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ABSTRACT
A two-dimensional transformational electromagnetic (T-E) device formed by configuring a circular disc with a Fermat spiral is realized.
By tuning the phase of the emanating wave in the T-E medium, antenna switching and beam steering are made possible. To simplify the
permittivity and permeability tensors of the proposed T-E device, a gradient index approach is employed using purely dielectric material,
which is then realized using photonic crystals. The results are verified numerically using full wave simulations.

© 2019 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5045489., s

I. INTRODUCTION

Form invariance of Maxwell’s equations under the coordinate
transformation (CT) allows one to control electromagnetic (em)
waves in unprecedented ways.1–3 A CT from undistorted to dis-
torted space (and vice versa) by means of geometrical operations
such as rotation, reflection, stretching and squeezing can yield novel
spatial profiles of dielectric permittivity, magnetic permeability and
hence refractive index.4,5 Since an electromagnetic path follows the
geodesics in any em medium, index profiles of transformed space
provide greater degrees of freedom to mold the flow of light. For
a decade, the scientific world clung with this branch of electro-
magnetics known as transformation electromagnetics (T-E), where
resounding new devices such as invisibility cloak,2,3,6,7 em beam con-
centrator,8–10 collimator11,12 and flat lens13,14 have been continuingly
proposed and some of them are realized subsequently. Though the
tensors of the constitutive parameters of the transformed media
are highly anisotropic and difficult to realize,15,16 the advent of
metamaterial (MM)17,18 and photonic crystals (PhCs)19,20 serve as
the potential candidates for the experimental realization of T-E
devices.

The better known experimentally realized T-E based devices
using MMs and Phcs are cloaks7,19,21 and lenses.11,22,23 Of which,
lenses have wide range of applications and one such application
is the antenna.15 It is found that using T-E based lenses, anten-
nas with increased beam steering ability and high directivity can

be constructed.24,25 It is known that, even by increasing the num-
ber of elements in the phased array antenna (PAA),26,27 which
is in the industrial use for a longer time, the directivity of PAA
can be strengthened. However, for converting PAA into multiple-
input multiple-output (MIMO) setup, the number of required ele-
ments would be huge and it can be impractical. Also there would
be degradation of beam strength due to multi-directional out-

put.28 Moreover, the PAAs cannot steer the beam more than
2π
3

radians.26,27 Currently MM-based29 and PhC-based30 PAAs are
constructed to overcome the difficulties faced with PAAs. Nev-
ertheless, the limitations of MM-based and PhC-based antennas
are that, the device would work only at certain frequency range.
Thus, still there is a scope for 2π radian beam steerer using T-E
with high directivity and increased beam strength with slow field
decay.

There are two ways of transformation electromagnetics
approach by which highly collimated plane waves can be obtained
and rotated. First, the highly collimated beam can be obtained by
transforming the cylindrical wave into plane wave. By way of rota-
tion15 the beam can be directed to the desired location. Secondly,
by converting the cylindrical wave into a spiral wave, the wave can
be rotated and be directed to the desired location. Since the sec-
ond approach ensures minute control over beam steering angle, T-E
device is constructed to mold the wave along spiral path. For the
choice of spiral paths, one can consider any Archimedean spirals.
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In this work, Fermat’s spiral is considered in order to have a slower
variation of spirality with respect to angle (r∝

√
θ).

To transform the wavefront of a line source, that is, cylindri-
cal waves, a cylindrical space (r, θ, z) is considered initially, which is
then transformed into Fermat’s spiral space (r′, θ′, z′) by CT. Due
to the transformed coordinates, the em-wave emanating from line
source propagate as Fermat’s spiral waves. The constitutive parame-
ters (CPs) like relative permittivity ( ¯̄𝜖′) and relative permeability ( ¯̄μ′)
of the transformed space can be derived6 as,

¯̄𝜖′ =
A¯̄𝜖AT

det(A)
and

¯̄μ′ =
A¯̄μAT

det(A)
(1)

where, A and det(A) are the Jacobian matrix of the transformation
and its determinant respectively. ¯̄𝜖 and ¯̄μ are the relative permittivity
and permeability of untransformed cylindrical space. By assigning
the values of the space around the line source with ¯̄𝜖′ and ¯̄μ′, the
cylindrical waves can be converted to Fermat spiral waves. Inter-
estingly, by introducing complex coordinate transformation in Fer-
mat’s spiral space, new space is obtained, where an em wave can be
steered with novel electric field steering profiles.

The medium under test is placed at the center of the simulation
environment which is a free space (air medium) truncated by per-
fectly matching layer boundary condition. A point source of 1 A/m,
in this 2D simulation, is placed at the center of the medium under
test. The time-harmonic electric field, Ez , of the em-wave due to the
point source in Cartesian coordinates of u-space with amplitude E0,
wave vector k and frequency ν is given by the equation,

Ez = Eoe jϕ (2)

where
ϕ =
Ð→
k ⋅Ð→r − ωt, k =

ω
c

, ω = 2πν (3)
Here, c is the speed of em-wave in vacuum and ϕ is the phase of the
em-wave. The time-independent plane wave solution is analyzed in
this article.

II. THEORY: FORMULATION OF FERMAT’S SPIRAL
MEDIUM

To arrive at the circular wavefronts of a point source by CT, ini-
tially, u-space which is in the Cartesian system (Fig. 1a) representing
physically isotropic medium, will be transformed to cylindrical coor-
dinate system31 as in Fig. 1b. Thereby, obtaining a space that repre-
sents an em-wave with a radially directed electric field and circular
wavefronts as in Eqs. (2), (4). The u-space in the cylindrical coordi-
nate system is then transformed to v-space in the cylindrical coordi-
nate system (Fig. 1c). Finally, the CT of v-space from the cylindrical
coordinate system is transformed into the Cartesian coordinate sys-
tem (Fig. 1d). Thus, the CTs which are to be performed to obtain the
tensors of CPs, are in the order,

CT − I : u(x, y, z)→ u(r, θ, z)

CT − II : u(r, θ, z)→ v(r′, θ′, z′)

CT − III : v(r′, θ′, z′)→ v(x′, y′, z′)

For the CT-I, the transformation equations are,

r =
√
x2 + y2, θ = tan−1 y

x
, z = z; (4)

FIG. 1. (a) Untransformed Cartesian coordinate space u(x, y, z), (b) Untransformed
polar coordinate space u(r, θ, z), (c) transformed polar coordinate space v(r′, θ′,
z′) and (d) transformed Cartesian coordinate space v(x′, y′, z′).

The corresponding Jacobian matrix is,

A1 =
∂(r, θ, z)
∂(x, y, z)

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

x
r

y
r

0
−y
r2

x
r2 0

0 0 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(5)

and the determinant is found to be,

det(A1) =
1
r

(6)

The CPs representing the isotropic space10 u(r, θ, z) calculated using
Eq. (1) are,

¯̄𝜖 = ¯̄μ =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

r 0 0

0
1
r

0
0 0 r

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(7)

Thus, the Cartesian coordinates of u-space are transformed into
cylindrical coordinates of u-space. The circular geodesics represent
the em-wavefront and the radial lines perpendicular to the circular
geodesics represents the electric field direction in u-space.

Let R be the radius of the disc, then the range of r is from
0 to R. The angle is defined in the range ( − π, π]. The angle
varies continuously in the upper half plane as 0 to π and lower
half plane of the disc as −π to 0 respectively with branch points at
π and − π. These are denoted in Fig. 2. As the principal argument of
arctan is in the range [−

π
2

,
π
2

], the value of θ (due to principal argu-

ments of θ) in quadrants I and III is in the range [0,
π
2

] and in quad-

rants II and IV is in the range [
−π
2

, 0]. This disc has to be tranformed
into v-space. To have a distinction between the untransformed and
transformed spaces, they have been marked as unprimed and primed
respectively.

Transforming the above obtained cylindrical space to Fermat’s
spiral space (r → r

√
θ), the em-wavefront can be made from circular

wave (as in Fig. 3a) into Fermat spiral as in Fig. 3b. Since this trans-
formation do not depend on the radius of the disc, both r and r′ are
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FIG. 2. The figure shows the disc of radius R. The upper half plane and the lower
half plane of the disc have continuous variation of angle from 0 to π and -π to 0
respectively. The red dot denotes the branch points π and − π. The field value at
a point (r, θ) on the disc can be found out.

considered in the range 0 to R, here R = 0.2 m. Since the constituent
parameters of v-space is proportional to the inverse of the metric32,33

of v-space, the transformation equations for CT II will be,

r′ =
r
√
θ

, θ′ = θ, z′ = z; (8)

The Jacobian matrix and its determinant of CT-II is,

A2 =
∂(r′, θ′, z′)
∂(r, θ, z)

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
√
θ
−r

2
√
θ3

0

0 1 0
0 0 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(9)

and

det(A2) =
1
√
θ

(10)

The CPs representing v(r′, θ′, z′) calculated using Eq. (1) would be,

¯̄𝜖′ = ¯̄μ′ =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

r′ +
r′

4θ′2
−

1
2θ′

0

−
1

2θ′
1
r′

0
0 0 r′θ′

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(11)

Though the em-waves are transformed, space is represented in
curved coordinates. The curved coordinates as such will have
anisotropic permittivity and permeability tensors which are difficult

to realize practically. For this reason, if the transformed system is
represented in Cartesian system the exact value of CPs at a given
point can be obtained.4

Due to this aspect, CT-III is performed. The transformation
equations, the Jacobian matrix and the determinant of the Jacobian
matrix of CT-III are,

x′ = r′cos(θ′), y′ = r′sin(θ′), z′ = z; (12)

A3 =
∂(x′, y′, z′)
∂(r′, θ′, z′)

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

x′

r′
−y′ 0

y′

r′
x′ 0

0 0 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(13)

and
det(A3) = r (14)

The CPs representing v(x′, y′, z′) can be calculated using Eq. (1) is,

¯̄𝜖′ = ¯̄μ′ =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

a11 a12 0
a12 a22 0
0 0 θ′

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(15)

a11 = 1 +
sin(2θ′)

2θ′
+
cos2
(θ′)

4θ′2

a12 =
−cos(2θ′)

2θ′
+
sin(2θ)

8θ′2

a22 = 1 −
sin2θ′

2θ′
+
sin2θ′

4θ′2

(16)

The value of θ′, cosines and sines can be substituted using
Eq. (10), that provides the value of CPs in terms of Cartesian coor-
dinates. Also, it is to be noted that the value of permittivity of the
medium along the polarisation direction (z-axis), (say) 𝜖z ′ , is equal
to θ′. As suggested by,4,33 the dielectric displacement of em-wave in
v-space is found to be,

Dz′ = 𝜖0𝜖z′Ez′ = 𝜖0θ′ (
∂z
∂z′
)Eo e jϕ

′

= 𝜖0θEo e jϕ
′

(17)

where,

ϕ′ = kr − ωt = kr′
√
θ′ − ωt and

√
θ′ = sgn(y)

√
θ (18)

and 𝜖0 is the permittivity of free space.
From Eqs (4), (8) and (15), the value of 𝜖z ′ is equal to the prin-

cipal values of angle (θ′) of respective quadrants, which is shown

FIG. 3. The electric field map due to a point source at the
centre of (a) u-space and (b) v-space.
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FIG. 4. 𝜖′′z represented in 3D.

in Fig. 4. The red regions (quadrants I and III) and blue regions
(quadrants II and IV) indicate the positive and negative permit-
tivity values respectively. There is a discontinuity in permittivity
(also permeability) value at x = 0 line. These arguments can be
obtained from Eqs (15) and (16). So, the em-wave from a quad-
rant of the disc is not allowed to propagate into the consecutive
quadrants. Additionally, for the wave to propagate, the wave vec-
tor of the em-wave should be real. As already, k, r′, ω and t are real,
only positive values of θ could obtain real wave vector. Hence, for a
point source placed at the center of the circular disk, the propagating
em-wave will be directed along quadrants I and III as these quad-
rants are positive index (as given in Eq. (17)) and these allow only
positive wave vectors (Eq. (18))34 as shown in Fig. 3. This implies
that, both, quadrants I and III are coupled. In order to couple the
negative medium quadrants II and IV, the T-E medium has to be
rotated.

III. COMPLEX TRANSFORMATION OF FERMAT SPIRAL
SPACE

To understand the effect of change in the electromagnetic prop-
erty of transformed medium due to its rotation, v-space is made to
undergo complex transformation r′ → r

′′

e jmπ . In terms of Cartesian
coordinate system, the transformation equations are,

x′′ = x′e−jmπ , y′′ = y′e−jmπ , z′′ = z′; (19)

FIG. 5. Electric field map due to point source in w-space when, (a) m = 0 and 1,
(b) m = 0.25, (c) m = 0.5 and (d) m = 0.75.

TABLE I. Value of ϕ
′′

, θ′ and nature of emanating wave for various m.

m
ϕ′ + ωt
kr′′

ϕ
′′

− ϕ′ θ′ Wave nature

0
√
θ′′ 0 0 ≤ θ′′ <

π
2

Propagate

0.25 (
1 + j
√

2
)
√
θ′′

π
2

0 Decay

0.5 j
√
θ′′ π 0 ≥ θ′′ >

−π
2

Propagate

0.75 (
1 − j
√

2
)
√
θ′′

3π
2

0 Decay

1 −
√
θ′′ 2π 0 ≤ θ′′ <

π
2

Propagate

The value of CPs representing w-space are calculated using
Eqs (1), (15) and (16),

¯̄𝜖′′ = ¯̄μ′′ =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

a11 a12 0
a12 a22 0

0 0 θ′e j2mπ

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(20)

Also, the dielectric displacement in vector form could be arrived
using Eqs. (17–20),

D⃗z′′ = 𝜖0𝜖z′′Ez′′ ẑ = 𝜖0θ′e j2mπ
(
∂z′

∂z′′
)Eo e jϕ

′

ẑ = 𝜖0θ′Eo e jϕ
′′

ẑ (21)

where

ϕ′′ = ϕ′ + 2mπ = kr′′
√
θ′e jmπ

− ωt + 2mπ (22)

and ẑ is the unit vector of z-axis, indicating the em-wave polarisation
direction.

Eqs. (19–22) implies that the real space is transformed to com-
plex space by CT. Let this complex space be w-space. It is a well-
known fact that, as m changes, the change in the value of e jmπ

in Eq. (19) represents the anti-clockwise rotation of the planes of
w-space. This is reflected in the permittivity of the em-wave, as
𝜖z′′ ∝ e j2mπ . In fact, for m = 0 and 1, the value of 𝜖z′′ is the
same (shown in Fig. 5a). Remarkably, for every anti-clockwise half-
rotation of w-space, the medium gets rotated fully in the anti-
clockwise direction. Therefore, the value of m is within the range
0 to 1, can be discussed since the rest (for any real number m) would
be similar. The electric field map for m = 0.25, 0.5 and 0.75 are also

FIG. 6. Normalised intensity profile at 6 GHz.
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FIG. 7. Radiation pattern of the disc at 6 GHz for the source kept at the center.
Angle, in degrees, are given at the circumference of the polar plot.

FIG. 8. The value of 𝜖z for GRIN disc obtained from T-E medium (w-space) for (a)
m = 0, (b) m = 0.5, and nG = Re(√𝜖z) for (c) m = 0, (d) m = 0.5.

plotted as Fig. (5b), (5c) and (5d). For m = 0, 0.5 and 1, the propagat-
ing planar wave emanates from the T-E medium while for m = 0.25
and 0.75, the decaying field emanates from the T-E medium. The
values of ϕ′′, possible values of θ′, the respective D′′z and the nature
of emanating wave are presented in Table I.

Now, experimentally, to tune the phase of the em-wave ema-
nating from the T-E medium, the T-E medium could be rotated
or incorporate suitable functional reconfigurable materials (FRMs)
such as liquid crystals (a function of temperature) and ferrites
(a function of magnetic field)35 as fixed T-E medium. Other pos-
sible rotator configurations would be the combination of both these
methods.

To perceive the tuning of the phase by physically rotating the
T-E medium, a thought experiment could be considered. Let, the
disc-shaped 3D T-E medium can be thought of having a dimension
(l) along z-axis such that l2 < < R2. Initially, the em-wave is polarised
along the z-axis for m = 0 case, for m = 0.25, from Eqs. (21 and 22),
in real space, the disc is first rotated anti-clockwise along the x-axis
by

π
2

radians and then undergo one more anti-clockwise rotation

along the y-axis by
π
2

radians. Consequently, the z-polarised em-
wave emanating out of x-axis (or y = 0 line) is a decaying field as in
Fig. 5b. Similarly, for m = 0.5, in real space, from the initial state of
the disc, the disc undergoes anti-clockwise rotation along the x-axis
as well as y-axis by π radians, resulting in an inverted disc. So, the
z-polarised em-wave emanates out of y-axis as shown in Fig. 5c. Pre-
cisely, the change in the value of m mathematically denotes physical
rotations.

The intensity profile and the radiation pattern of the emanat-
ing em-wave computed at a distance 10 times the wavelength (λ)
considered will be as in Fig. 6 and Fig. 7. These figures indicate that,
the beam is more directional and intense for m = 0, 0.5 and 1, acting
like a bi-directional antenna and for m = 0.25 and 0.75, the radia-
tion pattern is similar to that of a classical dipole antenna. Once the
desired radiation pattern is achieved, the disc can be rotated along
the z-axis to steer the beam in any direction. As an example, for
m = 0, if the disc is rotated along the z-axis, the peak directivity
can be shifted to any desired angle without any change of phase or
polarisation. Thus, using the proposed T-E medium the em-wave
can be steered in the desired direction with the desired radiation
pattern by switching to the desired antenna mode. Hence, the pro-
posed T-E medium can be used for beam steering and antenna
switching.

IV. GRIN MEDIUM
Realizing such a medium (or material) with same tensors of 𝜖r

and μr is practically impossible. To overcome this, one can construct
gradient index medium (GRIN) with respect to the polarization state
of a given em-wave. Since the proposed T-E device works under TE
polarization, 𝜖z (the primes are dropped hereafter) may be sufficient
enough to observe the similar effect for TE excitation. Consequently,
GRIN disc is designed entirely with a dielectric medium using 𝜖z
of the T-E disc in order to maintain it as a nonmagnetic material
(refer Eq. (23)). The refractive index of the GRIN media that mimics
w-space is,

nG = Re(
√
𝜖z) = Re(

√
θ e jmπ

) (23)

FIG. 9. Ez field maps for a GRIN disc that mimics T-E
w-space with m values, (a) 0 and (b) 0.5.
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FIG. 10. (a) Beam Steerer made of photonic crystal made up of materials with
dielectric constants 9(Q1) and 4.2(Q2). (b) Electric field map at 5.58 GHz.

The allowed value of, both,
√
θ and e jmπ are purely real and purely

imaginary for m values 0 and 0.5 respectively. Eventually, the value
of nG for m values 0 and 0.5 are positive and negative respec-
tively. The permittivity profile and refractive index profile for GRIN
disc are given in Fig. 8 for m values 0 and 0.5. The index profiles
explain why em-wave is steered in specific quadrants for m = 0 and
m = 0.5, as e-m wave will be confined along the high index regime.
By repeating the e-m simulation for a GRIN disc, it is found that
GRIN disc acts similarly to the T-E based disc but the dispersion of
the wave is high in GRIN disc than in T-E device as shown in Fig. 9.
Thus the simplified GRIN system ensures the beam steering ability
of the proposed T-E device.

V. REALISATION USING PHOTONIC CRYSTAL (PHC)
While the design of GRIN disc eliminates the requirement of

permeability tensor, realizing a continuous spatial profile of dielec-
tric permittivity also poses a challenge for practical realization. In
fact using PhCs and MMs, one can have higher feasibility to obtain
smooth spatial variation of dielectric values within the geometri-
cal optics limit. The device proposed in PhC can be scaled to any
other frequency. So, the GRIN PhC is chosen over MM. The GRIN
PhC is made up of four wedges, where similar wedges occupy oppo-
site quadrants. Wedge Q1 (red colour) and Q2 (blue colour) are
placed in odd quadrants (I and III) and even quadrants (II and
IV) respectively. Wedges Q1 and Q2 are made up of circular rods
of permittivity 9 (Alumina) and 4.2 (Quartz glass) with a varying
diameter as shown in Fig. 10a. The arrangement provides a vary-
ing refractive index for the photonic crystal system to steer the
beam along Fermat spiral. The lattice constant (a) of the GRIN
PhC is 2 cm and radii of rods vary from 0.2a to 0.4a linearly at
an interval a/40. Fig. 10b provides the electric field profile for a
point source placed at the centre of the geometry. The dispersion
of the em-wave in GRIN PhC is similar to GRIN medium in the
Section IV.

VI. CONCLUSION
In summary, a Fermat spiral transformation based T-E device

(disc-shaped) is constructed. It is shown that, by tuning the phase
velocity, the em-wave can be steered and the desired radiation
pattern can be achieved in the desired direction. Thus, the pro-
posed device can be used for beam steering and antenna switching.

The proposed device is impedance matched medium with air, as ten-
sors of permittivity and permeability are the same. As the medium
depends on polarisation state, to realize the medium practically,
an all dielectric GRIN based medium having the refractive index
equal to that of the square root of z-component of the dielectric
permittivity of the T-E medium is proposed. The GRIN medium
performs beam steering very similar to the proposed T-E medium,
but the dispersion in the medium is higher than the proposed
T-E medium. The GRIN disc is reconstructed using photonic crys-
tals for the realization of proposed beam steering disc. Owing to
the need for miniaturized beam steering applications in THz and
optical communication, the proposed transformation electromag-
netics based device is anticipated as one of the novel candidates as
it can steer the beam in a specific direction with high directivity
and increased beam strength with slow field decay, and for antenna
switching.
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