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Abstract: This paper studies the influence of cross-section ovalness or
ellipticity on lower order axisymmetric guided wave modes in thin
pipes. The second longitudinal mode L(0,2) and the fundamental torsional mode T(0,1) are studied, as these are of interest to current pipe
inspection. The semi-analytical finite element (FE) method is mainly
used, with three-dimensional FE simulations for visualization and
cross-validation of results. The studies reveal that even a small degree of
ovalness can affect mode shapes and velocities. The effect is more pronounced on the L(0,2) mode than on T(0,1) and this may be important
for practical inspection applications.
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1. Introduction
Elliptical and oval tubes are finding increasing application in several emerging areas,
for example, as novel components in structural engineering, and tubes for efficient condensers and heat exchangers in thermal engineering. Inspection of such elliptical tubular components presents new challenges. Ultrasonic guided waves are attractive for this
purpose, as they offer the potential for rapid screening and remote inspection from a
single transducer position.1,2 This paper is motivated by the possibility of application
of similar techniques for the inspection of elliptical pipe geometries. However, the
propagation of guided ultrasound in such elliptical tubular waveguides is not very well
understood. Here we present some first studies on this topic.
Over the years the semi-analytical finite element (SAFE) technique has emerged
attractive for studies of guided waves in structures with irregular cross section, for example, welds,3 rail4 etc. Recent advances allow the SAFE technique to be implemented
conveniently in commercial finite element (FE) packages.5,6 Hence here we use the
SAFE method to investigate the influence of the oval or elliptical shape of an annulus
on axially guided ultrasonic waves. We consider elliptical annuluses having low, moderate, and high values of eccentricity or ovalness. The low frequency axisymmetric pipe
modes, L(0,2) and T(0,1) are mainly studied, as these are of interest to current practical
guided wave inspection. Results are discussed using three-dimensional (3D) FE simulation studies and analysis of recent literature. Our studies show that, as eccentricity
increases, the L(0,2) mode gets focused in local regions of high curvature in the elliptical
annulus. Such an effect is closely related to feature-guided wave phenomena noted in
the literature in recent years.3,7,8 Also an interesting observation is that pipe eccentricity
does not seem to affect the T(0,1) mode as strongly, and its modal structure and nondispersive nature are very similar to the circular pipe even in cases of high ovalness.
This paper is organized as follows. We start with a brief description of our
SAFE modeling approach, after which we define the problem of interest. This is followed by a description of SAFE studies of guided waves in elliptical annuluses of
various levels of ovalness. The behavior of the axisymmetric longitudinal L(0,2) and
torsional T(0,1) modes is studied, considering their velocity and modal structures in
the low, moderate, and high ovalness regimes. Finally, an analysis of the physics of
guided waves in elliptical annulus based on the literature is used to discuss the results,
after which we conclude.
2. Problem studied
An elliptical annular cylinder with dimensions of typical interest to the process industries is considered, such that the outer diameter (OD) is 60 mm and inner diameter
a)
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(ID) is 50 mm. If a and b are the major q
and
minor axes
of the uniform-thickness ellipﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
2
tical annulus, we define eccentricity e ¼ 1  ðb=aÞ . We vary the minor axis of the elliptical pipe by keeping the major axis, OD and thickness to be constant, yielding
annuluses with low, moderate, and high values of the eccentricity e as compared to circular annuluses where e ¼ 0, as shown in Table 1. A low frequency of 50 kHz was primarily chosen for this study as this is attractive for practical inspection, while SAFE
results were obtained in the low-frequency range of 35 to 200 kHz.
3. Methods
3.1 SAFE models
A background to the SAFE implementation used in this work can be found in our and
other previous work.5–7 Briefly, this procedure consists in casting the governing elastodynamic wave equations into the form of an eigenvalue equation for the wavenumber
k, at each operating frequency x. This equation can then solved be for the wavenumber using a commercial FE package. In our work, we have used the FE package
COMSOL,9 where an eigenvalue equation takes the general form
~ ¼ 0:
~ þ aU
~  cÞ  brU
~  aU
~ þ kda U
r  ðcrU

(1)

The coefficients c, a, and b depend on material stiffness properties, a is a function of mass density and angular frequency, da depends on stiffness properties, mass
density, and angular frequency, and c; k are null in our case. All matrix coefficients
used in Eq. (1) are given by Predoi et al.5 The elliptical annuluses were assigned material properties of mild steel, with density q ¼ 7800 kg/m3 and material constants
C11 ¼ 277.06 GPa and C66 ¼ 76.171 GPa. The whole geometry was meshed by second
order quadratic triangular elements. Stress-free boundary conditions are applied on the
outer and inner boundaries. Solutions for the wave number k at each frequency of interest reveal the possible modes of the structure. The phase velocity Vph ¼ x/k was calculated for these modes. Several possible solutions for the wavenumber are obtained at
each frequency studied. For each individual solution, the axial component of energy
flow is obtained at each nodal position in the mesh. The quantity is expressed by the
formula3,6
 

Ix



ðu1 r31 þ u2 r32 þ u3 r33 Þ ;
(2)
Px3 ¼ Re
2
where r31 ; r32 and r33 are the axial stress components ; u1  u2  and u3  are the complex conjugate of the vertical, horizontal, and axial displacements, respectively.
Several possible solutions for the wavenumber are obtained at each frequency
studied: we identify the actual possible modes based on an analysis of the power flow
and modal structure (e.g., see Castaings and Lowe6).
3.2 Procedure for 3D FE simulations
Three-dimensional FE simulations of wave propagation in circular annulus of various
eccentricity were performed using a commercial package (ABAQUS10). Models created
for the studies had elliptical annulus dimensions of 60 mm OD and 50 mm ID and axially uniform eccentricity was varied (e) from 0.18 to 0.85 in the same manner as for
the SAFE analysis. Mechanical properties of mild steel were assigned to the model,
with modulus of elasticity E ¼ 210 GPa, density q ¼ 7800 kg/m3, and Poisson ratio
 ¼ 0.303. A five cycle Hanning-windowed toneburst was given at one end of the
model at a frequency of 50 kHz. An iteration step time of 0.01 ls based on the stability
criterion such that Dt ¼ 0:8  Db=Cmax , where Db is the element size and Cmax is the
speed of the fastest mode in the frequency range of operation, was used for the simulation. The mesh consisted of eight-noded cubic brick elements, with at least 40 elements
Table 1. Variation of the eccentricity from low to high.
Eccentricity
e¼0
e ¼ 0.18
e ¼ 0.25
e ¼ 0.52
e ¼ 0.85

OD (mm)

ID (mm)

Thickness (mm)

Major axis (mm)

Minor axis (mm)

60

50

5
5
5
5
5

60
60
60
60
60

60
59
58
51
31
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Fig. 1. (Color online) SAFE results: (a) modal structure and axial power flow of L(0,2) propagating mode
of the elliptical annulus at a frequency of 50 kHz; arrows indicate displacements in the cross section. (b)
Normalized axial power flow obtained for different eccentricity values at different angular positions in Polar
plot form.

per T(0,1) mode wavelength to provide a converged solution for elastic wave propagation. The 3D FE studies were carried out using L(0,2) as well as T(0,1) mode type of
input excitation.
4. Results
4.1 Observation of energy focusing
Studies were performed for annuluses with eccentricities in the range (e ¼ 0.18 to 0.85),
in order to gain insight into changes to the modal structure of axially guided L(0,2)
and T(0,1) wave modes. Modal structures and axial power flow for the L(0,2) mode
are shown in Fig. 1 for several eccentricities at a frequency of 50 kHz. We observe
that, as expected, the energy flow of the axisymmetric L(0,2) mode is distributed uniformly around the circumference for the circular annulus case (e ¼ 0). However, as eccentricity increases, modal energy is concentrated more around the more curved
regions at the extremities (the ends of major and minor axes) of the elliptical annulus.
The focusing effect is similar at all the lower frequency cases we studied. The physics
of this phenomenon is interesting and a possible explanation for why the modes are
localized to regions of high curvature is given in Sec. 5.2 below.
Modal structures and power flow for the T(0,1) mode are shown in Fig. 2 for
several eccentricities and at a frequency at 50 kHz. An interesting observation is that
the modal structure and the power flow remain almost similar as compared to the circular pipe case. We observe that, the energy flow for a circular tube (e ¼ 0) is distributed uniformly around the circumference for the circular annulus T(0,1) mode. As the
degree of ovalness increases, there is almost no variation in modal structure

Fig. 2. (Color online) SAFE results: (a) modal structure and axial power flow of T(0,1) propagating mode of
the elliptical annulus at a frequency of 50 kHz; arrows indicate displacements in the cross section. (b)
Normalized axial power flow obtained for different eccentricity values at different angular positions shows in
Polar plot form.
EL338 J. Acoust. Soc. Am. 138 (3), September 2015

Prabhu Rajagopal and Roson Kumar Pattanayak

P. Rajagopal and R. K. Pattanayak: JASA Express Letters [http://dx.doi.org/10.1121/1.4930009] Published Online 23 September 2015

Fig. 3. (Color online) Phase velocity dispersion curves obtained using SAFE analysis, for (a) L(0,2) mode, and
(b) T(0,1) mode of the elliptical annulus.

(dominated by circumferential displacement). The power flow for cases with higher ellipticity drops to a value lesser than the values for circular pipe, likely due to redistribution of modal energies. However, significantly, no mode focusing is observed at
higher ellipticity values—again the physics of this phenomenon and differences in the
modal behavior of T(0,1) and L(0,2) modes are discussed briefly in Sec. 5.2 below. The
mode behavior is similar at all the lower frequency cases we studied.
4.2 Phase velocity dispersion curves
To further understand the behavior of guided wave modes in elliptical annuluses,
SAFE studies were carried out for a number of frequencies. The phase velocity was
calculated as Vph ¼ x/k, where k is real wavenumber from the solutions for a particular
value of angular frequency x. Phase velocity dispersion curves were obtained by
repeating the eigenvalue solutions over the desired range of frequencies. Figures 3(a)
and 3(b) present phase velocity dispersion curves obtained from SAFE simulations for
the L(0,2) and T(0,1) modes, respectively. For clarity, the results are also given separately in Tables 2 and 3. We observe that for the low ellipticity (e ¼ 0.18) case, the dispersion curves of L(0,2) mode of the elliptical annulus are close to those of the circular
pipe. However, as the degree of ovalness increases, dispersion curves of the L(0,2)
mode deviate much from the circular pipe, especially at lower frequencies where practical inspection will be carried out. Even a small degree of ovalness (e ¼ 0.5) causes an
observable corresponding change in the L(0,2) mode phase velocity: at low frequencies
(below 50 kHz), the velocity change is in the range of 200 to 400 m/s. The L(0,2) could
be a good choice for detecting ovalness in originally circular pipes. The T(0,1) mode
remains non-dispersive and generally similar to the circular pipe case, and this is perhaps of interest to practical inspection of oval pipes for defects.
5. Discussion
5.1 Three-dimensional FE simulations for further illustration and support
Snapshots of the contour of total displacement magnitude for an elliptical annulus were
obtained from 3D FE simulations. Cross-sectional views for results for an annulus with
Table 2. Variation of phase velocity of L(0,2) mode with increasing pipe ovalness.
L(0,2) - Phase velocity (m/s)
Frequency (kHz)

e¼0

e ¼ 0.18

e ¼ 0.25

e ¼ 0.5

e ¼ 0.85

35
50
75
100
125
150
175
200

6704
5653
5472
5448
5431
5419
5405
5385

6591
5595
5445
5405
5395
5386
5380
5350

6491
5575
5415
5371
5375
5366
5365
5350

6421
5536
5402
5389
5373
5377
5360
5351

6191
5484
5369
5351
5350
5348
5339
5328
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Table 3. Variation of phase velocity of T(0,1) mode with increasing pipe ovalness.
T(0,1) - Phase velocity (m/s)
Frequency (kHz)

e¼0

e ¼ 0.18

e ¼ 0.25

e ¼ 0.5

e ¼ 0.85

35
50
75
100
125
150
175
200

3126
3126
3126
3126
3126
3126
3126
3126

3127
3127
3127
3127
3127
3127
3127
3127

3128
3128
3128
3128
3128
3128
3128
3128

3130
3130
3129
3129
3130
3131
3130
3132

3137
3137
3136
3135
3136
3138
3138
3139

high ecllipticity (e ¼ 0.85) for L(0,2) and T(0,1) modes are shown in Figs. 4(a) and 4(b),
respectively. As observed in the SAFE results, L(0,2) mode energy is more confined to
regions of high curvature around the annulus, whereas for the T(0,1) mode there is not
much focusing. These results provide a further cross-validation for our observations
based on SAFE simulations.
5.2 Understanding the physics of mode focusing based on literature
We believe that the focusing of the L(0,2) mode in elliptical annuluses is related to feature guided wave phenomena observed recently in several elastic waveguide problems
such as bent plates, and plates with weld joints.3,7,8 Recent analytical studies (Postnova
and Craster11,12) have shown that curvature effects in waveguides are mathematically
equivalent to local thinning. Again drawing upon the work of Postnova and
Craster,11,12 we find that for longitudinal modes, trapping is only possible for local
thinning for Poisson ratio in the range of metals. For transverse modes on the other
hand, mode trapping or focusing occurs for local thickening. This explains why the
L(0,2) mode is focused in regions of high curvature which is mathematically equivalent
to local thinning. On the other hand, no appreciable focusing effects are observed for
T(0,1) mode, as there is no local thickening (flattening out, or reduction of curvature)
occurring in the elliptical annuluses.
5.3 Practical implications
These findings have very interesting implications for practical nondestructive evaluation. Since the T(0,1) mode is not affected significantly by pipe ovalness, this mode
may be more suited for inspection of defective oval pipes or installations prone to
gaining ovalness under operational conditions. In view of its high sensitivity, the L(0,2)
mode on the other hand, is well-suited for applications where pipe ovalness itself may
have to be monitored. On a different note, defects such as cracks are likely to originate

Fig. 4. (Color online) Snapshots of the contour of total displacement magnitude of elliptical annulus of
(e ¼ 0.85) for (a) L(0,2) and (b) T(0,1) mode on the cross section as obtained from 3D FE simulations.
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in regions of high stress concentration such as the highly curved extreme ends of oval
pipes. Thus if the influence of pipe ovalness is accounted for, the L(0,2) mode which
tends to get focused in regions of high curvature may be suited to monitoring the
growth of defects at vulnerable points in the pipe cross section. However the interplay
between the influences of pipe cross section versus defective features on guided wave
modal structure is a complex topic and is a subject for further research at this time.
6. Conclusions
The influence of ovalness on the propagation of ultrasonic guided waves in annular
pipes structures was investigated using the SAFE method. The 3D FE simulations
were used for visualization of results. Results show that for L(0,2) mode, the energy is
concentrated in regions of high curvature around the circumference of the elliptical
annulus. As ovalness increases, the phase velocity of the L(0,2) mode becomes lesser.
The focusing of the L(0,2) mode in elliptical annuluses is very interesting in light of
physics of feature-guided waves. The T(0,1) mode is not affected much by the elliptical
shape or eccentricity, which is useful for practical inspection purposes. The current and
further work in this research involves further validation of these results through experiments, and application of knowledge gained for practical inspection of elliptical
annuluses.
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