X(Ty @ Ty /L) for certain character p' : T' — OF. In particular, X(T}/Feye) =
X (Tp+ [ Feye) @ Of(s) for some s € Z.

Remark 1.21. Selmer group for p-ordinary elliptic modular forms and for the cor-
responding Hida family:

Let f € Sp(To(Np"), ) be a p-ordinary, p-stabilized (elliptic) newform. Then by
remark 1.12, via its Galois representation, we can associate to f, a lattice Ty. Set
Ay = Vy/Ty. Assume the conditions (Irr) and (Dist). Then, again by remark 1.12,
to a branch R of a p-ordinary Hida family of elliptic modular forms of tame level N,
we have a free R lattice T and we can define A = Ag := T @r Homeon(R, Q,/Zy).
Then by p-ordinarity, both Ay and A are equipped with canonical filtration as G,
modules.

Let K be an 1maginary quadratic field and K.y, and K be respectively, the unique
cyclotomic and Zf, extension of K. We assume that p splits in K and the discrimi-
nant Dy is coprime to N. Let S = Sk be a finite set of places of K containing the
primes dividing Np. Then proceeding in a similar way as in definitions 1.15 - 1.19,

we can define the Greenberg Selmer groups and the strict Selmer group of f and R
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over Koy and K. In fact, we will use the same symbols used in the above defini-
tions. However, there is no case of confusion, as we deal with the elliptic modular
forms and their ordinary Hida family only in section 4.

2. FUNCTIONAL EQUATION FOR A HILBERT MODULAR FORM

A control theorem is a widely used tool in Iwasawa theory. We prove a ‘control
theorem’ for the twisted Selmer group X (7 ® T,/ F.y.) with p as before. A control
theorem in case of elliptic modular forms was discussed in [J-I, Theorem 3.1]. Recall,
there is a tower of fields F' = Fy C ... C F,, C ... C Fy are such that Gal(F,,/F) =
Z|p"Z. Set I'y = Gal(Feye/F,). Given a cuspidal Hilbert newform f € Si:o (K1 (N)N
Ky1(p°); O), let py and 7y respectively be the associated Galois representation and
automorphic representation. Let f be nearly ordinary at every prime p in F, p | p.
Then for any such p dividing p, the Frobenius Fr, acts on the 1 dimensional subspace
V;, with the eigenvalue oy, (say).

Definition 2.1. Let f be as above. Define f to be exceptional if |asplc = 1 for
some p | p.

Remark 2.2. From the local Langlands correspondence for Hilbert modular forms
due to Carayol [Ca] and generalized Ramanujan Conjecture, which is known for
Hilbert modular form due to Blassias [Bl]; it follows that the condition of f being
exceptional i.e. |oyp|c =1 for some p | p happens if for some p | p, the p component
mrp Of the automorphic representation 7y is Steinberg or its twist.

Theorem 2.3. Let f be a Hilbert newform in Sp:o(K1(N) N K11 (p®); O) as above.

Assume f is not exceptional. Let p be a character p: 1" — O; as above. Then the
kernel and the cokernel of the map

X(Tf &® Tp/Fcyc)pn — X(Tf X Tp/Fn)
are finite groups for all n with their cardinality uniformly bounded independent of n.

Proof. Let v, be a prime of F}, lying above S and let v, be a prime of Fi. lying above
it. Given such a prime v, we fix a prime © in Q lying above it. Recall from § 1.2, G,,,
(resp. G,,) denotes the decomposition subgroup Q/F, (resp. Q/F..) for the prime
0/vy, (resp. ¥/vs). The corresponding inertia subgroups are I,,, and I, respectively.
Similarly, Gy, /v, (resp. Iy /v,) denotes the decomposition subgroup (resp. inertia
subgroup) of the Galois group of Fi./F, with respect to the primes ve,/v,. Also

the various Frobenius elements are given by < Fr, >:= C;—;, < Fr,, >:= % and

un

G, vn
< Fr,, p, >= 7L Set

ve/vn

s HY(I,,,T,® Ay) if v, | S, {p
T H L, Ty @ (Ap)y )it [ |,
I HY(I,,,T,® Ay) if v. € S,v.1p
" HN1,,, T, ® (Ay)y )% ifv.|p|p,

13



We study the commutative diagram

0—=5(T, ® As/Foye)' " —= H'(Fs/Foye, T, @ Ap)' —= (@ L)' (15)

ve|S
Qn ¢n TG'n:@evn
0—>S(Tp®Af/Fn) HI(FS/Fn,Tp®Af) G‘?SJUH

First, we prove that ker(cy,) is finite for all n. We will show ker(¢,) is finite for
all n. Note that ker(¢,) = HY(T,, (T, ® A;)®Fee). As T, is topologically cyclic
and T, ® Ay is a cofinitely generated Z, module is follows that ker(¢,) is finite if
and only if H(T,,, (T, ® A)“Fere) is finite. Also, to show (T, ® A;)% is finite, it
suffices to show Vi(p)¥m = 0. If Vi(p)®m £ 0, then Vi(p) contains a trivial Gg,
sub-representation. In that case, we choose a place A { Np and then restrict Gp
representation to Fry. Then considering the eigenvalues of Fry, we immediately get
a contradiction by Theorem 1.5(1)(a), Theorem 1.5(1)(b).

As H°(F,,V;(p)) = 0 for every n and ker(a,) is finite for all n, we deduce from
[Oc2, Theorem 3.5(i)] that ker(a,,) is uniformly bounded independent of n.

For coker(a,), first note that coker(¢,) C H2(Ty, (T, ® A;)%Fee) = 0 as p-
cohomological dimension of I',, = 1 for any n. Using the Snake lemma, it suffices to
show that the kernel of 6, are finite and uniformly bounded independent of n. Now,
there are only finite number of primes in Fy. lying above a given prime in any F,,.
Hence it is enough to prove ker(#,,) is finite for each v, | S. Now for a prime v, | S
such that v, 1 p, we have

ker(H'(L,,, T, ® Ay) — H'(1,,. T, ® Ay)) = H'(L,, /1., T, ® Ay*).  (16)

The last isomorphism follows from the inflation-restriction sequence of Galois coho-
mology. We know that the cyclotomic Z, extension of any number field is unramified
outside primes above p. Thus 1, /I, = I/, = 0 whenever v, { p. Using (16) in
diagram (15), it is immediate that ker(6,, ) vanishes for v, { p.

To consider ker(6,, ) for primes v, | p | p, we study

ker(H' (L, T, @ (Ag)y )% — H'(L,, T, @ (A4);)7)

22 H' (Lo, o, (Tp ® (Ap)y ) o) <resen” (17)

As, p acts trivially on G,,_,
Hl([vc/vn, (Tp ® (Af)p_)G”C) [~ Hl(Ivc/vnan ® ((Af)p_)Gvc).

Now Fiy/F is totally ramified at p for all p|p. Hence, I, ,,, = Z, for every v, lying
above p | p. Note that, as an abstract group 7, = Oy, ((Ay), )" = Oy. Hence

HY(1y,/0,, T, ® (Af)p—Gvc) = 0 unless I, /,, acts trivially on T, ® ((Af)p—)Guc.

Thus it suffices to consider the case where I, /,, is acting trivially on 7, ®
((Ag); )€, as otherwise kernel in (17) is 0. Then
—Guey ~ —\Go
Hl (‘[Uc/vn7 TP ® (Af)p ) - Hom([vc/vn7 (TP ® (Af)p )G c)’
14



As Fiy/F is abelian, the action of the Frobenius < Fr,, s, > on I, s, (via lifting
and conjugation) is trivial. Hence, the module in (17) is isomorphic to

H0m<F‘rvc/vn>(Ivc/vn> (Tp & (Af)p_)Gvc)
= Hom(Iy, v, , (T, ® (Af)p—)cm)

Gup
= Hom(L,u,, (T, @ (Ag), ) )

We claim that (T, ® (Af),; )<~ is finite. On the one dimensional vector space
corresponding to (Af);, Fr, acts by multiplication by a,(f). By our assumption in
this theorem that f is not exceptional and remark 2.2, it follows that the eigenvalue
of Fr, acting on the 1 dimensional line corresponding to (Ay), is not a root of unity.
On the other hand, p(g) = 1 for any g € G, and Fiy/F is totally ramified at any
prime in F' lying above p. Hence the eigenvalue corresponding to the action of Fr,
on T}, is a root of unity. Combining these facts, we deduce that the eigenvalue of

Fr, on the line corresponding to T, ® (Ay), is not a root of unity. Hence Fr,, acts
<Frvn>

non-trivially on T, ® (Ay), for any n and any p as before. Hence (T, ® (Ay),)
is indeed finite. Also as < Fr,, > = < Fr,. > for n > 0, we deduce that the size
of (T, ® (Ay), )= is independent of n for large enough n. As I, Jon = Ly for
every n; for any p and every n > 0, the module in (17), given by Hom(I,,_ /., (T, ®
(Af), )<Fa>), is also finite with its cardinality bounded independent of n. Hence
same is true for ker(6,, ) for v, | p. This completes the proof. O
Let O be the ring of integers of a finite extension of QQ,. Take M to be a finitely
generated A module, where A = O[[I']]. Let us denote Ext,'(M, A) by a(M).

Lemma 2.4. Let M be a finitely generated torsion A = O][I']] module such that
My, is finite for each n. Then

@A (M) = lim (M)

n

Proof. See [Pe, §1.3, page 733]. O

Lemma 2.5. Let M be a finitely generated torsion A = Ol[[I']] module. Then
Cha(M) = Chp(a)(M)), considered as ideals in O[[T]].

Proof. See [J-P, Lemma 3.5]). O

Lemma 2.6. Let M be a finitely generated torsion A = O[[I']] module. Then there
exists a character p : I' = Gal(Foye/F) — Aut(O) such that (M(p))r, is finite for
every n, where M(p) is as defined in section 1.2.

Proof. This is well known, for example see [Pe, §2.6, Page 740]. O

Lemma 2.7. For any cuspidal Hilbert newform f, the dual Selmer groups X (Ts/ Feyc)
and X (T} Feye) are finitely generated Oy[[T']] modules.

Proof. The proof is similar to the one in elliptic modular form case (see for example
[J-P’, Lemma 3.7]).

Throughout the rest of the article we make this assumption -
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Hypothesis 2.8. (Tor) = (Tory) : For any cuspidal Hilbert newform f, X (Tt/Feyc)
is finitely generated torsion O[[I']] module.

Corollary 2.9. [t follows from remark 1.20 that by hypothesis (Tor ), we have for
any cuspidal Hilbert newform f, X(T}/Fey.) is also torsion over O[[I']].

Theorem 2.10. Let the notation be as before. Let f € Sio(Ki(N)N K1 (p®); O) be
a Hilbert newform nearly ordinary at p|p, which is not exceptional (as defined in the-
orem 2.83). Assume (Tor) holds. Then the functional equation holds for X (T't/Fey.)
i.e. we have the equality of ideals in Of[[I']],

Choy (X (Ty/ Feye)) = Cho, (X (T / Feye)*)-

Proof. By the assumption (Tor) and corollary 2.9, both X (T} /Feye) and X (17 / Fye)
are torsion over O¢|[[I']]. Thus we can find a p by lemma 2.6 such that X (T ®7T,/F),)
and X (17 @ T,-1/F,) are both finite groups for every n. Then from the generalized
Cassels-Tate pairing of Flach (see [Pe, 3.1.1]), we obtain that S(T,-+ @ A}/F,) =
X(T,®Ty/F,) for every n. Hence we get

X(T,® Ty/Foe) = lim X(T, © Ty/F,) = lim S(T,- ® A}/F,).  (18)

By Theorem 2.3 and remark 1.20, we see that the kernel and the cokernel of the

natural restriction map, given by S(7,-+ @ A}/F,) S, S(Tyr @ Aj/Feye)'™, are
finite groups and their size uniformly bounded independent of n. Thus we obtain
from (18) that the induced map

X(T, @ Ty/Feye) 2 im S(Ty1 @ A}/ Feye)™ (19)

is a Of[[I']] pseudo-isomorphism. We have

. . r . . AT Lemma 2.4 1 N .
w S(Tpﬂ@Af/Fcyc) "= I&H (AX(Tp*1 ® Tf /FCyC) ) = aA(X(Tp*@Tf /FCyC) )
Combining this with (19) we get an O[[I']] module pseudo-isomorphism

X(Ty ® Tp/Feye) ~2 ah(X(T; @ T,1/Feye)'): (20)

We recall from (14), X(Ty @ T,/ Feye) = X(Ty/Foye) @ T,-1. On the other hand, we
have aj (X (T} @ Ty /Feye)') = ap(X (T} /Feye)') @ Ty1 (see [Pe, Page 744, §3.2.1-
3.2.2]). Thus tensoring (20) with 7},, we get a pseudo-isomorphism of O[[I']] modules

X(Tf/FCyc) — ajl\(X(T;/Fcyc)L)

which is independent of p. Hence Cho,ry) (X (Ty/ Feye)) = Cho,ry(ay (X (TF/ Feye)'))
as ideals in O[[I']]. By applying Lemma 2.5, we get that

Cho ) (X(Ty/ Feye)) = Choy (X (TF / Feye)*)- O
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3. FUNCTIONAL EQUATION FOR A NEARLY ORDINARY HIDA FAMILY

We begin by proving a specialization result relating the ‘big’ Selmer group with
the individual Selmer groups.

Theorem 3.1. Assume (Irr), (Dist). Let R be a branch of Hy o and assume that
R is a power series ring in many variable (i.e. we assume that R = O[[ X1, -+, X,]],
where r = d + 1+ 0pyp, here 0p, is the defect of Leopoldt’s conjecture for I at p,
d=[F :QJ, and O is the ring of integer of some finite extension of Q,). Let s{ be
the natural specialization map

X(TR/Fcyc)/PSX(IEQ/FCyC) S_Z) X(ng/Fcyc) (21)

e Then the kernel and the cokernel of s{ are finitely generated Z, modules for
every £ € X(R) and

o There exists a non zero ideal J in R such that for any £ € X(R) \ Sy,
the kernel and the cokernel of s{ are finite, where the set S; is defined as
Sy:={§ € X(R) | P does not contain J}.

In particular, assuming (Tor), the equality
Cho (X (Tr/ Feye) | PeX (Tr/ Feye)) = Choy (X (Tr./ Feye))
holds for all £ € X(R)\ S,.

Proof. For a finitely generated R module M, we define M* := Homg (M, R). For
convenience of notation, let 7 = 7z and A = Ag. As before, v, will denote a prime
in Fy. lying above S and I, denotes the inertia subgroup of Q/F,. with respect to
the primes v/v.. We have the commutative diagram with the natural maps

0 ——= S(A/Feyc)[Pe] ——= H'(Fs/Feye, AIPe] ——= @& H'(lo., A)[Pe] & H'(Lv., A;)[Pe]

ve|S,vetp velplp
[Ss e Tés—ﬂ%ﬁc
0 —— S(Afg/FcyC) E——— HI(FS/FcymAfg) — Y \S@v *le(I’UcyAfg) . %‘p Hl(LJC, (Afg);)

(22)
Recall, Ay, = A[P] and (Ay, ), = AJ[P]. Since we assume that the residual
representation is absolutely irreducible, we have (by [G12, Remark 3.4.1])

HY(Fs/ Fuye, AlPe)) —— H'(Fs/Feye, A)[P] (23)

is an isomorphism. By Snake lemma, we get that ker(se) is trivial for every . Thus
coker(s{) = 0.

Next we want to prove ker(ssv) is finitely generated Z, module for every £. As
there are only finitely many primes in Fiy lying over a given prime in F, it is
enough to show that ker(d5, )" is finitely generated Z, module for all v. | S. By our
assumption, R = O[[Xy, -, X,]|, where r = [F' : Q] + 1 + dp,, where g, is the
defect of Leopoldt’s conjecture for F' at p and O is some finite extension of Z,. Since
R is regular local and P is a prime ideal of height r, we have P = (21, -+, z,),

here xq,- -+, z, is a regular sequence of prime elements of R. Define Py = (0) and
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P, = (z1, -+ ,x;), for 1 <i <. Then P; is a prime ideal and A[P;] is divisible
as R/P;, module. Notice that A[P] = (A[FP,—1])[x;], and multiplication by z; is
surjective on A[P;_;]. We get a induced map of R/P, modules

0 — Ale[P ] /a A [Pioy] = HY (L, A[P]) = H' (L., A[Pi )] — 0.

Thus we can obtain kernel of 5§c via successive extensions. Let Ker; = Alve /o Alve
and let Ker; denotes the kernel of the map H'(I, , A[P]) — H'(I,,, A)[P], then
Ker; is an extension of the form,

0— ALJC [B_l]/l’iAIUc [Pi—l] — Keri — Ker(i_l)[xi] — 0. (24)

Then in this notation ker(d5 ) = Ker,.

First, we show that (Ker,)" is finitely generated Z, module for every £. We also
denote I,, by G for the rest of this proof. Taking Pontryagin dual, we get from (24),
for each 1,

Ker) :
0— — Dl Ker) — Tc ;] = 0. (25)
rKer; P TS
Now for i = 1, Ker} = TZ[z,] is a finitely generated R/z; module. By induction,
assume that for i = 1,2,--- ,r —1, Ker, is a finitely generated R/(z1,- - ,x;) mod-

ule. Also, Té being a finitely generated R module, it is immediate that Té / Pr_lTGi
is a finitely generated R/P,_; module. Consequently, Té / Pr_lTGi[a:r] is a finitely
generated R/ P, module. Also by induction hypothesis, Ker’ ,/z, is a finitely gen-
erated R/(P,_1,2,) = R/P, module. Hence, we deduce from (25), that Ker, is a
finitely generated R/P, module. Recall, in this notation, P, = (z1, -+ ,2,) = P
and hence R/P: = O, a finite extension of Z,. This finishes the proof of the first
assertion of the theorem.

For the second assertion of the theorem, we have to show that there exists a non
zero ideal J in R such that for any £ € X(R) such that ker(§) = P: 2 J, the rank

rkR/(xL“',xr) Ker,Y =0. (26)

By [Gr2, Theorem 2.1], corresponding to the R module 72 there exists an ideal
J # 0 such that the following two equations hold

rkr,/p T4[P] = 0 for any prime ideal P 2 J (27)
3

kg, p ii = rkg ’Tg for any prime ideal P 2 J (28)
PTg

We will go on to show that this J will work for us. Let P; = (xy,--- ,2,) 2 J. Then
as (z1) 2 J, we have

KR /2, Té[ml] = 0.
But Ker) 2 7Z[z1]. Thus we get that

rkr /., Kery = 0.
Let us assume for ¢ =1,2,---,r — 1,

l"kR/(xl,...,xi) Kel";/ =0. (29)
18



Notice that

,TGi Ti Ti
rk T1, T Ty =rk T T < —rk T Ty <
R/(zr, ) Pr_lTé[ | = kR /@1, ) Py )T R
T T
= l"kR/(xh...@r) - rkR/(x1,~~~,:cr71) . (30)
P.T, P._\T}
By our assumption that P, 2 J, we deduce from (27) that
s s
I'kR/pr Gi = rkR/PT,1 7Gi = I'kR 725
rlq r=1/qg

:
Hence we deduce from (30) that rkz,p, %[wr] = 0.
r—14 g
Thus using (25), to finish the proof of the theorem, it suffices to show that
IkR/pT Ker;/_l/:m = 0. (31)

Now

v
Ker,_;

kR /(21 = 1kR /(o1 2o 1) Kety_y + 1k, 0,y Ker,y[z,]

) 2 Ker!,
= 1kR/(0) - 2y Ker,_ [2,], (32)

where the last equality follows from (29). Thus to prove (31), we are further reduced
to showing

kR /(o1 2y Ker,)_[x,] = 0 (33)
Now we have the exact sequence,
Ker!_ TA
0— ——=2[z]— Ker!/_[z,] - —%— (@1, @) (34)
xT—lKerr—2 7"—27—G
Proceeding similarly as in (30), we deduce that
Te 7¢ Te
rkr,p, m[(%—hxr)] = 1kg/p, TTE, —tkgr/p, _, Pr_izTCi;
= 0. (35)
Thus
Ker”
kr,p, Ker)_[z,] = rkg/p, ———2—z,
r R/Pr' erT’—l[I ] r R/Pr xr_lKeI';,/_Z [l’ ]
Ker” Ker”
=1k r—2 —rk — 36
R/ (xr—lvxr)KervY—z TER/Pr xr—lKequ—z (36)

Now, note that
Ker, ,

\Y
x._1, 2z )Ker,_,

I'k'R/pr ( = I'k'R/pT72 Kerq\n/_z + I"k'R/pT Kel";,/_2[(l’r_1, ZIZ'T)]

= ks, Ker/oy[(w,-1,,)]. (37)
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Here the last equality follows from the induction hypothesis in (29). Using this in
(36), we deduce that
Ker) ,

rkr,p, Ker,Y_l[xr] = rkr/p, Ker;/_2[(:m_1, )| — rkr/p, m

(38)

Recall, from (25), for i = r — 1, we have the exact sequence

Ker! Th
— 2 s Ker/ 6 —» —¢ :
zr—lKerr—2 Pr—27zy

Using induction hypothesis (29) in (39), we deduce that

0—

[ZL’?«_l] — 0. (39)

V
Ker, _,

rkR/PT,1 = 0.

1 Ker),
Hence we obtain from (38) that
rkr/p, Ker, [z,] = rke,p, Ker o[(2,_1,z,)] (40)
Proceeding in a similar way, we deduce that
kg, p, Ker, = rkg,/p, Ker,_;[z,]

= rkg,p, Ker) 2[(% 1,%)]

= rkr/p, Kefl (22, - 20)]

= 1kr/p, 7'0[361][@27 e aIr)]

= tkr/p, TEl(

= rke/p, Til(w1, 2, 2,)]

= rkg/p, T4[P] = 0. (41)

Here the last equality follows from our hypothesis that P, = Py 2 J. This finishes
the proof of the second assertion of the theorem. O

L1, Loy - axr)]

Remark 3.2. Let the assumptions be as in Theorem 3.1. Then proceeding as in the
proof of Theorem 3.1, we can deduce the corresponding theorem for T i.e. there
exists a non zero ideal J* in R such that for any & € X(R) \ Sy, the kernel and
the cokernel of s*¢ are finite, where S;- := {& € X(R) | P¢ does not contain J*}.
Consequently under the assumption (Tor),

Choy ()X (T Fuge) | PeX (T3 Fuge)) = Cho o)X (T}, / Foye))

for every & € X(R) \ Sy~

Remark 3.3. Under the assumption (Tor), by applying the involution 1 we obtain,

Choy (X (Tr/ Feye)' [ PeX (T Feye)') = Choy ) (X (Tr/ Feye) [ PeX (Tr [ Feye))')
= Cho,, oy (X (17, / Feye)").

for every & € X(R) \ Sy-.
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Lemma 3.4. Assume (Irr), (Dist) and that R is a power series ring in many
variables. Then X(Tr/Feye) and X (Tf/Feye) are finitely generated R[[I']] modules.

Proof. This result follows from Theorem 3.1, remark 3.2, Lemma 2.7 and topological
Nakayama’s Lemma [N-5-W, Corollary 5.2.18]. O

Corollary 3.5. Let the assumption be as in Theorem 3.1. Then under hypothesis
(Tor), X(Tr/Feye) and X (T3 Foye) are finitely generated torsion R[] modules.

Proof. We will prove for X' (Tr/F.y.) and a similar argument works for X (73 /Feye)-
Choose any § € X(R)\S;. It suffices to show the localization at R\ P, X (Tr/Feye) (py)

= 0. By (Tor) and Theorem 3.1, % is a torsion R /P module. From this,

using localization argument and Nakayama’s Lemma, we get X' (Tr / Feye)(p) =0. [

Proposition 3.6. Let M and N be two finitely generated torsion modules over the
r + 1 variable power series ring Ro = O[[W, T|| where W=(Xy,---,X,), O is the
ring of integer of a finite extension of Q,. Let {l;},en be an infinite set of co-height
1 prime ideals in O[[W]] such that

(1) O[[W]]/l; is a finite extension of O, for any i.

(2) For each l;, both M/I;M and N/I;N are torsion over Rp/l; and

(3) for every i, the image of Chg, (M) (resp. Chgr,(N)) in Ro/l; equals

Chro i, (M/UM) (resp. Chryu,(N/L;N)), as ideals in Ro/l;.

Then the equality of the ideals in Chg,p,(M/l;M) = Chg,p,(N/L;N) in Ro/l; for
every l; implies the equality of ideals Chg, (M) = Chg,(N) in Ro.

Proof. For r = 1, the result is essentially continued in [Oc3, §3]. Suppose l; =
(lin,lia, -+ 5 i), denote by I¥) = (I1,lia, -+, 1;;). Note that, M @ R /1Y = (M ©
Ro/I9™V) @ R/l;;. We claim that, if Chpg /sy 1ia1)M @ Ro/(lins lia, -+ 1) =
Chire s dio )N @ Ro/(lix, liz, - -+, 1ij) is true for infinitely many 1Y) for which
first (j — 1) generators are same (that is z§j “g are same for all 7), then we have,

Chpy jqo-0,M ® Ro/(l7™V) = Chyy 0N ® Ro/(177Y).

Hence we prove the result by applying this to j =r,r —1,--- 1.

We use multivariable notation A(T) to denote polynomial h(Xy,---,X,,T). As
M and N are finitely generated torsion module over (r + 1) variable Twasawa al-
gebra, using the structure theorem of Iwasawa modules, we fix Ro module pseudo-
isomorphisms ¢ and v respectively,

M 25 @Ro /7 @ Ro/h;(T)M  and
i J

N G?Ro/ﬁgi/ D Ro/g;/(T)" .
i J

Here 7o is a uniformizing parameter for O. Set h(T) = [ h;(T)%, g(T) = [T g;(T)"

and p1 =) i, pi' = puir-
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We will show that ChRo/lng) (N®Ro/l§j—1)) C ChRo/lgjfl) (M®RO/ZZ(J'—1)), Inter-
changing M and N, we will get the equality. Clearly, it suffices to show that the im-
age of 7 is zero in (Ro/lﬁj_l))/ﬁg and the image of ¢(T) is zero in (Ro /1Y) /h(T).

If A(T) is a unit in Ro/lgj_l) then obviously the image of ¢(T) in (Ro/lgj_l))/h(']l‘)
is zero. So we assume that A(T) is not a unit in Ro/lgj_l). Then by [Oc3, Lemma
3.8] there is a finite extension O” of O such that by a change of coordinate by a
linear transform, we may assume that h(T) = u(T)f(7T") where u(T) is a unit in Ro»
and f € O"[[W]][T]. Now, if necessary, we move to an extension of O” containing

both O" and O” and denote again it by O’ (abusing the notation, just to ease the
burden of notation) such that Ro//l; = O'[[T]]. Then, the image of ¢(T) vanishes

in Ro/(h(T), 1) for every i.
For every k > 1, we have an injection

(Ror /17" /(I jlag -+ ley) =[] Ror /1) /(i) = ] Ro/tY

1<i<k 1<i<k

Since Ro//h(T) is finite flat over O'[[W]], we get for each k& > 1 an injection,

(Ro /1) (W(T), Iy lag -+ lug) = H Ror/(h(T),19).
1<i<k
We observe that image of ¢(T) vanishes in (Ro//lgj_l))/(h(']l‘), lilaj -1k ). Thus
the image of ¢(T) is zero in Ro//(h(T), lgj_l)), since

l.%n (Ro//lz(j_l))/(h(']l‘)’ il -lkj) = Ro/(h(T), lgj_l)),

For the p invariants, for any l;, 75, (resp. ng,) is equal to the highest power of
7o dividing the characteristic power series of Mo/ /l; Mo (resp. No//l;Nor), where
Mo = M ®0 O’ is the extension of scalers from O to O'. Hence 7, = 71'8,,. Thus
it, follows that 7/ is zero in (Ro//lgj_l))/wg.

O

Proposition 3.7. For any finitely generated R[[T']] module U, let U° denotes the
mazximal pseudonull R[[I']] submodule of U. Assume the hypothesis (Tor). Then for

* 0
every & € X(R), % (resp. %} are pseudonull Oy, [[I']] modules.

Proof. We broadly follow the same strategy as in [Ocl, Lemma 7.2] but the argu-
ments are different. We prove the result only for X(7g/Fey) as an entirely similar
argument holds for X' (7z/Fey.). Recall, for C = A or C' = Ay, with notation as

before, the Selmer group S(C/Fyy.) fits into the exact sequence

0= S(C/Feye) — H'(Fs/Feye,C) — @  H'(1,,,0)%" @ H'(l,,,Cy )" (42)

ve|S,vetp velplp
Note, for v, 1 p,

0= H'(Gu./1ue, C"*) — H' (G, C) — H' (1., 0)%" — H* (G, /L, C*°) (43)
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with G,, /I, = @®©Z; and C is a p-torsion group. Thus H'(G,, /I, ,C™) = 0 for
l#p

i =1,2. Thus we see that, H*(G,,,C) ~ H'(I,,, C)e.
Combining these, we can have the following alternative definition of S(C'/Fiy.).

0 — S(C/Feye) — H'(Fs/Feye,C) — @& H'(Gy,,C) @& H'(L,,,Cp )% (44)
ve|S,vetp velplp
Similarly, for strict Selmer group we obtain that,
0— S*'"(C/Fuye) — H' (Fs/Feye,C) — @© H'(Gv.,0) ® HY(G..,Cy) (45)

ve|S,vetp velp|p

We have from [I'-0, §2.2.2] an exact sequence,
0= S (C/Fuye) = S(C/Fuye) = §H1(Gpp /1, (C)™).
plp

Moreover from the proof of [I'-O, Corollary 3.4], when C' = A, we see that
SSW(-A/FCyC) = S(A/FCyC)-

Under the assumption (Tor), we have that X (7}, /Fy.) is torsion for any { €
X(R). Also by corollary 3.5, X(Tgr/Fey.) is torsion over R[[I']]. It follows that
the maps defining S(C/Fiy.) in (45) is surjective for C' = A or C' = Ay, with
£ € X(R)(|Ocl, Corollary 4.12]). Now let us consider the commutative diagram

0 ——= §*"(A/Feye) — H'(Fs/Feye, A) —> @ H'(Feyewe, Ay) @ H'(Feyeo, A) —= 0

velplp ve|S,vetp
X Pg ]ng Tng
0 —— S*"(A/Feye) —— H'(Fs/Feye, A) — i H' (Feye,ve, Ay) & H' (Feye,v.y A) — 0.
velp|p ve|S,vefp

(46)
Recall Ay, = A[P] and (Ay,); = A [F] as Galois modules. For any € X(R),
as X (Tf;/Feye) is torsion by (Tor), we get that H?*(Fs/Feye,Ag,) = 0 (see [H-M,
Proposition 2.3]). Then the cokernel of the middle vertical map in (46), being is a
subgroup of H?(Fs/Feye, Ay,), vanishes. Thus by applying a Snake lemma to the
diagram (46), we get that

S (A Fuye)
PS5 (A Frye)

= COkel"(Hl(FS/Fcyw -A) [PE] l_£> W[Pf])’

where
W= & H'(Fyep, Ay) & H'(Fyeu,. A).

velplp ve| S, vetp
Similarly define

Wei= & H'(Feyewe: (Are)y)  ®  H' (Feyewe Ag,)-

velplp vel S, vetp
Then we have the commutative diagram

S5 (A/ Feye)

0 SS”(.A/Foyc)[Pé] [ Hl(Fs/FcyC7A)[P§] W[Pg] PSSt (A/ Feye) 0 (47)
0 — o SStT'(Afg/Fcyc) _— Hl(FS/FcymAfg) We 0
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We see that the natural map Wy — W[F] above is surjective. From the diagram

(47), we see that the natural map H'(Fg/Feyc, A)[F] N W[PF]) is surjective.
Thus we obtain S5 (A/Feyc)/PeS* (A/ Feye) = 0. Since S*(A/Feye) = S(A/ Feye),
we see that, S(A/Fee)/PeS(A/Feye) = 0. In other words, X (Tr/Feye)[FPe] = 0.
Thus X (Tr/Feye)’[Pe] = 0. In particular, X(Tg/Fey)°[Pe] is a pseudonull Oy, [[I']
module. But for any finitely generated pseudonull R[[I']] module M, M/P is a
pseudonull Oy, [[I']] module if and only if M[F] is so ([Oc3, Lemma 3.1]). Thus, the

last fact in turn implies that % is also a pseudonull Oy, [[T']] module. [

Lemma 3.8. Let J be any non-zero ideal in R. Let I € Spec(R) \ Spec(R/J) (that
is I is a prime ideal in R, which does not contain J). There exists at most finitely
many zi,- -+, 2z, in R with the following properties:

(1) (I, z;) are distinct prime ideals in R for alli=1,--- k.

(2) Fori#j, zi1z; in R/I.

(3) (I,z;) D J foralli=1,--- k.

Proof. First we claim that,
N_ (I, z)=(I,z129 - 2).
Obviously, (I, 2129+ 2.) € NI_ (I, z). Now, let x € NI_,(I, z;). Then,
=1 +az = =1 + a2z,

with ¢; € I and a; € R. Then we see that,

T=mz5H =--=0a2% € R/I.

Since Z; 1 Z;, we see that T = @z --- 2, € R/I. Thus, v =i+ a2 -+ - 2,, where 1 € |
and « is some lift of @ in R, which completes the proof of the claim.

Suppose that there are infinitely many z;’s in R which satisfies all three properties.
Then we have a decreasing chain of ideals in R,

(I,z21) D (I, z129) = (L,z) DD (L z---2) =y (I, z) Do+ -
By assumption, (1, z;) contains the ideal .J for all 7. Thus we obtain,

Jgﬂﬁl(],zi):@ (I,z1---2) 21,

which is a contradiction to our assumption I € Spec(R) \ Spec(R/J). O

Remark 3.9. Let M = X(Tr/Feye) and N = X (T3 Feye)'. Assume (Irr), (Dist),
(Tor) and R = O[[W]]. Let S be the subset of arithmetic points for which f¢’s
are exceptional (as defined in Theorem 2.3). Also let Sy be the subset of X(R) for
which at least one among ker(s¢), coker(se), ker(sg) and coker(sg) associated to the
the natural specialization map s¢ in Theorem 5.1 and sg in remark 3.2 is infinite.
Define S = S1 U Sy. Put X(R) :=X(R)\ S, then X(R)' is infinite.

Take the set {l;}ien = X(R)". Then from Theorem 3.1, corollary 3.5, Proposition
3.7 and Lemma 3.8, we deduce that for these choices of M, N and l;’s, all the

condition of Proposition 3.6 are satisfied (Lemma 3.8 ensures us that for each j in
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the proof of Proposition 3.6, we have infinitely many ideals lgj) for which first (j—1)
generators are the same).

Theorem 3.10. Let the notation be as before. Let F' be a totally real number field,
with I' = Gal(Foye/F) = Z,,. Assume

(1) (Irr): The residual representation pr of Gr is absolutely irreducible.

(2) (Dist): The restriction of the residual representation at the decomposition
subgroup i.e. pr |g, is an extension of two distinct characters of G, with
values in Ff, for each p|p.

(3) (Tor): For any normalized cuspidal Hilbert eigenform f, X (Ts/Fey) is a
finitely generated torsion Of[[L']] module.

(4) R is a power series ring.

Then the functional equation holds for X (Tr/Feye) i.e. as an ideal in R[[I']],

Chrr) (X (Tr/ Feye)) = Chriry(X (Tg/ Feye)")-

Proof. By corollary 3.5, X(Tr/Feye) and X (T /Feye) are torsion R[[I']] modules.
Using remark 3.9, choose the infinite subset X(R)’ of arithmetic points. By corollary
3.5, for every § € X(R)', X(Ty,/Foye) and X (T7, /Feye)* are torsion over Oy [[I'].
Then applying Proposition 3.6 for M = X (Tr/Feye), N = X (T3 Foye)' and {l; }ien =
X(R)', to prove the theorem it suffices to show that for every & € X(R)’,

Choy ) (i e )y g, (2T o)

P (Tr/ Feye) P (TR  Feye)!

considered as ideals in Oy, [[I']]. By Theorem 3.1, remark 3.2 and remark 3.3 this in
turn equivalent to showing

Choy, (X (T / Feye)) = Choy oy (X (T, / Feye)')
for each ¢ € X(R)’". Hence we are done by Theorem 2.10. O

4. RESULTS OVER Zf, EXTENSION

Let K /K be the unique Z;‘?z extension of an imaginary quadratic field K. In
this section, we will assume throughout that p splits in K and Dg the discriminate
of the imaginary quadratic field K, is coprime to tame conductor Nx of the branch
R of the Hida family i.e. (p, Di) = (D, Ng) = (Ng,p) = 1. Recall the notation,
I = Gal(Koo/K) 2 72, T = G(Keye/K) = Zy and H = Gal(Ko /Keye) = Zy 50
that G/H ~T.

Recall from remark 1.21, S = Sk is a finite set of primes of K dividing Np. Let
v be a prime of K in S. Denote by v. a prime of K. lying above v and let vy
be a prime of K lying above v.. Let © be a prime of Q lying above a prime v..
Let G,, and G, denotes the decomposition subgroup of Q/ K.y, and Q/K, for the
prime ©/v, and ©/vs respectively. Let I, , I, denote the inertia group of Q/ Keye
and Q/K, for the prime ©/v, and ¥ /v, respectively. Let I'x, (resp. H, ) denote
the decomposition subgroup of I'x (resp. H ) with respect to primes vy, /v (resp.
Voo /Vc). We write I, for the inertia subgroup of K. /K. with respect to prime

Voo Ve
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Proposition 4.1. The kernel of the map

X(Tt/Koo)rr ~% X(Tf/Keye)
is a finitely generated Z, module and the cokernel of af; is finite.

Proof. Set

J = fll(li)caAf)GyC if v. | S,v.tp
e Hl(Ivc,AJI)G”c if v | p,

[T H' (L., Ap)S ifv. | S,v.1p
JOO — Uoo|'Uc
ve I1 Hl(L,OO,AJT)G“OO if v. | p,

Uoo|'Uc
Using similar argument as in (43), we get that
g JH (Beyews Ap) ifvc| Svefp
‘ Hl(Ivc,A;)Gvc if v | p,

Also,
[T H (Koo, Af) = (IndgvcHl(KOWQ,Af)V)v if v | S,v.1p
JOO — Uoo|'Uc
ve H| HY(I,.,, A7) = (Indjj, H'(I,.,, Ay)S=")" ifv.|p,

Then we have the commutative diagram

0 —= S(Ay/Kuo)! — H'(Ks/ Koo, A) —= (] J)" (48)

ve|S
‘aH |¢>H T5H=H gve

0—>S(Af/KCyC) —>H1(KS/Kcyc>Af) HJvc
ve| S

By inflation-restriction sequence of Galois cohomology, the kernel of ¢ is isomorphic

to H'(H, A?KC"’). Clearly U, := A?K""v is a finitely generated Z, module. Thus we
deduce that ker(¢g)" is a finitely generated Z, module. Moreover, as H = Z,, we
see that H'(H, A?KC"’) is finite if and only if H°(H, A?K"") = A?KCYC is finite. The
last fact follows from (cf. [C-5, Theorem A 2.8|, [Su, Lemma 2.1]). Hence, by Snake
lemma on diagram (48), we deduce that cocker(ay;) is finite.

Also as H has p-cohomological dimension = 1, ¢y is surjective. Thus ker(ay)"
is a subquotient of the Pontryagin dual of kernel of 5. Given a prime v, we pick
any one prime v, in K. Then by Shapiro’s Lemma for each v,

) = {Hl(KoomowAf) if ve | S,v.1p

HY'(H,J>) =
( Hl(L,OO,AJT)G“OO if v | p,

) e

Then
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H'(H,,, A§™) if v | S vetp
a subgroup of H'(I,_ s, AJII“C"’) if v, | p,

ker(§%) = {

where the inertia subgroup 1, /,, = Z,. As before, we conclude that the Pontryagin
dual of ker(0%°) is a finitely generated Z, module. From these, summing over finitely
many primes and using a Snake lemma on diagram (48), we deduce that ker(aj;) is
finitely generated over Z,. OJ

Remark 4.2. By Kato’s result (see [I[<a] ), we know that for any p-stabilized newform
[y X(Ty/Keye) (and X(T7/Keye)) are finitely generated torsion Zy[[']] modules.

Corollary 4.3. For any p-stabilized newform f, X(Ty/Ky) and X(TF/Ky) are
finitely generated torsion Of|[[I'k|] modules.

Proof. By remark 4.2, we have X (7}/K.y.) is a finitely generated torsion Of[[I']]
module. By Proposition 4.1, we also have an exact sequence

0— F — X(Ty/Koo)u — X(T4/Keye) — Fo» — 0

with £} is a finitely generated Z, modules and Fj, is finite. Thus we get that
X(Ty/Kw)n is a finite generated torsion O([[I']] module. But for an ideal I #

Of[[Ck]] in Of[[Tk]]

X1/ K)
rankof[[IrK]] m Z rankof[[pK” X(Tf/KOO)
Identifying Oy[[Tx]] with O[Ty, T3] and X (Ty/Koo)ir with z725, we deduce
that ranko,(r)) X(Tf/Ks) = 0. The argument for X (77 /FL) is similar. O

Definition 4.4. We call f € So(Lo(Np), ) exceptional if f is a newform of con-
ductor Np with (N, p) = (conductor of ¥, p) = 1.

Theorem 4.5. Let the notation be as before. Let f € Sp(I'o(Np"),v) be a p-
stabilized newform which is not exceptional. Also assume that (N, D) = (p, Dk) =
1. Then the functional equation holds for X (T;/K«) i.e. we have a equality of
ideals in Of[[I'k]],

Cho,r) (X (T7/Koo)) = Cho, e (X (15 / Koo)").-

Proof. Note as the p-ordinary, p-stabilized newform f is not exceptional and we
have, (N,Dg) = (p,Dk) = 1; the Galois representation (ps,Vy) satisfies both
(Hyp(Kwo, Vi) and (Hyp(Ku, V') assumptions of [Pe, Theorem 4.2.1]. Also, by
corollary 4.3, we get that both X (T /K. ) and X (T} /K.)" are torsion over O[Tk ]].
Thus the condition (Tors(K, Vy)) in [Pe, Theorem 4.2.1] is also satisfied. Hence
the theorem follows from [Pe, Theorem 4.2.1]. O

Let us recall from remark 1.12, 7% is a lattice associated to a fixed branch R of

the ordinary Hida family of elliptic modular form of tame level N = Ny.
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Proposition 4.6. Assume (Irr), (Dist) and R is a power series ring. Then the
kernel and the cokernel of the natural specialization map

X(Tr/ Koo) | PeX (T Kono) ~55 X (T}, [ Ko) (49)

are pseudonull Oy [[['k]] = Oy, [Ty, T]] module for all but finitely many § € X(R).
In particular, the equality

Choy (k) (X (Tr/ Koo) | PeX (Tr/ Koo)) = Choy (104 (X (T / Koo))
as ideals in Oy [[T'k]] holds for all but finitely many arithmetic points.

Proof. The proof is different from the proof of Theorem 3.1 in two points. Here, we
have to overcome the difficulty that there are possibly infinitely many primes in K
lying above a given prime in K. On the other hand, here we have the advantage
that R = O[[W]], so that % is principal.

Let us keep the notation as set up in the beginning of section 4. For a finitely
generated Oy, [[I'ic,]] module M, recall IndggvM = Oy [[T'k]] R0y, (rx,)) M- Recall,

by Shapiro’s lemma H;(I'g, IndgivM) ~ H,(T'k,, M) for any i > 0.
Now, we have the commutative diagram with the natural maps

0 —= S(A/Koo)[Pe] —= H'(Ks/ Koo, A)[Pe] — [1 Ju(A)[F] (50)

veS
R

0 ——= S(Ag/Koo) ——= H'(Ks/ Koo, As.) — 1 Ju(Ay,)-

veS

Here

(Indp® H'(I,.,B7)¢, )Y ifvlp,

for B = A or B = Aj,. Recall, once again A, = A[FP] and Ap = “[P]. Also
by our assumption that R is a power series ring, we have every P is principal ideal
in R. Then 7 is surjective with ker(ne) & A%~ /P A%k, To simplify notation,
we put 7 := T in the proof of this theorem. Then ker(n.)" = (7'GTKoo )tor[ Pe]. Note,
only finitely many P: divide the R characteristic ideal of finitely generated torsion
R module (TGTKOO Jtor- Hence we deduce that the ker(f¢)" is finite (hence Oy, [[I'k]]
pseudonull) for all but finitely many £ € X(R).

As before, it suffices to show that ker(d¢)" is Oy, [[I'k]] pseudonull leaving out finitely
many exceptional £&. Now it is easy to see that

'k 1 \Vi \Vi .
Jo(B) = {(IndevH (Jone, B)E,) ifveSuvlp

L IndrE (R %=)Y = Indk (T [P)e..  ifveSutp
(ker(d,))" = Dh (A1 \Gu\V e Tl (ot -
IIldFKU ((PéA*I’Uoo ) voo) = IndFKU (T . [Pﬁ])Gvoo if U‘p,

But for a prime v in S not lying above p, we have TILO [Pe] = (7}100)tOr [ P¢] which is,

as before, finite for all but finitely many £. Notice that K, contains K.y and hence

the dimension of I'k, as a p-adic Lie group is at least one. Hence Krull dimension
28



of the commutative ring Oy, [[['k,]] is at least 2. Thus (7}100 [Pe))Gi.. . 1s finite and
hence pseudonull as an Oy, [[I'k,]] module. Also, for a finitely generated Oy, [[I'k,]]
module M and for ¢ = 0,1 we have [Ve, Lemma 2.7(i)]

EXtZ‘of5 (ren (Og [[Tx]] ®0;, (0.l M O ([Tx]]) = Oy, [[Tk]] B0y, 1Pk, )) EXtiofE[[rKv]](M7 Os[[Txo]])-

But a finitely generated A ( for A = Oy, [[I'k]] or Oy, [[I'k,]]) module M is pseudonull
if and only if Ext’, (M, A) = 0fori = 0,1 ([Ve]). Thus we see that Indll:gv (7}100 Pe))a,..
is pseudonull as a Oy, [[T'k]] module for all but finitely many £ and for any v € S, v { p.
The same argument holds for a prime v in S dividing p if we replace T by T .

Combining these for finitely many v in S, we deduce that (ker(d¢))" is a pseudonull
O¢|[I'k]] module for all but finitely many & € X(R). This completes the proof. [J

Remark 4.7. We have analogous of remarks 3.2 and 3.3 for K., for the map

o
X(Th ) Koo)PeX (T Koo) — X(Ty,/Ks). Proceeding in Proposition 4.6 and using
Corollary 4.3 we can get,

Choy, k] (X (Tr/ Koo) [ PeX (TR Kso)) = Choy ire) (X (17, / Kx))

as ideals in Oy [[U'k]] for all but finitely many & € X(R). Further, applying the
mwvolution ¢,

Choy, m) (X (TR /Koo)' | PeX (T / K)') = Cho, r (X (T}, / Koo )')

holds. Moreover, proceeding as in Corollary 3.5, we deduce that both X(Tr/Kx)
and X (T3 /Kx) are finitely generated torsion modules over R[[['k]].

Proposition 4.8. For any finitely generated R[[T'k]] module U, let U® denotes the
(T /Ko o XT3/ Kie)"

mazimal pseudonull R[[I'k]] submodule of U. Then PR e AT R
o0 R o0

are pseudonull Oy, [[['k]] modules for any § € X(R).

Proof. We proceed as in the proof of Proposition 3.7. Here the proof is different
from Proposition 3.7 as the strict Selmer group and the usual Selmer group for A
over K., may not coincide. As before, we will prove for X(7Tz/K) only.

As in Proposition 3.7, it suffices to show X (Tr/Fx)[F] = 0 for every . for B =
Aor Ay, recall from section 1.2, the strict Selmer group S"(B/Ky) — S(B/Kx).
Then by corollary 4.3 and remark 4.7, we deduce that all four groups X (T}, /K),
X'(Ty,/Ks), X(Tr/K) and X'(Tr/K) are finitely generated torsion modules
over their respective Iwasawa algebras Oy [[['k]] and R[[I'k]]. It follows that the
maps defining the Greenberg Selmer groups and strict Selmer groups over K, are
surjective ([Ocl, Theorem 4.10], [I-V, Theorem 7.12]). In other words, ¢/ is
surjective for B = A or B = Ay, and we have the exact sequence

0 — S(B/Ks) — H'(Ks/Ko, B) — [[ Jo(B/EK)][[I2(B™/Kx)) — 0
vES,vip v|p

Here J,(B/Ku) = (Indg, H' (Koo, B)Y)Y and J2(B~/Ky) = (IndS, H'(I,.., B)%=")".
Hence we get another exact sequence

0— S'(B/Ky) — S(B/Kw) — Uy(B) — 0
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with U,(B) := (Ind?ﬁqu(va/ij, (B™)™e)V)V. Therefore, it suffices to show that
X'(Tr/Foo)[Fe] = 0 and Up(A)*[F] = 0. Now,

Hi(Gopo /Loy A~ )P = Hi(Guro [ 1o, TP, (51)

where 71 is a free R module of rank 1. As before, write < Fr, >:= G,_/I,._.
Then the module in (51) is isomorphic to (T [Fr,_])[P]. But (74 [Fr,])[P:] C
(T2 )[P:) =0 as T is a free R module. Using this, it is plain from the definition
of U,(A) that U,(A)"[F] = 0.

We will show X'(Tr/K)[P] = 0 to complete the proof of the proposition. Set

| (Indgﬁle(Koo,vw,Afg)V)VH(Indggle(Koovvw,A;&)V)V and

vES,vip vlp

W = H (Indggle(Koo,vwaA)V)VH(Indll:gle(Koovvoo’A_)V)V and

veS,vip vp

These are the ‘local factors” used in the definition of X'(7T}, /K.) and X'(Tr/Kx)
respectively. Once again, as in proposition 3.7, this follows if we can show the
map W[ — W'[FP] is surjective. Recall as A[P;] = Ay,. But for every prime v,
of K, lying above a prime S in K not above p, the map H' (K, , A[F%]) —
HY (K., A)[P] is surjective by Kummer theory. Similarly, for every v | p,
Hl(Koo%o,A]Té) — HY (Kwa., A7)[P] is surjective. From these, it follows that
W¢ — W'[P] is indeed surjective. This completes the proof of the proposition. [

We now state our main theorem in the Zf, extension case.

Theorem 4.9. Let the notation be as before. Let K be an imaginary quadratic field
and K C Ky C Ko be the unique Z;?z extension of K. Assume

(1) (Ng,Dk) = (p,Dk) = 1 i.e. p splits in K and the tame conductor Ng
associated to the branch of the Hida family is coprime to the discriminant of
K.

(2) (Irr) : The residual representation pr is absolutely irreducible as Gg-module.

(3) (Dist) : The characters appearing on the diagonal of the local residual rep-
resentation pr |q, are distinct (mod m).

(4) R is a power series ring.

Then the functional equation holds for X (Tr/Kw) i.e. as an ideal in R[[I'k]],
Chrir) (X (Tr/Keo)) = Chrirg) (X (Tr/Kx)')

Proof. By remark 4.7, we see that X(Tr/K) and X (75 /K ) are finitely generated

torsion R[[I'k]] module. Let S; be the finite subset of X(R) consisting of those £

for which fe is exceptional. Let Sy be the finite subset of X(R) for which the map

B¢ in Proposition 4.6 is not a pseudo-isomorphism. Similarly S3 be the finite subset

of X(R) for which the map §f in the remark 4.7 is not a pseudo-isomorphism. Let
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S = 51 U Sy U S; be the finite subset of X(R). Then by Proposition 3.6, to prove
the theorem, it suffices to show that for all £ € X(R) \ &,

Choy, 0 (X (Tr/ Koo) [ PeX (Tr/ Kso)) = Choy, (104} (X (Tr/ Koo)'/ PeX (Tr [ Koo )")-
(52)
Using Proposition 4.6 and remark 4.7, (52) is in turn equivalent to showing for all

€ X(R)\ 6,
(7h(HEHFKH(}((7?%/}<5O)):: C7h(yéHFKH(}((7?Z/f<50)L)> (53)
which follows from Theorem 4.5. This completes the proof of the proposition. [

Remark 4.10. Our proof of Theorem 3.10 (respectively Theorem 4.9) covers the
case when X (Tr/Feye) (respectively X (Tr/Ko)) have non zero R[[I']] (respectively
R[[l'k]]) pseudonull submodules. We also allow the Selmer groups X (Ty,/Feyc),
X(Ty, /| Keye), § € X(R) to have positive p-invariant. Our proof of Theorem 4.9
works for both CM or non-CM Hida family.

Remark 4.11. Following Mazur’s conjecture, the crucial assumption (Tor) for
Hilbert modular forms in Theorem 3.10, is expected to be always true but has not
been proven except in a few special cases. All the other conditions in Theorem 3.10
(respectively all the conditions in Theorem 4.9) are satisfied in many cases.

Remark 4.12. Keeping Leopoldt conjecture for a totally real field F in mind, we
do not pursue the Zf) extension case in case of Hilbert modular forms.
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