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Abstract
The most hazardous kind of vehicle crash among all road accidents is vehicle rollover. Present-day rollover prevention
systems in commercial vehicles mitigate rollover by preventing any wheel lift-off from the ground. These systems make
use of actuators such as differential brakes and demand all the wheels on the ground for satisfactory operation. Such systems are not effective in recovering a vehicle from intense rollover scenarios where the wheels on one side are lifted off
the ground, and the vehicle is about to rollover to the other side after reaching the tip-over point. A few studies have
investigated the possibility of reinstating a vehicle at the tip-over point with the wheels on a side lifted off. The high complexity and computation time of the optimal control strategies such as nonlinear model predictive controller make it
unsuitable for real-time implementations. This study proposes a novel gain-scheduled State-dependent Riccati Equation–
based optimal anti-rollover controller for reinstating a vehicle from the tip-over point. An inverted double pendulum on
a cart vehicle model is used as the plant model. The anti-rollover controller is found to be presentable as a twodimensional gain-scheduled lookup table with specific state dependencies in existence. It eliminates the necessity of solving the nonlinear performance index minimization problem online. State-dependent Riccati Equation method adequately
accounts for the nonlinearities involved, yet possesses a small computational time per sample. The anti-rollover controller is evaluated with a 10 degrees of freedom full vehicle model with a nonlinear pure slip tyre model that incorporates
the dynamical effects neglected in the controller formulation. Finally, the anti-rollover controller is evaluated in real-life
initial conditions using a sophisticated pick-up truck model obtained from TruckSimÒ software through a co-simulation
with the anti-rollover controller setup in MATLABÒ/SimulinkÒ environment. The State-dependent Riccati Equation controller was found to be effective in reinstating the higher-order models from the tip-over point in all the case studies
conducted.
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Introduction
Rollover is the most hazardous kind of vehicle crash
and has the highest fatality rate compared to other road
vehicle accidents. In India, vehicle rollovers claimed
more than 9000 lives in the year 2017.1 Every year, rollover crashes kill more than 10,000 people in the United
States.2 Vehicle rollovers occur in two categories based
on the cause of the wheel lift-off: tripped rollovers and
untripped rollovers. In tripped rollovers, the wheel liftoff occurs due to external tripping forces which act on
the vehicle as it encounters an obstacle such as a guard
rail or bump. On the contrary, in untripped rollovers,
the wheel lift-off occurs due to the generation of a high
inertial roll moment about the roll axis during events
such as high-speed collision avoidance manoeuvre.

A vehicle anti-rollover system comprises rollover
prediction and prevention systems, for which, a remarkable body of work exists in literature. A rollover prediction system monitors the vehicle in real-time for any
potential wheel lift-off through the indirect estimation
of normal reaction forces on tyres. The rollover index
(RI) has been the most common parameter used for the
indication of the vehicle’s roll state.3–5 Roll energy of
the vehicle is another parameter used to analyse as well
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as predict the roll state of the vehicle.6 In the event of a
wheel lift-off, the rollover prediction system sends out a
warning, and the rollover prevention system contains
the impending rollover scenario. Researchers have proposed various rollover prevention systems in which
actuators such as active torque distributors, differential
brakes, active suspension, active anti-roll bars and
active steering were in use. The most common actuators
in use among these are differential brakes and active
torque distributors who use the brake force and driving
torque, respectively, to control the yaw motion of the
vehicle, which in turn controls the roll motion.7,8 Direct
control of roll motion exists in active suspensions,
active steering and active anti-roll bars.9–11 It is evident
that in all the rollover prevention systems mentioned
before, the system achieved the containment of a potential rollover scenario by avoiding any possible wheel
lift-off from the ground. Hence, these anti-rollover systems are sensitive only at the wheel lift-off point. Once
the wheels on any side lifts off, the most common differential braking and active torque distributor control are
not fully functional, with only two wheels on the
ground.
It is known that a timely involvement of an effective
rollover prevention system can safely bring back a vehicle, even after a wheel lift-off has occurred. An inverted
double pendulum on a massless cart (IDPC) model can
be used to present the dynamics of a four-wheeled vehicle at a tip-over point.12 The number of degrees of freedom (DOF) of the nonlinear IDPC vehicle model is
higher than that of the inputs. Hence, the system can
be termed as underactuated. Nonlinear controllers like
nonlinear model predictive controller (NMPC) have
found their use along with the IDPC vehicle model to
control a vehicle in tip-over scenario.13,14 In the beginning, the energy-based nonlinear controllers found
their applications in lifting up an IDPC model from
any initial condition for the subsequent settlement in
the upright position.15–17 Later on, the energy-based
controller was used along with the IDPC model for
reinstating a vehicle from tip-over point.18 The NMPC
controller is effective, but highly complicated and
demands high computational effort per sample. The
energy-based controller, on the contrary, is simple but
shows slow responsiveness and requires additional controllers to achieve effectiveness in control action.
The State-dependent Riccati equation (SDRE)
method is a nonlinear extension of the linear quadratic
regulator (LQR) method and is well suited for highly
nonlinear control problems. The effectiveness of the
SDRE-based optimal vehicle dynamics control strategy
has been experimentally validated.19 SDRE controllers
are suitable for real-time implementations and have
found their application in the nonlinear optimal integrated vehicle dynamic controllers.20,21 These controllers are also used in optimal motion planning of
unmanned ground vehicles.22 Researchers have used
the SDRE controllers for developing various active
steering strategies such as lateral path tracking in limit
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handling conditions.23–25 SDRE controller is popular
in robotic control as well. Researchers have proved the
SDRE controller to be effective in swinging up and stabilizing both single and double pendulum models in
their
respective
equilibrium
positions.26,27
Consequently, the SDRE controller has found its application in the optimal control of underactuated single
and double-link mobile robot platforms.28,29 The
SDRE controllers have never been used for recovering
a vehicle model from the tip-over point.

The objective and organization of the study
This paper proposes a novel gain-scheduled SDRE
anti-rollover controller designed using the IDPC vehicle model, that can reinstate a vehicle in an on-road
and high-speed tip-over point. Figure 1 presents the
complete logical flow diagram of the article.
The study begins with the design and analysis of the
SDRE anti-rollover controller using the IDPC model
with a virtual rollover torque instead of the real gravity
torque. In the next stage, the proposed anti-rollover
controller is evaluated with the IDPC model with the
real gravity torque. The controller appeared to propose
a high control input force towards the landing phase,
where the vehicle is about to touchdown the ground.
The next stage of the study proposes an effective
method to keep the control input force within the
saturation limits by relaxing the weight value corresponding to the roll angle of the vehicle (Wu1 ) based on
the roll rate achieved by the model in the landing
phase. Subsequently, the study proposes to use the
SDRE anti-rollover controller, along with the relaxation for the landing phase, as a gain-scheduled lookup
table in a two-dimensional (2D) space of u1 and u_ 1 . In

Figure 1. Organization of the contents.
SDRE: State-dependent Riccati equation; DOF: degrees of freedom.
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the subsequent stage, the proposed gain-scheduled
SDRE controller is evaluated with a 10-DOF full vehicle analytical model along with a nonlinear pure slip
tyre model. The study incorporates a model that proposes the wheel steer angle corresponding to a lateral
tyre input force proposed by the anti-rollover controller. The model is an inversion of the nonlinear pure slip
tyre model. As shown in Figure 1, the validation of the
assumptions made for determining the reduced value of
Wu1 for the landing phase in the third stage is also presented in this section. The final stage evaluates the
gain-scheduled SDRE anti-rollover controller with the
sophisticated TruckSimÒ vehicle dynamic model.
Initially, the study presents a comparative study of the
control action of the SDRE anti-rollover controller
with the 10-DOF full vehicle model and the TruckSimÒ
model. In the final stage of the study, the gainscheduled anti-rollover controller is evaluated with the
highly sophisticated TruckSimÒ vehicle dynamic software in various real-life initial conditions.

The IDPC vehicle model
The IDPC vehicle model can be used to predict the
dynamics of a four-wheeled vehicle at a near tip-over
point.12 The analogy between the two above-mentioned
models is exhibited in Figure 2. The IDPC vehicle
model has two interconnected links of lengths l1 and l2
corresponding to unsprung and sprung masses of values m1 and m2 , respectively. The torsional spring and
damper correspond to the suspension dynamics of the
vehicle. The massless cart corresponds to the tyre–road
contact point. The axle angle offset is assumed as u0 .
The IDPC vehicle model has 3 DOF: roll motion of the
vehicle (u1 ), relative roll motion of the sprung mass
with respect to the vehicle (u2 ) and lateral motion of
the vehicle (y).
Equation (1) describes the nonlinear dynamical
equations of motion of the IDPC model with
q = ½y, u1, u2 T and B = ½1, 0, 0T . f is the lateral traction
force acting on the tyres
_ q_ + P(q) = Bf
H(q)€
q + C(q, q)

ð1Þ

_ incorporates corwhere H(q) is the mass matrix, C(q, q)
iolis and centripetal components and P(q) represents
spring potential as well as gravitational forces
2

6
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m1 + m2

h12
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h12 = l1 sinðu0 + u1 Þðm1 + m2 Þ  l2 m2 cosðu1 + u2 Þ
h22 = ðm1 + m2 Þl1 2 + 2m2 l1 l2 sinðu0  u2 Þ + m2 l2 2
+ J1 + J2
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c2  ðm1 + m2 Þl1 cos(u0 + u1 )u_ 1


l2 m2 sinðu1 + u2 Þ u_ 1 + u_ 2

c2 =
c3 = m2 l1 l2 cosðu0  u2 Þ
2
0
6
P(q) = 4
tg

3

m2 gl2 sinðu1 + u2 Þ + t

7
5

t g = ðm1 + m2 Þgl1 cosðu0 + u1 Þ  m2 gl2 sinðu1 + u2 Þ
t = k1 u2 + k5 u2 5

ð2Þ

The symbols tg and t indicate the torque experienced
by the IDPC vehicle model due to gravity and suspension spring, respectively.
In the present study, the vehicle is assumed to be
moving only on the two wheels on one side with wheels
on the other side lifted off the ground. This study proposes to recover the vehicle from this tip-over point by
controlling the lateral force on the tyres which are on
the ground. Any instances where these two wheels also
lift-off from the ground, making the vehicle a projectile, are beyond this study’s scope. The normal reaction
force acting on the tyre and road contact point of the
wheels, which are on the ground, is presented in equation (3). Hence, it must be noted that Fn . 0 always
Fn = ðm1 + m2 Þg + ðm1 + m2 Þl1 cosðu0 + u1 Þ€u1


m2 l2 sinðu1 + u2 Þ €u1 + €u2
2

ðm1 + m2 Þl1 sinðu0 + u1 Þu_ 1

2
m2 l2 cosðu1 + u2 Þ u_ 1 + u_ 2

ð3Þ

For a coefficient of friction m, the lateral tyre force
(FL ) must be
 mFn 4FL 4mFn

Figure 2. The IDPC model.
IDPC: inverted double pendulum on a massless cart.

ð4Þ

Table 1 displays the values of the various parameters
of the IDPC vehicle model used for the study. The fifthorder stiffness corresponds to the nonlinear stiffness of
the suspension system, which comes into play for large
deflections. The specifications are of a standard Pick-up

4

Proc IMechE Part D: J Automobile Engineering 00(0)

Table 1. Specifications of the IDPC model.
Description

Symbol

Value

Unsprung mass
Sprung mass
Roll MI-unsprung mass
Roll MI-sprung mass
Axle angle offset
Axle-link length
Sprung mass-link length
Linear stiffness
Fifth-order stiffness
Linear damping

m1
m2
J1
J2
u0
l1
l2
k1
k5
b1

730 kg
2000 kg
250 kg m2
750:5 kg m2
0:4 rad
1m
0:31 m
2:723105 Nm=rad
1:083107 Nm=rad5
1:693104 Nm=(rad=s)

IDPC: inverted double pendulum on a massless cart; MI: moment of inertia.

Figure 3. The unstable equilibrium point.

truck model present in the industrial standard
TruckSimÒ vehicle dynamic simulation software.30 A
high centre of gravity (CG) vehicle model is chosen for
the study as it is more susceptible to rollover than low
CG vehicles.
Figure 3 shows the unstable equilibrium point of the
IDPC model and the values of roll states u1, 0 and u2, 0
obtained are 0:9788 rad and 0:0188 rad, respectively.
In this study, this limiting rollover point of the vehicle
dynamics system is used as a reference point to ascertain the performance of the designed anti-rollover controller in the later sections. It was found in a simulation
study that the IDPC vehicle model can closely follow
the dynamics of a sophisticated full vehicle model when
it is present in the region near this unstable equilibrium
point (u1, 0 , u2, 0 ).18 Hence, the IDPC vehicle model is
suitable for designing control systems to reinstate a
vehicle from a tip-over scenario where the wheels on
one side are in lifted-off condition.

Design of SDRE anti-rollover controller
using the IDPC model with virtual rollover
torque
IDPC model with virtual rollover torque
The DOF u1 measures the roll motion of the IDPC
model, and tg indicates the gravitational torque acting

Figure 4. Gravitational and virtual torques.

on the model. Figure 4 shows the change in value of tg
with respect to u1 for a constant value of u2 = u2, 0 . It is
intuitive that in the range of 04u1 \ u1, 0 , gravitational
torque aids the anti-rollover controller in reinstating a
vehicle from the tip-over point. It can also be observed
from the graph that starting from u1 = 0, the value of
tg decreases and becomes 0 at u1 = u1, 0 , which results
in the establishment of the unstable equilibrium at the
point (u1, 0 , u2, 0 ). Hence, the assistance provided by the
gravity torque at the tip-over region is minimal. This
study aims to formulate an anti-rollover controller to
reinstate a vehicle from the tip-over region using the
SDRE method. The point (u1, 0 , u2, 0 ) forms a singularity point for the SDRE method. In the design procedure of the anti-rollover controller, gravity torque is
assumed to be zero in the entire range 04u1 \ u1, 0 and
a virtual rollover torque tv r is introduced.31 Figure 4
also shows the nature of t v r , and it must be noted that
the sense of t v r is the opposite of t g . It indicates the virtual torque’s tendency to roll the vehicle over. It allows
elimination of the singularity point (u1, 0 , u2, 0 ) and creates a new virtual unstable equilibrium point on the
ground at (u1 , u2 ) = (0, 0). The anti-rollover controller
performs the recovery of the vehicle by attempting to
bring the vehicle to the new virtual unstable equilibrium
point on the ground at (u1 , u2 ) = (0, 0). In the conventional methods such as NMPC, a highly nonlinear piecewise function is used to emulate the ground dynamics
to generate an equilibrium point on the ground. But
this piecewise function made those controller formulations further complex.
The proposal in this study is to design a controller
for a system that is highly susceptible to rollover and to
use it for the original system, which is relatively more
stable. This will result in a little overestimation of the
control input force. The control input force will not be
significantly high as the order of tv r is 103 compared to
the order of 104 of the gravity torque. In the given scenario, an actuator is not available to directly generate
the control input force, unlike in the standard control
problems. The proposed input control force is generated on the tyres using a wheel steer angle actuator. It
is justifiable to use an overestimate of the control input
force due to the following reasons. First, attempting to
generate a force on tyres that is a little over the saturation force for a brief duration will not adversely affect
the steering system as it is prevalent during harsh
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driving. Second, the accurate estimation of the normal
reaction force available on the tyre–road contact point
to determine the saturation conditions is challenging.
At the same time, the wheel steer angle actuator needs
to follow the saturation conditions strictly. The wheel
steer angle model corresponding to the control input
force used in this study incorporates a separate saturation condition to address this issue. It can be observed
in the later sections that the wheel steer angles generated in these studies are in the nominal range.
Equation (5) represents the formulation of the proposed virtual rollover torque. The formulation is
inspired by shape functions used in Pacejka tyre
model32


t v r =  Vd tan Vc tan1 ðVb fÞ
ð5Þ

where

f = ð1  Ve Þu1 Vf +



Ve
tan1 Vb u1 Vf
Vb

The values of the shape determining coefficients Vb ,
Vc , Vd , Ve and Vf corresponding to the shape of t v r are
0:244, 1:1, 100, 0:132 and 20, respectively. This particular shape of t v r is chosen because it makes the system
unstable in the range near (u1, 0 , u2, 0 ) and readily drops
to zero as the states approach (0, 0). This results in the
unstable equilibrium point of the virtual IDPC vehicle
model at (0, 0).
For the IDPC vehicle model with virtual rollover
torque
2
3
0
ð6Þ
PH (q) = 4 t v r 5
t
where PH (q) contains the virtual rollover torque and
spring potential forces. The nonlinear dynamical equation of motion of the system becomes
_ q_ + P (q) = Bf
H(q)€
q + C(q, q)
H

ð7Þ

Design of SDRE anti-rollover controller
SDRE method is an extended nonlinear version of the
LQR method, which accounts for the nonlinearities
involved in the problem, yet is simple in terms of the
computation time. It provides an approximate nonlinear solution to a nonlinear performance index minimization problem subject to a system equation.26,33
There are numerous ways of representing a nonlinear
dynamical system in the state-dependent coefficient
(SDC) form. All such formulations may not be a stabilizable parameterization of the nonlinear system.33 The
choice of the coefficient matrices presented in equation
(7) forms a valid combination in a stabilizable parameterization of the nonlinear IDPC vehicle model.
The nonlinear system in pseudo-linear SDC form
_ is
with X = (q, q)

ð8Þ

X = A(X)X + B(X)f

The output equation is
ð9Þ

q = DX + Ef

The SDC matrix A(q, q) is


0
I
_ =
A(q, q)
H1 G H1 C

ð10Þ

where
0 0
t
6 0 vr
6
u1
G(q) = 4
0 0
2

3
0
07
7
t 5
u2

ð11Þ

The SDC matrix B(q) is


0
B(q) =
1
H B

ð12Þ

The coefficient matrices in the output equation (9)
are D = ½I 0333 , where I is the identity matrix and
E = 0. The performance criterion J of the SDRE optimal control problem is
ð‘

1  T
X QX + fT Rf dt
J=
2

ð13Þ

0

T

where Q = D D where
2

1
D = ½DH 0333  where DH = 4 0
0

0
Wu 1
0

3
0
05
1

ð14Þ

The reference value of relative weight for control
effort f is assumed as R = 1. The control force corresponding to a particular set of states can be found as
T

f =  R1 B (X)S(X) X

ð15Þ
T

Hence, the gain matrix is K(X) = R1 B (X)S(X)
where the matrix S(X) can be obtained as the steady
state solution of the differential Riccati equation shown
below
T

S(X)A(X) + A (X)S(X)
T

S(X)B(X)R1 B (X)S(X) + Q(X) = 0
ð16Þ

Evaluation of SDRE controller with IDPC model with
virtual rollover torque
It was stated that the SDRE-based anti-rollover controller performs the recovery action of the vehicle in a
tip-over scenario by attempting to bring and settle the
vehicle to the unstable equilibrium point at (0, 0) on the
ground. The control action of the anti-rollover controller designed with the SDRE method is evaluated with
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Figure 5. Application of SDRE controller to IDPC model with
virtual rollover torque.
SDRE: State-dependent Riccati equation; IDPC: inverted double
pendulum on a massless cart.

Figure 7. Change in value of SDRE gains with time.
SDRE: State-dependent Riccati equation.

Figure 6. Settlement of IDPC model with virtual rollover
torque to the equilibrium point on the ground.
IDPC: inverted double pendulum on a massless cart.

the IDPC model with virtual rollover torque presented
in equation (7) by implementing it in MATLABÒ/
SimulinkÒ. Figure 5 shows the layout in which the
SDRE-based anti-rollover controller is applied to the
IDPC model with virtual rollover torque. Xref denotes
the reference unstable equilibrium point on the ground.
Figure 6 shows the control action performed by the
SDRE-based anti-rollover controller. For the simulation, the initial conditions chosen are u1 = u1, 0 ,
u2 = u2, 0 , u_ 1 = 1:2 rad=s and u_ 2 = 0 rad=s. The initial
conditions indicate that the vehicle is assumed to start
at the unstable equilibrium point. A positive initial roll
rate of 1:2 rad=s emulates an extremely severe impending rollover situation that may occur in a practical
condition.
The Wu1 value, which is a measure of the weight of
roll state u1 in the matrix D, is taken as 104 for this
simulation. Values of Wu1 of order 4 can generate control input force values in a range that is sufficient, as
well as achievable in a practical vehicle rollover scenario. The subsequent sections discuss the effect of
change in the value of Wu1 in the control action of the
anti-rollover controller. During the simulation, as
shown in Figure 6, the controller recovers the vehicle
model from the tip-over point and settles it in the

unstable equilibrium point on the ground. The figure
also shows the control force applied to the model with
time. The change in the value of SDRE gains corresponding to each state variable of the IDPC model with
virtual rollover torque as a function of time is presented in Figure 7. The graphs also show the constant
gain values obtained in the LQR method by linearizing
the model at the unstable equilibrium point (0, 0) on
the ground.
Unlike the graphs that contrast the LQR method,
SDRE gains are dependent on the state of the system
and vary with time. The SDRE gains Ku1 and Ku2 corresponding to u1 and u2 , respectively, assume higher values at the near rollover point. It can also be noted that
as the system settles to the unstable equilibrium point,
the SDRE gain values tend to merge with the constant
LQR gain values. It is evident that the proposed antirollover controller can recover the vehicle model from
the tip-over point and stabilize the IDPC model with
virtual rollover torque to the unstable equilibrium point
on the ground at (u1 , u2 ) = (0, 0).

Evaluation of SDRE controller with IDPC
model with gravity torque
The previous section illustrated the design and evaluation of the anti-rollover controller with the IDPC
model with virtual rollover torque. It must be noted
that the IDPC vehicle model with virtual rollover torque was utilized only for the formulation of the SDRE
controller, and the performance of the anti-rollover
controller with the real-life IDPC vehicle model with
gravity torque is of significance. Besides, in a real-life
scenario, the moment u1 becomes zero foremost, the
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Figure 8. Application of SDRE controller to IDPC model with
gravity torque.
SDRE: State-dependent Riccati equation; IDPC: inverted double
pendulum on a massless cart.

Wu1 , is done. Figure 9 presents the results obtained
from the simulation study. All the simulations were
started from the same initial conditions u1 = u1, 0 ,
u2 = u2, 0 , u_ 1 = 1:2 rad=s as mentioned in the previous
section.
The value of the weight Wu1 was varied from 13103
to 93103 . From Figure 9, it is evident that the control
input force generated increased with an increase in the
value of Wu1 . This increase in the control force resulted
in a decrease in the time over which the IDPC model
was recovered to ground. This shows the suitability of
the weight value Wu1 as the performance tuning parameter of the SDRE controller.

Relaxation of Wu1 for the landing phase

Figure 9. Effect of change in Wu1 in control action.

vehicle changes from the two-wheeled to four-wheeled
model as the ground dynamics come into the picture. A
negative value of u1 has no physical meaning. In Figure
6, the simulation was extended until 7 s to assess the
stability of the closed loop system and the time only
until 1:156 s where the value of u1 becomes zero foremost is of interest in further studies. This section analyzes the performance of the anti-rollover controller in
conjunction with the IDPC model with gravity torque
by implementing the system in MATLABÒ/SimulinkÒ.
Figure 8 exhibits the layout in which the SDRE controller is applied to the IDPC model with gravity torque. Besides, a study on change in control action of the
anti-rollover controller with variation in the weight,

The previous section depicted the impact of change in
the value of Wu1 in the control action of the SDRE
anti-rollover controller through multiple simulations
with different Wu1 values. However, it must be noted
that in each simulation, the value of Wu1 was kept constant throughout. The trend followed by the control
input force is shown in Figure 9 towards the landing
phase, where u1 is close to 0 and u_ 1 \ 0 draws attention. In the landing phase, the SDRE controller tends
to suggest an input force, which is even higher than the
values observed during the recovery phase, where the
initial conditions were close to the tip-over point.
Theoretically, the SDRE controller is attempting to stabilize the IDPC model at the pseudo unstable equilibrium point on the ground at (0, 0). But in the real
model, gravity torque exists instead of virtual rollover
torque. Due to this dominant action of the gravity torque in the landing phase, the IDPC model achieves a
high roll rate close to 2:5 rad=s towards the end of
the simulation. The control force’s high values are proposed to settle the vehicle model that approaches the
equilibrium point with such a high roll rate. However,
in a real-life scenario, as the vehicle approaches the
landing phase, the normal reaction tyre forces tend to
drop down readily, resulting in low values of saturation
force according to equation (4). Hence, such high values of lateral tyre forces proposed by the anti-rollover
controller are not achievable in the landing phase.
This section proposes an approximate method for
choosing the values of Wu1 for the landing phase with
respect to the roll rate of the model u_ 1 so that the proposed control force stays within the saturation limit.
Equation (3) presented the normal reaction force Fn
acting on the tyre–road contact point of the IDPC vehicle model. The first subplot of Figure 10 presents the
variation of lateral saturation tyre force mFn with the
value of u_ 1 obtained using equation (3) at the landing
phase. In the plot, the roll angles u1 and u2 are taken as
0, since the vehicle is in the landing phase.
Figure 9 shows that, as the vehicle approaches landing time, the values of u_ 2 and €u2 approaches 0. The figure also illustrates that the slope of u_ 1 remains almost
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Figure 11. Relaxation of Wu1 for landing phase.

Figure 10. Saturation tyre force (mFn ) versus u_ 1 and Wu1 .

constant in the landing phase. Hence, an approximate
average value of €
u1 = 4 rad=s2 is used for obtaining the
plot. The markers in the first subplot of Figure 10
denote the saturation values, mFn , at points
The
u_ 1 =  2,  2:2,  2:5,  2:75 and  3 rad=s.
second subplot of the same figure shows the saturation
force mFn against weight value Wu1 . The graphs are
plotted for roll rates u_ 1 =  2,  2:2 and  2:5 rad=s.
The marker on each plot here shows the value of Wu1
corresponding to mFn for that particular value of u_ 1 . It
is evident from the second subplot that reducing the
value of Wu1 below a range makes the plots converge
to a constant value. Hence, weight values corresponding to u_ 1 =  2:75 and  3 rad=s are found to be out
of bound, since the use of a lower weight does not help
in obtaining a lower control force. Hence, a constant
value of 1000 is used as the weight value for
u_ 1 =  2:75 and  3 rad=s. The final approximation
of weight values obtained corresponding to u_ 1 =  2,
2:2,  2:5,  2:75 and  3 rad=s are 3891, 2661,
1141, 1000 and 1000, respectively. Figure 11 shows the
incorporation of weight values obtained for the landing
phase with the constant weight value used for the
recovery phase. The value of Wu1 starts its drop only
from a value of u_ 1 =  1 rad=s. In practical cases, such
low values of roll rates below 1 rad=s occur only in
the landing phase. It eliminates the possibility of this
method, suggesting a low weight value when the vehicle
is at a near tip-over point. The spline interpolation
method is used to obtain the intermediate values to
maintain a smooth transition of the weight value during the control action.
A simulation was conducted with the IDPC vehicle
model with gravity torque using the SDRE controller
with the relaxation of weight for the landing phase to
understand the change occurring to the force proposed
by the controller. Figure 12 presents the effect of the
use of the variable Wu1 . In the simulation, the IDPC
model with gravity was reinstated from the initial

Figure 12. Change in control input force in landing phase due
to relaxation of Wu1 .

conditions u1 = u1, 0 , u2 = u2, 0 and u_ 1 = 1:2 rad=s
using the variable weight model presented in Figure 11.
The first and second subplots of the figure show the
reduction that occurred to the SDRE gain values corresponding to states of the IDPC vehicle model as the
simulation proceeded to the landing phase. The third
subplot depicts the subsequent reduction in the control
input force as a result of the change in the weight value
in the landing phase. The validation of the assumptions
mentioned above can be found in Figure 21 in the subsection ‘Validation of relaxation of Wu1 for landing
phase’ under the section ‘Evaluation of the SDRE controller with 10-DOF full vehicle model’.

The 2D (u1 and u_ 1 ) gain-scheduling of the
SDRE controller
The previous sections presented the SDRE controller
design using the IDPC model with virtual rollover torque, with a relaxation of the weight Wu1 for the landing
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Figure 13. The 2D gain-scheduled Ky and Ky_ .
2D: two-dimensional.

phase. The SDRE controller needs to solve the nonlinear performance index minimization problem in realtime for every sampling time in the current form. It is
essential to note the dependencies of the state variables
on the determined values of the SDRE gains. The coefficient matrices A(X) and B(X) in equation (8) do not
_ So the state feedbacks of lateral displacontain y and y.
cements do not affect the determination of the SDRE
gains. From Figure 12, it can be pointed out that the
_ respecgain values Ky and Ky_ corresponding to y and y,
tively, are relatively constant for change in states compared to the other gain values. Besides, the order of
gains corresponding to lateral displacement is 102 compared to an order of 103 of the other SDRE gains. In
addition, the state variables u2 and u_ 2 have relatively
small orders of 102 and 101 , respectively. These
observations lead to the conclusion that u1 and u_ 1 are
the only two state variables that have a dominant effect
on computing SDRE gains. Figures 13 and 14 present
all the gain values in u1 and u_ 1 planes for constant values of u2 = u2, 0 and u_ 2 = 0.
Henceforth, the SDRE gain values can be used as a
2D gain-scheduled controller by presenting the gain values just as a lookup table of these graphs rather than
solving the nonlinear optimal problem in every step.
For a controller to perform well in real-time, the computational time required must be less than the sampling
time. This criterion is highly relevant in the current
problem where the vehicle is near the tip-over point,
and the response time available is minimal. The computation time taken in MATLABÒ for the gain-scheduled
SDRE controller is of the order of 102 , whereas a nonlinear optimal controller (NMPC) takes 0:4 s per
sample for the recovery of IDPC vehicle model from
tip-over point.14 The computation time can be made
negligibly small by using better search algorithms. For
instance, the variation of u1 and u_ 1 in the given dynamic
system will always be continuous, and any future

Figure 14. The 2D gain-scheduled Ku1 , Ku2 , Ku_ 1 and Ku_ 2 .
2D: two-dimensional.

update will always lie in the vicinity of current states. It
is not needed to restart the search algorithm all over
again every time. Direct implementation in a C++
platform will further reduce the computation time. The
energy-based controller is the simplest form of the nonlinear controller, and the negligible computation time
makes it an ideal controller for real-time implementations.18 But the energy-based controller is not optimal
and has no direct control over the control input force
generated. The control input force is generated based
on the inherent nonlinear nature of the controller. The
nonlinear nature becomes aggressive, especially in
highly severe scenarios, and tends to propose control
input forces beyond the limits of saturation condition.
It is essential to validate all the assumptions mentioned above. A comparative study is conducted using
simulations where the IDPC vehicle model was

10

Proc IMechE Part D: J Automobile Engineering 00(0)

Figure 16. Schematic diagram of 10-DOF model.
Figure 15. Comparison of gain-scheduled and direct optimal
solution SDRE controllers.

DOF: degrees of freedom.

SDRE: State-dependent Riccati equation.

recovered from the initial conditions u1 = u1, 0 ,
u2 = u2, 0 and u_ 1 = 1:2 rad=s using the SDRE controller with and without gain-scheduling.
Figure 15 shows the values of the SDRE gains and
the final control input force generated during the simulations. In the graphs, solid lines correspond to the
SDRE controller without gain-scheduling. The symbol
j indicates the corresponding gain values and the control input force at the same time from a gain-scheduled
SDRE controller. It is evident from the graphs that the
two cases are indistinguishable, and it validates all the
assumptions stated before on the state dependencies.

The 10-DOF full vehicle model
A simple model, such as an IDPC vehicle model that
captures only the dominant dynamic effects, is preferred for controller design to keep the controller’s
complexity at a minimum. It must be investigated if the
controller can perform satisfactorily in the presence of
all the dynamic effects that were not considered in the
formulation of the anti-rollover controller. This section
presents a 10-DOF full vehicle model, along with a
nonlinear pure slip tyre model, which is used to evaluate the performance of the SDRE controller in the following sections.

The 10-DOF model
Figure 16 presents the configuration of the 10-DOF full
vehicle model. The vehicle is assumed to have front and
rear axle suspension systems. The model has one sprung

mass and two unsprung masses. The unsprung masses
correspond to the front and rear axles.
The inertia, stiffness and damping properties of the
model are assumed the same as the TruckSimÒ vehicle
dynamics model to maintain the overall generality of
the study. The sprung mass has three translational (u, v
and w) and three rotational (vx , vy and vz ) motions in
the Cartesian directions X, Y and Z. Each of the
unsprung masses has vertical translational (wf and wr )
and rotational (vxf and vxr ) motions. The roll, pitch
and yaw angles of the vehicle are denoted by u, g and
c, sequentially. The superscripts s, G and T denote
sprung mass, ground and tyre coordinate systems,
respectively; wcs and wcu denote vertical velocities at the
corners of sprung and unsprung masses, respectively.
The tyre and suspension deflection are denoted by xs
and xt , respectively. Suspension and tyre forces are
denoted by Fs and Ft . In general, the subscript ij is used
such that i can be l or r for left and right, respectively,
and j can be f and r for front and rear, respectively. dk
denotes the steer angle about the kingpin axis.
Figure 17 shows the configuration in which the 10DOF full vehicle model with a nonlinear pure slip tyre
model is implemented in MATLABÒ/SimulinkÒ environment. The inputs and outputs of each block are
denoted in the diagram.
The steer angle (dk ) is the input (I/P) to the model.
All the state variables of the model constitute the output 1 (O/P-1). The normal reaction tyre forces, ground
velocities and slip angles of the tyres on the ground
constitute output 2 (O/P-2). The model is organized as
blocks. The mathematical formulations used in each
block are described below. The table containing the
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The equations of motion corresponding to heave
motions of the front (wf ) and rear (wr ) axles are


mf w_ f = s Ftzlf  Fslf + Fsrf  mf gcosðuÞcosðgÞ


mf vxf vf  vy uf
mr w_ r = s Ftzlr  ðFslr + Fsrr Þ  mr gcosðuÞcosðg Þ ð19Þ


mr vxr vr  vy ur
Equations of motion corresponding to roll motions
of the front (vxf ) and rear (vxr ) axles are


Fslf + Fsrf + s Ftzlf cf
s
Jxf v_ xf = Ftylf rlf +
2
ð
F
+
F
+ s Ftzlr Þcr
ð20Þ
slr
srr
Jxr v_ xr = s Ftylr rlr +
2
Block 2: The formulations for roll (u), pitch (g) and
yaw (c) angles of the vehicle model are presented in
this block
Figure 17. Block diagram of SimulinkÒ implementation of the
10-DOF model.
DOF: degrees of freedom.

specifications and notations of the 10-DOF full vehicle
model can be found in Appendices 1 and 2.
Block 1: The equations of motion of the 10-DOF system are incorporated in this block. The vehicle model
is assumed to have 10 DOF. The controller’s recovery
action happens in a short span of time, and within that,
it is reasonable to assume the longitudinal velocity u to
be a constant. The equations of motion of heave (w)
and lateral (v) motion of the sprung mass are as
follows

mt v_ =
mw_ =

Xs

X

Ftyij  mt gsinðuÞcosðgÞ  mt ðvz u  vx wÞ


Fsij  mgcosðuÞcosðg Þ  m vx v  vy u

ð17Þ

The equations of roll (vx ), pitch (vy ) and yaw (vz )
motions of the sprung mass are as follows
Jx v_ x =

X



 
1
s
Ftyij lij  mj gsinðuÞcosðg Þ llj + lrj  mj llj + lrj v_
2


1 
Fslf  Fsrf cf + ðFslr  Fsrr Þcr
+
2



 
1 X
mj gcosðuÞ llj + llj + mj llj + llj v_
Jy v_ y =
2


+ ðFslr + Fsrr Þb  Fslf + Fsrf a

u_ = vx + vy sin(u)tan(g) + vz cos(u)tan(g)
g_ = vy cos(u)  vz sin(u)
sin(u)
cos(u)
c_ = vy
+ vz
cos(g)
cos(g)

ð21Þ

Block 3: The knowledge of all the state variables helps
find the velocities at all the relevant points on the
model. The formulations for the velocities are incorporated into this block. Velocities at the corners of the
sprung mass are as follows
cf v x
 avy
2
cr vx
s
+ bvy
wcslr = w +
2
cf v x
s
wcsrf = w 
 avy
2
cr vx
s
+ bvy
wcsrr = w 
2
s

wcslf = w +

ð22Þ

Velocities at the CG of the unsprung masses are

1
llf + lrf vy
2

1
uf = v + llf + lrf vx + avz
2
1
vr = u  ðllr + lrr Þvy
2
1
ur = v + ðllr + lrr Þvx  bvz
2
vf = u 

ð23Þ

Jz v_ z = s Ftylf as Ftylr b

ð18Þ

Velocities at the corners of the unsprung masses are
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llf + lrf vy + cf vz
uculf = u 

2
l
+
l
lf
rf vx
s
vculf = v +
+ avz
2
cf vxf
s
wculf = wf +
2
s

From equation (27), slip angles can be obtained as
G
vgulf
1
alf = tan
 dk
Gu
gulf
ð28Þ
G
vgulr
1
alr = tan
Gu
gulr

ðllr + lrr Þvy + cr vz

2
l
+
l
vx
lf
rf
s
vculr = v +
+ bvz
2
cr vxr
s
wculr = wf +
2
s





llf + lrf vy  cf vz

2
llf + lrf vx
s
+ avz
vcurf = v +
2
cf vxf
s
wcurf = wf 
2
s

Block 4: The formulations corresponding to the system
of forces acting on the model are presented in this
block.

uculr = u 

ucurf = u 

The suspension force can be written as
ð24Þ

G

ð25Þ

The rate of tyre deflection can be taken as the velocity at the respective corner of the unsprung mass in
ground coordinate system
G



wculj = cosðg Þ s wculj cosðuÞ + s vculj sinðuÞ
s uculj sinðg Þ
x_ tlj = G wculj

ð26Þ

Slip angles of the wheels which are on the ground
can be determined using the longitudinal and lateral
velocities on the ground in ground coordinate system.
Here uj can be roll angle of front axle (uf ) or roll angle
of rear axle (ur )
G



ugulj = s uculj  rlj vy cosðgÞ
  
  

+ s wculj cos uj + s vculj + rlj vxf sin u1f sinðgÞ

G

ð30Þ

G

Ftylf = T Ftylf cosðdk Þ

G

Ftylr = T Ftylr

ð31Þ

Now the normal and lateral tyre forces in sprung
mass coordinate system can be obtained as

Now the deflection of suspensions attached to wheels
which are on the ground can be written as
s wcsij + s wcuij

Ftzlj = ktlj xtlj

Lateral tyre force in ground coordinate system is

ucurr = u 

x_ sij =

ð29Þ

Normal reaction tyre force in ground coordinate system is

ðllr + lrr Þvy + cf vz
2
ðllr + lrr Þvx
s
+ bvz
vcurr = v +
2
c
v
r xr
s
wcurr = wr 
2
s

Fsij = ksij xsij + bsij x_ sij


  
 
vgulj = s vculj + rlj vxf cos uj s wclj sin uj

ð27Þ

s

Ftzlj = G Ftzlj cos(u)cos(g) + G Ftylj cos(dk )sin(u)

s

Ftylj = G Ftylj cos(u)G Ftzlj cos(g)sin(u)

ð32Þ

Instantaneous tyre radius and suspension length can
be written as
r0  xtij
cos(g)cos(u)
lij = l0 + xsij

rij =

ð33Þ

Tyre model
Block 5 in Figure 17 presents the nonlinear pure slip
tyre model used, along with the 10-DOF full vehicle
model. These data points as well are obtained from the
tyre model used along with the previously mentioned
pick-up truck model available in TruckSimÒ software.
The curves are generated for a constant coefficient of
friction m = 0:85, using the spline interpolation and
extrapolation method. Figure 18 presents the one-sided
tyre model for different normal reaction forces acting
on the tyre.

Evaluation of the SDRE controller with
10-DOF full vehicle model
The current section evaluates the proposed gainscheduled SDRE anti-rollover controller with the 10DOF full vehicle model formulated in the previous section. Figure 19 exhibits the layout in which the SDRE
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Figure 18. Characteristic curves of nonlinear tyre model.

controller is applied to the 10-DOF model. The input
(I/P) and the outputs (O/P-1 and O/P-2) mentioned
here are the same as described in Figure 17. The gainscheduled SDRE controller receives state feedback
from the vehicle model. Xref denotes the unstable equilibrium point (0, 0) on the ground. The anti-rollover controller determines the lateral tyre force to be generated
for reinstating the vehicle. The present study suggests
producing the control force calculated by the SDREbased anti-rollover controller through the control of
the wheel steer angle about the kingpin axis (dk ).
Professional ski-stunt driving performers achieve the
balancing of the vehicle in the upright position using
steering wheel inputs. It proves the steer angle control
to be effective in controlling a vehicle at the tip-over
point. In a front-wheel steered system, it is possible to
control only the steer angles at the front, which restricts
a predominant control over the tyre forces generated at
rear tyres. In this study, initially, an estimate of the lateral tyre force available on the rear tyre is obtained
using a rear tyre’s model in the form of a lookup table,
as depicted in Figure 19. The block receives values of
the slip angle and normal reaction of the rear tyre as
inputs. The control input force’s remaining value is
generated on the front tyre such that the sum of tyre
forces on the front and rear tyres results in the control
force proposed by the gain-scheduled SDRE controller.
The corresponding value of dk to be applied on the
front wheel for the generation of tyre force demands
attention. The methodology used for the determination
of dk is described in the next subsection.

Determination of steer angle about kingpin axis
In this study, the appropriate wheel steer angle, dk , corresponding to a lateral tyre force to be generated is
obtained by inverting the tyre model presented in
Figure 18. For all the nonlinear lateral tyre force characteristic curves, it can be seen that the force attains a
maximum, then drops, and then remains constant even
with an increase in slip angle. The region of the curve
until the lateral tyre force attains the maximum is used

Figure 19. SDRE controller applied to 10-DOF full vehicle
model.
SDRE: State-dependent Riccati equation; DOF: degrees of freedom.

Figure 20. Characteristic curves of slip angle.

for inversion. The corresponding slip angle is obtained
by inverting the tyre model for a particular value of the
normal load. If the lateral force is beyond the saturation value, the value of slip angle at the maximum
point is used, as any further increase in slip angle would
reduce the chance of obtaining higher lateral tyre
forces. Figure 20 presents the graph obtained by inverting the tyre model graphs. Any intermediate point is
obtained through 2D spline interpolation. Once the slip
angle is obtained, the corresponding dk can be found
from equation (28).

Validation of relaxation of W u1 for landing phase
The section ‘Relaxation of Wu1 for the landing phase’
proposed relaxation of weight for the landing phase to
limit the control input force to a range which is attainable on the tyres under the existing saturation
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Figure 22. Change in roll states of the 10-DOF model.
DOF: degrees of freedom.

Figure 21. Validation of relaxed Wu1 for landing phase.

conditions. It is validated in this subsection if the
reduced control force proposed by the controller due to
these relaxed weight values is achievable using wheel
steer input. A simulation is conducted using the configuration presented in Figure 19 using the MATLABÒ/
SimulinkÒ environment. The initial conditions of the
10-DOF model are chosen as u = 0:9788 rad,
u_ = 1:2 rad=s
and
uf = ur = 0:9977 rad,
_uf = u_ f = 1:2 rad=s. These are the equivalent initial
conditions of an IDPC model at u1 = u1, 0 , u2 = u2, 0
and u_ 1 = 1:2 rad=s. The constant weight value Wu1 for
the recovery phase is chosen as 7000. The variable
weight model used is same as presented in Figure 11.
Two case studies were conducted. One with a constant
weight value Wu1 throughout the simulation and
another one with the relaxed weight value for the landing phase. Figure 21 presents results of the case studies.
The vehicle was recovered from the tip-over and
brought down to the ground in both cases. Figure 21
also shows the comparison of the forces suggested by
the controller and produced on the tyre, on the application of an estimated value of dk . The steer angle, dk ,
applied in each case, is also presented in the graph. In
the recovery phase, the plots are identical since weight
values are the same for both the cases. Whereas in the
landing phase, for a constant Wu1 value, the input force
proposed by the controller is not achievable even with
the application of a higher value of dk . But in the
relaxed case, the force suggested by the controller is
achievable, and a good correlation can be observed
between the forces in the landing phase. A similar correlation can be seen in all the case studies presented in
the following sections. Hence, the assumptions made
are proved to be valid.

Evaluation of SDRE controller with 10-DOF vehicle
model
The present subsection evaluates the 10-DOF full vehicle model with the gain-scheduled SDRE controller
using the configuration shown in Figure 19. The initial
conditions of the model are assumed as u = 0:9788 rad,
uf = ur = 0:9977 rad, u_ = 1:2 rad=s and u_ f = u_ f
= 1:2 rad=s. It is the same extreme tip-over scenario
used in the previous sections. A constant weight Wu1 is
assumed for the recovery phase, and the relaxed Wu1 is
used for the landing phase. Various simulations were
conducted by varying the weight value Wu1 used for the
recovery phase from 5000 to 9000 by keeping the
relaxed weights the same. Figure 22 presents the change
in roll states of the 10-DOF system in all the case
studies.
The state u of the 10-DOF model is equivalent to u1
of the IDPC model. The sprung mass roll angle is presented in absolute scale u2a = (uf + ur )=2. The vehicle
model was reinstated to safety from the tip-over point
in all the simulations conducted. The gain-scheduled
SDRE anti-rollover controller adequately accounted
for the nonlinearities involved in the problem. It performed satisfactorily in the presence of dynamic effects
neglected in the controller formulation. The time over
which the vehicle was recovered to the ground
decreased with an increase in weight value. Figure 23
presents the comparison of force proposed by the controller and produced on the tyres in all the case studies.
The corresponding dk applied for the generation of the
tyre force can be seen in Figure 24. In all the cases, a
really good correlation can be found between controller
and tyre forces due to the relaxation of weight in the
landing phase, as mentioned in the previous section. It
is also evident that the force proposed by the controller
increased with an increase in weight value.
That justifies the reduction in the recovery time with
an increase in weight value. The correlation between
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Figure 25. TruckSimÒ and MATLABÒ/SimulinkÒ co-simulation
environment.

continuously, unlike in the NMPC method where the
terminal matrices or equilibrium points need to be
selected differently to obtain various performance
points. A good correlation can be found for
Wu1 = 7000 in these case studies, and the same value of
Wu1 is used for final evaluation in the subsequent
section.
Figure 23. Controller and tyre forces in each case study.

Evaluation of SDRE controller with
TruckSimÒ full vehicle model

Figure 24. dk obtained in all the case studies.

the forces in the initial time of the recovery phase is of
importance. As the weight value increased from 5000
to 9000, the force proposed by the controller increased.
For high values of weight, the corresponding high
values of tyre forces were unable to generate even with
the application of a higher dk for the existing saturation
conditions. Hence, the tyre force generated at the initial
time of the recovery phase is found to be less than the
controller input force. Here, the Wu1 acts as a parameter suitable for the tuning of the controller

The preceding section presented the evaluation of the
SDRE controller with the 10-DOF full vehicle model.
The current section evaluates the gain-scheduled SDRE
controller with a highly sophisticated TruckSimÒ vehicle dynamics model. The software includes comprehensive models of all the vehicle dynamics effects
considered by original equipment manufacturers
(OEMs). The study makes use of a full-size pick-up
truck model with a 5:5 ft long bed. The model has front
and rear axle suspension systems with combined slip
tyre models. The standard specifications available in
the software model are used for the study. Figure 25
presents the layout in which the SDRE controller is
applied to the TruckSimÒ vehicle dynamics model.
The simulation runs in a TruckSimÒ and
MATLABÒ/SimulinkÒ co-simulation environment.
The vehicle model is present in the TruckSimÒ environment, and the controller is implemented in the
SimulinkÒ environment. During the simulation, both
these environments continuously exchange data with
each other, giving rise to the co-simulation environment. The SDRE controller and subsystems enclosed
in the dotted box perform the same way as described in
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Figure 26. Specifications of the bump.

the previous section using Figure 19. This subsystem is
implemented in SimulinkÒ environment. The O/P-1
and O/P-2 nodes also contain the same set of measurements as described in Figure 19. During the simulation,
these outputs are obtained from TruckSimÒ and transferred to SimulinkÒ environment through the built-in
interface. It was already mentioned in the previous
descriptions that the output of the control system is the
steer angle, dk . In this study, the proposed dk is
obtained by controlling the steering wheel angle (dw ) at
the driver’s end. Ackerman steering system with a nominal steering gear ratio (G) of 25 available in the
TruckSimÒ environment is used as the steering subsystem. Tie rod and steering column compliances of the
steering system are 63104 and 13104 deg=Nm,
respectively. The steering mechanism can make use of
advanced systems to improve the accuracy of the wheel
steer angle applied in these high-speed critical situations.34,35 The proposed controller values can also be
obtained using an active steer system, which can be
made independent of the driver’s input by using a planetary gear system. There are steering mechanisms
available which can even independently control each
wheel on an axle.36
It must be noted that the analytical IDPC vehicle
model and the 10-DOF full vehicle model make use of
initial conditions at the tip-over point with a severe roll
rate. The TruckSimÒ vehicle dynamic software creates
real-life simulations, and the initial conditions are not
of choice but should be generated through simulations.
The rollover scenarios of a vehicle moving at high
speeds on a highway can either be manoeuvre induced
or due to tripping. Performing an extreme manoeuvre
like high-speed collision avoidance can induce an
untripped rollover. An example of a tripped rollover is
when the vehicle encounters a traffic barrier, such as a
divider or guard rail. In such an instance, the vehicle
has a very high momentum, which makes it climb the
traffic barriers, and results in a quick wheel lift-off. In
the TruckSimÒ vehicle model, the initial conditions are
obtained through simulations using the bump shown in
Figure 26. The bump has three characteristic dimensions, height (h), length (S) and width (W). The entire
shape of the bump is produced using linear interpolation and extrapolation from these characteristic dimensions. These characteristic dimensions h, S and W were
varied to obtain different initial conditions.
The speed of the vehicle is assumed to be a fixed
value of 100 km=h. The proposal is to recover a vehicle

Figure 27. Simulation that resulted in a rollover.

from an on-road high-speed tip-over point. Simulations
were attempted for various speeds and bump dimensions. For speeds beyond this range, all the four wheels
got lifted off the ground, making the vehicle a projectile. A case where the wheels on either side are lifted off
the ground is out of the scope of this study. Hence,
throughout this particular study, a fixed speed of
100 km=h is used. It is an on-road simulation, and the
friction coefficient is taken as m = 0:85, which is of dry
asphalt.
A simulation is conducted using the bump dimensions h = 2:5 m, S = 15 m and W = 2 m. The weight
value is chosen as Wu1 = 7000 for the recovery phase.
The duration of time starting from the instant when the
vehicle just departs from the bump and starts travelling
on two wheels and until the time it touches the ground
is considered in these simulations. The initial conditions
attained by the vehicle are u1 = 0:7791 rad,
u2a = 0:7791 rad,
u_ 1 = 0:5518 rad=s
and
u_ 2a = 1:2527 rad=s. It must be noted that the simulation is conducted for obtaining a set of tip-over initial
conditions, and the same initial conditions can also be
obtained from a different set of vehicle speed and bump
dimensions. To understand the intensity of the initial
condition obtained, a random rollover steer input is
given to the vehicle from the initial conditions mentioned above. The rollover steer input given here is
merely an inversion of the recovery steer angle proposed by the SDRE controller. The simulation resulted
in a rollover, and Figure 27 shows the simulation
scenario.
It proves that the initial conditions produced in the
simulation are intense enough that in a panic situation,
a rollover steer input from an inexperienced driver may
result in a rollover accident. It must also be noted that
the tip-over equilibrium points are u1, 0 = 0:9788 rad
and u2a, 0 = 0:9976 rad, and the initial conditions mentioned here are not too close to them and yet the
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Figure 28. Recovery of TruckSimÒ vehicle dynamics model.

simulation resulted in a rollover. Initial conditions that
are close to this tip-over point are presented in subsequent sections.

Figure 29. Comparison of control and tyre forces.

Comparative study of control action of SDRE
controller on TruckSimÒ and 10-DOF full vehicle
models
It was stated before that the TruckSimÒ model is very
sophisticated, and the SDRE controller must be evaluated with it to understand the performance of the same
in real-life scenarios with actual initial conditions. At the
same time, a rigorous evaluation of the gain-scheduled
SDRE controller was conducted in the previous section
using the 10-DOF full vehicle model. The 10-DOF
model was preferred due to the convenience of setting
up initial conditions as well as performing simulations.
It is essential to compare the control action of the gainscheduled SDRE controller on 10-DOF full vehicle
model as well as the pick-up truck model obtainable in
TruckSimÒ software. The simulation with the same set
of initial conditions u1 = 0:7791 rad, u2a = 0:7791 rad,
u_ 1 = 0:5518 rad=s and u_ 2a = 1:2527 rad=s obtained in
the previous section that resulted in a rollover is used
here for simulation. Here the vehicle with the same initial conditions was reinstated to the ground using the
gain-scheduled SDRE controller in the TruckSimÒ and
MATLABÒ/SimulinkÒ co-simulation environment presented in Figure 25. Figure 28 shows the simulation scenario where the vehicle was reinstated from the tip-over
point.
To perform a comparative study, the 10-DOF model
was initiated from the same initial conditions as the
simulation obtained in the TruckSimÒ setup. The simulation with 10-DOF model was accomplished using
the layout exhibited in Figure 19. Figure 29 presents
the comparative study between the force proposed
by the controller and produced on the tyres in both
cases. It can be observed from the graphs that the controller forces suggested in both cases are of comparable
magnitude. In the 10-DOF model, the forces proposed
by the controller and produced on the tyre follow each
other closely, whereas, in the TruckSimÒ model, the
correlation is close, but not as good compared to
the previous case. The variation is due to the fact that

Figure 30. Comparison of roll states of TruckSimÒ and
10-DOF models.

the TruckSimÒ pick-up truck model makes use of a
combined slip tyre model, unlike the 10-DOF model
and also incorporates the effects of steering and suspension geometry.
Figure 30 shows the comparison of change in the roll
states between 10-DOF model and TruckSimÒ model
in the simulation study. It is evident from the plots that
two of these models were brought down to the ground
at comparable times.
The results justify using the analytical 10-DOF full
vehicle model to analyse the performance of the gainscheduled SDRE controller.

Case studies on action of SDRE controller with
TruckSimÒ vehicle dynamics model
This section describes an extensive study of the gainscheduled SDRE controller with the sophisticated
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pick-up truck model obtainable in the TruckSimÒ software using the TruckSimÒ and MATLABÒ/SimulinkÒ
co-simulation environment. Five case studies were conducted with various intensities in terms of the initial
conditions. Each set of initial conditions was attained
by running the vehicle over the bump depicted in
Figure 26. The speed of the vehicle was set to be constant at 100 km=h, as mentioned before. The width W
and length S of the bump were set to be 2 and 30 m,
respectively, for all the case studies. The value of height
h was varied to obtain various initial conditions, and
the values used in the case studies presented in this section are 2:8, 2:9, 2:95, 3 and 3:2 m. Figure 31 presents
the change in roll states of the system with time for all
the case studies conducted.
It is evident that as the height of the bump increased,
the intensity of the initial conditions obtained increased
from Case 1 to Case 5. Case 1 presents the least intense
initial conditions in terms of roll states and the values
u2a = 0:7159 rad,
are
u1 = 0:7058 rad,
u_ 1 = 0:8847 rad=s and u_ 2a = 1:4396 rad=s. The most
intense set of initial conditions are obtained in Case 5
and the initial conditions are u1 = 0:9574 rad,
u2a = 0:9673 rad,
u_ 1 = 1:3090 rad=s
and
_u2a = 1:7068 rad=s. In Case 5, starting from the abovementioned initial conditions, the vehicle attained the
maximum values of roll angles u1 = 0:9762 rad and
u2a = 1:0640 rad during the recovery action which is
higher than the unstable equilibrium point (u1, 0 , u2, 0 ) at
the tip-over point. The vehicle was successfully reinstated from the tip-over scenario in all the case studies
conducted. Figure 32 presents the simulation scenario
in the MATLABÒ/SimulinkÒ co-simulation environment for the most intense case, that is, Case 5.
Figure 33 presents the comparison between the force
recommended by the controller and the corresponding
force produced on the tyres by the application of dk . It
can be seen that as the intensity increased from Case 1
to Case 5, the control input force required to reinstate
the vehicle increased. It has already been mentioned
that the initial conditions were generated by driving the
vehicle over the bump. As the intensity of the initial
conditions increased, at the time the vehicle left the
bump, along with the wheels on the right side, the wheel
at the front left corner as well tended to lift-off. In such
cases, the values of the roll states at the moment the
front left wheel touched the ground were taken as the
initial conditions.
This produced a bouncing effect during the control
action. There was a slight increase in the forward slip
ratio at this initial phase, and it, in turn, produced a
tyre force higher than anticipated. On the contrary, as
the simulation proceeded further, the normal reaction
reduced as the tyres bounced back after this initial
effect. It resulted in the generation of a lower tyre force
at one point in the later stage of the simulation than
anticipated. This effect appeared to be higher in intense
initial conditions such as Case 5. Figure 34 presents the
steer angle, dk , applied in each case study. In all the
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Figure 31. Change in roll states in all the case studies.

case studies presented, the dk is well within the range
that can be achieved in a real-life scenario. The gainscheduled anti-rollover controller accounted for the
nonlinearities involved in the problem adequately well.
The controller performed satisfactorily in the presence
of all the dominant dynamic effects relevant in a reallife simulation scenario. The 2D gain-scheduling
employed in this study significantly reduced the computation time per sample, making it suitable for real-time
implementation.
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Figure 32. Recovery action performed in Case 5.
Figure 34. Variation of dk in all the case studies.

Figure 33. Control and tyre forces obtained in case studies.

Conclusion
The study proposed a novel gain-scheduled SDREbased optimal anti-rollover controller to reinstate a
vehicle from a tip-over point. The design methodology
made use of an IDPC vehicle model with a virtual rollover torque instead of the gravity torque as the plant
model. The introduction of the virtual rollover torque
eliminated the unstable equilibrium point at the tip-over
point and acted as an easy solution for generating an
equilibrium point on the ground. The controller’s

evaluation with the real IDPC vehicle model with gravity torque proved it to be effective in reinstating a vehicle at the near tip-over point. It was able to adjust the
magnitude of the control input using the weight value
corresponding to the vehicle’s roll motion (Wu1 )
through the coupling that exists across the cost values
of state variables and control input force in the performance index. The weight value was identified as an
effective tool for continuously tuning the performance
of the SDRE controller. In the landing phase, the vehicle model achieved a high value of vehicle roll rates.
Consequently, the normal reaction forces dropped
readily in the landing phase. The dedicated strategy
incorporated in the controller for the landing phase was
found to be effective in varying the controller’s weight
value depending on the roll rate achieved by the vehicle
to keep the control input force within the saturation
limit. The SDRE controller formulation has specific
state dependencies and can be presented as a 2D gainscheduled controller. The gain-scheduling eliminated
the need to solve the nonlinear optimal control problem
in real time, allowing the use of a 2D lookup table
instead. The computation time per sample of the resulting gain-scheduled SDRE controller in MATLABÒ was
found to be in the order of 102 s only. An evaluation
of the SDRE anti-rollover controller with the 10-DOF
full vehicle model with a nonlinear pure slip model was
conducted. The study proved the anti-rollover controller to be effective in the presence of dynamic effects,
which were neglected during the controller formulation
using the reduced-order IDPC vehicle model. The
SDRE-based optimal controller adequately accounted
for the complex nonlinearities involved in the nature of
the vehicle model. The wheel steer angle associated with
the SDRE controller obtained by the inversion of the
nonlinear pure slip tyre model provided a good correlation between the control input and the force tyre forces.
The performance of the proposed gain-scheduled
SDRE anti-rollover controller is validated with the
real-life simulation software TruckSimÒ along with the
MATLABÒ/SimulinkÒ co-simulation environment for
various initial conditions. The anti-rollover was found
to be effective in reinstating the sophisticated
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TruckSimÒ pick-up model from different intense near
tip-over scenarios considered for the study. The scope
of future work includes the use of a better normal reaction force prediction model to understand the saturation force limit in existence. A new wheel steer angle
model that incorporates a combined slip tyre model can
give a better correlation between controller and tyre
forces. A study on the choice of an optimal virtual rollover torque characteristic is also within the scope of
future research.
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Appendix 1

Table 2. Specifications of the 10-DOF model.
Notation

Value

a
b
bslf , bsrf
bslr , bsrr
cf
cr
Jx
Jxf
Jxr
Jy
Jz
kslf , ksrf
kslr , ksrr
ktlf , ktrf
ktlr , ktrr
l0
m
mf
mr
mt
r0

1:4 m
2:88 m
13104 Ns=m
1:53104 Ns=m
1:75 m
1:90 m
846:5 kg m2
80 kg m2
205 kg m2
5757 kg m2
5757 kg m2
1:53105 N=m
2:53105 N=m
7:53105 N=m
7:53105 N=m
0:416 m
2000 kg
210 kg
530 kg
2740 kg
0:435 m

DOF: degrees of freedom.

Appendix 2
Table 3. Notation.
Symbol

Description

a
A, B, D, E
B, C, H, P
b
bs
b1
cf
cr
D, DH
FL
Fn
Fs
Ftx , Fty , Ftz
G
()
G
g
h, S, W
i
j
Jx
Jxf
Jxr
Jy
Jz
J1
J2
ks
kt
k1
k5

Distance of CG from front axle
SDC matrices of the IDPC model
Coefficient matrices of the IDPC vehicle model
Distance of CG from rear axle
Damping coefficient
Linear damping (IDPC)
Track width at front
Track width at rear
Weight matrices in the performance index
Lateral tyre force
Normal reaction force
Suspension force
Tyre forces
Physical quantities in ground coordinate system
Gear ratio of the steering mechanism
Acceleration due to gravity
Height, length and width of the bump
Index corresponding to left (l) or right (r)
Index corresponding to front (f) or rear (r)
Roll inertia
Roll inertia of front axle
Roll inertia of rear axle
Pitch inertia
Yaw inertia
Roll inertia of unsprung mass (IDPC)
Roll inertia of sprung mass (IDPC)
Suspension stiffness
Tyre stiffness
Linear stiffness (IDPC)
Fifth-order stiffness (IDPC)
(continued)
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Table 3. Continued
Symbol

Description

l
l1
l2
l0
m
mf
mr
mt
m1
m2
PH
_ q
q, q,
r
r0
s
()

Instantaneous length of the suspension
Axle-link length (IDPC)
Sprung mass-link length (IDPC)
Initial length of the suspension
Sprung mass
Unsprung mass at front
Unsprung mass at rear
Total mass of the vehicle
Sprung mass (IDPC)
Unsprung mass (IDPC)
Virtual rollover torque and spring forces
DOF of the IDPC vehicle model
Instantaneous radius of the tyre
Initial radius of the tyre
Physical quantities in sprung mass coordinate
system
Physical quantities in tyre coordinate system
Longitudinal speed
Corner velocities of the sprung mass
Corner velocities of the unsprung mass
Longitudinal speed of front axle
Velocities at tyre–road contact point
Longitudinal speed of rear axle
Lateral speed
Lateral speed of front axle
Lateral speed of rear axle
Vertical speed
Vertical speed of front axle
Vertical speed of rear axle
Suspension deflection
Tyre deflection
State variables of the IDPC model
Lateral motion of the vehicle model
Slip angle
Pitch angle
Steer angle about the kingpin axis
Steering wheel angle
Roll angle
Axle angle offset (IDPC)
Roll motion of the vehicle
Relative roll motion of the sprung mass
Absolute roll motion of the sprung mass
Roll angle of front axle
Roll angle of rear axle
Suspension spring force
Gravitational torque
Virtual rollover torque
Yaw angle
Roll rate
Roll rate of front axle
Roll rate of rear axle
Pitch rate
Yaw rate

T

()
u
ucs , vcs , wcs
ucu , vcu , wcu
uf
ugu , vgu
ur
v
vf
vr
w
wf
wr
xs
xt
X
y
a
g
dk
dw
u
u0
u1
u2
u2a
uf
ur
t
tg
t vr
c
vx
vxf
vxr
vy
vz

CG: centre of gravity; DOF: degrees of freedom; IDPC: inverted double
pendulum on a massless cart.

