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ABSTRACT

A shear-lag and deformation-theory based model for a metal matrix composite reinforced by continuous
unidirectional fibres is proposed. The model accounts for fibre and matrix cracking, matrix plasticity, and
fibre-matrix interfacial sliding through seven characteristic non-dimensional parameters, which combine
geometric, phase and interface properties. It allows arbitrary tensile loading and unloading history along
the fibre direction, and predicts the history-dependent elastoplastic displacement, strain, and stress fields
in all the fibre and matrix elements. Broken elements may be present initially, or form during the im-
posed loading history. Non-linear one-dimensional governing differential and algebraic equations are for-
mulated on the basis of the model. A computationally fast solution methodology based on pseudospectral
collocation is implemented. The present model is employed to predict the elastic strain profiles in a Ti/SiC
composite tape near pre-existing breaks. These predictions agree well with experimental measurements

reported in the literature.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

In the low and intermediate pressure stages of aerospace gas
turbines, considerable weight and cost associated with a com-
pressor stage can be saved by replacing conventional superalloy
discs with titanium (Ti) alloy matrix composite bladed compressor
rings (Winstone et al., 2001; Martin and Carrére, 2012). Typically,
continuous silicon carbide (SiC) fibres reinforce the Ti alloy matrix,
as SiC fibres have excellent high temperature properties and long-
term chemical compatibility with the Ti matrix material (Martin
and Carrére, 2012). Failure of SiC/Ti alloy metal matrix composites
occurs by the localised failure of nearby fibres, and is not preceded
by much global damage (Gonzalez and Llorca, 2001; Martin and
Carrére, 2012), provided the fibre-matrix interface is sufficiently
strong (Du and McMeeking, 1994). An accurate description of the
stress distribution near damaged regions is essential to understand
crack propagation in these materials. This description is best
obtained by constructing a sufficiently detailed model of load
transfer in partially damaged metal matrix composites, and by
experimentally validating its predictions.

Microscopic damage in unidirectionally reinforced metal ma-
trix composites takes the form of fibre breakages, matrix cracks,
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matrix yielding, and fibre-matrix interfacial debonding/sliding
(Clyne and Withers, 1995). Models capable of representing some
or all of these mechanisms have been developed in the literature,
and allow classification into two broad groups. Models in the first
group are based on the finite element method. These models re-
solve the detailed microstructure (Du and McMeeking, 1994; Lan-
dis and McMeeking, 1999; Xia et al., 2001; Xia and Curtin, 2001;
Gonzalez and Llorca, 2001), and incorporate complex constitutive
laws for the various microstructural phases, and interfaces. They
are able to predict spatially resolved mechanical fields in arbitrar-
ily damaged metal matrix composites. However, the complexity of
these models limits them to small volumes: Du and McMeeking
(1994) and Landis and McMeeking (1999) assumed axisymmetric
distribution of fibres around a broken fibre, and modelled three
fibres only. Gonzalez and Llorca (2001) modelled only three neigh-
bours of a broken fibre in their finite element study of a single
ply. The finite element models of Xia et al. (2001), treated nine
and eleven fibre models arranged in a hexagonal array. A finite el-
ement model of a composite comprised of 400 fibres was utilised
by Behzadi et al. (2009) to simulate composite failure. This model,
however, treated the matrix as a multilinear elastic material, and
did not account for plastic unloading.

The second group is comprised of shear-lag models. This class
of models was pioneered by Cox (1952) for the stress state around
a broken fibre surrounded by an axisymmetric matrix ring. The fi-
bre, and matrix ring are bounded by a homogeneous effective com-
posite medium. This simple model was considerably extended by
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Nomenclature

Smy,

+
smtmj

SMy,

+
tmfi

tm

=

tMsm,

Fibre dimension, Fig. 1

Dimensionless parameter, Eq. (29)
Cross-sectional area of a fibre
Centre-to-centre distance between fibres,
Fig. 1

Dimensionless parameters, Eq. (29)

Composite ply thickness, Fig. 1

Dimensionless parameter, Eq. (29)

Fiber elastic modulus, Eq. (4)

Matrix elastic modulus in tension, Eq. (5)
Matrix hardening modulus in tension, Eq. (5)
Fiber element i, Fig. 2

Fibre element adjacent to the shear-matrix
smy, Fig. 2

Fibre element to the right of tensile-matrix
tmj, Fig. 2

Fibre element to the left of tensile-matrix tm;,
Fig. 2

Dimensionless parameter, Eq. (29)

Matrix elastic modulus in shear, Eq. (13)
Matrix hardening modulus in shear, Eq. (13)
Surface-to-surface distance between adjacent
fibres, Fig. 1

Dimensionless parameter, Eq. (29)

Elements indices

Dimensionless parameters, Eq. (29)

Composite length, Fig. 1

Dimensionless fibrewise half-length of the
composite, Eq. (37)

Exponent in the interfacial sliding law, Eq. (18)
Number of Chebyshev grid points Eq. (43)
Number of fibre elements

Total load imposed, Eq. (24)

Dimensionless imposed load, Eq. (38)
Deformation step counter

Slider element to the right of fibre fj, Fig. 2
Slider element to the left of fibre f;, Fig. 2
Slider element k, Fig. 2

Slider element adjacent to the shear-matrix
smy, Fig. 2

Slider element to the right of tensile-matrix
tmj, Fig. 2

Slider element to the left of tensile-matrix tm;,
Fig. 2

Shear-matrix element to the right of fibre fj,
Fig. 2

Shear-matrix element to the left of fibre fj,
Fig. 2

Shear-matrix element k, Fig. 2

Shear-matrix element to the right of tensile-
matrix tmy, Fig. 2

Shear-matrix element to the left of tensile-
matrix tmy, Fig. 2

Tensile-matrix element to the right of fibre f;,
Fig. 2

Tensile-matrix element to the left of fibre f;,
Fig. 2

Tensile-matrix element j, Fig. 2

Tensile-matrix element adjacent to the shear-
matrix smy, Fig. 2

w, Displacement of the ith fiber element, Eq. (1)

W, Dimensionless displacement of the ith fiber el-
ement, Eq. (28)

Wim, Displacement of the jth tensile-matrix ele-
ment, Eq. (2)

thj Dimensionless displacement of the jth tensile-
matrix element, Eq. (28)

Ws, Displacement of the kth slider element, Eq. (3)

Ws, Dimensionless displacement of the kth slider
element, Eq. (28)

w Dimensionless parameters, Eq. (29)

X Co-ordinate normal to the fibre direction,
Fig. 1

z Co-ordinate parallel to the fibre direction,
Fig. 1

Y round» Vshitt Numerical smoothing parameters, Eq. (16)

Yem, Shear strain in shear-matrix element k, Eq. (3)

ysﬂlqk Plastic shear strain in the shear-matrix ele-
ment k. Eq. (15)

)75‘;11,( Dimensionless plastic shear strain in the
shear-matrix element k, Eq. (31)

ysprs:k Peak shear strain in shear-matrix element k,
Eq. (16)

Eround Numerical smoothing parameter, Eq. (11)

Eengg Imposed engineering strain, Eq. (23)

€5, Axial strain in fibre element i, Eq. (1)

€tm; Axial strain in tensile-matrix element j, Eq. (2)

sterlnj Elastic strain in the tensile-matrix element j,
Fig. 3

85111]_ Plastic strain in the tensile-matrix element j,
Fig. 3

églnj Dimensionless plastic axial strain in the
tensile-matrix element j, Eq. (33)

efnejj‘,k Peak axial strain in the tensile-matrix element
j, Fig. 3

o, Axial stress in the fiber element i, Eq. (4)

Otm; Axial stress in the tensile-matrix element j,
Eq. (5)

%‘iﬁ?k Peak axial stress in the tensile-matrix element
j, Fig. 3

oy Matrix yield stress in tension, Eq. (5)

Tsmy, Shear stress in the shear-matrix element k,
Eq. (13)

Ty Matrix yield stress in shear, Eq. (13)

T* Interface threshold stress, Eq. (17)

Is Dimensionless co-ordinate parallel to the fibre

direction, Eq. (25)

Hedgepeth (1961), and Hedgepeth and Van Dyke (1967). The lat-
ter models account for an infinite regular array of elastic fibres
carrying tensile load, perfectly bonded to intervening shear carry-
ing elastic matrix. The analytical treatment of shear-lag models be-
comes difficult if non-linear material responses or deviations from
geometric regularity are incorporated.

Much recent effort has been aimed at extending shear-lag mod-
els to account for the non-linearities in material response. Al-
though many of these pertain to polymer matrix composites, they
contain elements of direct relevance to the metal-matrix com-
posites of present interest. The shear lag model of Beyerlein and
Phoenix (1996) extended the classical shear lag model to account
for perfectly plastic or sliding matrix material. Using this model,
Beyerlein and Phoenix (1996) predicted the stresses around sin-
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gle and multiple breaks. Landis and McMeeking (1999), extended
the model of Cox (1952) by assuming a matrix obeying the J, flow
theory. They showed that the interfacial shear stress around an
isolated fibre break approaches the matrix and interface constitu-
tive response assumed by Beyerlein and Phoenix (1996) with in-
creasing far-field strain. A three-dimensional shear lag based model
for the case of fibres arranged in a hexagonal array is due to
Okabe et al. (2001). This model accounts for interface debond-
ing and matrix yielding. Okabe and Takeda (2002) introduced lin-
ear hardening into the matrix constitutive response. Most recently,
Zhang and Wang (2009) have proposed a model that also accounts
for matrix yielding, and interfacial debonding. Their model treats
these phenomena as special types of breaks and models their in-
teraction through influence superposition. While the models of
Beyerlein and Phoenix (1996); Okabe et al. (2001), and Okabe and
Takeda (2002) assume a compliant matrix incapable of carrying
tensile loads, the models of Beyerlein and Landis (1999) and Zhang
and Wang (2009) allow for non-negligible matrix stiffness as well.
Pimenta and Robinson (2014) recently proposed a shear-lag model
involving a matrix obeying a non-linear traction-separation law.

The effect of deviation from regular packing on stress concen-
trations, and ineffective length was studied by Swolfs et al. (2012).
In polymer matrix composites, Swolfs et al. (2015) found that
matrix cracks have an insignificant effect on composite strength.
Mishnaevsky and Brgndsted (2009) studied the stress state pro-
duced in a partially damaged realistic microstructure using the fi-
nite element method. They also studied the effects of matrix crack-
ing, and interfacial debonding on composite strength.

While most of the aforementioned models - both finite ele-
ment based, and shear-lag based - are computationally tractable
for small clusters of breaks, they are either unable to treat arbi-
trary damage and non-linear material response, or treat it approx-
imately using linear superposition of break influences. The latter
approximation is not justified in general, as the stress and dis-
placement fields in a non-linear material are not superposable. It
has, however, been shown to be satisfactory under certain condi-
tions. For instance, errors of only a few percent in the stress con-
centration were reported from linear superposition by Xia et al.
(2001) when the applied load is sufficiently high to produce gross
yielding in the matrix. Amongst the shear-lag models, the model of
Beyerlein and Phoenix (1996) replaces yielded matrix, or interfa-
cial sliding by a system of shear forces on the neighbouring fibres.
This approach is feasible only when the region of matrix yielding
or interfacial sliding is known, or can be guessed using symme-
try considerations, a priori. A similar restriction also applies to the
shear-lag model of Zhang and Wang (2009), wherein, the extent of
matrix yielding, and interfacial sliding near a fibre break are as-
sumed a priori.

Spatially resolved elastic strains in a partially damaged Ti-SiC
composite have been reported in the literature by Hanan et al.
(2003). Their measurements were made using synchrotron X-ray
microdiffraction. The microdiffraction technique measures elastic
strains only, even in elastoplastically deforming phases, such as the
present Ti matrix. This is because the experimental technique is
based upon changes in the diffraction pattern with changing lat-
tice spacing, which is, in turn, proportional to the elastic strain.
The plastic strain is not resolved, as plastic deformation leaves the
lattice spacing nearly unchanged.

A model of the composite specimen of Hanan et al. (2003), ac-
counting for the full length of all their fibres, is presently anal-
ysed. The analysis is based on a formulation wherein non-linear
governing differential equations accounting for non-linear defor-
mation plasticity of the matrix, tensile stiffness of the matrix and
fibre-matrix interfacial slip are incorporated. The formulation in-
corporates deformation plasticity and shear-lag theory. Loading to
850 MPa, and unloading therefrom are computer simulated, exactly

as in the experiment. Barring the fibre-matrix interfacial strength,
all material parameters of the constituent phases are taken from
the literature. The present model predicts elastic strain profiles
near the breaks in excellent agreement with the measurements of
Hanan et al. (2003).

The present model and computational methodology are de-
scribed in Sections 2—7. Model predictions are compared with ex-
perimental observations of Hanan et al. (2003) in Section 8. The
predicted fields are also discussed. These comparisons suggest the
viability of the present model to realistically capture the load dis-
tribution due to arbitrarily complex damage in unidirectional metal
matrix composites.

2. Model
2.1. Geometry

Fig. 1 shows the elements making up the model composite.
Following the classical shear-lag approximation (Cox, 1952), fibres
are assumed to be inflexible in all but their axial direction, z.
The matrix domain, which physically experiences both axial and
shear deformations, is modelled as two distinct types of elements,
termed the tensile matrix and shear matrix regions. These are
shown separately in Fig. 1. The tensile matrix admits only axial
deformation in the z direction, while the shear matrix undergoes
only xz shears. This modelling treatment follows Budiansky et al.
(1986) and Mahesh et al. (2004). Fibres in the present compos-
ite are indexed as f;, where i € {0, 1,2, ..., ny — 1}. Periodicity is as-
sumed. Thus, f,, is equivalent to fy, as shown.

Each fibre in Fig. 1 is abutted by a pair of shear matrix ele-
ments, which in turn are surrounded by a pair of tensile matrix
elements. A slider element lies at the interface between the fibre
and the shear matrix. The deformation of each element depends
on those of its neighbours. In order to identify various elements
of the model, and their neighbours, a formal notation is presently
introduced. As shown in Fig. 2, the shear matrix elements to the
right and left of fibre f; are denoted sm;lf and Smf_,-’ respectively.

Similarly, the right and left tensile matrix neighbours of fibre i are
denoted tm;r and tmg , respectively, and the right and left slider el-
1 1

ements as s;T and s, respectively. These neighbouring elements of
1

fibre f; are l.‘;belled on the left in Fig. 2. In an entirely similar man-
ner, the neighbouring elements of tensile matrix tm; are as shown
labelled on the right side of Fig. 2.

Unlike fibre and tensile matrix elements, shear matrix element
smy, is abutted by unique fibre, tensile matrix, and slider elements,
denoted by fsmk, tmsm,, and Ssmy» respectively. These elements are
labelled below in Fig. 2. The same is also true of slider elements:
the fibre, tensile matrix, and shear matrix neighbours of slider el-
ement s, are fsk, tms, , and sm,, respectively. These elements are
not marked in Fig. 2.

2.2. Displacements and strains

Displacement and strain fields evolve over the deformation his-
tory. Let the deformation history be discretised into steps, s e
{0,1,2,...}, and let step s =0 correspond to the initial unloaded
state. Let wg) (z) and wsfr)lj (z) denote the axial (z-direction) dis-
placements at step s in fibre f; and tensile matrix tmy;, respectively.
Assuming small deformations, the corresponding axial strains are:

© dw®
€, (2) = TZ’(Z), (1)
and
(s)
Wi,
e (@) = — (@), )
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Fig. 1. The model metal matrix composite showing all the model elements. Fibres are shown shaded dark. The matrix domain is divided into two parts: The ‘shear matrix’ is
assumed to deform in simple shear, and the ‘tensile matrix’ in pure tension. Sliding displacement at the fibre-matrix interface is permitted. A fibre break and matrix shears

around it are schematically shown.

tmfi
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%
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[

tmgm,

Ssmy,

smy

Fig. 2. Model elements neighbouring a typical fibre f; (labelled on the left side), neighbouring a typical tensile matrix, tm; (labelled on the right side), and a typical shear

matrix sm; (labelled below).

Let wgi) (2) denote the displacement in slider s;. Then, the shear
strain in shear matrix sm; is given by

(s)
- Wssmk

Vi@ = (Wi, @~ W @)~ w), @) /h. 3)
The denominator, h = (b — a)/2, is the x-thickness of the shear ma-
trix, which is equal to the distance from the tensile matrix to
the surface of a neighbouring fibre. Eqs. (1), and (2) are simply
the normal strain-displacement relations corresponding to small
strains. The form of the shear strain, given by Eq. (3) follows that

of Mahesh et al. (2004).

3. Constitutive assumptions
3.1. Fibre

As in Mahesh et al. (2004), fibres are assumed to remain linear
elastic. Let o, (z) denote the stress at coordinate z in fibre element
i. Then, neglecting thermal residual strains,

o (2) = Ee” (2).

(4)

3.2. Tensile matrix

The elastoplastic matrix is treated in the deformation the-
ory framework (Jones, 2009). Following Hill (1998), and Mahesh
et al. (2004), the stress-strain relationship under monotonic load-
ing from step O to step s is taken to follow:

(E1 — By (2)

at(rfl)j (z) = oy tanh + Ezst(;{j (2). (5)

Oy

In Eq. (5), E1, E5, and oy denote the tensile Young’s modulus, the
hardening modulus of plastic deformation and yield strength of the
tensile matrix material, respectively. Eq. (5) is plotted as the mono-
tonically increasing curve in Fig. 3.

The deformation theory stress-strain relationship given in
Eq. (5) is adequate for monotonic loading of material points in the
matrix. However, even in a tensile specimen that is loaded mono-
tonically at the grips, tensile matrix breakage will cause unloading
of the tensile matrix material points in the vicinity of the break. A
novel methodology is developed presently to track such unloading.
The final result of this development is Eq. (12) below.
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Fig. 3. Stress-strain response of a tensile matrix element during loading and un-

loading. A plastic set efr'n (z) is associated with unloading from the peak stress
peak
o (2).

Consider the composite at the end of step S (the ‘current state’).
An important state variable is the maximum or peak strain experi-
enced by the material point up until the current state:

peak _ (s)
€m, (2) = max max (etmj (2), O).

(6)

Here, non-negativity is enforced upon the peak strain in tensile
matrix elements. The material point is defined to be ‘loading’ dur-
ing step (S+1) if

S+1 |
et(m:f )(z) > e (@).

(7)

Otherwise, the material point is said be unloading. As shown in
Fig. 3, if unloading occurs from the maximum stress 62 (z), the

tensile matrix element will deform elastically, following:

I
o (2) = Eq (8533, @) — &by, (z)). (8)
Here, Sglnj (z), the plastic set in the element, is given by
I I }
&fm, (@) = e (@) — o (D) /Ex. 9)
agfl?k is the stress that results by substituting eum,(z) = egflj,k (2) in

Eq. (5).
The loading/unloading history of a tensile matrix element is

captured by the internal variables egffk(z), and SSLJ, (z). The con-

stitutive law for the tensile matrix can be expressed by combining
Egs. (5) and (8) as:

(Er - B)ey (2)

oy tanh
9 @) . (10)
0. (Z2) =
m + Exefn) (2), e, (@) = el (2)
E (s) pl (s) peak
1(etm, (2) — &l @), Eim, (2) < &l (2).

Eq. (10) ensures continuity of at(l;)j (z) with et(l;)_(z), over an ar-
bitrary loading history, involving arbitrary switches between load-
ing and unloading states. There is, however, a discontinuity in the
slope, (dOt(rfl)j (z)/det(frfj (2)) at st(rsgj 2) = sfrfljk(z). The slope discon-
tinuity is inconducive to application of efficient gradient-based nu-
merical methods. Therefore, a differentiable function that smoothly
transitions between loading and unloading states is introduced as
follows:

A. Mishra, S. Mahesh / International Journal of Solids and Structures 121 (2017) 228-239

Here, &oung > O is a smoothing parameter. For &) (z) > &P (z)
J )

peak

(loading), lt(fr)lj () 1 1. Similarly, for et(frfj (2) « stmj (2) (unloading),

Iflfgj (z) | 0. The rates of approach increase with decreasing &qund-

In terms of lgj (2), a differentiable approximation of Eq. (10) is:

(Ey — Ex)e gy (2)

Ot(ri.)] (2) = lif,i]. (2)| oy tanh o

+ Ezet(fn)j (2)

+ (=13 @) (B e, @) - b, @)))- (12)

3.3. Shear matrix

The shear stress-shear strain relationship in the elastoplastic
shear matrix can be written, in analogy with Eq. (5), as (Mahesh
et al., 2004):

(13)

(Er — )y (2)
% +Eyin (2).

rs(sm)k (z) = tytanh (

Yielding at a matrix material point strictly depends on both the
tensile and shear stress at that point. For simplicity, however,
yielding in the tensile matrix and in the shear matrix are assumed
to be independent of each other. That is, oy and 7y are assumed
independent parameters, as in Zhou et al. (2002).

As with Eq. (5), Eq. (13) is adequate only for monotonic loading.
In a composite material with progressive fibre and matrix break-
age, the assumption of monotonicity will not be valid. Additionally,
the peak and plastic shear strains could be of either sign, in con-
trast with the peak and plastic tensile strains in the tensile matrix,
which can be safely assumed positive (Eq. (6)). To capture the sign,
a factor 1//5mk, is introduced according to the following rules:

(i) If the abutting fibre fsm,( and tensile matrix tmsy, are both

intact, it is assumed that yﬁﬁik(z) = yslﬁlk (z) =0 for all z, and
Ysm, = 0. That is, the shear matrix bay between a pair of
intact tensile elements is assumed not to yield. In Fig. 4, this
condition applies to smy, smy, sms3, Smy, SMyg, SMy3, SMyg,
smys, and smyg.

If the fibre abutting a shear matrix bay, sm; is broken, and
tensile matrix abutting sm; is intact, it is assumed that
ysﬂ’gik(z) <0, and yS'?Lk (z) <0 for all z, and Ysm, =—1. In
Fig. 4, smy, smg and smg are examples of this case.

(iii) If the abutting tensile matrix is broken, but the fibre is in-
tact, yslfﬁzk(z) >0, and )/S'ﬁllk (z) = 0 for all z, and VYsm, = +1.
Shear matrix bays smg, smy;, and smy, are of this type in
Fig. 4.

Finally, if both the abutting fibre and tensile matrix are bro-
ken, as in bay sms in Fig. 4, it is assumed that the shear
matrix bay will be in a state of unloading. This does not
mean that the peak and plastic strains in the shear matrix
elements are zero. However, no further evolution of the peak
and plastic strains in the shear matrix bay is allowed to oc-
cur after the failure of both abutting tensile elements.

(ii

N

(iv

—

In terms of ¥sm,, the peak shear strain in a shear matrix ele-
ment is defined, paralleling Eq. (6), as

peak

Yot (14)

A development paralleling that leading up to Eq. (12) yields

Ty

o 1 e®
lim, (2) = 5 1+ tanh

peak
0@ - ek z)

Eround

(11)

+(1-18) @) {61 ) @) — B, <z>>},

Gi — G) Yo
18 @) =19, (z){w tanh (“ZM) Gy (z)}

(15)
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Fig. 4. Schematic representation of the deformed configuration of a partially damaged composite,whose undamaged and undeformed state is shown in Fig. 2. The sign of
the maximum and plastic shear strains in shear matrix element k (Ysm, ) is assumed to depend only on the broken or unbroken state of its abutting fibre and tensile matrix

elements, as described in the text.

where, fibre element fj, at step s is expressed as:
(s) peak (s)
1 z) — (2) + i
1), @) = 5 1+ Yom, tanh Yom, (2) — Vi, Vs Yonie ) ) —@+ d( t© @+ (z)) -0 (19)
2 Yround Sy, smg,

(16)
The term sm, Vsnire. Which appears in Eq. (16) has no analogue
in Eq. (11). It is introduced here to ensure that Igﬁr)lk (z) is strictly
monotonic for any ¥sm, € {-1,0,1}.

3.4. Slider elements

A simple threshold slip model is assumed at the fibre-matrix
interface, akin to that in Mahesh et al. (2004). The displacement
wéi) (2) in step s of slider element s; is taken to follow

As shown in Fig. 1, A =ad is the fibre cross-sectional area, and d
is the ply thickness. Similarly, the z-equilibrium of an infinitesimal
tensile matrix element in tm; can be expressed as

do®
d(b—a)— ”“f (z) — d(r“’ @+t (z)) (20)
The sliding displacement ws, (z) at the fibre-matrix interface is
governed by Eq. (18).

The normal and shear stresses appearing in Egs. (18)-(20) can
be expressed in terms of fibre, tensile matrix and slider displace-

<0, if rs(sm)sk (2) < —1*, ments, wf )(2), w(s) (2), and wgi) (2), respectively, using the consti-

w J(2)1=0, if —7*< Ts(sm)sk (z) <77, (17) tutive laws of Section 3. These displacement fields constitute the
>0, if Ts(sm) (2) > T, unknown v_arlables of the presene model._

*k Breaks in the fibres and tensile matrix elements are assumed

In the above equation, t* is a material constant that describes the
interfacial interactions between the fibre and the matrix. The value
of w, (2) in the first and third cases is left unspecified. A smooth
regularisation of Eq. (17) is given by

to occur in a single plane, taken without loss of generality as the
plane z = 0, transverse to the fibre direction. The boundary condi-
tions imposed in this plane are

(S)
2n+1 e
o Tg({sn)%( ) i (z =0) =0, iff;is broken, and

W (2) = - (g % o

Wf_s (z=0) =0, iff;is intact. (21)
Here, wg is a reference value for the interfacial sliding displace- In tensile matrix tm;
ment. n is to be a sufficiently large positive integer, so that 2n + 1 J
is odd. This regularisation is a simpler version of that used by dw t(rsg
Mahesh et al. (2004). T - SFIL (z=0) =0, if tm; is broken, and

It is emphasised that according to Eq. (18), the sliding displace-

ments are history-independent. The sliding displacement at a given ng}. (z=0) =0, if tm is intact. (22)

step depends only on the shear stresses in that step.

4. Governing equations and boundary conditions

Following the classical shear-lag framework (Hedgepeth, 1961;
Budiansky et al., 1986; Mahesh et al., 2004), the z-equilibrium of

Because of symmetry, it is sufficient to treat only half the com-
posite domain, 0 < z < (L/2), shown in Fig. 1. Displacement con-
trolled loading is imposed:

w§j> (z=1/2) = w<5> (z2=1L/2) = Lengg/2. (23)
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Here, gengg is the engineering strain imposed over the gauge
length.

The tensile load, P, applied to the composite for a given gengg
can be obtained by summing over the tensile loads of the fibres
and tensile matrix elements. This sum must be equal at any sec-

tion, z.
dw,
_adZEf —(2) +2ah )
j=0

dw dwss)
{( %) (z)){aytanh (E JYEZ ““f( )) +E V;Z s (z)}
dw®
(1 — I(S) (z)>{ <d;m"(z) — gng (z)) }j| (24)

Although the equilibrium equations, and boundary conditions,
given above are classical, the complex non-linear constitutive laws
of the matrix phase, and interface, render these equations not
amenable to analytical solution.

(S) Nem—1

5. Non-dimensional equations

Direct numerical solution of the system of equations derived
in Section 4 produces significant round-off errors, as the various
terms in the governing equations are not of the same order of
magnitude. It is therefore desirable to non-dimensionalise these
equations with the aim of getting order of unity terms in the latter
form. The following novel non-dimensionalisation scheme is devel-
oped for this purpose.

First, the axial coordinate z is non-dimensionalised as

¢ =Kz, (25)
where,
K=& (26)

V2h3dEE,

The inverse square root of K defines the characteristic length of
load recovery the model composite, provided all constituents are
elastic. Let the axial displacements of the various model elements
be normalised by

G -G

W = 27
e (27)
so that
A(S) Ww wgfg nggj and W =wWw® (28)
Furthermore, let
&)
€= G -Gy
d E;
A=(1+0),/5p g
2, E1
B=2(1+0C)h"K—
W (Ey—E) h
oy (G1 —Gy) VK’
F— 1 G] Oy 1
T (140) Ey v hvK'
E;
H = E and
=% (29)

The parameters listed in Eq. (29) are dimensionless and of the or-
der of unity. In terms of these variables, the normalised governing
equations take the following simpler forms. Eq. (19), describing fi-
bre equilibrium, expressed in terms of the normalised fibre, tensile
matrix, and slider displacements becomes

d 2
A—gei©) + {16 @ tanh (W5 (©) 4 @) -4 )

+ 15, © tanh () @) = ()~ 9 @) )|

+c{1§h<c>(r<s> ©) - (@) - @))

10 @ (95 O - @) =) |+ 140
(115 @) (96, © =W ©) =9 - 78 @)

+(1—1§§3,E(<>)(“” ()= ()= (©)=70, (;))}
| (30)

In this expression, the normalised shear matrix plastic strain is de-
fined as

we we (s) (s) ~(S) ~ ()
( e, ~ Wi, — W, ) — tanh (th - W~ Wssmk)

smk
1+C

Vam, =
(31)
Similarly, Eq. (20) transforms to
2196

1) (0)B——(0){ H + (1 - H) sech’ ( E Agf@)
dc? d¢

{rsa (g)tanh( Wim, () =W (§) - if,;mf(c))

+15_ (¢)tanh (v‘vif,{.@) —wp () WS (;))}
{ v <¢>(ws;a @) - W (©) —vAvgfg],(c))
+.1§;1m_(c)(wéfg @) - w<s) () - A;j;(;))}
2w apl
) d&h (©)
) Wim, tm;
(1—1 (§))< ic7 T dc )—(1+C)
X{(l—liii;m(c))(v‘vgi,(c) Wi (©) =W (€)=, <;>)

+( I <c>)

(““) ) - w“> (&) -wY (0 o (r))} 0. (32)

In this expression,

d"(S) dw (s)
;j“' Ftanh( Pem, (33)

ég; (1-H)

dg

Finally, the slider constitutive law, Eq. (18
(@) | {15, @) (ranh (4, © -9 ©) - #) ))
+ (v, @) —aP @) -0, ©))

), becomes
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+(1 =13, ©)(A+0)

< (9, @~ w0 w0 -2 ©) ] =0 e

The normalised form of boundary conditions Eqs. (21), and
(22) become,
dw (S)
d; =0) =0, iff; is broken, and
Wf.s)(§ =0) =0, iff;is intact. (35)
Similarly, in tensile matrix tmy;,
we
m; 8 1 . .
ac L — &5, |(¢=0)=0, if tm; is broken, and
Wﬁfg}.({ =0) =0, if tm; is intact. (36)

Finally, the imposed displacement can be normalised as
W (E =€) =W (C =€) =W (Leengg/2),

where ¢ = +/KL/2. Thus, the system of equations, Eqs. (30), (32),
and (34) and boundary conditions Eqs. (35)-(37) describe the
present composite material, in terms of seven independent non-
dimensional constants listed in Eq. (29).

The total load imposed upon the composite is given by Eq. (24).
The non-dimensional total load is defined as

(37)

P—P/(G1 hvKa? ry) (38)
where,
R ng—1 d"(s) 14C 2 Nim—1
P(¢) = @)+
Loa 0 () X

dws) dws).
{IE?&@){ ”tanh( 2](¢>>+H d;J(O}

d (s)
(1_1@ (:)){ <W§ ! (c))”. (39)

For equilibrium, the total load should be conserved across cross-
sections. Therefore, the above expression should yield the same P
for all ¢ € [0, ¢].

6. Reduced linear model

The mechanical fields predicted by the present model, which
accounts for matrix plasticity, and interfacial sliding vary non-
linearly with applied composite stress o.. It will prove insightful
to compare the predictions with those of a reduced linear model,
which accounts for fibre and matrix stiffness, but not for matrix
plasticity, nor for interfacial sliding. The reduced linear problem is
governed by the equations

W (¢)
Aidg +(1+0) 40)

| (W = 92©)) + (W, @) - ) } X
for the fibre, and

Wi ()
—dcr -(1+0 (a1)
A (982, -9 ©) + (80,0 -9 ©)} =

for the matrix. The fibre boundary conditions remain those given

by Eq. (35), while the matrix boundary conditions become
~(s)

d tm . .
iz L(¢ =0) =0, if tm; is broken, and

VT/STL(C =0) =0, if tm; is intact. (42)

The loading boundary conditions remain the same as Eq. (37).
7. Numerical solution

Numerical solution of the present system of equations using
the finite difference method applied over a uniform grid along
the ¢-direction was found infeasible. This is partly because of the
well known Runge phenomenon associated with the uniform grid
(Trefethen, 2013), and partly also because the exponential load re-
covery profiles near fibre breaks require a very high order approxi-
mation of derivatives to resolve sufficiently accurately. These issues
are avoided presently through the use of the pseudospectral collo-
cation method (Fornberg, 1998a) over a Chebyshev grid:

m])>, 1=0.1.2.....

& :Z(l —cos(nc_

Here, n¢ is the number of Chebyshev points. The ¢, grid is quadrat-
ically clustered near the ends of the domain in order to suppress
the Runge phenomenon. All axial elements - fibres, tensile matri-
ces, and sliders - are discretised by placing regular nodes at the
grid points. Eqs. (30) - (34) are enforced in discretised form at the
regular nodes. In doing so, the differential operators are discre-
tised using differentiation matrices (Fornberg, 1998a; Weideman
and Reddy, 2000). Let {Wfi} denote the vector of normalised dis-
placements at positions ¢, in fibre f;. Then, p-th order dense differ-
entiation matrices [D(P)] are constructed, following the procedure
given by Fornberg (1998b), which accurately approximate the axial
derivatives:

d(m{vT/fi}
dg(p)

ne — 1. (43)

= [DP]{w ). (44)
Similarly, if {thj} denotes the vector of normalised displacements
in the tensile matrix element tm;,

d(P) {th]’}
d¢ (p)

The governing equation for the slider elements is purely algebraic,
and hence does not need any treatment of derivatives.

Fictitious nodes corresponding to ¢t = —1 and ¢ = n¢ are intro-
duced in the fibre and tensile matrix axial elements. The former
node can be located at any arbitrary ¢ such that ¢ < 0, and the lat-
ter node at any ¢ such that ¢ > ¢, as shown by Fornberg (1998b).
These fictitious nodes are used to enforce the boundary conditions.

The discretised equations are non-linear. Their iterative solu-
tion is accomplished using a standard solver, MINPACK (Moré et al.,
1980). The determination of the Jacobian matrix for the system of
equations proves to be tedious, but straightforward.

In addition to the desirable numerical characteristics noted
above, pseudospectal collocation has exponential convergence
rates, much faster than the power-law convergence rates of the fi-
nite element or finite difference methods (Weideman and Reddy,
2000). The additional speed comes at the cost of dense interaction
matrices, and hence greater demand for computer memory.

Composite loading/unloading history can be simulated over a
number of steps. A number of iterations are performed within
each step. Following the standard procedure of plasticity simula-
tions (Simo and Hughes, 2006), each iteration involves progress-
ing toward global equilibrium, i.e., a reduction of the residuals cor-
responding to Eqgs. (30) and (32). This step is performed keeping

= [DP]{Wim, }- (45)
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Fig. 5. Broken and intact fibres in the metal matrix composite of Hanan et al. (2003) showing the nomenclature of model elements.

all the internal variables of the model fixed. Sliding displacements
Ws, are updated after each iteration so that Eq. (34) is satisfied af-
ter each equilibrium iteration. Iterations are terminated when all
the governing equations and boundary conditions in Section 5 are
satisfied to a tight tolerance. At this point, the peak and plastic
strains in the matrix elements are updated, and the next step is
commenced.

8. Results
8.1. Comparison with experimental results

Using synchrotron X-ray micro-diffraction, Hanan et al.
(2003) measured the stress redistribution in a damaged com-
mercial Ti matrix composite laminate (SiC fibres in a Ti-6Al-4V
matrix). It is recalled from Section 1 that X-ray micro-diffraction
resolves only the elastic part of strain, even in an elasoplatically
deforming material. Hanan et al. (2003) introduced a fibre break
by drilling a circular hole with electric discharge machining. The
hole fully cut one fibre, and one of its adjoining matrix bays. It was
also suspected to have partially broken the next fibre. This partial
damage led to the breakage of the neighbouring fibre during
loading. At the moment of measuring elastic strains, Hanan et al.
(2003) report that two adjacent fibres and the intervening matrix
were broken. These breaks were approximately all located in a
plane transverse to the fibre direction. Fig. 5 shows a schematic
diagram of the system of breaks and the naming scheme for the
various axial model elements that are either broken, or in the
vicinity of the broken elements. In this scheme, the two sym-
metrically broken fibres are denoted f;, the broken tensile matrix
element is denoted tm;, etc. It is assumed that the process of
hole-drilling would relax all residual stresses in the composite, at
least in the vicinity of the hole. For this reason, and for simplicity,
the present study assumes zero axial thermal residual stresses
throughout the model domain.

Exploiting symmetry, only half the specimen of Hanan et al.
(2003), 0mm < z < 13 mm, is modelled. The model domain, how-
ever, includes all the 29 fibres in the experimental specimen, and
has an axial extent in the fibre direction of [ = 13 mm, which is
the actual half-length of the experimental specimen. Even so, the
present computation, which in involves loading up to 850 MPa in
one step, and unloading to 0 MPa in one step, requires only about
23 seconds of wall-clock computer time.

The important cross-sectional dimensions in the composite of
Hanan et al. (2003) are shown in Fig. 6a. In the present model,
fibres are idealised to have square cross-sections, with side di-

47

124pm
124pm

®140pm
200pm
B —
240pm
240 i
(b)

(a)
Fig. 6. (a) Actual (Hanan et al., 2003), and (b) idealised xy cross-sections of the one
ply composite. Fibre cross-sectional area, A, and the fibre centre-to-centre spacing
are preserved in the course of the idealisation.

Table 1

Geometric and material parameters of the present model.
Parameter Value Reference
Fiber dimension, a 124 um Hanan et al. (2003)
Fibre spacing, b 240 um Hanan et al. (2003)
Ply thickness, d 124 um Hanan et al. (2003)
Composite half-length, [ 13 mm Hanan et al. (2003)
Fiber elastic modulus, E¢ 400 GPa Wessel (2004)
Matrix elastic tensile modulus, E; 110 GPa Welsch et al. (1993)
Matrix plastic tensile hardening, E, 1.25 GPa Ziaja (2009)
Matrix elastic shear modulus, G; 42 GPa Welsch et al. (1993)
Matrix plastic shear modulus, G, 0.5 GPa assuming G, /Gy = E»/E;
Matrix tensile yield stress oy 820 MPa  Welsch et al. (1993)
Matrix shear yield stress ty 550 MPa  Welsch et al. (1993)
Interfacial strength, 7* 270 MPa  present work
n 4 computational parameter
€round 0.5 computational parameter
Y round 1.0 computational parameter
Y shift 13 computational parameter

mension a, as shown in Fig. 6b, and ply thickness d = a. The di-
mension, a, is determined such that the fibre cross-sectional area
Af = a? = (140 um)2/4. Also, the centre-to-centre spacing of fi-
bres, b =240 um is preserved in the course of the idealisation.
These choices make the volume fraction of fibres in the actual ply
somewhat smaller than that in the idealised ply.

The material properties of the fibre, and matrix are obtained
from the literature, as listed in Table 1. 1, €0und> ¥ round» @14 ¥ shife
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Fig. 7. Strain concentration predicted in the fibres by the model after loading to
850 MPa (solid lines), compared with the experimental data (points) reported by
Hanan et al. (2003). Fibres f; and f, are identified with respect to the broken ele-
ments in Fig. 5.

represent numerical smoothing parameter, and not material con-
stants to be fit. Model predictions are not sensitive to their val-
ues, so long as they are sufficiently large. The hardening rate of the
yielded matrix in shear, G, is assigned a value assuming G,/G; =
E,/E;. However, the interfacial shear strength, t*, is treated as
a present fitting parameter. Its value is fit to t* =270 MPa, so
that the presently predicted load recovery near a cluster of breaks
matches that experimentally measured by Hanan et al. (2003). This
value is considerably larger than the typical values of 90-200 MPa
obtained from push-out tests, conventional full fragmentation test-
ing, or synchrotron strain measurements (Preuss et al., 2002).

The loaded strain measurements were made by Hanan et al.
(2003) at a far-field stress of 850 MPa. This corresponds to P =
850 MPa x 7 mm x 0.2 mm ~ 1190 N in Eq. (24). By successive bi-
section, the model displacement at z = L/2 is determined such that
the model load matches the experimental load. This condition is
realised at wy, (z=L/)2) = Wim; (z=1L1/2) ~0.07 mm, for all i, j or
Eengg ~ 0.005.

Elastic strains are predicted by the present model in the bro-
ken fibres, and in an intact fibre neighbouring either of the bro-
ken ones. These predictions are compared in Fig. 7 with the ex-
perimental measurements of Hanan et al. (2003). The simulated
elastic strain profiles broadly agree with the measured profiles in
both fibres f; and f,. The strain variations predicted by the re-
duced linear model (Section 6) are also shown in Fig. 7. It is clear
that the latter model predicts a more rapid load recovery profile
than the non-linear model in the broken fibre. This shows that the
non-linear phenomena, viz., matrix yielding, and interfacial slid-
ing, modelled presently play an important role in determining the
near-break mechanical fields.

Systematic differences between the predicted and measured
strains are, however, observed. Over Omm < z <0.5mm, the
strains predicted in the broken fibres are in excess of the measure-
ments. Over the same range of z, the strains are somewhat under-
predicted in the next intact fibre, f,. For 0.5mm < z <14 mm, the
agreement between predictions and experiment is better. The er-
ror bars reported by Hanan et al. (2003) for the fibre strain mea-
surements are too small to account for the observed discrepancy
in 0mm < z <0.5mm. A plausible explanation is that the assump-
tion of a uniform interfacial strength 7* may not be obeyed in the
physical specimen. Sizeable variation in t* near the fibre breaks
may underlie the observed discrepancies in the fibre strains.
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Fig. 8. Change in the fibre elastic strains between the loaded and unloaded states.

Predictions from the present model are compared with experimental data points
taken from Figs. 8 and 9 of Hanan et al. (2003).
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Fig. 9. Change in the tensile matrix elastic strains between the loaded and un-
loaded states. Predictions from the present model are compared with experimental
data points taken from Figs. 10 and 11 of Hanan et al. (2003).

Hanan et al. (2003) also measured the change in the elastic
strains,

Asgl(z) = ggl(z)|850 MPa sgl(z)|0 MPa’ (46)
in the fibres after unloading from the peak load of 850 MPa. These
measurements are compared with the predictions of the present
model in Fig. 8. As before, broad agreement of the predictions and
measurements is noted.

Finally, the change in the elastic matrix strains,

Aefh, (2) = i, (@) @

_ el
gsoMpa  Ctm 0 MPa’ (47)

upon unloading from the peak load are considered in Fig. 9. The
tensile matrix strains in the broken tm; and intact tms are rea-
sonably captured. However, the tensile matrix elastic strain in the
intact matrix bay, tm,, is over-estimated by the model near z = 0.
Hanan et al. (2003) report larger error bars in their matrix strain
measurements, than in their fibre strains. Yet, these are not big
enough to explain the present discrepancy. They also report that
the adjacent matrix bays, tm,, were partially cut at z ~ 0 either
during specimen preparation, or testing. Since a cut matrix bay will
locally be more compliant than an intact one, it will take smaller
loads, and therefore develop smaller elastic strains. This offers a



238 A. Mishra, S. Mahesh / International Journal of Solids and Structures 121 (2017) 228-239

0.02

total strain, tm; —

0018 total strain, tms —— |
total strain, tms
0.016 plastic strain, tmj ———- ]

plastic strain, tmg ——
plastic strain, tms

T

0014
0.012

0.01
0.008

0.006 [-|

Etm; (z) | 850MPa

0.004

0.002

-0.002 I I I I I I I
0 0.2

0.4 0.6 0.8 1 1.2
position along fibre direction, z [mm]
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Fig. 11. Total and plastic shear strains in shearing matrix elements sm;, sm,, and
smj3 predicted at the peak load of 850 MPa.

plausible explanation for the smaller measured elastic strains in
these bays.

8.2. Matrix plasticity and interfacial sliding

The mechanical fields in the vicinity of the breaks in the Hanan
et al. (2003) composite predicted by the present non-linear model,
corresponding to the peak imposed stress of o. =850 MPa, are
now presented.

Fig. 10 shows the total and plastic tensile strains in tensile ma-
trix bays tmq, tmy, and tms as a function of position. Both total
and plastic strain in all the bays reach their far-field values at a
distance of about 1.4 mm, or 10 fibre diameters. The far-field plas-
tic strain is not zero, which implies that the matrix is undergoing
gross yielding. The fraction of elastic strain to total strain decreases
as the break plane, z =0 mm is approached. In other words, the
plastic strain becomes the more important as the break plane is
approached.

The shear strains predicted in the shear matrix bays near the
breaks is shown in Fig. 11. As noted previously in connection with
Fig. 4, the sign of the shear strain simply indicates the state of
breakage of the abutting tensile members, and is not in itself im-
portant. Plastic strains in the shear matrix are much more localised
than that in the tensile matrix. Only the shear matrix bay smy,
which is abutted by a broken fibre and an intact tensile matrix
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Fig. 12. Sliding displacements in sliding elements s;, s;, and s; predicted at the
peak load of 850 MPa.

yields in shear. This is because shear stresses are developed only
in the vicinity of breaks to transmit axial loads from intact to bro-
ken fibres.

The sliding displacements predicted in the sliding elements
near the broken fibres are shown in Fig. 12. The sliding displace-
ment is negligible in sliding elements whose abutting tensile ele-
ments are either both broken, e.g., s; or both intact, e.g., s3. In ele-
ment s,, one of whose abutting tensile elements is broken, and the
other intact, the sliding displacement is greatest, reaching as high
as 3 um at the break plane z = 0. This large displacement serves
to blunt the shear stress in the associated shear matrix, sm;, and
blunts the stress concentration due to the breaks.

9. Discussion

A non-linear shear lag model of a metal matrix composite has
been developed. This model accounts for fibre and matrix cracking,
matrix plasticity, and fibre-matrix interfacial sliding. The model has
been used to predict the elastic strains developed near a cluster of
fibre and matrix breaks, both at a peak stress of 850 MPa and af-
ter unloading. The predictions compare well with the experimental
measurements of Hanan et al. (2003). The role of the various ele-
ments of the present model in producing good agreement is dis-
cussed below in the context of the literature.

In a polymer matrix composite, Wagner et al. (1996) showed
that the stress concentration in the intact neighbour of a broken
fibre decreases with increasing fibre spacing. They used micro-
Raman spectroscopy for their measurement. They attributed this
observation to increasing tensile load the matrix, with decreasing
fibre volume fraction. Since the Hedgepeth (1961) model entirely
neglects the load carried by the matrix, it cannot account for the
experimental observation. The MSSL model, due to Beyerlein and
Landis (1999), is an effort to extend the Hedgepeth (1961) model
to include matrix stiffness. The Beyerlein and Landis (1999) model,
however, assumes linear elastic fibre and matrix elements. Zhang
and Wang (2009) also considered the effect of matrix stiffness and
also that of matrix yielding in tension. They however, unrealisti-
cally assumed that the yielding was localised to an infinitesimally
thin strip in the matrix collinear with the adjacent fibre breaks. On
the other hand, Landis and McMeeking (1999) proposed a shear-
lag model assuming an elastoplastic matrix obeying J, flow theory.
This model represents the most detailed accounting of the yielded
state in the matrix. The matrix is assumed non-hardening. They
found that for an elastically rigid matrix, the axial and shear stress
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profiles approach the simple forms predicted by the simple sliding
model, due to Kelly and Tyson (1965).

The loading of the present Ti matrix cannot be sufficiently
described either by the linear model of Beyerlein and Landis
(1999) or by the simple sliding model of Kelly and Tyson (1965).
This is because the present matrix yields on the one hand grossly
under the imposed load. On the other hand, the present E¢/E; ~
4, so that the matrix cannot be assumed elastically rigid. Treating
the matrix constitutive law using a flow theory, as in Landis and
McMeeking (1999), in the multi-fibre composite is computation-
ally expensive. Therefore, in the present work, matrix deformation
is decomposed into tensile and shear parts, which are assumed un-
coupled, following Zhou et al. (2002). The plastic and elastic strains
in both the tensile matrix, and shear matrix elements, adjacent
to the initially broken models elements, are comparable. Despite
the decomposition of the matrix response into tensile and shear
parts, it is seen that the present model captures the measured
elastic strains well. This is consistent with a finding of Zhou et al.
(2002) under dynamic loading conditions.

The importance of modelling the shear yielding of the matrix
and interfacial debonding has been emphasised in the polymer
matrix literature. Behzadi et al. (2009) compared the strains to fail-
ure predicted with and without accounting for matrix shear yield-
ing with experimentally obtained values. They found that while
both models overestimate the failure strain, the model with shear
yielding produces the smaller overestimate. They attributed this to
the reduced stress concentration in the fibres neighbouring broken
ones when the matrix yields in shear. Accounting for both ma-
trix strain yielding and interfacial debonding, Okabe and Takeda
(2002) could capture the measured composite strength of a ma-
trix. Mishnaevsky and Brendsted (2009) studied the competition
between interfacial debonding, and matrix cracking. The aforemen-
tioned mechanisms have been represented in the present model
also. As in the aforementioned studies, these mechanisms are es-
sential for the predictive success of the present model. Suppression
of any of these mechanisms is found to lead to qualitatively poorer
predictions in Section 8.1.

10. Conclusions

A non-linear shear lag model capable of accounting for mul-
tiple realistic damage modes in metal matrix composites and a
fast computational algorithm for its solution have been developed.
These failure modes are fibre breakage, matrix cracking, matrix
plasticity, and fibre-matrix interfacial slippage. Model predictions
have been compared with experimental results given in the litera-
ture and good agreement is found. The validated model has been
used to elucidate the effects of non-linear material response near
fibre breaks. Large differences in the mechanical fields have been
found near the fibre breaks between the predictions of the present
non-linear model, and that of a reduced linear model. This shows
that fully accounting for these non-linearities is essential for ob-
taining good estimates of metal matrix composite reliability. This
aspect will be discussed in future work.
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