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1 Introduction

The fundamental Shannon’s sampling theorem states that any function f belonging to the PaleyśWiener

space

Bπ = {f ∈ L2(ℝ) : supp f̂ ⊂ [−π, π]}
can be reconstructed from its samples {f(k) : k ∈ ℤ} by the formula

f(x) = ∑
k∈ℤ

f(k) sinc(x − k),
where sinc y = sin πy

πy and f̂ denotes the Fourier transform of f , given by

f̂ (ξ) = ∫
ℝ

f(x)e−2πi⟨x,ξ⟩ dx, ξ ∈ ℝ.
Paley and Wiener extended Shannon’s sampling theorem to a non-uniform sampling set in [15]. They

showed that if X = {xk ∈ ℝ : k ∈ ℤ} is such that |xk − k| < 1/π2, then any function f belonging to the class{f ∈ L2(ℝ) : supp f̂ ⊂ [−π, π]} can be recovered from its samples {f(xk) : k ∈ ℤ}. DuffinandEachus [7] showed

that the result is true if |xk − k| < 0.22. Later, Kadee [13] showed that the maximum bound for |xk − k| has
to be less than 0.25. For a more general sampling set, the sampling condition is stated in terms of Beurling

density.

Sampling theorems have been studied on wavelet subspaces in [22, 23]. In particular, in [23] for any

closed shift-invariant subspace V0 of L
2(ℝ), a necessary and sufficient condition under which there is a sam-

pling expansion for every f ∈ V0 was shown. In sampling theory, non-uniform sampling in shift-invariant

spaces is given importance to for the past őfteen years. We refer to a few papers [1ś3, 8ś11, 18ś20] in this

connection.

Characterizations of shift-invariant spaces in L2(ℝn) in terms of range functions were studied by Bownik

in [4]. The study of shift-invariant spaces and frames has been extended to locally compact abelian groups
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in [5, 14] andnon-abelian compact groups in [17]. Radha andAdhikari [16] introduced twisted shift-invariant

spaces in L2(ℝ2n) and studied characterizations of orthonormal systems, Bessel sequences, frames and Riesz

bases of twisted translates in terms of the kernel of the Weyl transform. The twisted translation and twisted

shift-invariant space are deőned as follows.

Deőnition 1.1. Let φ ∈ L2(ℝ2n). For (k, l) ∈ ℤ2n, we deőne the twisted translation of φ, denoted by T t(k,l)φ,
as

T t(k,l)φ(x, y) = eπi(⟨x,l⟩−⟨y,k⟩)φ(x − k, y − l), (x, y) ∈ ℝ2n .
Deőnition 1.2. For φ ∈ L2(ℝ2n), we deőne the twisted shift-invariant space of φ, denoted by V t(φ), as
span{T t(k,l)φ : (k, l) ∈ ℤ2n} in L2(ℝ2n).
The aim of our paper is to obtain a sampling theorem in a twisted shift-invariant space V t(φ) on L2(ℝ2n).
However, we are able to get a reconstruction formula for a function f belonging to a subspace of V t(φ). We

organize the paper as follows: In Section 2, we provide basic deőnitions and state some results which are

available in the literature. In Section 3, we study canonical dual frames in a twisted shift-invariant space.

In fact, for a certain function φ ∈ L2(ℝ2n), we explicitly show the existence of φ̃ ∈ L2(ℝn) such that twisted

translates of φ̃ is the canonical dual of twisted translates of φ. In Section 4, we prove ourmain result, namely

a sampling theorem on a subspace of a twisted shift-invariant space. In fact, we give a necessary and suffi-

cient condition for obtaining a reconstruction formula for functions belonging to a subspace of V t(φ) from
their samples {f(k, j) : k ∈ ℤn} for each őxed j ∈ ℤn. We also provide a necessary condition for obtaining

a reconstruction formula for functions belonging to a subspace ofV t(φ) from their samples {f(k, j) : k, j ∈ℤn}.
However, we are not able to get the sufficient condition of this theorem.

2 Preliminaries

LetH be a separable Hilbert space.

Deőnition 2.1. A sequence {fk : k ∈ ℤ} inH is called a frame forH if there exist two constants A, B > 0 such
that

A‖f‖2 ≤ ∑
k∈ℤ
|⟨f, fk⟩|2 ≤ B‖f‖2 for all f ∈ H. (2.1)

If only the inequality on the right-hand side holds in (2.1), then {fk : k ∈ ℤ} is called a Bessel sequence forH.

The operator S : H→ H deőned by Sf := ∑k∈ℤ⟨f, fk⟩fk is called the frame operator associated with the

frame {fk}. Then S is bounded, invertible, self-adjoint, and positive. Further, {S−1fk : k ∈ ℤ} is also a frame

forH and is called the canonical dual frame of {fk : k ∈ ℤ}. Using {S−1fk}, one can write
f = ∑

k∈ℤ
⟨f, S−1fk⟩fk for all f ∈ H. (2.2)

For further details on frames we refer to [6, 12].

Deőnition 2.2. For f ∈ L1(ℂn), the Weyl transform of f is deőned as

W(f) = ∫
ℂn
f(z)π1(z, 0) dz,

where πλ(z, t), for λ ̸= 0, denotes the Schrödinger representationon theHeisenberg groupℍn := ℂn ×ℝgiven
by

πλ(z, t)φ(ξ) = e2πiλte2πiλ(⟨x,ξ⟩+ 12 ⟨x,y⟩)φ(ξ + y), z = x + iy, φ ∈ L2(ℝn).
The Weyl transformW(f) is an integral operator with kernel Kf (ξ, η) given by

∫
ℝn
f(x, η − ξ)eπi⟨x,ξ+η⟩ dx.
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This mapW can be uniquely extended to a bijection from the class of tempered distributions S�(ℂn) onto the
space of continuous linear maps from S(ℝn) into S�(ℝn). For a further study of the Weyl transform, we refer

to [21].

We shall now state some deőnitions and results which were given in [16].

Lemma 2.3. Let φ ∈ L2(ℝ2n). Then the kernel of the Weyl transform of T t(k,l)φ satisőes the relation
KT t

(k,l)
φ(ξ, η) = eπi⟨2ξ+l,k⟩Kφ(ξ + l, η). (2.3)

Deőnition 2.4. For φ ∈ L2(ℝ2n), the function wφ is deőned as
wφ(ξ) = ∑

m∈ℤn
∫
ℝn
|Kφ(ξ + m, η)|2 dη, ξ ∈ ℝn .

Deőnition 2.5. A function φ ∈ L2(ℝ2n) is said to satisfy łcondition Cž if
∑
m∈ℤn
∫
ℝn
Kφ(ξ + m, η)Kφ(ξ + m + l, η) dη = 0 a.e. ξ ∈ Tn , for all l ∈ ℤn \ {0}.

Theorem 2.6 ([16]). If {T t(k,l)φ : (k, l) ∈ ℤ2n} is a Bessel sequence in L2(ℝ2n) with bound B, then wφ(ξ) ≤ B
a.e. ξ ∈ Tn.
Theorem 2.7 ([16]). Let φ ∈ L2(ℝ2n) and satisfying condition C. Then {T t(k,l)φ : (k, l) ∈ ℤ2n} is a frame for
V t(φ) with frame bounds A, B if and only if A ≤ wφ(ξ) ≤ B a.e. ξ ∈ Ωφ, where Ωφ = {ξ ∈ Tn : wφ(ξ) ̸= 0}.
Theorem 2.8 ([16]). Let φ ∈ L2(ℝ2n). Suppose {T t(k,l)φ : (k, l) ∈ ℤ2n} is a frame for L2(ℝ2n) with frame opera-
tor S. Then

S−1T t(k,l)φ = T t(k,l)S−1φ.
Let φ ∈ L2(ℝ2n) and satisfying condition C. Suppose At(φ) = span{T t(k,l)φ : (k, l) ∈ ℤ2n} and V t(φ) = At(φ).
Consider f ∈ At(φ), i.e.,

f = ∑
(k� ,l�)∈F

ck� ,l�T
t
(k� ,l�)φ,

where F is a őnite set. Deőne ρ(ξ) = {ρl� (ξ)}l�∈ℤn for ξ ∈ Tn, where
ρl� (ξ) = ∑

k�

ck� ,l�e
πi⟨2ξ+l� ,k�⟩.

Deőne Jφ(f) = ρ. Themap Jφ initially deőned on A
t(φ) can be extended to an isometric isomorphism between

V t(φ) and L2(Tn , ℓ2(ℤn), wφ). Moreover, it was proved that f ∈ V t(φ) if and only if
Kf (ξ, η) = ∑

l�∈ℤn
ρl� (ξ)Kφ(ξ + l�, η), (2.4)

where ρ(ξ) = {ρl� (ξ)}l�∈ℤn and ρ ∈ L2(Tn , ℓ2(ℤn), wφ).
We shall make use of the following lemma in [23], which is a simple application of Parseval’s identity.

Lemma 2.9. Let {xk}, {yk} be the Fourier coefficients of f, g ∈ L2(Tn), respectively. Then
∫
Tn
|f(ξ)g(ξ)|2 dξ = ∑

n∈ℤn

!!!!!! ∑
k∈ℤn

xkyn−k
!!!!!!2.

3 Canonical dual frames in twisted shift-invariant space

Lemma 3.1. Let φ ∈ L2(ℝ2n). For {ck} ∈ ℓ2(ℤn), deőne a function Lφ onℝ2n by
Lφ(ξ, η) = ( ∑

k∈ℤn
cke

2πi⟨k,ξ⟩)Kφ(ξ, η).
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Assume that {T t(k,l)φ : (k, l) ∈ ℤ2n} is a Bessel sequence with bound B. Then Lφ ∈ L2(ℝ2n) and
∑
k∈ℤn

ckKT t
(k,0)

φ

converges to Lφ in L
2(ℝ2n).

Proof. Since {T t(k,l)φ : (k, l) ∈ ℤ2n} is a Bessel sequencewith boundB, by Theorem2.6,wφ(ξ) ≤ B a.e. ξ ∈ Tn.
Then we have

∫
ℝn
∫
ℝn
|Lφ(ξ, η)|2 dξ dη = ∫

ℝn
∫
ℝn

!!!!!! ∑
k∈ℤn

cke
2πi⟨k,ξ⟩Kφ(ξ, η)!!!!!!2 dξ dη

= ∫
Tn
∑
m∈ℤn
∫
ℝn

!!!!!! ∑
k∈ℤn

cke
2πi⟨k,ξ⟩Kφ(ξ + m, η)!!!!!!2 dη dξ

= ∫
Tn

!!!!!! ∑
k∈ℤn

cke
2πi⟨k,ξ⟩!!!!!!2 ∑

m∈ℤn
∫
ℝn
|Kφ(ξ + m, η)|2 dη dξ

= ∫
Tn

!!!!!! ∑
k∈ℤn

cke
2πi⟨k,ξ⟩!!!!!!2wφ(ξ) dξ

≤ B ∫
Tn

!!!!!! ∑
k∈ℤn

cke
2πi⟨k,ξ⟩!!!!!!2 dξ

= B ∑
k∈ℤn
|ck|2 < ∞.

Thus Lφ ∈ L2(ℝ2n). Now
"""""" ∑|k|≤n ckKT t(k,0)φ − Lφ

""""""
2

L2(ℝ2n)
= ∫
ℝn
∫
ℝn

!!!!!! ∑|k|≤n ckKT t(k,0)φ(ξ, η) − ( ∑k∈ℤn cke
2πi⟨k,ξ⟩)Kφ(ξ, η)!!!!!!2 dξ dη

= ∫
ℝn
∫
ℝn

!!!!!! ∑|k|≤n cke
2πi⟨k,ξ⟩Kφ(ξ, η) − ( ∑

k∈ℤn
cke

2πi⟨k,ξ⟩)Kφ(ξ, η)!!!!!!2 dξ dη,
using (2.3). Then

"""""" ∑|k|≤n ckKT t(k,0)φ − Lφ
""""""
2 = ∫
ℝn
∫
ℝn

!!!!!! ∑|k|≤n cke
2πi⟨k,ξ⟩ − ∑

k∈ℤ
cke

2πi⟨k,ξ⟩!!!!!!2|Kφ(ξ, η)|2 dξ dη
= ∫
Tn

!!!!!! ∑|k|≤n cke
2πi⟨k,ξ⟩ − ∑

k∈ℤ
cke

2πi⟨k,ξ⟩!!!!!!2 ∑
m∈ℤn
∫
ℝn
|Kφ(ξ + m, η)|2 dη dξ

= ∫
Tn

!!!!!! ∑|k|≤n cke
2πi⟨k,ξ⟩ − ∑

k∈ℤ
cke

2πi⟨k,ξ⟩!!!!!!2wφ(ξ) dξ
≤ B"""""" ∑|k|≤n ckek − ∑k∈ℤ ckek

""""""
2

L2(Tn)

= B ∑
|k|>n
|ck|2

→ 0 as n →∞,
where ek(ξ) = e2πi⟨k,ξ⟩.
Lemma 3.2. Suppose φ ∈ L2(ℝ2n). Then the following are equivalent:
(i) For any {ck,l} ∈ ℓ2(ℤ2n), ∑

k,l∈ℤn
ck,lT

t
(k,l)φ

converges to a continuous function.

(ii) φ ∈ C(ℝ2n) and
sup
x,y∈ℝn
∑

k,l∈ℤn
|φ(x − k, y − l)|2 < ∞.
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Proof. We őrst prove that (i) implies (ii).

Taking c0,0 = 1 and ck,l = 0 for all (k, l) ̸= (0, 0), we see that φ ∈ C(ℝ2n). Now
∫
Tn

∫
Tn

∑
k,l∈ℤn
|φ(x − k, y − l)|2 dx dy = ∫

Rn

∫
Rn

|φ(x, y)|2 dx dy < ∞.
Hence∑k,l∈ℤn |φ(x − k, y − l)|2 < ∞ a.e. x, y ∈ ℝn. Since φ ∈ C(ℝ2n), we have∑k,l∈ℤn |φ(x − k, y − l)|2 < ∞ for

all x, y ∈ ℝn. For x, y ∈ Tn, we deőne an operator Λ(x,y) on ℓ2(ℤ2n) as
Λ(x,y)({ck,l}) = ∑

k,l∈ℤn
ck,lT

t
(k,l)φ(x, y).

Then

|Λ(x,y)({ck,l})| ≤ ∑
k,l∈ℤn
|ck,l||T t(k,l)φ(x, y)|

= ∑
k,l∈ℤn
|ck,l||eπi(⟨x,l⟩−⟨y,k⟩)φ(x − k, y − l)|

≤ ( ∑
k,l∈ℤn
|ck,l|2) 12 ( ∑

k,l∈ℤn
|φ(x − k, y − l)|2) 12 < ∞.

Hence

‖Λ(x,y)‖ ≤ ( ∑
k,l∈ℤn
|φ(x − k, y − l)|2) 12 .

In particular, taking

ck,l = φ(x − k, y − l)e−πi(⟨x,l⟩−⟨y,k⟩)
for all k, l ∈ ℤn, we observe that

Λx,y(ck,l) = ∑
k,l∈ℤn
|φ(x − k, y − l)|2.

Thus

‖Λ(x,y)‖ = ( ∑
k,l∈ℤn
|φ(x − k, y − l)|2) 12 for all x, y ∈ Tn .

Deőne

f(x, y) = ∑
k,l∈ℤn

ck,lT
t
(k,l)φ(x, y),

where {ck,l} ∈ ℓ2(ℤ2n), x, y ∈ ℝn. By our assumption, f is continuous on ℝ2n, hence also when restricted

to T2n. Thus it follows that
sup
x,y∈Tn
|Λ(x,y)({ck,l})| = sup

x,y∈Tn

!!!!!! ∑
k,l∈ℤn

ck,lT
t
(k,l)φ(x, y)!!!!!! = sup

x,y∈Tn
|f(x, y)| < ∞.

Now, applying the uniform boundedness principle, we have supx,y∈Tn‖Λ(x,y)‖ ≤ M for some M > 0. In other

words,

sup
x,y∈Tn
( ∑
k,l∈ℤn
|φ(x − k, y − l)|2) 12 ≤ M.

Since the function (x, y) → ∑k,l∈ℤn |φ(x − k, y − l)|2 is 1 × 1 periodic onℝ2n, we get
sup
x,y∈ℝn
∑

k,l∈ℤn
|φ(x − k, y − l)|2 ≤ M2,

from which (ii) follows.
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Now we prove that (ii) implies (i). For all x, y ∈ ℝn, we have
∑

k,l∈ℤn
|ck,lT t(k,l)φ(x, y)| = ∑

k,l∈ℤn
|ck,leπi(⟨x,l⟩−⟨y,k⟩)φ(x − k, y − l)|

≤ ( ∑
k,l∈ℤn
|ck,l|2) 12 ( ∑

k,l∈ℤn
|φ(x − k, y − l)|2) 12

≤ ( ∑
k,l∈ℤn
|ck,l|2) 12 sup

x,y∈ℝn
( ∑
k,l∈ℤn
|φ(x − k, y − l)|2) 12 < ∞.

Hence the convergence is uniform onℝ2n. Since φ ∈ C(ℝ2n), the limit function must be continuous.

Lemma 3.3. Let φ, ψ ∈ L2(ℝ2n) and satisfying condition C. Assume that the collections {T t(k,l)φ : (k, l) ∈ ℤ2n}
and {T t(k,l)ψ : (k, l) ∈ ℤ2n} are frames for V t(φ). Suppose φ ∈ C(ℝ2n), ψ ∈ V t0(φ) and ∑k∈ℤn |φ(x + k, y)|2 ≤ M
for all x, y ∈ ℝn, where V t0(φ) = span{T t(k,0)φ : k ∈ ℤn}. Then there exists a constant M� > 0 such that

∑
k∈ℤn
|ψ(x + k, y)|2 ≤ M� for all x, y ∈ ℝn .

Proof. Let f ∈ V t0(φ). Since {T t(k,l)φ : (k, l) ∈ ℤ2n} is a frame for V t(φ), there exists {ck,0} ∈ ℓ2(ℤn) such that
f = ∑

k∈ℤn
ck,0T

t
(k,0)φ.

Taking l = 0 in Lemma 3.2, we get f ∈ C(ℝ2n). Thus V t0(φ) ⊂ C(ℝ2n). Let
ψ(x, y) = ∑

k∈ℤn
dk,0T

t
(k,0)φ(x, y)

for some {dk,0} ∈ ℓ2(ℤn). It can be easily shown that the above series converges uniformly to the function ψ

onℝ2n. Moreover, using (2.3), we have
Kψ(ξ, η) = ∑

k∈ℤn
dk,0KT t

(k,0)
φ(ξ, η)

= ∑
k∈ℤn

dk,0e
2πi⟨k,ξ⟩Kφ(ξ, η)

= C(ξ)Kφ(ξ, η),
where C(ξ) = ∑k∈ℤn dk,0e2πi⟨k,ξ⟩, and

wψ(ξ) = ∑
m∈ℤn
∫
ℝn
|Kψ(ξ + m, η)|2 dη

= ∑
m∈ℤn
∫
ℝn
|C(ξ)|2|Kφ(ξ + m, η)|2 dη

= |C(ξ)|2wφ(ξ).
Since φ, ψ satisfy condition C and {T t(k,l)φ : (k, l) ∈ ℤ2n}, {T t(k,l)ψ : (k, l) ∈ ℤ2n} are frames for V t(φ), using
Theorem 2.7, we obtain that C(ξ) is bounded on Ωφ, where

Ωφ = {ξ ∈ Tn : wφ(ξ) ̸= 0}.
Let C̃(ξ) = C(ξ)χΩφ (ξ). Then C̃(ξ) is bounded on Tn. Let

C̃(ξ) = ∑
k∈ℤn
̃cke2πi⟨k,ξ⟩

for some { ̃ck} ∈ ℓ2(ℤn). Since C(ξ)Kφ(ξ, η) = C̃(ξ)Kφ(ξ, η) a.e. ξ, η ∈ ℝn, we have
ψ(x, y) = ∑

k∈ℤn
̃ckT t(k,0)φ(x, y), (x, y) ∈ ℝ2n .

The above series converges both in L2(ℝ2n) and pointwise on ℝ2n. Let τy denote the translation operator

Brought to you by | New York University

Authenticated

Download Date | 6/26/17 8:11 PM



R. Ramakrishnan and S. Adhikari, Sampling theorem | 7

τy f(x) = f(x − y), x, y ∈ ℝn. Then for all x, y ∈ ℝn, using Lemma 2.9, we have

∑
n∈ℤn
|ψ(x + n, y)|2 = ∑

n∈ℤn

!!!!!! ∑
k∈ℤn
̃ckT t(k,0)φ(x + n, y)!!!!!!2

= ∑
n∈ℤn

!!!!!! ∑
k∈ℤn
̃cke−πi⟨y,k⟩φ(x + n − k, y)!!!!!!2

= ∫
Tn
|(τ y

2
C̃)(ξ)|2!!!!!! ∑

n∈ℤn
φ(x + n, y)e2πi⟨n,ξ⟩!!!!!!2 dξ

≤ ‖τ y
2
C̃‖2∞ ∫

Tn

!!!!!! ∑
n∈ℤn

φ(x + n, y)e2πi⟨n,ξ⟩!!!!!!2 dξ
= ‖C̃‖2∞ ∑

n∈ℤn
|φ(x + n, y)|2

≤ ‖C̃‖2∞.M,

thus proving the lemma.

Theorem 3.4. Let φ ∈ L2(ℝ2n) and let it satisfy condition C. Assume that {T t(k,l)φ : (k, l) ∈ ℤ2n} is a frame
for V t(φ). Deőne φ̃ ∈ L2(ℝ2n) such that

Kφ̃(ξ, η) = {{{{
{

1

wφ(ξ)Kφ(ξ, η), ξ ∈ Ωφ ,
0, otherwise.

(3.1)

Then {T t(k,l)φ̃ : (k, l) ∈ ℤ2n} is the canonical dual frame of {T t(k,l)φ : (k, l) ∈ ℤ2n}.
Proof. Since {T t(k,l)φ : (k, l) ∈ ℤ2n} is a frame for V t(φ), we have

Sf = ∑
k,l∈ℤn
⟨f, T t(k,l)φ⟩T t(k,l)φ for all f ∈ V t(φ). (3.2)

Now, (3.1) can be written as Kφ̃(ξ, η) = ∑l∈ℤn ρl(ξ)Kφ(ξ + l, η), where
ρ0(ξ) = {{{{

{

1

wφ(ξ) , ξ ∈ Ωφ ,
0, otherwise,

and ρl(ξ) = 0 a.e. ξ ∈ Tn for l ̸= 0. Let ρ(ξ) = {ρl(ξ)}l∈ℤn for ξ ∈ Tn. Then
‖ρ‖2L2(Tn ,ℓ2(ℤn),wφ) = ∫

Tn

‖ρ(ξ)‖2ℓ2(ℤn)wφ(ξ) dξ = ∫
Ωφ

1

wφ(ξ) dξ ≤
1

A
< ∞,

using Theorem 2.7. From equation (2.4), it follows that φ̃ ∈ V t(φ). By Theorem 2.8, the canonical dual

of {T t(k,l)φ : (k, l) ∈ ℤ2n} is given by {S−1T t(k,l)φ : (k, l) ∈ ℤ2n} = {T t(k,l)S−1φ : (k, l) ∈ ℤ2n}. Thus, in order to

prove the theorem, we need to show that Sφ̃ = φ. Now, we have
⟨φ̃, T t(k,l)φ⟩ = ⟨Kφ̃ , KT t(k,l)φ⟩

= ∫
Rn

∫
Rn

Kφ̃(ξ, η)KT t
(k,l)

φ(ξ, η) dξ dη
= ∫
Rn

∫
Ωφ

1

wφ(ξ)Kφ(ξ, η)e−πi⟨k,l⟩e−2πi⟨k,ξ⟩Kφ(ξ + l, η) dξ dη,
using (3.1) and (2.3). Then

⟨φ̃, T t(k,l)φ⟩ = e−πi⟨k,l⟩ ∫
Rn

∫
Rn

χΩφ (ξ) 1

wφ(ξ)Kφ(ξ, η)Kφ(ξ + l, η)e−2πi⟨k,ξ⟩ dξ dη
= e−πi⟨k,l⟩ ∫

Tn

χΩφ (ξ) 1

wφ(ξ) ∑m∈ℤn ∫
Rn

Kφ(ξ + m, η)Kφ(ξ + m + l, η) dηe−2πi⟨k,ξ⟩ dξ.
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Hence ⟨φ̃, T t(k,o)φ⟩ = ∫
Tn

χΩφ (ξ) 1

wφ(ξ)wφ(ξ)e−2πi⟨k,ξ⟩ dξ = χ̂Ωφ (k),
and for l ̸= 0, we have ⟨φ̃, T t(k,l)φ⟩ = 0, as φ satisőes condition C. Now, using Lemma 3.1, we get

∑
k,l∈ℤn
⟨φ̃, T t(k,l)φ⟩KT t(k,l)φ(ξ, η) = ∑

k∈ℤn
⟨φ̃, T t(k,0)φ⟩KT t(k,0)φ(ξ, η)

= ∑
k∈ℤn

χ̂Ωφ (k)KT t
(k,0)

φ(ξ, η)
= ( ∑

k∈ℤn
χ̂Ωφ (k)e2πi⟨k,ξ⟩)Kφ(ξ, η)

= χΩφ (ξ)Kφ(ξ, η).
It can be easily shown that χΩφ (ξ)Kφ(ξ, η) = Kφ(ξ, η). This implies that

∑
k,l∈ℤn
⟨φ̃, T t(k,l)φ⟩T t(k,l)φ = φ.

Then it follows from (3.2) that Sφ̃ = φ, thus proving the theorem.

4 A sampling theorem on a subspace of V t(φ)
The following theorem gives a necessary and sufficient condition for obtaining a reconstruction formula for

functions belonging to a subspace of V t(φ) from their samples {f(k, j) : k ∈ ℤn} for each őxed j ∈ ℤn.
Theorem 4.1. Let φ ∈ L2(ℝ2n) and satisfying condition C. Assume that {T t(k,l)φ : (k, l) ∈ ℤ2n} is a frame for
V t(φ). Then the following two statements are equivalent:
(i) φ ∈ C(ℝ2n),∑k∈ℤn |φ(x − k, y)|2 is bounded onℝ2n and there exist constants Aj , Bj > 0 such that

AjχΩφ (ξ) ≤ |Φj(ξ)| ≤ BjχΩφ (ξ) a.e. ξ ∈ Tn , for all j ∈ ℤn , (4.1)

where

Φj(ξ) = ∑
k∈ℤn

φ(k, j)eπi⟨k,j⟩e2πi⟨k,ξ⟩. (4.2)

(ii) ∑k∈ℤn ck,0T t(k,0)φ converges to a continuous function for any {ck,0} ∈ ℓ2(ℤn), and there exists a count-
able collection of functions {ψj ∈ V t(φ) : j ∈ ℤn} such that for all j ∈ ℤn, ψj satisőes condition C and{T t(k,l)ψj : (k, l) ∈ ℤ2n} is a frame for V t(φ). Further, for all j ∈ ℤn,

f(x, y) = ∑
k∈ℤn

eπi⟨j,k⟩f(k, j)T t(k,0)ψj(x, y) for all f ∈ V t0(φ), (4.3)

where the convergence is both in L2(ℝ2n) and uniform onℝ2n.
Proof. First, we shall prove that (i) implies (ii). Taking l = 0 in Lemma 3.2, we see that ∑k∈ℤn ck,0T t(k,0)φ
converges to a continuous function for any {ck,0} ∈ ℓ2(ℤn). For j ∈ ℤn, deőne ψj ∈ L2(ℝ2n) such that

Kψj (ξ, η) = {{{{
{

1

Φj(ξ)Kφ(ξ, η), ξ ∈ Ωφ ,
0, otherwise.

(4.4)

Then

wψj (ξ) = ∑
m∈ℤn
∫
ℝn
|Kψj (ξ + m, η)|2 dη

= ∑
m∈ℤn
∫
ℝn

!!!!!! 1

Φj(ξ)Kφ(ξ + m, η)
!!!!!!2 dη

= 1|Φj(ξ)|2wφ(ξ), ξ ∈ Ωφ . (4.5)
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For ξ ∈ Ωcφ, we have wψj (ξ) = 0. Thus we observe that Ωφ = Ωψj for all j ∈ ℤn. Since φ satisőes condition C

and {T t(k,l)φ : (k, l) ∈ ℤ2n} is a frame for V t(φ), using Theorem 2.7 and (4.1), we get constants Aj , Bj > 0 such
that Aj ≤ wψj (ξ) ≤ Bj a.e. ξ ∈ Ωφ for all j ∈ ℤn. Now, for l ̸= 0,
∑
m∈ℤn
∫
ℝn
Kψj (ξ + m, η)Kψj (ξ + m + l, η) dη = 1|Φj(ξ)|2 ∑m∈ℤn ∫ℝn

Kφ(ξ + m, η)Kφ(ξ + m + l, η) dη = 0,
as φ satisőes condition C. Thus ψj satisőes condition C for all j ∈ ℤn. Hence {T t(k,l)ψj : (k, l) ∈ ℤ2n} is a frame

for V t(ψj) for all j ∈ ℤn by Theorem 2.7. Now, using an argument similar to the one in Theorem 3.4, it follows

from (4.4) that ψj ∈ V t(φ). In fact, ψj ∈ V t0(φ). Again, since (4.4) can be written as
Kφ(ξ, η) = {Φj(ξ)Kψj (ξ, η), ξ ∈ Ωφ ,

0, otherwise,

it follows that φ ∈ V t(ψj). Hence V t(φ) = V t(ψj) for all j ∈ ℤn. For j ∈ ℤn, deőne ̃ψj ∈ L2(ℝ2n) such that

K ̃ψj (ξ, η) =
{{
{{
{

1

wψj (ξ)Kψj (ξ, η), ξ ∈ Ωφ ,
0, otherwise.

(4.6)

By Theorem 3.4, {T t(k,l) ̃ψj : (k, l) ∈ ℤ2n} is the canonical dual of {T t(k,l)ψj : (k, l) ∈ ℤ2n}. Using (4.4) and (4.5),
equation (4.6) can be rewritten as

K ̃ψj (ξ, η) =
{{{
{{{
{

Φj(ξ)
wφ(ξ)Kφ(ξ, η), ξ ∈ Ωφ ,
0, otherwise.

(4.7)

Let f ∈ V t(φ). Then
⟨f, T t(k,l) ̃ψj⟩ = ⟨Kf , KT t(k,l) ̃ψj⟩

= ∫
ℝn
∫
ℝn
Kf (ξ, η)KT t

(k,l)
̃ψj (ξ, η) dξ dη

= ∫
ℝn
∫
ℝn
∑
l�∈ℤn

ρl� (ξ)Kφ(ξ + l�, η)e−πi⟨2ξ+l,k⟩K ̃ψj (ξ + l, η) dξ dη,
using (2.4) and (2.3). Now substituting for K ̃ψj (ξ + l, η) from (4.7), we get

⟨f, T t(k,l) ̃ψj⟩ = e−πi⟨l,k⟩ ∫
ℝn
∫
Ωφ

∑
l�∈ℤn

ρl� (ξ)Kφ(ξ + l�, η) Φj(ξ)
wφ(ξ)Kφ(ξ + l, η)e−2πi⟨k,ξ⟩ dξ dη

= e−πi⟨l,k⟩ ∫
Tn

Φj(ξ)
wφ(ξ) ∑l�∈ℤn ρl� (ξ) ∑m∈ℤn ∫ℝn

Kφ(ξ + m + l�, η)Kφ(ξ + m + l, η) dηe−2πi⟨k,ξ⟩ dξ
= e−πi⟨l,k⟩ ∫

Tn

Φj(ξ)
wφ(ξ)ρl(ξ) ∑m∈ℤn ∫ℝn

|Kφ(ξ + m + l, η)|2 dηe−2πi⟨k,ξ⟩ dξ,
as φ satisőes condition C. Thus

⟨f, T t(k,l) ̃ψj⟩ = e−πi⟨l,k⟩ ∫
Tn

Φj(ξ)
wφ(ξ)ρl(ξ) ∑m∈ℤn ∫ℝn

|Kφ(ξ + m, η)|2 dηe−2πi⟨k,ξ⟩ dξ
= e−πi⟨l,k⟩ ∫

Tn

Φj(ξ)
wφ(ξ)ρl(ξ)wφ(ξ)e−2πi⟨k,ξ⟩ dξ

= e−πi⟨l,k⟩ ∫
Tn

Φj(ξ)ρl(ξ)e−2πi⟨k,ξ⟩ dξ,
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10 | R. Ramakrishnan and S. Adhikari, Sampling theorem

where Φj(ξ) is given by (4.2) and ρl(ξ) = ∑m∈ℤn cm,leπi⟨l,m⟩e2πi⟨m,ξ⟩. Hence
⟨f, T t(k,l) ̃ψj⟩ = e−πi⟨l,k⟩ ∑

m∈ℤn
cm,le

πi⟨l,m⟩φ(k − m, j)eπi⟨k−m.j⟩
= e−πi⟨l,k⟩eπi⟨j,k⟩ ∑

m∈ℤn
cm,le

πi⟨l,m⟩T t(m,0)φ(k, j). (4.8)

Since {T t(k,l) ̃ψj : (k, l) ∈ ℤ2n} is the canonical dual frame of {T t(k,l)ψj : (k, l) ∈ ℤ2n}, using (2.2), we get
f = ∑

k,l∈ℤn
⟨f, T t(k,l) ̃ψj⟩T t(k,l)ψj for all f ∈ V t(φ). (4.9)

Let f ∈ V t0(φ), i.e., f = ∑m∈ℤn cm,0T t(m,0)φ for some {cm,o} ∈ ℓ2(ℤn). Then cm,l = 0 for all m ∈ ℤn and all

l ∈ ℤn \ {0}. It follows from (4.8) that ⟨f, T t(k,l) ̃ψj⟩ = 0 for all l ̸= 0 and
⟨f, T t(k,0) ̃ψj⟩ = eπi⟨j,k⟩ ∑

m∈ℤn
cm,0T

t
(m,0)φ(k, j) = eπi⟨j,k⟩f(k, j).

Hence from (4.9), we get

f = ∑
k∈ℤn
⟨f, T t(k,0) ̃ψj⟩T t(k,0)ψj = ∑

k∈ℤn
eπi⟨j,k⟩f(k, j)T t(k,0)ψj .

Since ψj ∈ V t0(φ), by Lemma 3.3 and the CauchyśSchwarz inequality, the above series converges uniformly

onℝ2n, and hence we obtain the reconstruction formula

f(x, y) = ∑
k∈ℤn

eπi⟨j,k⟩f(k, j)T t(k,0)ψj(x, y)
in the sense of uniform convergence.

Now, we prove that (ii) implies (i). Taking l = 0 in Lemma 3.2, we get φ ∈ C(ℝ2n), and∑k∈ℤn |φ(x − k, y)|2
is bounded onℝ2n. Now, őx j ∈ ℤn. Then from (4.3) we have

φ(x, y) = ∑
k∈ℤn

eπi⟨j,k⟩φ(k, j)T t(k,0)ψj(x, y).
Using (2.3) and (4.2), we get

Kφ(ξ, η) = ∑
k∈ℤn

eπi⟨j,k⟩φ(k, j)KT t
(k,0)

ψj (ξ, η)
= ∑
k∈ℤn

eπi⟨j,k⟩φ(k, j)e2πi⟨k,ξ⟩Kψj (ξ, η)
= Φj(ξ)Kψj (ξ, η)

and

wφ(ξ) = ∑
m∈ℤn
∫
ℝn
|Kφ(ξ + m, η)|2 dη

= ∑
m∈ℤn
∫
ℝn
|Φj(ξ)Kψj (ξ + m, η)|2 dη

= |Φj(ξ)|2wψj (ξ). (4.10)

Then Ωφ ⊆ Ωψj . Since φ and ψj satisfy condition C and {T t(k,l)φ : (k, l) ∈ ℤ2n} and {T t(k,l)ψj : (k, l) ∈ ℤ2n} are
frames for V t(φ), using Theorem 2.7, we obtain from (4.10) that there exist constants Aj , Bj > 0 such that

Aj ≤ |Φj(ξ)| ≤ Bj a.e. ξ ∈ Ωφ.
Now we shall show that Φj(ξ) is equal to 0 a.e. ξ ∈ Ωcφ for all j ∈ ℤn. For őxed j ∈ ℤn, we have

∫
Ωcφ

|Φj(ξ)|2 dξ = ∫
Ωcφ

!!!!!! ∑
k∈ℤn

φ(k, j)eπi⟨k,j⟩e2πi⟨k,ξ⟩!!!!!!2 dξ,
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using (4.2). Then using Lemma 2.9, we get

∫
Ωcφ

|Φj(ξ)|2 dξ = ∫
Tn

!!!!!!χΩcφ (ξ) ∑
k∈ℤn

φ(k, j)eπi⟨k,j⟩e2πi⟨k,ξ⟩!!!!!!2 dξ

= ∑
k∈ℤn

!!!!!! ∑
r∈ℤn

cr,0e
πi⟨j,k−r⟩φ(k − r, j)!!!!!!2,

where χΩcφ (ξ) = ∑r∈ℤ cr,0e2πi⟨r,ξ⟩ with {cr,0} ∈ ℓ2(ℤn). In order to prove that Φj(ξ) is equal to 0 a.e. ξ ∈ Ωcφ for
all j ∈ ℤn, it is enough to prove that

∫
Ωcφ

|Φj(ξ)|2 dξ = 0 for all j ∈ ℤn ,

which is equivalent to show that

∑
r∈ℤn

cr,0e
πi⟨j,k−r⟩φ(k − r, j) = 0 for all k, j ∈ ℤn .

In other words, we need to show that ∑r∈ℤn cr,0e−πi⟨j,r⟩φ(k − r, j) = 0 for all k, j ∈ ℤn. In fact, we will show

that ∑
r∈ℤn

cr,0e
−πi⟨y,r⟩φ(x − r, y) = 0 for all x, y ∈ ℝn

i.e., to show that∑r∈ℤn cr,0T t(r,0)φ(x, y) = 0 for all x, y ∈ ℝn. Since χΩcφ (ξ)Kφ(ξ, η) = 0 a.e. ξ, η ∈ ℝn, we have
( ∑
r∈ℤn

cr,0e
2πi⟨r,ξ⟩)Kφ(ξ, η) = 0

in L2(ℝ2n). Using Lemma 3.1, we see that the series

∑
r∈ℤn

cr,0KT t
(r,0)φ
(ξ, η)

converges to0 in L2(ℝ2n),which implies that∑r∈ℤn cr,0T t(r,0)φ(x, y) converges to0 in L2(ℝ2n). But, by assump-

tion, ∑r∈ℤn cr,0T t(r,0)φ(x, y) converges pointwise and hence it converges pointwise to 0 for all x, y ∈ ℝn, thus
proving our claim.

In the following theorem, we provide a necessary condition for obtaining a reconstruction formula for func-

tions belonging to a subspace of V t(φ) from their samples {f(k, j) : k, j ∈ ℤn}. However, we are not able to get
the sufficient condition of this theorem. We leave this as an open problem to the interested reader.

Theorem 4.2. Let φ ∈ L2(ℝ2n) and satisfying condition C. Assume that {T t(k,l)φ : (k, l) ∈ ℤ2n} is a frame
for V t(φ). Suppose ∑k∈ℤn ck,0T t(k,0)φ converges to a continuous function for any {ck,0} ∈ ℓ2(ℤn), and there
exists a function ψ ∈ V t(φ)which satisőes condition C and {T t(k,l)ψ : (k, l) ∈ ℤ2n} is a frame for V t(φ) such that

f(x, y) = ∑
k,l∈ℤn

f(k, l)T t(k,l)ψ(x, y) for all f ∈ V t0(φ), (4.11)

where the convergence is both in L2(ℝ2n) and uniform onℝ2n.
Then φ ∈ C(ℝ2n),∑k∈ℤn |φ(x − k, y)|2 is bounded onℝ2n and there exist constants A, B such that

AχΩφ (ξ) ≤ ‖Φ(ξ)‖ℓ2(ℤn) ≤ BχΩφ (ξ) a.e. ξ ∈ Tn ,
where Φ(ξ) = {Φj(ξ)}j∈ℤn and Φj(ξ) is given by (4.2).
Proof. Taking l = 0 in Lemma 3.2, we get φ ∈ C(ℝ2n) and ∑k∈ℤn |φ(x − k, y)|2 is bounded on ℝ2n. Now,
from (4.11), we have φ(x, y) = ∑k,l∈ℤn φ(k, l)T t(k,l)ψ(x, y). Then proceeding as in Theorem 4.1, we get

Kφ(ξ, η) = ∑
l∈ℤn

Φl(ξ)Kψ(ξ + l, η)
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and

wφ(ξ) = ∑
m∈ℤn
∫
ℝn
|Kφ(ξ + m, η)|2 dη

= ∑
l1 ,l2∈ℤn

Φl1 (ξ)Φl2 (ξ) ∑
m∈ℤn
∫
ℝn
Kψ(ξ + m + l1, η)Kψ(ξ + m + l2, η) dη

= ∑
l∈ℤn
|Φl(ξ)|2 ∑

m∈ℤn
∫
Tn
|Kψ(ξ + m + l, η)|2 dη,

as ψ satisőes condition C. Hence

wφ(ξ) = ‖Φ(ξ)‖2ℓ2(ℤn)wψ(ξ).
Using arguments as in Theorem4.1,we canőnd constantsA, B > 0 such thatA ≤ ‖Φ(ξ)‖ℓ2(ℤn) ≤ B a.e. ξ ∈ Ωφ.

Now

∫
Ωcφ

‖Φ(ξ)‖2ℓ2(ℤn) dξ = ∫
Ωcφ

∑
j∈ℤn
|Φj(ξ)|2 dξ

= ∑
j∈ℤn
∑
k∈ℤn

!!!!!! ∑
r∈ℤn

cr,0e
πi⟨j,k−r⟩φ(k − r, j)!!!!!!2,

where {cr,0} ∈ ℓ2(ℤn). In order to prove that ‖Φ(ξ)‖ℓ2(ℤn) is equal to 0 a.e. ξ ∈ Ωcφ, it is enough to prove that
∫
Ωcφ

‖Φ(ξ)‖2ℓ2(ℤn) dξ = 0,

which is equivalent to show that

∑
r∈ℤn

cr,0e
πi⟨j,k−r⟩φ(k − r, j) = 0 for all k, j ∈ ℤn .

This can be shown in lines similar to the ones in the proof of Theorem 4.1, from which the theorem will

follow.
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