Unraveling mechanisms from waiting
time distributions in single-nanoparticle
catalysis
Cite as: J. Chem. Phys. 150, 204119 (2019); https://doi.org/10.1063/1.5087974
Submitted: 07 January 2019 . Accepted: 06 May 2019 . Published Online: 30 May 2019
Manmath Panigrahy, Ashutosh Kumar, Sutirtha Chowdhury, and Arti Dua

ARTICLES YOU MAY BE INTERESTED IN
Unsupervised machine learning in atomistic simulations, between predictions and
understanding
The Journal of Chemical Physics 150, 150901 (2019); https://doi.org/10.1063/1.5091842
Ions’ motion in water
The Journal of Chemical Physics 150, 190901 (2019); https://doi.org/10.1063/1.5090765
Mean field theory of thermal energy transport in molecular junctions
The Journal of Chemical Physics 150, 204107 (2019); https://doi.org/10.1063/1.5089885

J. Chem. Phys. 150, 204119 (2019); https://doi.org/10.1063/1.5087974
© 2019 Author(s).

150, 204119

The Journal
of Chemical Physics

ARTICLE

scitation.org/journal/jcp

Unraveling mechanisms from waiting time
distributions in single-nanoparticle catalysis
Cite as: J. Chem. Phys. 150, 204119 (2019); doi: 10.1063/1.5087974
Submitted: 7 January 2019 • Accepted: 6 May 2019 •
Published Online: 30 May 2019
Manmath Panigrahy, Ashutosh Kumar, Sutirtha Chowdhury, and Arti Duaa)
AFFILIATIONS
Department of Chemistry, Indian Institute of Technology, Madras, Chennai 600036, India
a)

arti@iitm.ac.in

ABSTRACT

The catalytic conversion of substrates to products at the surface of a single nanoparticle cluster can now be resolved at the molecular scale and
the waiting time between individual product turnovers measured with precision. The distribution of waiting times and, in particular, their
means and variances can thus be obtained experimentally. Here, we show how theoretical modeling based on the chemical master equation
(CME) provides a powerful tool to extract catalytic mechanisms and rate parameters from such experimental data. Conjecturing a family of
mechanisms that both include and exclude surface restructuring, we obtain the mean and variance of their waiting times from the CME. A
detailed analysis of the link between mechanism topology and waiting time dispersion, then, allows us to select several candidate mechanisms,
with branched topologies, that can reproduce experimental data. From these, the least complex model that best matches experimental data is
chosen as the minimum model. The CME modeling extracts the Langmuir-Hinshelwood mechanism for product formation and two-pathway
mechanism for product dissociation, with substantial off-pathway state fluctuations due to surface restructuring dynamics, as the minimal
model consistent with data. Our work, thus, provides a mechanistic origin of the coupling between the kinetics of catalytic turnovers and
surface restructuring dynamics and yields a systematic way to compute catalytic rates from distributions of waiting times between product
turnovers in the presence of surface restructuring.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5087974

I. INTRODUCTION
Classical studies on catalytic reactions confine themselves to
an ensemble of thermodynamically large number of reactants and
hence to processes with negligible fluctuations. The change in
the mean rate of product formation for different amount of substrates is, thus, sufficient to characterize the catalytic process and
unravel mechanistic information from bulk kinetic data. Singlemolecule kinetic measurements, on the other hand, monitor the
catalytic conversion of substrates to products, one substrate at a
time, and by recording the intrinsic fluctuations in the waiting times
between product turnovers elicit information that is unattainable
from thermodynamic ensembles.1–12 The means and variances of
the waiting time distributions—the mean waiting time and randomness parameter—for different amounts of substrates, then, characterize the catalytic process and must be used as simultaneous
measures to unravel mechanistic information from turnover time
data.
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In the past two decades, a range of theoretical tools, with different level of coarse-graining in time, have been introduced to
quantify temporal fluctuations in single molecule kinetics.13–25
Among these, the chemical master equation (CME), which assumes
each elementary step of the reaction mechanism as memoryless, is
the only approach within which mechanisms can be consistently
turned into waiting time distributions.16,17 The CME encodes mechanistic information in terms of exponentially distributed lifetime of
each kinetic state.26,27 This imparts memoryless character to each
step of the reaction mechanism, thereby making it the most general description for the turnover kinetics of N discrete molecules. In
particular, while N = 1 describes the kinetics of a single molecule
in terms of the time evolution of the probability of each species in
the reaction mechanism,18,19 the thermodynamic limit of N → ∞
reduces the CME to a set of rate equations, governed by deterministic mass action kinetics.28 In addition, the generality of the
CME approach makes it possible to establish a formal link between
mechanism topology and waiting time dispersion (randomness
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parameter r) in single-molecule kinetics.13–15,18,19 In particular, for
reaction mechanisms with n sequentially connected kinetic states,
in which the occupancy time for each kinetic state is exponentially
distributed and all nearest neighbor (irreversible) transitions occur
with the same rate, always yield r = 1/n.29,30 The generalization of
the latter to sequential mechanisms in which all (but the last) nearest neighbor transitions are reversible and occur with arbitrary rates
yields r ≤ 1. As a corollary, the opposite limit of r > 1 implies
reaction mechanisms with either off-pathway states or parallel
branches.
In recent experiments, the catalytic conversion of substrates to
products at the surface of a single nanoparticle cluster yields r ≥ 1
for a range of substrate concentration.4–6 The distribution of waiting
times and, in particular, the magnitude of r, obtained experimentally, provides new fundamental constraints on possible catalytic
mechanisms, which can be analyzed theoretically to understand
nanoparticle catalysis at the molecular level.
Guided by these results, here we show how theoretical modeling based on the CME can be used to extract catalytic mechanisms
and rate parameters from experimental data. Section II provides a
detailed analysis of the turnover time data and plausible mechanisms. Section III constructs CMEs for a family of catalytic mechanisms proposed in Sec. II and use them to link mechanism topology
and waiting time dispersion. The results are summarized in Sec. IV.
The details of the calculation are outlined in the supplementary
material.
II. TURNOVER TIME DATA
AND PLAUSIBLE MECHANISMS
Real time kinetic measurements on the catalytic conversion of
nonfluorescent substrates to fluorescent products at the surface of
a single Au nanoparticle cluster yield probability distributions of
waiting times between two consecutive on w(τ off ) and off w(τ on )
fluorescent intensity signals.4–8 The means and variances of these
distributions—the mean waiting time ⟨τ off/on ⟩ and the randomness parameter roff/on =

⟨τ 2off/on ⟩−⟨τ off/on ⟩2
—for
⟨τ off/on ⟩2

different amounts of

scitation.org/journal/jcp

substrates characterize the catalytic process for product formation
and dissociation.4–6 In particular, the inverse mean waiting time,
⟨τ off/on ⟩−1 , first increases monotonically with increasing [S] before
saturating to a constant value at higher [S]. The variation of roff/on
with [S], on the other hand, shows a steep rise from unity to a maximum, followed by a gradual fall to unity, while remaining roff/on ≥ 1
at all substrate concentrations. In addition, the presence of (positive)
waiting time correlations between product turnovers induce temporal fluctuations in the catalytic activity.4,7 This effect, known as
dynamic disorder,31,32 has been attributed to surface restructuring
coupled catalytic dynamics.4,7
The catalytic mechanisms faithful to experimental data must
be able to reproduce the characteristic features of the mean waiting time and randomness parameter for off and on states, related
to the mean and intrinsic fluctuations in product formation and
dissociation rates, simultaneously.
A. Previous models based on mean catalytic rate
In earlier studies, a single step Langmuir-Hinshelwood (LH)
mechanism for product formation (model A in Fig. 1) and a twopathway mechanism for product dissociation (model A′ in Fig. 1)
were proposed. A detailed description of these models is given in the
supplementary material. These models could quantitatively reproduce experimental data for the substrate variation of ⟨τ off ⟩−1 and
⟨τ on ⟩−1 for product formation and dissociation, respectively.4–6
However, none of these models could yield roff/on ≥ 1 [Fig. 2]. This,
as we discuss below, requires the inclusion of surface restructuring
coupled catalytic dynamics.
B. Present models based on mean and intrinsic
fluctuations in catalytic rate
The fundamental link between mechanism topology and randomness parameter dictates that all previous models with linear
topologies are bound to yield r ≤ 1.29,30 Experimentally observed
magnitude of the randomness parameter r > 1, a signature of
dynamic disorder in the reaction pathway,1,2,13 thus, requires the

FIG. 1. Left and middle panels show schematics of Langmuir-Hinshelwood (LH) and two-pathway mechanisms for product formation (models A, B, C) and dissociation
(models A′ , C′ ), respectively. Models A and A′ were introduced earlier to rationalize experimental data for the substrate variation of ⟨τ off ⟩−1 and ⟨τ on ⟩−1 , individually.4–8
Their combination is shown in the right panel. Model B generalizes model A by explicitly including substrate adsorption equilibrium steps in the LH mechanism. Models C and
C′ represent the parallel-pathway LH (ppLH) mechanism for product formation and parallel-pathway product dissociation mechanism, respectively. These elementary models
account for surface restructuring dynamics coupled product turnover catalysis by considering two distinct kinetic states of the same nanoparticle which can interconvert
(represented by solid circles and squares) due to surface restructuring. Distinct kinetic states of the nanoparticle cluster Aum , Aum Sn , Aum Sn−1 − P, Aum Sn − P, and
Aum Sn−1 are abbreviated as N0 , N1 , N2 , N3 , and N4 , respectively. Fluorescent off- and on-states are indicated in red and green colors.
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FIG. 2. Inverse mean waiting time and randomness parameter for product formation (models A, B) and product dissociation (models A′ , B′ ) mechanisms are
shown in the top and bottom panels, respectively. Parameter values are K 1 = 0.5,
k 2 = 5, for model A, k 1 = k −1 = 0.5, k 2 = 5 for model B, k 3 = k −3 = 0.5, k 4 = 5(α ) ,
0.1(β ) , 5(γ ) k 5 = 0.1(α ) , 5(β ) , 5(γ ) for model A′ . Subscripts α, β, γ correspond to
the conditions (i) k 4 > k 5 , (ii) k 5 > k 4 , (iii) k 4 = k 5 . Model B′ is a limiting case of
model A′ for k 5 = 0.

ARTICLE

scitation.org/journal/jcp

inclusion of either off- or parallel-pathway states in catalytic mechanisms with linear topologies.
The presence of dynamic disorder and a formal link between
mechanism topology and randomness parameter provide a natural motivation for a parallel-pathway LH (ppLH) mechanism, as a
generic model, to describe the surface restructuring coupled catalytic dynamics. In this mechanism, a nanoparticle cluster, owing
to its large surface to volume ratio, can spontaneously restructure
its surface during the course of a catalytic reaction.33–37 As a result,
a given nanoparticle state can interconvert into multitude of other
states due to surface restructuring dynamics before forming a product though one of the several possible linear LH pathways, each with
a different catalytic rate. Model B in the left panel of Fig. 1 represents one such linear LH pathway for product formation. Model B
generalizes model A by explicitly including the substrate adsorption equilibrium between free Aum and substrate-bound Aum − Sn
states of the nanoparticle cluster. For brevity, the distinct kinetic
states of the nanoparticle cluster Aum , Aum − Sn , Aum − Sn−1 − P,
Aum − Sn − P, Aum − Sn−1 have been abbreviated as N 0 , N 1 , N 2 , N 3 ,
N 4 , respectively.
Model C in the left panel of Fig. 1 represents a ppLH mechanism, which in its elementary form, has two linear LH pathways
(model B) for the conversion of substrates into products, and allows
for the interconversions between two free Aum ⇌ Au∗m (N0 ) and two
substrate-bound Aum –Sn ⇌ Aum –S∗n (N1 ) states of the nanoparticle

FIG. 3. Possible ppLH mechanisms for
product formation based on model C (top
panel). The substrate dependence of the
inverse mean waiting time and randomness parameter for models C, D, E, F
(bottom panels). Subscripts a and b represent different rate of surface restructuring dynamics, summarized in Table II.
Solid and dashed lines correspond to
slower and faster rate of surface restructuring dynamics compared to the faster
rate of the product formation rates.

FIG. 4. Possible off-pathway LH (opLH)
mechanisms with single pathway for
product formation, based on model C
(top panel). The substrate dependence
of the inverse mean waiting time and
the randomness parameter for models
G, H, I, J (bottom panels). Subscripts a
and b represent different rate of surface
restructuring dynamics, summarized in
Table II. Solid and dashed lines correspond to slower and faster rate of surface restructuring dynamics compared to
the product formation rate.
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FIG. 5. Possible parallel-pathway mechanisms for product dissociation based
on model C′ (top panel). The substrate
dependence of the inverse mean waiting time and the randomness parameter
for models C′ , D′ , E ′ , F ′ , G′ , H′ (bottom panels). These models include at
least one parallel pathway (either substrate assisted or direct) for product dissociation. Subscripts a and b represent
different rates of surface restructuring.

due to surface restructuring. Depending on the allowed link between
N 0 and/or N 1 kinetic states, then, model C yields a family of ppLH
and opLH (off-pathway LH) mechanisms with different topologies.
While ppLH mechanisms have two LH pathways for product formation (models D, E, F in Fig. 3), opLH mechanisms have a single LH
pathway for product formation but off-pathway states or branches
(models G, H, I, J in Fig. 4).
Similarly, the observation of ron > 1 requires that model A′ be
modified to include parallel pathway states and branches. Model
C′ in the middle panel of Fig. 1 represents a four-pathway product dissociation mechanism with two parallel pathways—one substrate assisted (Aum -Sn -P (on) → off or Aum -S∗n -P (on) → off ) and
one direct (Aum − Sn−1 − P(on) → off or Aum -S∗n−1 -P (on) → off )—
for product dissociation. The elementary model allows for the
interconversions between Aum -Sn−1 -P ⇌ Aum -S∗n−1 -P (N2 ) and
Aum -Sn -P ⇌ Aum -S∗n -P (N3 ) due to surface restructuring. The presence of surface restructuring in N 2 and/or N 3 yields a family of
parallel-pathways mechanisms with (at least) one parallel pathway
(substrate assisted or direct) for product dissociation (models D′ , E′ ,
F ′ , G′ , H ′ in Fig. 5) and off-pathway mechanisms with two possible pathways (substrate assisted or direct) for product dissociation
(models I ′ , J ′ , K ′ , L′ in the supplementary material).
III. CHEMICAL MASTER EQUATION
We now outline the main features of the CME description,
which we use below to derive waiting time distributions for each of
the above mechanisms.26,27 The CME encodes the inherent stochastic nature of each reaction step in the mechanism by considering
the number of nanoparticles (n) in distinct kinetic states (N 0 , N 1 ,
N 2 , N 3 , N 4 ) as discrete random variables described by the vector
(n = n0 , n1 , n2 , n3 , n4 ) which can only take non-negative integer values (ni ≥ 0) constrained by n = ∑i ni , where i = 0, 1, . . ., 4. The CME
assumes the occupancy time for each kinetic state as exponentially
distributed and, for a given mechanism, can be written as the gain
(first line) and loss (second line) in probability due to the forward
and backward reactions
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∂t P(n) = ∑ tσ→ (n − rσ )P(n − rσ ) − tσ← (n)P(n)
σ

+ ∑ tσ← (n + rσ )P(n + rσ ) − tσ→ (n)P(n).

(1)

σ

Here, P(n) is the joint probability distribution of the number of
species involved in the reaction mechanism, tσ→ (n) is the rate of
the σth forward reaction which takes the state n to the state n + rσ ,
and tσ← (n) is the rate of the corresponding backward reaction which
takes the state n to the state n − rσ . Here, rσ is a vector representing
integer increment and decrement in the number of species involved
in the σth forward reaction. The number of reaction steps in mod←
els A, B, C A′ , C′ and the corresponding n, rσ , t→
σ (n) and tσ (n) are
summarized in Tables I–III.
The time one needs to wait for an off (on) signal to turn on
(off) determines the waiting time for product formation (dissociation) mechanisms. For models (A, B, C), the state vector can be
represented as n = (n∗off , non ), where n∗off are hidden states and non is
the observed state of off-to-on switching that signals the formation
of products on the nanoparticle surface. For models (A′ , C′ ), similarly, the state vector can be represented as n = (n∗on , noff ), where n∗on
are hidden states and noff is the observed state of on-to-off switching
TABLE I. Reaction steps for product formation (A, B) and dissociation (A′ ) mechanisms. Here, rσ represents the integer increment and decrement in the number of
species due to the σth forward reaction, tσ→ (n) is the rate of the σth forward reaction
which takes the state n to the state n + rσ , and tσ← (n) is the rate of the corresponding
backward reaction which takes the state n to the state n − rσ .

Mechanism
A
B
A′

Step

rσ

t→
σ (n)

t←
σ (n)

N 1 → N on
N0 ⇌ N1
N 1 → N on
N2 ⇌ N3
N 3 → N off
N 2 → N off

(−1,1)
(−1, 1, 0)
(0, −1, 1)
(−1, 1, 0)
(0, −1, 1)
(−1, 0, 1)

kapp n1
k′1 n0
k2 n1
k′3 n2
k4 n3
k5 n2

0
k− 1 n1
0
k− 3 n3
0
0
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←
TABLE II. Reaction steps rσ , t→
σ (n), and tσ (n) for model C. The last column list the
parameter values used in Figs. 3 and 4. Superscripts (a) and (b) represent different
rates of surface restructuring compared to the product formation rate.

Step
N0 ⇌ N1
N0′ ⇌ N1′
N 1 → N on
N1′ → N on
N 0 ⇌ N0′
N 1 ⇌ N1′

rσ

t→
σ (n)

t←
σ (n)

Rate constant

(−1, 1, 0, 0, 0)
(0, 0, −1, 1, 0)
(0, −1, 0, 0, 1)
(0, 0, 0–1, 1)
(−1, 0, 1, 0, 0)
(0, −1, 0, 1, 0)

k′11 n0
k′12 n′0

k− 11 n1
k− 12 n′1
0
0
ka n′0
kb n′1

k11 = k− 11 = 0.5
k12 = k− 12 = 0.5
k21 = 5
k22 = 0.1
ka = 1(a) , 10(b)
kb = 1(a) , 10(b)

k21 n1
k22 n′1
ka n0
kb n1

that signals the dissociation of products at the nanoparticle surface.
In the above CME, thus, the joint probability distribution for models (A, B, C) and (A′ , C′ ) can be written as P(n) = P(n∗off , non ) and
P(n) = P(n∗on , noff ), respectively.
We now derive exact expressions for waiting time distributions
for product formation w(τ off ) and dissociation w(τ on ) from the CME
solution. This requires a formal connection between the number of
products formed in a given time (counting process) and time for
the pth product formation (point process).38 This for the pth product turnover has been derived in Ref. 16. For the formation of first
product, it simplifies to
P(τ off ≤ t) = P(non ≥ 1, t) = 1 − P(non < 1, t) = 1 − P(0, t),
amounting to the formation of at least one product in time duration τ off . Here, P(0, t) is the marginal probability of zero product
formation in time t which is related to the joint probability distribution through P(0, t) = ∑∗ P(n∗off , 0, t), where the sum is over all
hidden states. Since w(t) = −∂ t P(0, t) for first product turnover,26,27
it follows by differentiation that
w(τ off ) = − ∑∗ ∂t P(n∗off , 0, t)∣t=τ .
off

(2)

Using the same arguments, it can be shown that the waiting time
distribution for first product dissociation is given by
w(τ on ) = − ∑∗ ∂t P(n∗on , 0, t)∣t=τ .
on

(3)

A single nanoparticle, (n = 1), at a given time, can occupy only one
of the several possible states at the exclusion of the other states.
←
′
TABLE III. Reaction steps rσ , t→
σ (n), and tσ (n) for model C . The last column
list the parameter values used in Figs. 5 and S2 in the supplementary material.
Superscripts (a) and (b) represent different rates of surface restructuring.

Step
N2 ⇌ N3
N2′ ⇌ N3′
N 3 → N off
N3′ → N off
N 2 ⇌ N2′
N 3 ⇌ N3′
N 2 → N off
N2′ → N off

rσ

t→
σ (n)

t←
σ (n)

Rate constant

(−1, 1, 0, 0, 0)
(0, 0, −1, 1, 0)
(0, −1, 0, 0, 1)
(0, 0, 0–1, 1)
(−1, 0, 1, 0, 0)
(0, −1, 0, 1, 0)
(−1, 0, 0, 0, 1)
(0, 0, −1, 0, 1)

k′31 n2
k′32 n′2
k41 n3
k42 n′3
kc n2
kd n 3
k51 n2
k52 n∗2

k− 31 n3
k− 32 n′3
0
0
kc n′2
kd n′3
0
0

k31 = k− 31 = 0.5
k32 = k− 32 = 0.5
k41 = 5
k42 = 0.1
kc = 1(a) , 10(b)
kd = 1(a) , 10(b)
k51 = 0.1
k52 = 0.1
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This makes the catalytic turnovers a renewal process, in which
the waiting times between consecutive turnovers are independently
and identically distributed.16 From this, it follows that the identity
w(τ 1 ) = w(τ p ) holds for all p = 2, 3, . . ., and specification of the
turnover index is not necessary.
It is to be noted that in model C, N 2 fluctuations do not contribute to the distribution of waiting times for off-state, Eq. (2),
as the summation only includes internal off-states. The latter is
a first-passage time problem in which the formation of a product on the surface of a single nanoparticle is marked by the
first off-to-on switching. The presence of interconversions between
terminal states N 2 in the ppLH model C, Fig. 1, merely indicates continuity with respect to product dissociation model C′ in
which N 2 fluctuations represent internal on-states that contribute
to w(τ on ).
For n = 1, the constraint of mutual exclusivity of states ∑i ni = 1
along with ni ≥ 0 reduces the above CME to a set of coupled ordinary
differential equations, which can be solved exactly to obtain waiting
time distributions for product turnovers. These long, and somewhat
tedious, calculations are outlined in the supplementary material. The
substrate dependence of the first two moments of the waiting time
distribution—the mean waiting time and randomness parameter—is
presented in Sec. IV.
IV. RESULTS
The analytical expressions for the inverse mean waiting time
and randomness parameter for product formation (models A, B)
and dissociation (model A′ ) mechanisms in the absence of surface
restructuring dynamics are summarized in Table IV and graphically
shown in Fig. 2. In the presence of surface restructuring dynamics,
the top and bottom panels of Figs. 3 and 4 show different topologies
for ppLH (models C − F) and opLH (models G − J) mechanisms
and their corresponding inverse mean waiting time and randomness
parameter. The same for product dissociation mechanisms (models
C′ − H ′ and I ′ − L′ ) is presented in Figs. 5 and S1 of the supplementary material. The parameter values for each of these models are
summarized in the last columns of Tables II and III.
Solid and dashed lines in all the figures correspond to the
slower and faster rate of surface restructuring dynamics compared to
the product formation (or dissociation) rate. For mechanisms with
two distinct product formation rates, the rate of surface restructuring is always compared with the faster rate of product formation
(or dissociation). Below, we summarize the results for the mean
and intrinsic fluctuations in the catalytic rate for each of these
models.
TABLE IV. Inverse mean waiting time and randomness parameter for product formation (off) and dissociation (on) mechanisms as calculated from the CME for models A,
k +k
k +k
B, A′ . The equilibrium constants are given by K1 = −1k 2 and K3 = −3k 4 .
1

Model

⟨τ off ⟩−1

B

k2 [S]
[S]+K1
k2 [S]
[S]+K1

A′

...

A

1−

3

roff

⟨τ on ⟩−1

ron

1

...

...

2k2 [S]
,
k1 ([S]+K1 )2

...

...
k4 [S]+k5 K3
[S]+K3

...
1+

2[S](k5 −k4 )
.
k3 ([S]+K3 )2
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A. Mechanisms without surface restructuring
dynamics
1. Product formation mechanisms
We first compare the substrate dependence of the inverse mean
waiting time and randomness parameter for product formation
mechanisms, A and B. These mechanisms, while differing in terms
of the number of reaction steps, have the same effective rate constant
for product formation. Unsurprisingly, thus, the substrate dependence of the inverse mean waiting time for models A and B is
identical. The substrate dependence of the randomness parameter,
A
B
however, yields roff
= 1 for model A and roff
≤ 1 for model B.
This is due to the increase in the number reaction steps in mechanisms with linear topologies from one (model A) to greater than one
(model B).14,15
2. Product dissociation mechanisms
The inverse mean waiting time and randomness parameter
′
for product dissociation model A′ yields ⟨τ Aon ⟩−1 ≈ k4K[S]
+ k5 and
3

′
2[S](k5 −k4 )
5 K3
in low substrate limit, and ⟨τ Aon ⟩−1 ≈ k4 + k[S]
k3 K32
′
−k4 )
A
in high substrate limit. Together, these limits
and ron
≈ 1 + 2(kk35[S]
yield three kinds of substrate dependences of ⟨τ on ⟩−1 and ron : (i) For
′
k4 ≫ k5 , ⟨τ Aon ⟩−1 increases with [S] and saturates to a constant value
A′
A′
of k4 at [S] ≫ K 3 ; ron
decreases from unity to ron
< 1 and asymptoti′
cally approaches unity at [S] ≫ K 3 (ii) For k5 ≫ k4 , ⟨τ Aon ⟩−1 decreases
′

A
≈ 1+
ron

with increasing [S] from a constant value of k5 at [S] ≪ K 3 and satA′
urates to a constant value of k4 at [S] ≫ K 3 ; ron
increases from unity
′
A
to ron > 1 and asymptotically unity at [S] ≫ K 3 . (iii) For k4 = k5 ,
′
A′
both ⟨τ Aon ⟩−1 and ron
= 1 are independent of substrate concentration.
These results are graphically depicted in Fig. 2. Interestingly, while
condition (i) (k4 ≫ k5 ) favors single pathway for product dissociA′
< 1, the competition between substrate binding
ation yielding ron
and direct product dissociation for condition (ii) (k5 ≫ k4 ) yields
A′
ron
> 1 with increasing [S]. This competition, however, increases the
mean waiting time for product dissociation resulting in the decrease
′
in ⟨τ Aon ⟩−1 with [S].
Thus, neither single-pathway LH mechanisms for product formation nor two-pathway product dissociation mechanisms can
simultaneously reproduce experimental data for the mean and variance of the waiting time distributions for off and on states.
B. Mechanisms with surface restructuring dynamics
1. Product formation mechanisms
All ppLH (models C − F) and opLH (models G − J) mechanisms can qualitatively reproduce experimentally observed variation of the inverse mean waiting time with substrate concentration, implying that measures based on mean catalytic rate alone
can not differentiate mechanism topologies. The measure of intrinsic temporal fluctuations, the randomness parameter, however,
divides mechanism topologies into two general classes. The first class
includes the mechanisms in which surface restructuring dynamics
is allowed only in those kinetic states that precede the substratebinding steps (models D, H), that is, interconversions between
two N 0 states. The second class includes all the other mechanisms
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(models C, E, F, G, I, J) in which substrate restructuring dynamics
is necessarily present in the kinetic states that precede the product
formation step(s), that is, interconversions between two N 1 states,
irrespective of its presence or absence in N 0 states.
The first class of mechanisms can qualitatively reproduce
experimentally observed variation of roff with [S], that is, roff > 1
at lower [S] and roff = 1 at higher [S]. However, the rate parameter condition under which dynamic disorder, roff > 1, is observed is
different for ppLH (model D) and opLH (model H) mechanisms. In
model D, the competition between the rates of surface restructuring
dynamics and substrate binding yields roff > 1 as long as substrate
binding is the rate limiting step. While this requires smaller [S] range
for lower rate of surface restructuring dynamics and larger [S] range
for faster rate of surface restructuring dynamics, both favor parallel pathway for substrate binding and yield roff > 1. At higher [S],
as soon as product formation becomes the rate limiting step, single
pathway is favored and roff = 1 is recovered. Thus, dynamic disorder in model D persists as long as substrate binding steps in parallel
pathways determine the reaction rate and vanishes at high [S] when
product formation becomes the rate determining step. In model H,
by contrast, the condition for dynamic disorder requires that the rate
of surface restructuring dynamics is slower than the product formation rate. In the opposite limit, as the effect of surface restructuring
dynamics is averaged out on the time scale of substrate binding,
single pathway for product formation is favored with no dynamic
disorder, roff < 1. In both cases, however, roff = 1 is recovered at
high [S], as soon as product formation becomes the rate limiting
step.
The substrate dependence of the second class of mechanisms
yields roff > 1 at lower [S] but fails to recover roff = 1 at higher
[S]. For this class of mechanisms, the rate parameter condition for
dynamic disorder, roff > 1, is identical for ppLH (models C, E, F)
and opLH (models G, I, J) mechanisms. In particular, a slower rate
of N 1 fluctuations compared to the product formation rate ensures
that surface restructuring dynamics is the rate limiting step at both
low and high [S], favoring parallel pathway for product formation.
This is the condition for dynamic disorder for the second class of
models. In the opposite limit, when the rate of surface restructuring dynamics is faster then the product formation rate, the effect
of surface restructuring dynamics is averaged out on the time scale
of product formation and single pathway for product formation is
favored, yielding roff < 1.
2. Product dissociation mechanisms
The substrate dependence of the mean waiting time and randomness parameter (Fig. 5) for product dissociation models show
similar behavior as product formation models. This is primarily due
to the same topology of these models, except for the presence of
an additional parallel-pathway for direct product dissociation. This
does not seem to alter the overall trend as long as the substrate
assisted pathway for product dissociation is favored. The latter, as
discussed earlier, is important to get an increase in ⟨τ on ⟩−1 with [S].
In this case, models D′ , H ′ , J ′ belong to the first class which can qualitatively reproduce experimentally observed variation of ron with [S],
that is, ron > 1 at lower [S] and ron = 1 at higher [S]. The substrate
dependence of the second class of mechanisms, models C′ , E′ , F ′ ,
G′ , I ′ , K ′ , L′ , yields ron > 1 at lower [S] but fails to recover ron = 1 at
higher [S].
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FIG. 6. Top and bottom panels show
experimental data for substrate dependences of the mean waiting time and randomness parameter for product formation (left panels) and product dissociation
(right panels) as solid circles.5 Rate constants are estimated by simultaneously
fitting the mean waiting time and randomness parameter for product formation model H (off-state) and product dissociation model J′ (on-state), with experimental data. The best fit rate constants
for model H and J′ are shown as solid
lines in the left and right panels. Their
values are listed in the supplementary
material.

C. Experimental data and model selection
5

Experimental data for the substrate variation of the inverse
mean waiting time and randomness parameter for off-state (⟨τ off ⟩−1
and roff vs [S]) and on-state (⟨τ on ⟩−1 and ron versus [S]) is shown as
solid circles in Fig. 6. Based on the analysis presented in Secs. IV A
and IV B, models D, H for product formation and D′ , H ′ , J ′ for
product dissociation belong to the first class of mechanisms, which
can qualitatively reproduce the experimental trends. The left panels
of Figs. 6 and S2 in the supplementary material show simultaneous least-squares fits of ⟨τ off ⟩−1 and roff for models D, H to experimental data for off-state. The middle and right panels of the same
figures show simultaneous least-squares fits of ⟨τ on ⟩−1 and ron for
models D′ , H ′ , J ′ to experimental data for on state. All these models yield excellent quantitative comparison with experimental data
for rate parameter values summarized in Tables III and IV of the
supplementary material.
Since all the above models fit experimental data equally well,
model complexity is determined by the number of model parameters required for simultaneous least-squares fits of the inverse mean
waiting time and randomness parameter. These, for product formation D, H and dissociation D, H ′ , J ′ models, are 7, 4 and 9, 6, 5,
respectively, with models H and J ′ requiring least number of model
parameters. Within the inferential framework of model selection,
then, models H and J ′ yielding excellent quantitative agreement with
experimental data for the least amount of model complexity are
selected as the minimal models.39,40
V. SUMMARY AND CONCLUSION
Experimentally observed means and variances of the waiting time distributions for product formation and dissociation at
the surface of a single Au nanoparticle cluster characterize the
catalytic process for a wide range of substrate concentrations.4,8
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In particular, the observation of r > 1 and temporal fluctuations
in the catalytic activity, together, suggest that surface restructuring
dynamics is an inherent part of catalysis at the single nanoparticle
level.4,7
Starting from a family of LH mechanisms with linear and
branched topologies, amounting to the absence and presence of
surface restructuring dynamics in catalytic turnover kinetics, we
obtain their waiting time distributions from the CME. In the absence
of surface restructuring dynamics, the LH mechanism for product formation, well-known for reactions on surfaces, fails to yield
r > 1, the experimentally observed magnitude of intrinsic temporal fluctuations. In the presence of surface restructuring dynamics, all ppLH and opLH mechanisms can qualitatively reproduce
experimentally observed dependence of the inverse mean waiting time on substrate concentration. This implies that measures
based on mean quantities can not differentiate mechanism topologies. The statistical measure of intrinsic temporal fluctuations, the
randomness parameter, on the other hand, divides mechanisms
topologies into two main classes. The first class of mechanisms,
in which surface restructuring dynamics is allowed only in those
kinetic states that precede the substrate-binding steps, yields a set
of catalytic mechanisms, D, H, D′ , H ′ , J ′ , which can quantitatively reproduce the experimental trends. Of these, models H and
J ′ yielding excellent simultaneous fit to experimental data with
least number of model parameters are selected as the minimal
models.
A detailed theoretical analysis of the conditions under which
dynamic disorder can arise in each of the ppLH and opLH mechanisms shows that the mere presence of off- or parallel-pathway states
is not sufficient to yield dynamic disorder. Slower rates of surface
restructuring dynamics compared to substrate binding or product
formation in the first or second class of mechanism, respectively, is
necessary to yield r > 1 and dynamic disorder.
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FIG. 7. Minimal mechanism for product formation and dissociation that provides
excellent comparison with experimental data5 comprises of models H and J′ .
These models include surface restructuring dynamics in the free and productbound states of Au nanoparticle with rates that are slower than product formation
and dissociation rates, respectively.

The CME approach selects the LH mechanism for product
formation and the two-pathway mechanism for product dissociation, with off-pathway state fluctuations due to surface restructuring dynamics, as the minimal model consistent with experimental
data [Fig. 7]. Dynamic disorder in these mechanisms emerges from
slower rates of surface restructuring dynamics compared to product formation and dissociation rates, respectively, in agreement with
experiments.7
In summary, the contributions of this work are to provide a
mechanistic origin of the coupling between the kinetics of catalytic
turnovers and surface restructuring dynamics, to delineate the conditions under which dynamic disorder can emerge from such coupling, and to provide a systematic way to compute catalytic rates
from the distribution of waiting times between product turnovers
in the presence of surface restructuring dynamics.
SUPPLEMENTARY MATERIAL
See the supplementary material for detailed solution of the
chemical master equations.
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