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abstract
A tree t-spanner of an unweighted graph G is a spanning tree T such that for every two
vertices their distance in T is at most t times their distance in G. Given an unweighted
graph G and a positive integer t as input, the Tree t-spanner problem is to compute a tree
t-spanner of G if one exists. This decision problem is known to be NP-complete even in the
restricted class of unweighted planar graphs. We present a linear-time reduction from Tree
t-spanner in outerplanar graphs to the supply–demand tree partition problem. Based on
this reduction, we obtain a linear-time algorithm to solve Tree t-spanner in outerplanar
graphs. Consequently, we show that the minimum value of t for which an input outerplanar
graph on n vertices has a tree t-spanner can be found in O(n log n) time.
© 2015 Elsevier B.V. All rights reserved.

1. Introduction
The area of finding sparse data structures to maintain approximate distance information in a graph is a deep one with
far-reaching importance in both engineering (computer networks) and mathematics (metric embeddings). The sparsest
possible data structures that give relevant distance information are spanning trees, and it is natural to approximate distance
information within a desired factor, denoted by the parameter t in this paper. A tree t-spanner of an unweighted graph G is a
spanning tree T such that for every two vertices their distance in T is at most t times their distance in G. Here the parameter
t is called stretch. Furthermore, a minimum stretch spanning tree of G is a tree t-spanner of G for the smallest possible value
of t. Finding a minimum stretch spanning tree is a classical optimization problem in algorithmic graph theory that has several
applications in networks, distributed systems and biology [2,4,20]. The Tree t-spanner problem is to decide the existence of
a tree t-spanner in a graph and find a tree t-spanner if one exists. The results in the literature on the Tree t-spanner problem
fall into two classes: when t is a fixed number, and when t is given as part of the input. In this paper, we present results on the
case when t is part of the input, and on finding a minimum stretch spanning tree. Furthermore, our focus is on outerplanar
graphs. Outerplanar graphs are well-studied due to their rich combinatorial and topological properties. We use the fact that
2-connected outerplanar graphs have a unique outerplane embedding and that their weak dual is a tree. For problems like
vertex cover on planar graphs, polynomial time approximation schemes, based on Baker’s technique [3], are obtained via
algorithms on k-outerplanar graphs (defined in Section 2). These algorithms have a running time that is exponential in k,
but polynomial in the graph size. 1-outerplanar graphs are essentially outerplanar graphs, and we believe that our results
are a first step towards such algorithms for Tree t-spanner on k-outerplanar graphs. We hope that this will eventually lead
to o(log n) approximation algorithms for Tree t-spanner on planar graphs, when t is part of the input. Outerplanar graphs
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also appear in several applications including computational drug design, bioinformatics, and telecommunications [13]. For
instance, 94.3% of elements in the popular NCI data set are outerplanar [13].
Related work. For each fixed t ≥ 4, Cai and Corneil [9] showed that Tree t-spanner is NP-complete. Tree 2-spanner is
polynomial-time solvable, and the status of Tree 3-spanner is open. The problem has been studied for many graph classes.
For planar graphs, Tree 3-spanner was shown to be polynomial time solvable by Fekete and Kremer [12]. For each fixed t,
Fomin et al. showed that Tree t-spanner restricted to planar graphs and apex-minor free graphs can be solved in polynomial
time. They showed this by designing an FPT algorithm with t as the parameter in planar graphs and apex-minor free
graphs [11]. Also, for any fixed t ≥ 4, the Tree t-spanner is NP-complete even on chordal graphs and chordal bipartite
graphs [7,8]. Interval graphs, permutation graphs, regular bipartite graphs and distance hereditary graphs admit a tree
3-spanner [16,17] that can be found in polynomial time. As a consequence, a minimum stretch spanning tree in such graphs
can be found in polynomial time due to the fact that Tree 2-spanner is polynomial-time solvable.
While the results in the previous paragraph are for the case when t is fixed, our results are for the case when t is part of
the input. When t is part of the input, Fekete and Kremer [12] showed that Tree t-spanner in planar graphs is NP-complete.
A minimum stretch spanning tree in grid graphs can be found by a polynomial-time algorithm [6]. Therefore, when t is part
of the input, on grid graphs the Tree t-spanner problem can be solved in polynomial time. To the best of our knowledge,
when t is part of the input, there is no published result on Tree t-spanner in any subclass of planar graphs, except for grid
graphs.
Our results. Our main result is a linear time algorithm for Tree t-spanner when t is part of the input in outerplanar graphs.
For any t, the property that a graph has a tree t-spanner can be described as a formula in Monadic Second Order Logic
(MSOL) [11]. It must be mentioned here that since t is part of the input, the treewidth of the graph being two does not result
in a linear time algorithm by a direct application of the well known Courcelle’s theorem [10]. The reason is that the length
of the MSOL formula depends on the parameter t, which is not fixed in the Tree t-spanner problem that we consider. In
other words, the size of the formula is not a constant. Actually, it is believed that the length of the smallest MSOL formula
t
22

would have an exponential tower dependency on t that is of the form, 22 , since the MSOL formulation has 4 alternating
quantifiers. See [15] on the length of the MSOL formula as a function of the number of alternating quantifiers. Another
important property of the treewidth being two is that an optimal tree decomposition can be obtained in linear time. It is
not clear how the standard approaches for solving NP-hard problems on graphs of bounded treewidth can be made to work
for Tree t-spanner on outerplanar graphs when t is part of the input. However, we exploit the topological structure of
outerplanar graphs to obtain a linear time algorithm.
We first introduce the basic notation of outerplanar graphs and preliminary results on the structure of outerplanar graphs
in Section 2. We then present a linear-time reduction from Tree t-spanner in outerplanar graphs to the Tree S-partition
problem (defined below) in Section 3.1. Later, we describe a linear-time reduction from Tree S-partition to the well-studied
Supply–demand tree partition problem [14] in Section 3.2. Finally, we use the linear-time algorithm in [14] for solving
Supply–demand tree partition, which produces a supply–demand tree partition, if one exists. We now state our main
results formally.
Theorem 1. Given an outerplanar graph G on n vertices and a positive integer t, a tree t-spanner of G, if one exists, can be found
in O(n) time.
From Theorem 1, by using binary search on the value of t, we have the following corollary.
Corollary 2. Given an outerplanar graph G on n vertices, a minimum stretch spanning tree of G can be found in O(n log n) time.
Tree partition problems: To the best of our knowledge, there is no literature on Tree S-partition which we have defined
as follows.
Tree S-partition
Instance: A tree T , a weight function w : V (T ) → N, a set S ⊆ V (T ) of special vertices, and t ∈ N.
Question: Does there exist a partition of V (T ) into sets V1 , . . . , V|S | such that
for 1 ≤ i ≤ |S |,

T [Vi ] (the graph induced on Vi ) is connected, |Vi ∩ S | = 1 and
w(v) ≤ t ?
v∈Vi

A partition {V1 , . . . , V|S | } of V (T ) is a tree S-partition of T , if for each 1 ≤ i ≤ |S |, T [Vi ] is a tree and Vi has exactly one
vertex from S. The Supply–demand tree partition problem is defined as follows.
Supply–demand tree partition [14]
Instance: A tree T such that V (T ) = Vs ⊎ Vd , a supply function s : Vs → Z, and a demand function d : Vd → N.
Question: Does there exist a partition of V (T ) into sets V1 , . . . , Vk , where
k = |Vs |, such that

for 1 ≤ i ≤ k, T [Vi ] is connected, Vi contains exactly one vertex u ∈ Vs ,
d(v) ≤ s(u), and s(u) > 0 ?
v∈Vi \Vs
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In Supply–demand tree partition, each element u in Vs is referred to as supply vertex and s(u) denotes the supply value
of u. Similarly, each element u in Vd is referred to as demand vertex and d(u) denotes the demand value of u. A partition
{V1 , . . . , Vk } of V (T ) is a supply–demand tree partition of T , if for each 1 ≤ i ≤ k, Vi satisfies all the constraints described
above.
2. Preliminaries
Graph theoretic preliminaries: In this paper, we consider only simple, finite, connected and undirected graphs. We refer
to [21] for standard graph theoretic terminology. Let G = (V (G), E (G)) be a graph on vertex set V (G) and edge set E (G). For
a set S ⊆ V (G), G[S ] denotes the graph induced on the
S and G − S denotes G[V (G) − S ]. A set {V1 , . . . , Vr } of pairwise
set
r
disjoint non-empty subsets of a set V is a partition if i=1 Vi = V ; each such Vi is referred to as a part of the partition. The
number of edges in a shortest path between the vertices u and v in G is called the distance between u and v .
Planar graph preliminaries: A graph is said to be planar if it can be drawn in the plane without crossing edges; otherwise
it is nonplanar. A plane graph is a planar graph with a fixed planar embedding. A planar graph is said to be outerplanar if
it can be embedded on the plane such that all vertices lie on the boundary of its exterior region. Such an embedding is
called an outerplanar embedding. Let G be a plane graph. The regions defined by the planar embedding of G are faces of G
and the set of faces of G is denoted by Faces(G). For each face f ∈ Faces(G), V (f ) and E (f ) denote the sets of vertices and
edges of f , respectively. Two faces f , f ′ ∈ Faces(G) are adjacent if E (f ) ∩ E (f ′ ) ̸= ∅. In every planar embedding, there
is a unique unbounded face called exterior face and it is denoted by fext . An edge e is external if e ∈ E (fext ), otherwise it is
internal. All the bounded faces of G are interior. Interior faces that are adjacent to the exterior face are called E-faces and other
interior faces are called I-faces. The set of interior faces, I-faces and E-faces of G are denoted by Int-faces(G), I-faces(G), and
E-faces(G), respectively. So, Faces(G) = {fext } ∪ Int-faces(G) and Int-faces(G) = E-faces(G) ∪ I-faces(G). The dual graph of G
is G∗ := (V (G∗ ), E (G∗ )), where V (G∗ ) := {vf | f ∈ Faces(G)}, E (G∗ ) := {ẽ = (vf , vg ) | f , g ∈ Faces(G), e ∈ E (f ) ∩ E (g )}.
Here, there is a bijective correspondence between E (G) and E (G∗ ). An outerplanar graph is also known as 1-outerplanar
graph. A planar graph G is k-outerplanar if the graph obtained by removing the vertices lie on the exterior boundary of G is
(k − 1)-outerplanar, where k ≥ 2.
Lemma 3 (Theorem 1.1 in [9]). A spanning tree T of an arbitrary graph G is a tree t-spanner if and only if for each edge

(x, y) ∈ E (G), the distance between x and y in T is at most t.

Let T be a spanning tree of a graph G. For any edge e ∈ E (G) with end vertices u and v , the stretch of e in T is defined as the distance between u and v in T . By Lemma 3, the stretch of T is max{stretch of e in T | e ∈ E (G)}. For vertices
u, v ∈ V (T ), PT (u, v) denotes the path between u and v in T . An edge e ∈ E (G) is a non-tree edge with respect to T if
e ̸∈ E (T ). For a non-tree edge (u, v) with respect to T , the cycle formed by (u, v) and PT (u, v) is referred to as a fundamental
cycle. A fundamental cycle is said to be external if the associated non-tree edge is external in G.
If an outerplanar graph G has cut vertices, a minimum stretch spanning tree of G can be obtained by performing a
union on the edges of minimum stretch spanning trees of the maximal 2-vertex-connected components of G. So without
loss of generality, we consider 2-vertex-connected outerplanar graphs. Every 2-connected outerplanar graph has a unique
outerplane embedding [19]. A planar embedding of a planar graph can be obtained in linear time [18]. Therefore, we assume
that an outerplanar graph is associated with the fixed outerplanar embedding. The dual graph of an outerplanar graph can
be obtained in linear time [5]. Also the faces of an outerplanar graph can be easily extracted in linear time. The following
result on outerplanar graphs will be used in the next section.
Lemma 4 ([19]). Every 2-connected outerplanar graph has a Hamiltonian cycle.
For a 2-connected outerplanar graph G on n vertices, |V (fext (G))| = |E (fext (G))| = n. Thus fext (G) is a Hamiltonian cycle.
In other words, the set of external edges in a 2-connected outerplanar graph is a Hamiltonian cycle.
3. Tree t-spanner to supply–demand tree partition via tree S-partition
In the rest of the paper, G denotes a 2-vertex-connected outerplanar graph. We refer to the internal and external edges
with respect to the graph G. The same holds for E-faces, I-faces and Int-faces.
3.1. Tree t-spanner to tree S-partition
In this section, we present a linear-time reduction from Tree t-spanner in outerplanar graphs to Tree S-partition.
Reduction. For a given instance ⟨G, t ⟩ of Tree t-spanner, an instance ⟨T̃ , w, S , t − 1⟩ of Tree S-partition is constructed as
follows: V (T̃ ) = {vf | f ∈ Int-faces(G)}, E (T̃ ) = {(vf , vg ) | f , g ∈ Int-faces(G), |E (f ) ∩ E (g )| = 1}. The weight function

w : V (T̃ ) → N is defined as w(vf ) = |E (f )| − 2, for each vf ∈ V (T̃ ). The set of special vertices S is {vf | f ∈ E-faces(G)}.
The graph T̃ is the weak dual of G. The weak dual of G can be obtained in linear time from G∗ (dual of G) by removing the
vertex that corresponds to the unbounded face in G.
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We use the following lemmas to prove formally, in Theorem 10, that the described reduction is correct.
Lemma 5 (Lemma 2.4 in [1]). An outerplanar graph G is 2-connected if and only if the weak dual of G is a tree.
Lemma 6. Let T̃ be the weak dual of G and C be a cycle in G. Let X = V (C ), and X̃ = {vf | f ∈ Int-faces(G[X ])}. The outerplanar
graph G[X ] is 2-connected if and only if T̃ [X̃ ] is a tree.
Proof. We first prove the claim that T̃ [X̃ ] is the weak dual of G[X ]. Clearly, the vertex set X̃ is same as the vertex set of the
weak dual of G[X ]. For any two interior faces f and g in G[X ], f and g are adjacent in G if and only if they are adjacent in
G[X ]. Hence, (vf , vg ) is an edge in T̃ [X̃ ] if and only if it is an edge in the weak dual of G[X ]. Hence the claim holds. This claim
together with Lemma 5 implies that, G[X ] is 2-connected if and only if T̃ [X̃ ] is a tree.



Lemma 7. Let H be an induced subgraph of G. Then Int-faces(H ) ⊆ Int-faces(G).
Proof. For an outerplanar graph G′ , we first prove the claim that every induced cycle in G′ is an interior face. Consider an
induced cycle C in the outerplanar embedding of G′ . There are no vertices in the interior region of C , because G′ is outerplanar.
As C is an induced cycle, no edge in G′ joins two non-adjacent vertices in C . Thereby no edge lies in the interior region of C .
Hence C is an interior face.
For an outerplanar graph G′ , we now prove the claim that every interior face in the outerplanar embedding of G′ is an
induced cycle. Let f ∈ Int-faces(G′ ). Let u, v ∈ V (f ) be two non-adjacent vertices in f . As f is a face, (u, v) does not lie in
the interior region of f . Also, (u, v) does not lie in the exterior region of f , because all the vertices of f lie on the exterior
boundary of G′ . Thus, no edge in G′ joins any two non-adjacent vertices in f . Therefore f is an induced cycle.
Since H is an induced subgraph, every induced cycle in H is an induced cycle in G. This observation along with the above
two claims follows that every interior face in H is an interior face in G. 
For a subset X̃ ⊆ V (T̃ ), we define cost(X̃ ) =



v∈X̃

w(v).

Lemma 8. Let T̃ be the weak dual of G and C be a cycle in G. Let X̃ be the set of vertices in T̃ that corresponds to the interior faces
in G[V (C )]. Then cost(X̃ ) = |E (C )| − 2.
Proof. Let H be the induced graph of G on V (C ) and {f1 , . . . , fr } be the set of interior faces in H. Since H is a 2-connected
outerplanar graph consisting
r of r interior faces, the number of internal edges in H is r − 1. Also E (C ) equals the set of external
edges in H. In the sum i=1 |E (fi )|, each internal edge of H is counted twice and each external edge of H is counted once.
Thus we have |E (C )| = (

. Further, we have defined that for each vertex vf ∈ X̃ , w(vf ) = |E (f )| − 2.
i=1 |E (fi )|) − 2(r − 1)
r

|
E
(
f
)|)
−
2
(
r
−
1
)
=
(
i
i =1
i=1 |E (fi )| − 2) + 2 = (
v∈X̃ w(v)) + 2 = cost(X̃ ) + 2. Therefore
|E (C )| = cost(X̃ ) + 2. 

r

Consequently, (

r

Observation 9. Let T be a spanning tree of G. Let {C1 , . . . , Ck } be the set of external fundamental cycles with respect to T . For
each 1 ≤ i ≤ k, let Gi = G[V (Ci )]. Then
a. Int-faces(G) = Int-faces(G1 ) ⊎ · · · ⊎ Int-faces(Gk ).
b. The set of non-tree edges in G with respect to T is a disjoint union of the set of non-tree edges in G1 , . . . , Gk with respect to T .
Proof. Let r be the number of edges in T that are internal edges in G. The proof is by induction on r. Suppose r = 0,
then all the edges in T are external edges in G. Then T has exactly one external fundamental cycle, which is also an exterior face of G. Consequently, the two claims in this lemma hold. Consider the case when r ≥ 1. Then there exists an
edge (u, v) ∈ E (T ), such that (u, v) is internal in G. We decompose G into graphs H1 and H2 such that V (G) = V (H1 ) ∪
V (H2 ), E (G) = E (H1 ) ∪ E (H2 ), V (H1 ) ∩ V (H2 ) = {u, v} and E (H1 ) ∩ E (H2 ) = {(u, v)}. This decomposition is possible as the
end vertices of any internal edge in an outerplanar graph disconnect the graph exactly into two components. Observe that
Int-faces(G) = Int-faces(H1 ) ⊎ Int-faces(H2 ).
For i ∈ {1, 2}, let Ti = T [V (Hi )]. Let i ∈ {1, 2} and let x, y ∈ V (Ti ) such that {x, y} ̸= {u, v}, we now show that there is a
path between x and y in Ti . Let P (x, y) be the path between x and y in T . If all the vertices in P (x, y) are in Ti , then we are done.
Consider the case that there is a vertex z in P (x, y), such that z is in Tj but not in Ti , where i ̸= j. Since the vertices x, y ∈ V (Ti )
and z ∈ V (Tj ), and we know that {u, v} is a minimal vertex separator of G, it follows that there is a subpath P (u, v) ⊆ P (x, y)
in T , such that P (u, v) has the vertex z. Therefore, P (u, v) has at least two edges in T . As (u, v) is in T , P (u, v)+(u, v) forms a
cycle in T . This contradicts that T is an acyclic graph. As a result, for i ∈ {1, 2}, Ti is a spanning tree of Gi . Since E (H1 ) ∩ E (H2 )
is (u, v), the set of non-tree edges with respect to T is a disjoint union of the set of non-tree edges with respect to T1 in H1
and the set of non-tree edges with respect to T2 in H2 . It implies that the set of external fundamental cycles with respect to
T is a disjoint union of the set of external fundamental cycles with respect to T1 and the set of external fundamental cycles
with respect to T2 . Without loss of generality, assume that C1 , . . . , Cl be the external fundamental cycles with respect to T1
and Cl+1 , . . . , Ck be the external fundamental cycles with respect to T2 .
By the induction hypothesis, Int-faces(H1 ) = Int-faces(G1 ) ⊎ · · · ⊎ Int-faces(Gl ) and Int-faces(H2 ) = Int-faces(Gl+1 ) ⊎
· · · ⊎ Int-faces(Gk ). As a result, Int-faces(G) = Int-faces(G1 ) ⊎ · · · ⊎ Int-faces(Gk ). Also by the induction hypothesis, the set
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Fig. 1. (a) An outerplanar graph G is in solid edges and the weak dual T̃ of G is in dashed edges. (b) A tree S-partition π = {T̃1 , . . . , T̃9 } of T̃ with cost at
most 3. (c) From π , a tree 4-spanner of G is obtained by deleting the dashed edges (dual edges that correspond to the edges in T̃1 , . . . , T̃9 ) and dash dotted
edges (exactly one external edge from each E-face).

of non-tree edges with respect to T1 in H1 is a disjoint union of the set of non-tree edges with respect to T1 in G1 , . . . , Gl
and the set of non-tree edges with respect to T2 in H2 is a disjoint union of the set of non-tree edges with respect to T2 in
Gl+1 , . . . , Gk . Consequently, the set of non-tree edges with respect to T in G is a disjoint union of the set of non-tree edges
with respect to T in G1 , . . . , Gk . 
For a partition π = {Ṽ1 , . . . , Ṽk } of V (T̃ ), cost(π ) is defined as max{cost(Ṽi ) | Ṽi ∈ π }.
Theorem 10. G admits a tree t-spanner if and only if T̃ has a tree S-partition of cost at most t − 1. Furthermore, from a tree
S-partition π of T̃ , such that cost(π ) ≤ t − 1, a tree t-spanner of G can be obtained in linear time.
Proof. Necessity. Let T be a tree t-spanner of G. We first obtain a partition of V (T̃ ), such that the induced graph of T̃ on each
part in the partition is connected and its cost is at most t − 1. For each external non-tree edge e = (u, v) of G with respect
to T , let Ce = PT (u, v) + (u, v) be the external fundamental cycle with respect to T , let Ge = G[V (Ce )], and let Ṽe be the set
of vertices in T̃ that corresponds to Int-faces(Ge ). Let π = {Ṽe | e is an external non-tree edge in G with respect to T }. For
each part Ṽe ∈ π , we have the following observations.
As the distance between the end vertices of e in T is at most t , |E (Ce )| ≤ t + 1. From Lemma 8, cost(Ṽe ) = |E (Ce )| − 2.
Thus, cost(Ṽe ) ≤ t − 1. Since G[V (Ce )] is 2-connected, by Lemma 6, T̃ [Ṽe ] is connected. As Ce is an external fundamental
cycle, Ge contains at least one E-face of G and thus Ṽe contains at least one S-vertex. From Observation 9.a, π is a partition of
V (T̃ ).
Each part Ṽe ∈ π consisting of k ≥ 2 S-vertices, can be further partitioned into k parts in such a way that the induced
graph of T̃ on each part is connected and contains exactly one S-vertex. Hence T̃ has a tree S-partition of cost at most t − 1.
Sufficiency. Let π = {Ṽ1 , . . . , Ṽq } be a tree S-partition of T̃ such that cost(π ) ≤ t − 1, where |S | = q. As there is a bijective
mapping from Int-faces(G) to V (T̃ ), by Lemmas 5 and 6, there is a bijective mapping from the set of 2-connected subgraphs
of G to the set of subtrees of T̃ . From
t-spanner of G. For each 1 ≤ i ≤ q, let Gi be a 2-connected
 π , we construct a tree 
outerplanar graph, where V (Gi ) = vf ∈Ṽi V (f ) and E (Gi ) = vf ∈Ṽi E (f ). As Gi is a subgraph of G, clearly Gi is outerplanar.
Further by Lemma 6, Gi is 2-connected, because T̃ [Ṽi ] is a tree. Thus Gi is a 2-connected outerplanar graph. From Lemma 4,
Gi has a Hamiltonian cycle, say Ci . Let Xi be the set of internal edges in Gi . Because the set of external edges in a 2-connected
outerplanar graph forms a Hamiltonian cycle, E (Gi ) is a disjoint union of E (Ci ) and Xi . Since Ṽ1 , . . . , Ṽq is a partition of V (T̃ ),
observe that Int-faces(G1 ), . . . , Int-faces(Gq ) is a partition of Int-faces(G). We obtain the 2-connected outerplanar graph G′
by removing the edges X1 ∪ · · · ∪ Xq from G. Since G′ does not contain internal edges from any Gi , we have I-faces(G′ ) = ∅
and E-faces(G′ ) = {C1 , . . . , Cq }. Let ei ∈ E (Ci ) be an external edge in G′ . We remove the set {e1 , . . . , eq } of edges from G′
and obtain T . Since we have deleted exactly one external edge from each E-face of G′ and there are no I-faces in G′ , T is a
spanning tree. It remains to show that T is a tree t-spanner of G. For each 1 ≤ i ≤ q, cost(Ṽi ) ≤ t − 1, because Ṽi ∈ π ; from
Lemma 8, |E (Ci )| = cost(Ṽi ) + 2, and thus |E (Ci )| ≤ t + 1. It follows that for each 1 ≤ i ≤ q, stretch of ei in T is at most t.
We can observe that e1 , . . . , eq are the only external non-tree edges in G with respect to T . Due to Observation 9.b, for each
internal non-tree edge (u, v) in G with respect to T , there is an external fundamental cycle Ci , such that (u, v) is an internal
edge in G[V (Ci )]; thereby stretch of (u, v) in T is at most t − 1. Therefore, by Lemma 3, T is a tree t-spanner of G.
In order to obtain the tree t-spanner T from G, we have to delete the edges X1 ∪ · · · ∪ Xq and exactly one external edge
from all the E-faces of G. For each 1 ≤ i ≤ q, e ∈ Xi if and only if ẽ ∈ E (T̃ [Ṽi ]) and T̃ [Ṽ1 ], . . . , T̃ [Ṽq ] can be constructed in
linear time. Therefore a tree t-spanner of G can be constructed in linear time from π . This process is illustrated in Fig. 1. 
3.2. Tree S-partition to supply–demand tree partition
In this section, we present a linear time reduction from Tree S-partition to Supply–demand tree partition. Supply–demand tree partition can be solved in linear time [14], and the composition of all these linear time procedures results
in a linear time algorithm for Tree t-spanner in outerplanar graphs.
Let ⟨T , S ⊆ V (T ), w, t ⟩ be an input instance of Tree S-partition. We now describe the construction of an instance
⟨T ′ , s : Vs (T ′ ) → R, d : Vd (T ′ ) → R⟩ of Supply–demand tree partition from ⟨T , S ⊆ V (T ), w, t ⟩. Let Vs (T ′ ) = {u′ | u
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∈ S }, Vd (T ′ ) = {u′ | u ∈ V (T ) \ S }, E (T ′ ) = {(u′ , v ′ ) | (u, v) ∈ E (T )}. Further, for each u′ ∈ Vs (T ′ ), assign s(u′ ) = t − w(u)
and for each u′ ∈ Vd (T ′ ), assign d(u′ ) = w(u).
Theorem 11. ⟨T , S ⊆ V (T ), w, t ⟩ is a YES instance of Tree S-partition if and only if ⟨T ′ , s : Vs (T ′ ) → R, d : Vd (T ′ ) → R⟩ is
a YES instance of Supply–demand tree partition.
Proof. Let π = {V1 , . . . , V|S | } be a set of subsets of V (T ). Let π ′ = {V1′ , . . . , V|′S | }, where for each i, Vi′ = {u′ ∈ V (T ′ ) | u ∈ Vi }.
Then π is a partition of V (T ) if and only if π ′ is a partition of V (T ′ ). Also, Vi contains a special vertex vi if and only if Vi′ contains
a supply vertex vi′ . Furthermore, T [Vi ] is a tree if and only if T [Vi′ ] is a tree. The total weight of all the vertices in Vi , which
includes the special vertex vi , is at most t if and only if the total demand of Vi′ is at most s(vi′ ), because s(vi′ ) = t − w(vi ).
Therefore, π is a tree S-partition of T if and only if π ′ is a supply–demand partition of T ′ . 
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