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1. Introduction

Let V := 8™ be the vector space of real symmetric matrices of order n and X be the set of all
positive semidefinite matrices in V.If X € X, we will use the notation X > 0. Suppose thatL : V — V
is a linear transformation. Given an element Q € V, the semidefinite linear complementarity problem
SDLCP(L, Q) is to find a matrix X € V such that

X>0, Y =LX)+Q >0 and XY =0.

SDLCP is a mathematical programming problem introduced in [3]. It has several applications in
matrix theory and optimization. We refer to 3] for details. SDLCP is a special case of variational inequal-
ity problems (VIPs). A wide literature of VIPs appears in [2]. Focussing specifically to SDLCP has many
advantages. In this particular setting, many specialized results can be proved using the extra structure
available for matrices. Thus, SDLCP is an useful tool in understanding variational inequality problems.
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Let Abe a square matrix of order n. Then the multiplicative transformation My : V — Visdefined by
Ma(X) := AXAT. It is known from [5] that invertible multiplicative transformations are the only linear
transformations on V that satisfy L(X') = X. The transformation My is said to have the Q-property
if SDLCP(Mj,, Q) has a solution for all Q € V. One of the unsolved problems in SDLCP is to prove the
Q-property of M. Towards, this we prove the following result:

Theorem 1. Let A € R"*". Then the following are equivalent:

1. A + AT is either positive definite or negative definite.
2. ForallQ € V, SDLCP(Mj,, Q) has a unique solution.
3. SDLCP(My, 0) has a unique solution.

4. My has the Q-property.

The proof of (1) = (2) = (3) = (4) in the above theorem is proved in [4]. If A is of order 2,
then (4) = (1) is proved in [4]. Our aim in this paper is to establish (4) = (1) for any square matrix
A € R,

2. Preliminaries

We make the following assumption throughout this paper:
n=3.
The following notations are used in this paper:

eleta C{1,...,n}and B C {1,...,n}. Then for amatrix M € R"*", M{«, 8) will be the subma-
trix of M obtained by deleting rows indexed by « and columns indexed by S.
o LetX > 0, = {1,n}. Then X" := X{«, ). For example, if

1 2 0 0
2 4 0 0
X=1o0 0 3 2|
00 2 6
, 4 0
thenX_[0 3

o Set of all solutions to SDLCP(Mj,, Q) will be denoted by SOL(Mjy, Q).
e Let [y denote the identity matrix of order k.
e We will use Q to denote the n x n matrix

0 ... 0 1
_ o ... 0 o0
Q:= . . . .
1 0 0 0O

We now introduce some definitions.

Definition 1. For a matrix M € R"*" with entries m;;, we define the following:
e Letaw = {2,...,n — 2}.The corner of M is the principal submatrix M {«, ). We denote the corner
of M by cor(M).

e The entry mj; is called a corner entry of M if m;; is an entry in cor(M). Otherwise we say that m;
is a non-corner entry.

e M is called a corner matrix if all the non-corner entries of M are zero and cor(M) is a nonzero
matrix.

e If M is the sum of identity matrix and a skew-symmetric matrix, then we say that M is a type(x)
matrix.
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e Letnn; > 0be any positive integer. Then M is called Form(n;) matrix if M can be partitioned such
that
w Q
w3
where W is a skew-symmetric matrix of order m and R is a type(*) matrix of order n;. Here we
assumem +n; =nandm > 0.

e Let ny and n, be positive integers such that ny + n, = n. Then M is called Form(ny, ny) matrix if
M can be partitioned such that

vl )

where P and R are type(x) matrices of order ny and n, respectively.
e Let ny, ny and n3 be positive integers such that ny + ny + n3 = n. Then M is called Form(ny, n,
n3) matrix if M has the partitioned form

P E S
M=|-E  w Q|
—ST _QT —R

where W is a skew-symmetric matrix of order ns3, P and R are type(x) matrices of order n; and
ny respectively.

e Let N € R™" Then we write M ~ N if and only if there exists a nonsingular matrix P such that
PMPT = N.

3. Result

To prove the main result we proceed as follows: Using the Q-property of Mu, we first show that
there exists a corner matrix which solves SDLCP(M4, AQA”). This lemma is then used to show that if A
is either Form(ny) or Form(ny, ny) or Form(ny, ny, n3), then My cannot have the Q-property. This will
finally imply that A should be either positive definite or negative definite.

We begin with the following lemma.

Lemma 1. Let B > 0. Suppose that P is a k x k principal submatrix of B. Let ry, . . ., ry be the rows of B
which contain P. Then det P = Q if and only ifry, . . ., ry are linearly dependent vectors.
In particular, rank(P) is the number of linearly independent vectorsinry, . . ., k.

Proof. Without loss of generality, assume that P is a leading principal submatrix of B. Let B have the
partitioned form

_[P Q
=g &
Observe that Q is of order k x (n — k). Now, it suffices to prove that rank([P Q]) = rank(P).
LetX = (x1,...,xc)" € R¥ be a nonzero vector such that Px = 0. Define v € R" by

X
0

vi=|.
0

It can be verified that v/ Bv = x”Px. Then, v/ Bv = x'Px = 0. Since B is symmetric as well as
positive semidefinite, Bv = 0 and hence Q'x = 0. This together with Px = 0 implies that

k
ZX,’I‘,‘ =0.
i=1
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Thus the vectors ry, . . ., 1y are linearly dependent. The converse as well as the rank equality are easily
seen. [

Lemma 2. Let A € R™*". Then the following statements are true:

(i) Ifthe transformation Mu has the Q-property, then Ais nonsingular and Mp,pr will have the Q-property
for all P nonsingular. _ 5

(ii) Let Ma have the Q-property and X € SOL(Ma, AQAT). Then X and X + Q are nonzero positive
semidefinite matrices. Further, rank(X) < n — 1orrank(X 4+ Q) <n — 1.

Proof. We now prove (i). Let X € SOL(Mj,, —I), where [ is the identity matrix. Then AXAT — I > 0.This
implies that AXAT is a positive definite matrix and therefore A is nonsingular. Now, let P be nonsingular
and U := P!, Then the following equivalence can be verified for any symmetric matrix Q of order n:

X € SOL(Mya, Q) < UXUT € SOL(Mpr 4p, PTQP).

Therefore, M4 has the Q-property if and only if Mpspr has the Q-property.
We now prove (ii). Since X € SOL(M,, AQAT), we have

X>=0 Y:=AXAT +AQAT =0 and XY =0. 1)

Since My has the Q-property, by (i) A must be nonsingular. Let B := A~!. Then BYBT > 0. This means
that X + Q > 0.From (1), we see that

X>0 Y:=X+Q>0 and XAY =0.

Since Q is an indefinite matrix, from the conditions X > 0 and Y > 0, we see that X and Y are
nonzero. If rank(X) = norrank(Y) = n, then XAY = 0 implies that Y = 0 or X = 0 which is not true.
So, rank(X) < nand rank(Y) < n.

If possible, suppose rank(X) =n — 1 and rank(Y) = n — 1. As A is nonsingular, rank(XA) =
rank(X) = n — 1. Now, by Frobenius inequality,

2(n — 1) = rank(XA) + rank(Y) <rank(XAY) +n =n,
which does not hold as n > 3. Therefore either rank(X) < n — 1 or rank(Y) < n — 1. This completes
the proof. [
Lemma 3. Let the transformation My have the Q-property. IfX € SOL(Ma, AQA”) and rank(X’) = k, then

(1) rank(X) > k,
(2) rank(X 4+ Q) >k,
(3) detX' = 0.
Proof. We prove (1). By (ii) in Lemma 2, it follows that
X>0 Y:=X+Q>0 X0, Y#0.

As rank(X’) <rank(X), suppose if possible, rank(X’) = rank(X). Since X is nonzero, it suffices to

assume that k > 0. Letuy, ..., u, be the rows of X and x;; be the (i, j)-entry of X.

Since rank(X’) = k, X’ has k linearly independent row vectors. Without any loss of generality,
assume that up, us, . .., ug, ux4g are linearly independent. Then by Lemma 1, the leading principal
submatrix of X" with order k must be nonsingular. This means that the matrix

X22 X23 e X2k+1
X32 X33 cee X3k
G:= . .
Xk+12  Xk+13 -+ Xk+1k+1

is nonsingular.
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Let Hbethe (k 4+ 1) x (k + 1) leading principal submatrix of X. As we have k = rank(X),detH = 0

and the vectors in the set {uy, uy, ..., uy, upy1} must be linearly dependent. Observe that H is also
the leading (k + 1) x (k + 1) principal submatrix of Y. Suppose that e, € R" is the vector e, :=
©,...,0,DT.Nowu; + e, uy, ..., u, w1 are the rows of Y which contain H and det H = 0. Further
Y > 0. Using Lemma 1, we now deduce that u; 4 e,, uy, . . ., ug, ux41 must be linearly dependent.
Let L be the rectangular matrix whose rows are u; + ey, uy, . . ., Uy, Ur41. Then rank(L) < k + 1.
Now we define
X12 X3 ... Xk Xim+1
~ X22 X23 . X2k+1 X2n
L:= . . .
Xk+12  Xk+13 - -+ XkH1k+1 Xk+1n

It can be verified that Lisa (k + 1) x (k 4 1) submatrix of L and L({1}, {n}) = G.IfdetL # 0, then
rank(L) >k + 1 which will be a contradiction. Thus det L = 0.

Also,
X12 X13 X1k+1 X1n
- X22 X23 ce X2k-+1 X2n
L:= . . .
Xk+12  Xk+13 -+ - Xk+1k+1 Xk+1n

must be singular, as rank(X) = k. Now, it follows that
0 =detL = detL + detZ{{1}, {n}) = detG.

This contradicts that G is nonsingular. This completes the proof of (1).

By repeating the same argument as above, we get (2).

We now prove (3). Suppose det X’ = 0. This implies rank(X") = n — 2. Now, by (1) and (2), we
have rank(X) > n — 2 and rank(Y) > n — 2, which is a contradiction to item (ii) in Lemma 2. Hence
the proof. [

Lemma4. Let P > 0, det P’ = 0 and rank(P") < rank(P). Then there is a corner matrix T such that
P =S+ T,whereS > 0and T > 0. Further S has the following properties:

(a) Non-corner entries of S and P are equal.
(b) rank(S) = rank(P’).

Proof. Let U be a permutation matrix such that P is the (n — 2) x (n — 2) leading principal submatrix
of UPUT. Define Y := UPU”. Let Y have the partitioned form

P B
- [BT C} |
To prove the result, we will show that
P B 0 O
Y= [BT Ni| +[0 L]'
where

P B , P B 0 0
rank ([BT ND = rank(P"), [BT N} >0 [0 L] >0, and L +#0.

Put k := rank(P’). Since detP’ = 0, k < n — 2. Since P’ > 0, P’ is the sum of k rank one positive
semidefinite matrices. Let

k
P = Z[x}’x}’], i=1...,n—2andj=1,...,n—2.
v=1
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In view of Lemma 1, rank([P’ B]) = k. Therefore
k
[P'B] =) [xx/] i=1,..,n—2andj=1,2,..,n

v=1

Let
k
= Z[x}’x}’], i=1..,nandj=1,...n
v=1

Then S > 0 and rank(S) = k. As S > 0, Lemma 1 implies that at least one k x k principal submatrix
of S must be nonsingular. Without any loss of generality, we assume that the k x k leading principal
submatrix of S is nonsingular. Suppose the k x k leading principal submatrix of Sis denoted by S.Then
detS > 0.1t can be noted that S has the partitioned form

~ P B

5= [BT N} |
Define

T:=vY-S5S.

Suppose T = 0. Then rank(Y) = rank(S). This means that rank(Y) = kand hence rank(P) = k which
is a contradiction to our assumption rank(P) > rank(P’). Therefore T is nonzero. Apparently, T has the
partitioned form

~ 0 O
=[5 1)

a b
where L = [b c}‘

It remains to show that T > 0. We claima >0, ¢ >0 and detL > 0. Let E = [e;] be the (k + 1) x
(k + 1) matrix defined by

1 G =k+1,k+1),
% =10 else.

Let
V:i=Sa) a={k+1,...,n—2n}

ThenV + aEisaprincipal submatrixof Y.Put 8 = {k + 1}.ThenV{(8, ) = S.SinceY > 0,det(V +
aE) > 0. Asrank(S) = k,detV = 0.
Now we have

det(V + aE) = detV 4 adet V(B, B) = adetS>0.

Since detS > 0, a>0. Similarly it can be proved that ¢ > 0.
Let G be the (k + 2) x (k 4+ 2) principal submatrix of S defined by

G=Slwa), a={k+1,...,n—2}.
Suppose that F is the (k 4+ 2) x (k 4 2) matrix defined by

el )

Now G + F is a principal submatrix of Y and therefore det(G 4 F) > 0. By an easy calculation we
find that

det(G + F) = detSdetL,
and so det L >0.Thus T > 0. This completes the proof. [
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Lemma 5. Let R > 0, S > 0, rank(R) = rank(S) and rank(R") = rank(R). Assume that the non-corner
entries of R and S are same. ThenR = S.

Proof. LetR := [rj;],S := [sjj] and k := rank(R). We need to prove thatriy = s11, 7 = Sppandryp, =
S1n.

Since R’ > 0, by Lemma 1, at least one k x k principal submatrix of R’ is nonsingular. Without any
loss of generality, let us assume that the leading k x k principal submatrix of R’, say F, is nonsingular.
Let Ey; := [ejj] be the (k + 1) x (k + 1) matrix defined as follows:

o) Gh=00

0 else.
Now the (k + 1) x (k + 1) leading principal submatrix of S can be written as
V= I[sjl = [rjl + «En, i j=1,....,k+1.
Set
X:=[rgl, ij=1...,k+1.

Let the columns of X be uy, ..., w47 and f := (, 0, .. ., 0)T. It can be noted that detX = detV =0
and therefore we have

0=detV = det[u; +f,uy, ..., up41]

= det[uy, uy, ..., ug41] + det[f, uy, ..., uppq]
= det[f, uy, ..., up41]
= o detF.

Since det F > 0, « = 0. Thus, s11 = r11. By a similar argument it can be proved that s,, = r;, and
S1n = T'n. O

Lemma 6. Assume that My has the Q-property. Then there exists T € SOL(MA,AQAT) such that T is a
corner matrix.

Proof. Let X € SOL(MA,AQAT). ThenX > Oand Y := X + Q > 0. From Lemmas 3 and 4,
X=S+T and Y=R+Ty, (2)

where S, R, T and T; satisfy all the properties stated in Lemma 4. In particular T and T; are corner.

Since Y’ = X/, it follows from (b) of Lemma 4 that rank(R) = rank(S). Put k := rank(S). Now the
non-corner entries of R and S are same. Thus R and S satisfy all the conditions of Lemma 5. Hence
R = S. Equations in (2) thus imply Y = X + Q=S+T+Q=R+T+Q =R+ T; and therefore
T+ Q =Ty.Hence T+ Q > 0.As X € SOL(My, AQAT), we have

X(AXAT + AQAT) = (S + T)(AXAT + AQAT) = 0. 3)
Setting P = AXAT + AQAT, we have
(S+T)P=0. (4)

Since P > 0,S > 0and T > 0, trace(SP) >0 and trace(TP) > 0. Taking trace on both the sides in (4),
we obtain

trace(TP) = 0 and trace(SP) = 0.
Therefore TP = 0 and SP = 0. Thus we see that
T(AXAT + AQAT) = 0. (5)

PutX = S+ Tin (5).NowA(T + Q)A” > 0andS > 0.Usinga similar argument as above, it follows
that
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T(ATAT 4+ AQAT) = 0. (6)
Thus, the corner matrix T solves SDLCP(My, AQAT). This completes the proof. [

The proof of the following lemma is a direct verification and hence omitted.

Lemma 7. Suppose that X € SOL(Ma, AQAT). If X is a corner matrix, then cor(X) € SOL(Mcor(a), cor(A)
cor(Q)cor(A)T).

Lemma 8. IfAis a Form(ny, ny) matrix or Form(ny, ny, n3) matrix, then My does not have the Q-property.

Proof. Suppose that A is a Form(ny, ny) matrix. Then A has the partitioned form

B C
[ )

where B and D are type(x) matrices of order ny; and n, respectively. Let ¢ be the last column of C.

As n > 3, it follows that either n; > 1orn; > 1. Without any loss of generality, assume n; > 1. As
¢ € R" and ny > 1, there exists a unit vector u orthogonal to ¢. Now construct an orthogonal matrix
U of order n; whose first row is u”.

Define
_[u o
=3 2]
Then V is orthogonal and
__o.oT _ | UBUT UC
K := VAV _[—CTUT _pl

Since B is a type(x) matrix, so is UBUT. Thus, cor(K) = diag[1, —1].

If Mx has the Q-property, then by item (i) in Lemma 2, Mk will have the Q-property. By Lemma
6, there exists X € SOL(Mk, KQKT) such that X is corner. Setting S := diag[1, —1] it follows from
Lemma 7, that

cor(X) € SOL(Ms, Scor(Q)S).

This contradicts Lemma 11 (see Appendix). Thus, M4 does not have the Q-property.
If A is a Form(ny, ny, n3) matrix, a similar argument can be repeated. []

Lemma 9. If A is a Form(nq) matrix or a skew-symmetric matrix, then Mu does not have the Q-property.

Proof. If A is skew-symmetric (or more generally, normal), the result will follow from Lemma 2.15
in[1].

Assume that A is a Form(ny) matrix. Let M4 have the Q-property. Suppose A has the partitioned
form

w G
[ g
where D is a type(x) matrix of order n; and W is skew-symmetric of order m. It can be verified that A

is normal if and only if G = 0 and hence to prove the lemma we can assume that G # 0. Then there
exists a permutation matrix

[P0
U—[o Pz]'

where P; and P, are permutation matrices of order m and n; respectively such that B := UAUT is a
Form(nq) matrix and det(cor(B)) # 0. Without any loss of generality we can assume that
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cor(B) = [g _]b] b> 0.

By Lemma 2, Mg will have the Q-property. By Lemma 6, there is a corner matrix which is a solution
to SDLCP(M3, BQB"). Hence from Lemma 7, there is a solution to SDLCP(Mcor(B), [(1) (1)]) which is a

contradiction to Lemma 11 (see Appendix). This completes the proof. []
The next lemma is a consequence of the following well known theorem for symmetric matrices.

Theorem 2 (Sylvester’s inertia theorem). Let Q and R be symmetric matrices of order n with v zero
eigenvalues, v, positive eigenvalues and v3 negative eigenvalues. Then there is a nonsingular matrix P such
that PQPT = R.

Lemma 10. Let A € R™*". Assume that A is neither positive definite nor negative definite. Then we have
the following.

1. IfA + AT is a nonsingular matrix, then there is a Form (nq, n,) matrix B such that A ~ B.
2. Suppose A + AT is singular and nonzero. Then either there is a Form(ny, ny, n3) matrix B such that
A ~ Bor there is a Form(ny) matrix C such that A ~ £C.

Proof. DefineA := A + A".IfAis nonsingular, then A will have n; positive eigenvalues and n, negative
eigenvalues. Now by Theorem 2, there exists a nonsingular matrix P such that

2L, O
0 =2,

Put B := PAPT. We then see that A ~ B, where B is a Form(nj, ny) matrix.

Let A be singular and nonzero. Now at least one of the eigenvalues of A must be zero. Suppose that
A has nq positive eigenvalues and n, negative eigenvalues. Then by the above theorem, there exists a
nonsingular matrix P such that

~ 2I,, 0 0
PAPT=| 0 0 0o |.
0 0 —2I,

Therefore PAPNT must be a Form(nq, ny, n3) matrix.
Suppose that A is singular, nonzero and has n; positive eigenvalues. Now we can find a nonsingular
matrix P such that
~71 [0 0
PAP" = [O 21,11] .

PAPT = [

This implies that PAPT must be a Form(n; ) matrix.
If Ais singular, nonzero and has nj negative eigenvalues then —A ~ B, where B is a Form(ny ) matrix.
Thus, A ~ —B. This completes the proof. []

As a consequence of the above lemmas, we have the following theorem.

Theorem 3. Let A € R™*". Then the following are equivalent.

1. A + AT is either positive definite or negative definite.
2. If Q is a symmetric matrix, then SDLCP(Mj,, Q) has a solution.
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Appendix

We now prove a result which is used in Lemmas 8 and 9. As we have assumed that n > 3 throughout
the paper, we present this result here.

Lemma 11. LetQ := {0 l}. Let S denote either [1

0 0 —b
1 0 0 _J or [b 1 },whereb > 0. Then SDLCP(Ms,

SQS) has no solution.

Proof. Inboth cases, S is nonsingular and SQS is indefinite. Let X := [‘: ﬂ be a solution to SDLCP(Ms,
SQS). Then
X>0, Y:=8X54+5QS>0 and XY =0.

Since S is nonsingular, the condition X (SXS + SQS) = 0implies XS(X + Q) = 0. Suppose X = 0.Then
the condition Y > 0 will mean that SQS > 0 which is a contradiction as det(SQS) < 0. So, X #£ 0.
Suppose Y = 0.Then, Y > 0implies that —SQS = SXS.Since X > 0,SXS > 0and therefore, —SQS > 0
which is again a contradiction. Hence X and Y are nonzero. Suppose that rank(X) = 2. Then from the
conditionXY = 0,we see thatY = 0.Thisis not possible.So,rank(X) = 1.Similarly,rank(Y) = 1.Now
rank(S~'YS™!) = 1 and therefore, rank(X + Q) = 1. Hence det X = 0 and det(X 4+ Q) = 0. Using
these equations, we obtain e = —%. Now putting this in XS(X + Q) = 0, and noting d >0 and r >0,
we get a contradiction in both the instances of S. This completes the proof. [
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