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Spin dynamics under magic angle spinning has been studied using different theoretical approaches
and also by extensive numerical simulation programs. In this article we present a general theoretical
approach that leads to analytic forms for effective Hamiltonians for an N-spin dipolar and
quadrupolar coupled system under magic angle spinning �MAS� conditions, using a combination of
Floquet theory and van Vleck �contact� transformation. The analytic forms presented are shown to
be useful for the study of MAS spin dynamics in solids with the help of a number of simulations in
two, three, and four coupled, spin-1/2 systems as well as spins in which quadrupolar interactions are
also present. © 2010 American Institute of Physics. �doi:10.1063/1.3496407�

I. INTRODUCTION

Advances in nuclear magnetic resonance �NMR� spec-
troscopy in the last several decades have led to a variety of
simulation programs and techniques for following the dy-
namics of nuclear spins in external magnetic fields as well as
those which are inherently due to the electronic and magnetic
environment surrounding the nuclei.1 Many novel pulse
schemes and multidimensional techniques have been
proposed.2 Routine analysis and novel experiments for small,
large, and biomolecules/macromolecular systems are now
possible with well-developed simulation packages.3 In addi-
tion, sample spinning at the magic angle has now become
possible at speeds higher than 50 kHz resulting in very
highly ordered and resolved spectra in the solid state.4

In this paper we present a general analytic procedure for
nuclear spins coupled by strong dipolar interactions and with
or without electric quadrupolar interactions. Our objective is
to emphasize and expand the derivation of effective Hamil-
tonians for which analytic solutions are possible for spins
coupled to each other as well as to systematize the
procedure.5 Floquet theory,6–9 coupled with van Vleck per-
turbation theory10 �also known as the contact transformation
method� is used to determine effective Hamiltonians of a
spin system subject to sample rotation at high speeds at the
magic angle. Their utility is demonstrated by providing
simple, yet clear simulations of the spectra of two, three, and
four spins coupled through anisotropic interactions and by
examining nuclei with quadrupolar interactions. The purpose
of the paper is twofold: provide a systematic procedure for
coupled spins as the network of spins expands and to dem-
onstrate the utility of analytically derived Hamiltonians in
numerical simulations as opposed to the current brute-force
procedure of numerical diagonalization of Floquet Hamilto-
nians. We hope that this will also enable the avid

programmer/simulation developer with the tools necessary to
integrate effective Floquet Hamiltonians for analyzing spec-
tra through multiple-pulse experiments.

The procedure we use is the following. The Floquet
Hamiltonian is given for a generalized Hamiltonian of
N-spins which are coupled by anisotropic dipolar interac-
tions and having non-negligible electric quadrupolar interac-
tions �for I�1� in a rotating coordinate system under magic
angle spinning conditions, by a standard procedure originally
due to Shirley.9 The time-independent Floquet Hamiltonian
is usually evaluated using an infinite-dimensional basis set
which is a direct product of the spin and Fourier space.7,8

Although the periodicity of the problem results in eigenval-
ues that are periodic in nature, the convergence criterion re-
quires diagonalizing matrices of large dimension. A solution
to this problem was proposed earlier by one of us in terms of
effective Hamiltonians derived from the method of the con-
tact transformation. The contact transformation method is an
operator equivalent of the standard Rayleigh–Schrodinger
perturbation theory, wherein the perturbation corrections are
obtained in terms of operators as opposed to matrix elements
in the conventional approach.10 Employing this approach, ef-
fective Floquet Hamiltonians were derived in simple model
two-spin systems, both in the Floquet-state space and the
Floquet–Liouville space.5,9 In this article we extend this ap-
proach by presenting a generalized form for effective Floquet
Hamiltonians that describes the dynamics of N-interacting
spins in magic angle spinning �MAS� experiments. The gen-
eralized expression for the effective Hamiltonian finds utility
in a wide variety of systems ranging from single spin �both
I=1 /2 and I�1 /2 systems� to interacting spin systems. The
complexities involved in the standard Floquet approach7 are
removed using our approach, resulting in a description that
principally depends only on the spin dimension of the prob-
lem �For example see Ref. 7�. Such an approach facilitates
the integration of analytic Floquet treatments with numerical
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simulation programs.3 The validity of effective Hamiltonians
derived is demonstrated through simple, yet illustrative
simulations.

In the next section, we present the general methodology
for deriving effective Hamiltonians for an interacting N-spin
system. In Sec. III we present numerical simulations using
analytic results of Sec. II for a few model systems.

II. THEORY AND METHODOLOGY

A. Effective Floquet Hamiltonians for an interacting
N-spin system

The Hamiltonian under MAS conditions for an interact-
ing N-spin system is represented by

H�t� = �
�=1

N
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m=−2

2

��
�m�eim�rtI�z

+ �
���=1

N
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m=−2,
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1

2
�I�

+
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2 − I�
2� , �1�

where �r is the spinning frequency and �
�

�0�
/�

�

�m� represent
isotropic/anisotropic interactions of the spins �denoted by the
label ��, respectively. Specifically, the isotropic chemical
shift associated with a particular spin is represented by �

�

�0�,
while the anisotropic contributions emerging from the
chemical shift �commonly referred to as chemical shift an-
isotropy �CSA��, dipolar and quadrupolar interactions �only
for nuclei with I�1� are denoted by �

�

�m�, �
��
�m�, and �

�Q

�m�,
respectively. The anisotropic interactions transform as sec-
ond rank tensors and are commonly defined in the principal
axis system. The transformation to the laboratory axis from
the principal axis frame is defined by the Wigner rotation
matrices �represented by D

m1m2

�2� ����,
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�m� = �

m1,m2=−2
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with R
�

�2�m1, R
��
�2�m1, and R

�Q

�2�m1 denoting the principal compo-
nents of the irreducible spatial tensors associated with the
chemical shift, dipolar and quadrupolar interactions, respec-
tively, defined in their respective principal axis frames. In the
principal axis frame of the chemical shift tensor, R

�

�2�0

=	anis and R
�

�2�
2=−�1 /	6�	anis�� �where 	anis and �
represent the chemical shift anisotropy and the asym-
metry parameter, respectively� while the dipolar tensor

between the two spins is R
��
�2�0=	6b�� �where b��

=�0���� /4�r��
3 �rad /s� is the dipolar coupling constant�

defined in the dipolar principal axis frame. The quadrupolar
interactions are defined in the quadrupolar principal axis
frame with R

�Q

�2�0=	6��Q and R
�Q

�2�
2=−��Q��Q �where ��Q

=e2q�Q� /4I��2I�−1� and ��Q represent the quadrupolar
coupling constant and the asymmetry parameter of quadru-
polar nuclei, respectively�, being the only nonzero compo-
nents for an axially asymmetric tensor.

Employing the Floquet theorem, the time-dependent
Hamiltonian �as given in Eq. �1�� is transformed into a time-
independent Hamiltonian via Fourier series expansion. The
resulting time-independent Hamiltonian �commonly referred
to as Floquet Hamiltonian� is described in an infinite-
dimensional basis set constructed from a direct product be-
tween the standard spin operator basis �described in a finite-
dimensional vector space� and the Fourier operator basis
�described in an infinite-dimensional vector space known as
the Floquet space�. In this article we employ an operator
basis constructed from the direct product between the ficti-
tious spin-1/2 operators �single transition operators� and the
Fourier operators.8

Employing this operator basis, the time-independent
Floquet Hamiltonian, HF, is represented by

HF = �
p=1

2N

�rI
p,p + �

p=1

2N

z0
p,pZ0

p,p + �
p=1
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+ �
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x��,m
p,q
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p,q, �3�

where 2N is the total number of basis states �denoted by p�
employed for describing an N-spin system. The first term
may be identified with the number operator in the Floquet
basis, while the time-dependent and time-independent terms
illustrated in Eq. �1� are associated with the operators Xm

p,q

and Zm
p,p with m�0 and m=0, respectively. The Zm

p,p opera-
tors connect Floquet states 
p ,n� and 
p ,m+n� that differ
only in the Fourier dimension and are associated with the
longitudinal single spin I�z �chemical shift anisotropy� and
bilinear operators I�zI�z and 3I�z

2 − I�
2 associated with the di-

polar and quadrupolar interactions, respectively, as depicted
in Eq. �1�. The last term comprised of the Xm

p,q operators
connects states 
p ,n� and 
q ,m+n� that differ both in the spin
and Fourier dimension and is commonly associated with the
flip-flop operators in the dipolar interactions as described in
Eq. �1� and Table I.

The time-independent coefficients associated with a par-
ticular state “p” are represented by the z0

p,p coefficients in
terms of the isotropic chemical shifts �

�

�0� of the spins, i.e.,
z0

p,p=��=1
N 2m

p

���
�

�

�0�. The anisotropic interactions correspond-
ing to the chemical shift, �

�

�m� �CSA� and dipolar interactions
��

��
�m�� are represented by the coefficients
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while, for quadrupolar systems �I�1�, they are given by

zm
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�where m
p

��� denotes the magnetic quantum number associ-
ated with spin “�” corresponding to the state p�. For the
specific case of I=1, x��,m

p,q =−2�
��
�m�.

B. Application of the contact transformation method

To eliminate the complexity associated with the infinite
dimensionality of the problem, the concept of effective Flo-
quet Hamiltonians derived from the contact transformation
method was proposed in earlier publications.5,11 We demon-
strate the utility of this approach in deriving effective Hamil-
tonians for an interacting N-spin system.

In the contact transformation method, the Floquet
Hamiltonian �Eq. �3�� is split into a zero-order Hamiltonian,
H0

F, and a perturbing Hamiltonian, H1
F. The zero-order

Hamiltonian is chosen to contain operators that are diagonal
in the Fourier dimension �m=0� while the perturbing Hamil-
tonian comprises operators that are off-diagonal in the Fou-
rier dimension �m�0�, namely,

H0
F = �

p=1

2N

�rI
p,p + �

p=1

2N

z0
p,pZ0

p,p, �4a�
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�
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�
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�0

2

x��,m
p,q

Xm
p,q, �4b�

where the choice of p and q depends on the choice of � and
� as described in Table I.

Employing a single or a series of unitary transforma-
tions, the original Hamiltonian, HF, is transformed into an
effective Hamiltonian, Heff

F , i.e.,

Heff
F = ¯ Un ¯ U2U1HFU1

−1U2
−1 ¯ Un

−1 ¯ .

We derive an effective Hamiltonian by employing a single
unitary transformation

Heff
F = U1HFU1

−1 = ei�S1HFe−i�S1

= H0
�1�F + �H1

�1�F + �2H2
�1�F ¯ , �5a�

H0
�1�F = H0

F, �5b�

H1
�1�F = H1

F + i�S1,H0
F� , �5c�

H2
�1�F = H2

F + i�S1,H1
F� − 1

2 �S1,�S1,H0
F�� , �5d�

where the terms H0
�1�F, H1

�1�F, and H2
�1�F represent the zero-

order, first-order, and second-order corrections after the first
transformation, respectively. In the present description of the
system, H2

F is zero as all the perturbing terms are included in
H1

F. The transformation function S1 �illustrated in Eq. �5c�� is
properly chosen to compensate the Off diagonality in H1

F and
in general can be expressed as a linear combination of a
complete set of operators employed in describing the per-
turbing Hamiltonian,

S1 = i��p=1

2N

�
m=−2

�0

2

Am
�p�Zm

p,p
− i� �

���=1

N

�
p,q

�
m=−2

�0

2

�C��,m
p,q

Xm
p,q + iB��,m

p,q
Ym

p,q� . �6�

The coefficients in the transformation function S1 are ob-
tained by solving Eq. �5c� and can be generalized for an
N-spin system by the following equation which represents a
system of coupled linear equations in the coefficients given
in Eq. �6�,

TABLE I. States connected by the flip-flop operators Xm
p,q for spins � and �. The indices p and q represent the

spin states and depend on the spin topology. In the case of a two-spin system, 1�
���, 2�
���, 3�
���, and
4�
���, while 1�
� ,� ,��, 2�
� ,� ,�� , . . ., 8�
� ,� ,�� and 1�
� ,� ,� ,��, 2�
� ,� ,� ,�� , . . ., 16
�
� ,� ,� ,�� in the cases of three and four spins, respectively.

Two spins Three spins Four spins

�=1 �=2 p 2 �=1 �=2 p 3 4 �=1 �=2 p 5 6 7 8
q 3 q 5 6 q 9 10 11 12

�=1 �=3 p 2 4 �=1 �=3 p 3 4 7 8
q 5 7 q 9 10 13 14

�=2 �=3 p 2 6 �=1 �=4 p 2 4 6 8
q 3 7 q 9 11 13 15

�=2 �=3 p 3 4 11 12
q 5 6 13 14

�=2 �=4 p 2 4 10 12
q 5 7 13 15

�=3 �=4 p 2 6 10 14
q 3 7 11 15
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H1
F + i�S1,H0

F� = 0. �7�

General expressions for the constants associated with the S1

functions are obtained as

Am
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Subsequently, the diagonal corrections to second-order are
obtained by evaluating the right hand side of Eq. �5d� to give
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i

2
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In the second-order corrections �Eq. �9��, the first set of terms
summed over p and q on the right hand side contains Z

operators which result from cross-terms between the dipolar
interactions associated with different “m” values, while the X

and Y operators result from cross-terms between the CSA
and the dipolar interactions associated with a particular spin
pair. The second set of terms summed over p, q, and r is
obtained only in systems comprising of more than two spins
resulting from dipolar cross-terms between spin pairs ��1 ,��
and �� ,�2�.

The transformed effective Floquet Hamiltonian �to
second-order� is given by

Heff
F = �

p=1

2N

�rI
p,p + �

p=1

2N

z0
p,pZ0

p,p + H2,d
�1�F. �10�

In the next section we demonstrate the utility of the above,
generalized effective Hamiltonians in describing the spin dy-
namics in systems ranging from single spin �I=1 /2� to four-
spin dipolar-coupled and quadrupolar systems. The advan-
tages associated with this approach are substantiated with
simulations based on the analytic theory.

III. ANALYTIC SIMULATIONS AND DISCUSSION

A. Effective Hamiltonians for noninteracting spin
systems „I=1/2…

1. Single spin

Following the description in the previous section, the
time-dependent Hamiltonian under MAS conditions for a
single spin-1/2 is given by

H�t� = �
m=−2

2

��m�eim�rtIz. �11�

After the Floquet transformation the time-independent
Hamiltonian, HF is given by

HF = �
p=1

2
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2
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p=1

2

�
m=−2

m�0

2

zm
p,p

Zm
p,p, �12�

where the superscripts p=1 and p=2 denote the two-spin
states 
1 /2� and 
−1 /2�, respectively. The constants associ-
ated with various operators in the Hamiltonian in Eq. �12�
are given by

z0
1,1 = ��0�, z0

2,2 = − ��0�,

zm
1,1 = ��m�, zm

2,2 = − ��m�.

The Floquet Hamiltonian �Eq. �11�� is split into a zero-order
Hamiltonian H0

F and a perturbing Hamiltonian H1
F, given by

H0
F = �

p=1

2

�rI
p,p + �

p=1

2

z0
p,pZ0

p,p and �13a�

H1
F = �

p=1

2

�
m=−2

m�0

2

zm
p,p

Zm
p,p. �13b�

The transformation function S1 is determined as described
earlier and is represented by

S1 = i��p=1

2

�
m=−2,

m�0

2
zm

p,p

m�r

Zm
p,p . �14�

Since the transformation function contains only the Zm
p,p op-

erators, the second-order corrections H2
�1�F, tend to zero, i.e.,

H2
�1�F =

i

2
�S1,H1

F� , �15a�

H2,d
�1�F = −

1
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2
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p=1

2

�
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m�0

2
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p,p
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p,p = 0.

�15b�

Hence, the effective Hamiltonian for a single spin or a sys-
tem of noninteracting spins is comprised only of the isotropic
chemical shift of the individual spins
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Heff
F = H0

F. �16�

The calculation of sideband intensities, however, requires the
exponential terms operating on the detection operator and the
corresponding operators do not commute with each other.
Therefore, perturbation theory approach is used here to de-
termine the S1 function required for the calculation of the
sideband intensities.

2. Simulation of MAS spectra

The time-domain signal is calculated by evaluating the
expectation value of the detection operator, �I−�0

p,q,

��I−�0
p,q� = Tr��F�t��I−�0

p,q�

= �
m=−�

�

�
p=1

2

�p,m
��F�t��I−�0
p,q�
p,m� , �17a�

where �F�t�=e−iH
F

t�F�0�eiH
F

t, such that �F�0�= �I+�0
p,q= �X0

1,2

+ iY0
1,2� represents the initial density matrix immediately after

a radiofrequency pulse and �
p ,m�� are the Floquet states,
constructed from the direct product of the spin basis �p=1
and 2� with the Fourier basis states, m=−� , . . . ,
−1 ,0 ,1 , . . . ,�. Expressing the density matrix and the detec-
tion operator in the transformed basis defined by S1,
Eq. �17a� is expanded as follows:

��I−�0
p,q� = �

m=−�

�

�
p=1

2

�p,m
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2
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F
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F�0�eiHeff
F

t
� j
�n���� j

�n�
�I−��0
p,q
�i

�m�� , �17b�

where U=eiS1 is the unitary transformation operator, ��
F�0�

=U�I+�0
p,qU−1 is the effective time-dependent density opera-

tor, �I+��0
p,q=U�I+�0

p,qU−1 and 
�
i

�m�� are the eigenfunctions of
the effective Floquet Hamiltonian Heff

F . In the expansion of
both ��

F�0� and �I+��0
p,q, the higher-order �second–order in our

case� terms have been neglected, i.e.,

��
F�0� = eiS1�I+�0

p,qe−iS1 � �I+�0
p,q +

zm
p,q

m�r

�I+�m
p,q. �17c�

To eliminate the redundancy in Eq. �17b�, one of the Fourier
summation coefficients n is set to zero. Furthermore, owing
to the periodicity of the problem, the eigenvalues �depicted
by �

i

�0�� in the Floquet space can be calculated by evaluating
the supereigenvalues corresponding to the diagonal block,
m=0. Subsequently, the time-domain signal is calculated by
re-expressing Eq. �17b� in a convenient form depicting the
center-band �matrix elements of operators with zero as sub-
script� and the side-band contributions to the MAS spectrum
as

��I
−
�0

p,q�t�� = �
i,j=1

2

��i
�m�
�I+�0

p,q
� j
�0���� j

�0�
�I−�0
p,q
�i

�m��ei��i
�0�−�j

�0��t

+ �
m�0

�
i,j=1

2 � zm
p,q

zm
p,q�

m2�r
2 ����i

�m�
�I+�m
p,q
� j

�0���� j
�0�


��I−�m
p,q
�i

�m��ei���i
�0�−�j

�0��+m�r�t� . �17d�

To simulate the MAS powder spectrum, the above equation
is evaluated for different crystallite orientations, which on
Fourier transformation lead to the MAS spectrum in the
frequency-domain in Fig. 1. In the simulations presented,
sidebands corresponding to m= 
1 and 
2 are depicted.

FIG. 1. Simulated 13C MAS spectra for a single spin-1/2 system at 100
MHz �13C� frequency. The following CSA parameters were employed in the
simulations: �xx, �yy, and �zz equal to 35, 50, and 65 ppm, respectively;
CSA orientations �PM, �PM, and �PM equal to 70°, 60°, and 122°, respec-
tively. Gaussian line broadening of 70 Hz was employed in the simulations.
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Higher-order sidebands can be calculated by evaluating the
higher-order terms in the expansion of ��

F�0� and �I+�0
p,q in

Eq. �17c�. Following the standard procedure, the intensities
are normalized with respect to the center-band by including
the contributions emerging from the sidebands, i.e.,

�I−
pq�t�� = �

m=−2

2
Cm

2

C0
2 + C−1

2 + C−2
2 + C1

2 + C2
2 , �17e�

where C0
2 represents the intensity of the center-band and Ci

2

the corresponding intensity of the sidebands. In the slow-
spinning regime higher-order contributions resulting in
higher sidebands �m�2� need to be evaluated in the inten-
sity expression. As the spinning frequency of the sample in-
creases, contributions from the CSA decrease, resulting in
the decrease in the intensity of the sidebands and leading to
improved sensitivity and resolution. This aspect of the pro-
cedure is illustrated in Fig. 1 which depicts simulations of
MAS spectrum at three different spinning frequencies.

B. Effective Hamiltonians for interacting spin systems

1. Two spins

The time-dependent MAS Hamiltonian for a homo-
nuclear dipolar-coupled spin pair is represented by

H�t� = �
�=1

2

�
m=−2

2

��
�m�eim�rtI�z + �

m=−2,

m�0

2

�12
�m�eim�rt

��2I1zI2z − 1
2 �I1

+I2
− + I1

−I2
+�� . �18�

Employing the procedure described in the previous section,
the Floquet Hamiltonian for a dipolar-coupled system is split
into a zero-order Hamiltonian, H0

F, and a perturbing Hamil-
tonian, H1

F �the two groups of terms on the right side, respec-
tively�,

HF = ��
p=1

4

�rI
p,p + �

p=1

4

z0
p,pZ0

p,p�
+ ��p=1

4

�
m=−2

�0

2

zm
p,p

Zm
p,p + �

m=−2

�0

2

x12,m
2,3

Xm
2,3� . �19�

The transformation function S1 is expressed in terms of a
complete basis set of operators as

S1 = i��p=1

4

�
m=−2

�0

2

Am
�p�Zm

p,p
− i� �

m=−2

�0

2

��C12,m
2,3

Xm
2,3 + iB12,m

2,3
Ym

2,3�� . �20a�

Employing Eq. �8�, the coefficients in the transformation
function S1 for a dipolar-coupled spin pair are obtained as

Am
�p� =

zm
p,p

m�r

, B12,m
2,3 =

− C12,m
2,3 �z0

3,3 − z0
2,2�

2m�r

,

�20b�

C12,m
2,3 =

− 4x12,m
2,3

m�r

4m2�r
2 − �z0

3,3 − z0
2,2�2 .

In a similar vein, the second-order corrections to the zero-
order Hamiltonian can be written down by employing Eq. �9�
as

H2,d
�1�F = −

1

2� �
m=−2

m�0

2 �− x12,−m
2,3

B12,m
2,3 �Z0

2,2 − Z0
3,3�

+ �z−m
2,2 − z−m

3,3�
B12,m

2,3

2
X0

2,3 + ��z−m
2,2 − z−m

3,3�C12,m
2,3

+ x12,−m
2,3 �Am

�2� − Am
�3���

i

2
Y0

2,3� . �21�

In contrast with the single spin I=1 /2 system, the second-
order corrections comprise the operators X0

2,3, Y0
2,3, and Z0

2,3.
Following the standard procedure described in the previous
section, the frequency-domain spectrum for a dipolar-
coupled spin pair is calculated and is depicted in Fig. 2. The
reduced central transition intensity in the case of �r

=4 kHz is most certainly due to a higher CSA value and a
lower rotational frequency for that particular nucleus. As �r

increases perturbation corrections are more meaningful and
the central transition intensity increases obviously.

2. Three spins

The Hamiltonian for a dipolar-coupled three-spin
�I=1 /2� system under MAS is represented by

FIG. 2. A1 and B1 represent simulated 13C MAS spectra for a homonuclear
dipolar-coupled two spin-1/2 system obtained at two different spinning fre-
quencies. The following CSA parameters were employed: CSA orientations
�

PM

�1� , �
PM

�1� , �
PM

�1�
/�

PM

�2� , �
PM

�2� , and �
PM

�2� equal to 160°, 33°, 90°/119°, 94°, and
�13°, asymmetry parameters �1 /�2 equal to 1.0/0.91, isotropic chemical
shifts �1

�0�
/�2

�0� �denoted by asterisk� equal to 21.87 kHz/5.25 kHz and
chemical shift anisotropies 	1 /	2 equal to 8.54 kHz/1.41 kHz. The dipolar
coupling strength was set to 457 Hz �r12=2.55 Å�.
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H�t� = �
�=1

3

�
m=−2

2

��
�m�eim�rtI�z

+ �
���=1

3

�
m=−2,

m�0

2

���
�m�eim�rt�2I�zI�z − 1

2 �I�
+
I�

− + I�
−
I�

+�� .

�22�

The Floquet Hamiltonian for a three-spin dipolar-coupled
system is expressed as

HF = ��
p=1

8

�rI
p,p + �

p=1

8

z0
p,pZ0

p,p�
+ ��p=1

8

�
m=−2

�0

2

zm
p,p

Zm
p,p + �

m=−2

�0

2

�x23,m
2,3

Xm
2,3 + x23,m

6,7
Xm

6,7

+ x13,m
2,5

Xm
2,5 + x13,m

4,7
Xm

4,7 + x12,m
3,5

Xm
3,5 + x12,m

4,6
Xm

4,6�� .

�23�

The transformation function S1 for a three-spin system is
represented by

S1 = i��p=1

8

�
m=−2

�0

2

Am
�p�Zm

p,p − i� �
m=−2

�0

2

��C23,m
2,3

Xm
2,3 + iB23,m

2,3
Ym

2,3�

+ �C23,m
6,7

Xm
6,7 + iB23,m

6,7
Ym

6,7� + �C13,m
2,5

Xm
2,5 + iB13,m

2,5
Ym

2,5�

+ �C13,m
4,7

Xm
4,7 + iB13,m

4,7
Ym

4,7� + �C12,m
3,5

Xm
3,5 + iB12,m

3,5
Ym

3,5�

+ �C12,m
4,6

Xm
4,6 + iB12,m

4,6
Ym

4,6�� , �24�

with the coefficients having the same functional form as that
described in Eq. �8�.

The diagonal corrections �in Fourier label� obtained to
second-order are given by

H2,d
�1�F = −

1

2� �
m=−2

�0

+2 � �
���=1

3

�
p,q
�x��,−m

p,q
B��,m

p,q �Z0
q,q − Z0

p,p�

+ �z−m
p,p − z−m

q,q�
B��,m

p,q

2
X0

p,q + ��z−m
p,p − z−m

q,q�C��,m
p,q

+ x��,−m
p,q �Am

�p� − Am
�q���

i

2
Y0

p,q�
+ �

�1����2=1

3

�
p,q,r

��x�1�,−m
p,q

B�2�,m
q,r − x�2�,−m

q,r
B�1�,m

p,q �

�
1

2
X0

p,r + �x�1�,−m
p,q

C�2�,m
q,r − x�2�,−m

q,r
C�1�,m

p,q �
i

2
Y0

p,r�� .

�25�

In contrast with the two-spin system, the second-order cor-
rections in the three-spin system comprise both sets of terms,
one set which is summed over p and q and the other set
which is summed over p, q, and r, for a dipolar coupled
N-spins of I=1 /2. Employing the generalized effective
Hamiltonians, simulations have been carried out for a three-
and a four-spin system and the results are depicted in Figs. 3
and 4, respectively. In a similar manner one can obtain ef-
fective Floquet Hamiltonians for many spins coupled by di-
polar interactions from the generalized expression given in
the previous section �Eq. �9��.

C. Effective Hamiltonians in dipolar recoupling
experiments

In dipolar recoupling experiments, a part of the dipolar
interaction represented in Eq. �1� is reintroduced by compen-
sating the spatial averaging rendered by MAS. The theoreti-
cal description of such experiments has been described in
both the average Hamiltonian12 and Floquet framework7,8

and will not be dealt with in this article. For the purpose of
demonstration, we derive the effective Floquet Hamiltonian
describing the �rotational resonance� R2 exchange dynamics
from the generalized effective Floquet Hamiltonians pre-
sented in the previous section. Following standard descrip-
tion, the Floquet Hamiltonian for a homonuclear dipolar
coupled system under R2 condition is represented by

FIG. 3. A1, B1, and C1 represent the simulated 13C MAS spectra for a three-spin dipolar-coupled system at different spinning frequencies. The following
chemical shift parameters were employed: �

PM

�1� =160°, �
PM

�1� =33°, �
PM

�1� =90°, �1=1.0, 	1=8.54 kHz, �1
�0�=21.87 kHz, �

PM

�2� =119°, �
PM

�2� =94°, �
PM

�2� =−13°,
�2=0.91, 	2=1.41 kHz, �2

�0�=14.2 kHz and �
PM

�3� =−49°, �
PM

�3� =48°, �
PM

�3� =−170°, �3=0.92, 	3=3.0 kHz, �3
�0�=3.0 kHz. The dipolar parameters employed

were r12=2.55 Å, r13=3.72 Å, and r23=5.9 Å �13C– 13C dipolar coupling strength at 1 Å internuclear distance is equal to 7.5859 kHz�. The asterisks denote
the position of the center-band associated with the isotropic chemical shifts of the three spins.
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HF = �
p=1

4

�rI
p,p + �

p=1

4

z0
p,pZ0

p,p + x12,0
2,3 X0

2,3 + iy12,0
2,3 Y0

2,3

+ �
p=1

4

�
m=−2,

m�0

2

zm
p,p

Zm
p,p + �

m=−4,

m�0

4

�x12,m
2,3

Xm
2,3 + iy12,m

2,3
Ym

2,3� .

�26�

In contrast with the Floquet Hamiltonian for a dipolar-
coupled spin pair represented in Eq. �19�, the Floquet Hamil-
tonian for a recoupling experiment consists of X0

2,3 and Y0
2,3

operators.12 This form is common to both selective and
broadband recoupling schemes in solid state NMR and the
description presented below is valid for N-spin systems.

To reduce the complexity in the description involving
many spins, the time-independent terms associated with the
dipolar interactions �represented by X0

2,3 and Y0
2,3 operators�

are separated from the zero-order Hamiltonian as

HF = H0
F + H1

F = H0
F + H1,dia

F + H1,off-dia
F ,

where

H0
F = �

p=1

4

�rI
p,p + �

p=1

4

z0
p,pZ0

p,p,

H1,dia
F = x12,0

2,3 X0
2,3 + iy12,0

2,3 Y0
2,3 and �27�

H1,off-dia
F = �

p=1

4

�
m=−2,

m�0

2

zm
p,p

Zm
p,p + �

m=−4,

m�0

4

�x12,m
2,3

Xm
2,3 + iy12,m

2,3
Ym

2,3� .

The transformation function S1 is chosen to compensate the
off-diagonality present in H1

F �i.e., H1,off-dia
F �, by solving

Eq. �28�,

H1
�1�F = H1,dia

F + H1,off-dia
F + i�S1,H0

F� = H1,dia
F . �28�

The second-order corrections are obtained by evaluating the
right hand side of the equation below

H2
�1�F = i�S1,H1

F� −
1

2
�S1,�S1,H0

F��

= i�S1,H1,dia
F � +

i

2
�S1,H1,off-dia

F � . �29�

In the above equation, the first expression results in operators
that are off-diagonal in the Fourier dimension �i.e., m�0�
and has a minimal contribution to the overall spin dynamics.
Hence, second-order corrections are confined only to the
evaluation of the second term. The effective Hamiltonian de-
scribing the spin dynamics in R2 experiments is

Heff
F = H0

F + H1,dia
�1�F + H2,dia

�1�F

= �
p=1

4

�rI
p,p + �

p=1

4

z0
p,pZ0

p,p + x12,0
2,3 X0

2,3 + iy12,0
2,3 Y0

2,3 + H2,dia
�1�F ,

�30�

which is in agreement with the descriptions presented in ear-
lier reports. In Fig. 5, we present the simulation of the MAS
spectrum at the R2 condition and compare the spectrum with
the dipolar-coupled spin pair. The observed broadening of
the spectrum is in agreement with experiment and confirms
the validity of the generalized effective Hamiltonian ap-
proach presented in the article. It is important to note here
that the effective Hamiltonian for rotational resonance could
well have been obtained by taking the H1,dia

F in H0
F. Such an

approach results in a set of coupled equations given below
and complicates the procedure for evaluating the coefficients
associated with the various operators in S1 function12 in the
equation

H1
�1�F = H1

F + i�S1,H0
F� = H1,dia

F . �31�

This equation represents the following group of equations for
the coefficients:

FIG. 4. A1, B1, and C1 represent the simulated 13C MAS spectra for a four-spin dipolar-coupled system at different spinning frequencies. The following
chemical shift parameters were employed: �

PM

�1� =160°, �
PM

�1� =33°, �
PM

�1� =90°, �1=1.0, 	1=8.54 kHz, �1
�0�=21.87 kHz, �

PM

�2� =119°, �
PM

�2� =94°, �
PM

�2� =−13°,
�2=0.91, 	2=1.41 kHz, �2

�0�=5.25 kHz, �
PM

�3� =−49°, �
PM

�3� =48°, �
PM

�3� =−170°, �3=0.92, 	3=3.0 kHz, �3
�0�=3.0 kHz and �

PM

�4� =57°, �
PM

�4� =147°, �
PM

�4� =120°,
�4=0.0, 	4=2.5 kHz, �4

�0�=4.37 kHz. The dipolar parameters employed were r12=2.55 Å, r13=3.72 Å, r23=5.9 Å, r14=5.9 Å, r24=7.0 Å, and r34

=2.55 Å �13C– 13C dipolar coupling strength at 1 Å internuclear distance is equal to 7.5859 kHz�. The asterisks represent the position of the center-band
associated with the isotropic chemical shifts of the four spins.
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zm
1,1 − Am

�1�
m�r = 0,

zm
4,4 − Am

�4�
m�r = 0,

zm
2,2 − Am

�2�
m�r − C12,m

2,3
y0

2,3 + B12,m
2,3

x0
2,3 = 0,

�32�
zm

3,3 − Am
�3�

m�r + C12,m
2,3

y0
2,3 − B12,m

2,3
x0

2,3 = 0,

x12,m
2,3 + C12,m

2,3
m�r + 1

2 �Am
�3� − Am

�2��y12,0
2,3 − 1

2 �z0
2,2 − z0

3,3�B12,m
2,3 = 0,

y12,m
2,3 + B12,m

2,3
m�r + 1

2 �Am
�3� − Am

�2��x12,0
2,3 − 1

2 �z0
2,2 − z0

3,3�C12,m
2,3 = 0.

Rather than solving these, the approach presented in Eqs.
�27�–�29� is simpler and convenient for deriving effective
Hamiltonians in recoupling experiments and can well be ex-
tended to multiple spins.

D. Effective Hamiltonians in quadrupolar spin
systems

The Hamiltonian for a quadrupolar spin system �I=1�
under MAS conditions is given by

H�t� = �
m=−2

2

��m�eim�rtIz + �
m=−2,

m�0

2

�Q
�m�eim�rt�3Iz

2 − I2� . �33�

The corresponding Floquet transformation HF is represented
by

HF = �
p=1

3

�rI
p,p + �

p=1

3

z0
p,pZ0

p,p + �
p=1

3

�
m=−2

m�0

2

zm
p,p

Zm
p,p, �34�

where the superscripts p=1, 2, and 3 denote the three-spin
states 
1�, 
0�, and 
−1�, respectively. The constants associ-
ated with various operators in the Hamiltonian in Eq. �34�
are given by

z0
1,1 = 2�1

�0�, z0
2,2 = 0, z0

3,3 = − 2�1
�0�,

zm
1,1 = 2��m� + 2�Q

�m�, zm
2,2 = − 4�Q

�m�,

zm
3,3 = − 2��m� + 2�Q

�m�.

The subsequent description is identical to the single spin I

=1 /2 system and the MAS spectra are depicted in Figs. 6
and 7. In Fig. 6 are shown the 2H MAS spectra for various
quadrupolar coupling strengths from 10 to 60 kHz, at a fixed
spinning frequency of 30 kHz �A1, B1, C1, D1, E1, and F1�.
As the strength of the quadrupolar coupling increases, the

FIG. 5. Comparison of 13C MAS spectrum for a
dipolar-coupled spin-1/2 system �top panel� and the cor-
responding spectrum at the R2 matching condition
�lower panel�. The spectrum at R2 matching condition is
broad due to the reintroduction of the dipolar interac-
tions resulting in lower sensitivity. Input parameters
employed for the simulation are similar to that used in
Fig. 2.

FIG. 6. A1, B1, C1, D1, E1, and F1 represent simulated
MAS spectra for a single spin-1 system obtained by
varying the quadrupolar coupling strength keeping
spinning frequency fixed. The following parameters
were employed in the simulations: �1

�0�=0.5 kHz,
	1,CSA=−3.38 kHz, �1,CS=0.99, and �1,Q=0; CSA ori-
entations �PM, �PM, and �PM are equal to 40°, 128°,
and 122°, respectively. Quadrupolar orientations �PM

Q ,
�PM

Q , and �PM
Q equal to 30°, 60°, and 120°, respectively.
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intensity of the central transition decreases. This trend is ob-
vious from Fig. 7, where the spectra are compared at differ-
ent spinning frequencies for a given quadrupolar coupling
strength.

IV. CONCLUSIONS

In summary, the present study provides a generalized
description of effective Floquet Hamiltonians for a system
comprised of N-interacting spin systems including quadrupo-
lar interactions. Attention is restricted to first-order quadru-
polar interactions. The infinite dimensionality associated
with conventional Floquet treatments is circumvented in our
approach, thereby facilitating analytic treatments in terms of
effective Hamiltonians derived from the contact transforma-
tion procedure. The generalized expressions for effective
Hamiltonians presented here can be integrated with numeri-
cal methods for optimization and design of new NMR ex-
periments and with the use of quadrupole interacting frames
in the case of second-order and other quadrupole interac-
tions.
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