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ABSTRACT

Thixotropic materials belong to the important class of time dependent, evolving, and aging systems. Their characteristics are currently understood through rheological measurements of steady and step shear wherein the steady states reached at large deformations and the transition
from one steady state to another are monitored. Small deformation protocols are not well explored for such systems. This is contrary to the
common approach of probing equilibrium state and small perturbations from the equilibrium state initially by focusing on linear viscoelasticity. This work addresses the question of how to understand thixotropic materials by focusing on both the small and large deformations.
A model suspension of fumed silica in polyisobutylene/paraffin oil is characterized using steady shear, transient shear, and oscillatory shear
rheology. The physical processes occurring due to structural changes during each of the tests are interpreted from the corresponding response.
Several structural kinetics and elastoplastic/viscoelastic phenomenological models are evaluated, and a novel combination of models is proposed to obtain the description of the responses to various tests. The advantage of this strategy is highlighted in terms of possible difference
in the mechanisms at small and large deformations. Kramers–Kronig relations are used to examine the experimental and simulated dataset
obtained from oscillatory shear to identify possible violation of linearity or time independence. We demonstrate that the analysis of the
oscillatory response using Kramers–Kronig relations leads to important insights about these systems.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5134723., s

I. INTRODUCTION
Structured materials exhibit rich and diverse rheological behavior, encompassing varied response time scales.1–4 Interestingly,
material systems with weakly aggregated structures are known
to display reversible time-dependent changes in viscosity during
and after deformation, a phenomenon that is often defined as
thixotropy.5–9 It is postulated that in these materials, flow-induced
structural events occur, viz., the aggregated flocs that form a spacefilling network structure deform and breakdown leading to shear
thinning.8,10,11 In some cases, shear induced flocculation occurs
due to hydrodynamic and particle interactions leading to shear
thickening.12,13 When the deformation rate decreases or ceases, a
structure builds up due to Brownian motion.14,15 Since a particulate network has the ability to store energy and release the same
beyond a critical stress, most thixotropic systems also simultaneously exhibit viscoelasticity and plasticity.10,16–19 Hence, although
an equilibrium state (when no shear is applied) and a steady state
(under a given shear) may exist in these systems, the approach
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to the steady/equilibrium state can be slow/fast depending on the
time scales of rheological measurements.8,9,17,19,20 Therefore, experimental and theoretical probing of the thixotropic elastoviscoplastic
(TEVP) behavior is challenging and is of utmost interest among
rheologists8–10,21–24 and among the larger community studying aging
non-equilibrium systems.25–28
For probing TEVP behavior, a simple and common protocol is
to perform step-wise changes in the shear rate (γ̇) from γ̇i to γ̇f ,up
(i.e., step-up from the initial to final shear rate) or γ̇i to γ̇f ,down (i.e.,
step-down). The changes in stress (τ) from τ i to τ f ,up (during stepup) or τ i to τ f , down (during step-down) are monitored, as shown
in Fig. 1(a). For a TEVP system, the step tests indicate viscoelastic as well as dominant thixotropic structure breakdown/buildup
phenomena. Based on the magnitude of shear rates, a pre-yield/postyield response can also be identified.8,10,20,21,29 Another standard
rheological test includes a shear rate ramp wherein the postyield and thixotropic response of the material are clearly manifested.8,9 Of late, several other protocols ranging from transient
shear tests (such as triangular ramp, flow reversal, and intermittent
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FIG. 1. A schematic representation of (a) step up/step
down and (b) frequency sweep (SAOS) response of TEVP
systems.

step shear), long time creep/stress relaxation to oscillatory shear,
and unidirectional large amplitude oscillatory shear tests are being
explored.7–10,18,21–24,30–32 Insights from such complex flows are helpful in distinguishing/isolating thixotropy from other rheological
phenomena.9,10,23,24,27,28 Small amplitude oscillatory shear (SAOS) is
a widely used protocol; however, the response of TEVP materials in
SAOS does not seem to have any distinct signatures [Fig. 1(b)]. The
limits of linear viscoelasticity may not also be clearly defined for such
systems.21,24 Therefore, SAOS of TEVP systems is not well explored.
In general, material response functions and the inter-relations
among them are useful analysis tools. As an example, the Kramers–
Kronig (KK) relations can be utilized to obtain useful information
and insights from the SAOS response. KK relations are often utilized for the analysis of susceptibilities in linear and non-linear
regimes,33,34 and in this work, we propose their use in exploring
the dominant mechanisms during SAOS and in the modeling of the
overall response.
Common thixotropic models differ based on the type of
equation for stress tensor.8,16,35,36 Certain literature make use of
a viscoelastic solid-like equation such as Kelvin–Voigt and Bingham plastic.4,20,21,29,31,32,37 Alternatively, viscoelastic liquid-like equations, such as Maxwell and Giesekus, are derived from the conventional rate-type models, and their multimode version is also
adopted.20,21,30,38–40 The simplest rate-type model is an Oldroyd
8-constant generalized constitutive formulation given by41
∇
1
1
1
τ + λ1 τ + λ3 {γ̇ ⋅ τ + τ ⋅ γ̇} + λ5 (tr τ)γ̇ + λ6 (τ : γ̇)δ
2
2
2
∇
1
≙ −η0 [γ̇ + λ2 γ̇ + λ4 {γ̇ ⋅ γ̇} + λ7 (γ̇ : γ̇)δ],
(1)
2

where τ is the stress tensor and γ̇ is the strain rate tensor. The superscript “∇” represents the upper convected derivative of corresponding quantities. The model includes all possible quadratic terms such
as γ̇ ⋅ τ, τ ⋅ γ̇, τ : γ̇, γ̇ ⋅ γ̇, and γ̇ : γ̇. Furthermore, it has 8 parameters,
namely, relaxation times, λ1 , . . ., λ7 , and zero-shear rate viscosity,
η0 . It reduces to the Newtonian fluid model when λ1 = ⋯ = λ7 = 0
and to the convected Maxwell model when λ2 = ⋯ = λ7 = 0. Other
rate-type models, such as the Giesekus and Phan-Thien-Tanner, are
an extension of the Oldroyd 8-constant model with additional nonlinear stress terms. The constitutive equations of Giesekus model are
given by41
τ ≙ τs + τp ,

τ s ≙ −ηs γ̇,

Phys. Fluids 32, 013109 (2020); doi: 10.1063/1.5134723
Published under license by AIP Publishing

(2a)
(2b)

τ p + λ1 τ p − α
∇

λ1
{τ p ⋅ τ p } ≙ −ηp γ̇,
ηp

(2c)

where the total stress tensor, τ, is written as a superposition of solvent and polymer contributions, τ s and τ p , respectively [Eq. (2a)].
τ s follows a Newtonian fluid model [Eq. (2b)]. The expression for
τ p is obtained from the convected Maxwell model with the addition of the nonlinear stress term of the form underlined in Eq. (2c).
Upon replacing τ p in Eq. (2c) with τ + ηs γ̇ [obtained by substituting Eq. (2b) into (2a)], a single constitutive equation of the following
form is obtained:
∇
λ1
τ + λ1 τ − a {τ ⋅ τ} − aλ2 {γ̇ ⋅ τ + τ ⋅ γ̇}
η0
λ2 2
{γ̇ ⋅ γ̇}],
λ1
ηs
α
,
λ2 ≙ λ1 , a ≙
ηp
1 − (λ2 /λ1 )

≙ −η0 [γ̇ + λ2 γ̇ − a
∇

η0 ≙ ηs + ηp ,

(2d)
(2e)

where the model parameters, ηs and ηp , are the solvent and polymer contributions to the zero-shear rate viscosity, η0 , respectively,
and λ1 is the characteristic relaxation time. It can be noted that
the Giesekus model [Eqs. (2d) and (2e)] is similar to the Oldroyd
model [Eq. (1)] except for the additional nonlinear stress term and λ3
2
= −2aλ2 , λ4 ≙ −a λλ22 , and λ5 = λ6 = λ7 = 0. The dimensionless mobility factor, α, has been attributed to the anisotropy
of Brownian motion and/or hydrodynamic drag on the constituent polymer molecule. Apart from the viscoelastic solid-like
or liquid-like based model, a phenomenological structure evolution equation is also required to capture structural evolution
using a scalar parameter, β (β = 0, fully broken down and β
= 1, fully built up).4,16,18,21,29–32,35–37,39,40,42 In some models, fluidity is used as the structure factor, which is inversely related to
the structure size or strength.17,21,42 The structure factor is either
empirically related to rheological properties (such as viscosity and
yield stress)4,16,18,21,29–32,35–37,39,40,42 or based on specific microstructural physical insights.7,43,44 Recently, several models have been
developed and are shown to satisfactorily capture many aspects
of the TEVP behavior in steady and transient shear test protocols.9,10,22–24,45,46 Although the models include additional features
such as multiple thixotropic relaxation time scales and evolution of yield stress, they render an unsatisfactory description for
SAOS probably due to insufficient incorporation of viscoelasticity.
In addition, the structural response at low deformations may be
fundamentally very different compared to that at large deformations, within a cycle. Therefore, it is necessary to explicate relevant
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structural mechanisms and include the corresponding response
features in the models.
In this work, a comparative study of SAOS response of a model
TEVP suspension of fumed silica in polyisobutylene/paraffin oil (FSPIB-PO) with that of the pure suspending medium, polyisobutylene/paraffin oil (PIB-PO), and pure particle suspension (FS-PO) is
presented to comprehend the corresponding rheological phenomena such as viscoelasticity, plasticity, and thixotropy. KK analysis is performed on the SAOS experimental data to complement
the understanding. Steady and transient shear tests are also carried out to illustrate that they are necessary in combination with
SAOS to understand the structural characteristics of TEVP systems. Based on the insights, different structure kinetics-based models are evaluated. SAOS results show that the structure is more
complex than what is usually interpreted from steady and step
shear tests. Therefore, suitable modifications are suggested to get a
more complete model, which can accurately capture the response
of the test protocols including SAOS. Using KK analysis, the
effect of thixotropic parameters on the SAOS model predictions is
highlighted.

II. EXPERIMENTAL METHODS
A. Materials and sample preparation
The material system studied in our work is a model thixotropic
suspension prepared by closely following the protocol mentioned
in the literature.47 The suspension consists of 2.9 vol. % hydrophobic fumed silica (Evonik, Aerosil R972) in a blend of 69 wt. %
paraffin oil (Merck, density: 0.827–0.890 g/cc) and 31 wt. % polyisobutylene (PIB) (BASF, Glissopal 1000, density at 20 ○ C: 0.89
g/cc). Although the primary particles in fumed silica have a nominal radius of 16 nm, it is known that they rarely remain in isolation
and usually aggregate into micrometer sized agglomerates.21,47 The
suspending medium was first prepared by mixing PIB in paraffin oil
at a high temperature of 100 ○ C in a beaker (on an oil bath) under
magnetic stirring of 1000 rpm. The blend system, thus, obtained was
designated as PIB-PO. The fumed silica aggregates were then dispersed in the blend by mixing in a homogenizer at 8000 rpm for
30 min followed by magnetic stirring at 1000 rpm for 2 h. This was
followed by heating the sample in a vacuum oven at 60 ○ C until all
the air bubbles disappeared. The sample was then stored for slow
aging up to 3 weeks. The model suspension, thus, obtained was designated as FS-PIB-PO. A similar procedure was followed for the
preparation of fumed silica (2.9 vol. %) in paraffin oil (69 wt. %) suspension designated as FS-PO. Standard silicone oils with constant
viscosities designated by Brookfield and Wacker were used as
procured.

®

®

®

®

B. Rheological measurements
The tests were performed in the strain rate controlled mode
using an Anton Paar MCR 301 rheometer with a cone and plate
geometry of 25 mm diameter, 1○ angle of inclination, and 52 μm
truncation gap. The sample from an aged batch is loaded on to
the Peltier at 25 ○ C temperature. All the steady and transient shear
tests were preceded by a pre-shear of 300 s−1 for 300 s to obtain
a nearly broken down initial structure. On the other hand, SAOS
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results reported here are for the non-pre-sheared initial state. Data
were collected using the rheometer software “Rheoplus”. All the
tests were performed thrice to ensure repeatability. A few experiments were also conducted with a twin-drive (separate motor) MCR
702 rheometer in the strain controlled mode, and these results were
in good agreement with the results obtained from MCR 301. Furthermore, it was ensured that only the results obtained for shear
rates that were achieved as commanded are reported and used for
modeling.
The samples were subjected to step-wise changes in shear rate
(γ̇) to monitor the changes in corresponding stresses (τ) as a function of time. Step up shear tests were performed from γ̇i,up ≙ 0.1 s−1
to γ̇f ,up ≙ 0.25 s−1 , 0.5 s−1 , 2.5 s−1 , and 5 s−1 , respectively. Similarly, step down shear tests were performed from γ̇i,down ≙ 5 s−1 to
γ̇f ,down ≙ 1 s−1 , 0.5 s−1 , 0.1 s−1 , and 0.05 s−1 , respectively. Shear rate
sweeps were performed on the samples by varying the shear rates
logarithmically from 0.01 s−1 to 1000 s−1 to obtain the corresponding steady state stresses. For the oscillatory shear measurements, the
samples were first subjected to a sinusoidal strain with the amplitude
of strain varying logarithmically from 0.1% to 1000% at frequencies
of 1 rad s−1 and 10 rad s−1 , respectively, to determine the critical
strain amplitude. For every input strain amplitude, the raw values
of 256 data points were recorded in each cycle. Small strain amplitudes are chosen within the critical strain amplitude to further probe
the samples in the frequency range of 0.01 rad s−1 –100 rad s−1 . The
transient shear test of the triangular ramp was performed for a duration of t total = 72 s such that the maximum shear rate is achieved
at the half time ( ttotal
). The value of the rate of increase/decrease in
2
shear rate was chosen as slope = 0.052 37 s−2 similar to the protocol
mentioned elsewhere.24,31 In the transient shear test of flow reversal,
a constant shear rate was applied initially, until the corresponding
steady state stress is achieved. This was followed by a rapid reversal
in the direction of shear to negative of the same value of shear rate
to obtain the corresponding steady state stress. The shear rates for
which flow reversal tests were performed are −γ̇0i ≙ γ̇0f ≙ 0.01 s−1 ,
0.1 s−1 , 1 s−1 , and 10 s−1 , respectively.
C. Kramers–Kronig analysis
For a system that is causal, linear, and time independent, the
Kramers-Kronig (KK) equations relate the real part (X′ ) and imaginary part (X′′ ) of any complex susceptibility (X∗ ) arising from it
such that the former can be reconstructed from the latter and vice
versa. They are given by
X ′ (ω) ≙ X ′ (∞) +
X ′′ (ω) ≙

∞ uX ′′ (u) − ωX ′′ (ω)
2
du,
∫
π 0
u 2 − ω2

∞ X ′ (u) − X ′ (ω)
2ω
du,
∫
π 0
u2 − ω2

(3a)
(3b)

where ω is the angular frequency of probing. They are widely used in
electrical, optical, and electrochemical response.11,26,34,48 Validation
of electrochemical impedance spectroscopic data is commonly carried out using KK relations.48 In rheology, KK relations have been
used for dynamic moduli, assuming the response to be linear,49–51
and in some instances for validating the data.52–54 Some of the challenges in employing KK relations for data validation are the requirement of data in a wide range of frequencies at frequent intervals
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and integration over the same. Often, data at high and low frequencies are not available due to equipment limitations and constraints
on the duration of experiments.51,52,55 Approximated expressions for
the KK relations obtained based on plausible assumptions about the
response, in some cases, also have their restrictions.49,50,53
An alternate method for KK validation is the measurement
model approach wherein the data can be fit to the equivalent circuit
of an inherently causal, linear, and time independent model.56,57 In
this work, we have used a multimode Kelvin–Voigt circuit (Fig. 2)
with the circuit elements representing each mode. Since each circuit element in Fig. 2 is KK compliant, the entire circuit is KK
compliant and so will be the data that can be perfectly fit. An
easy-to-use software application called “Linear KKT,” implementing this approach and made freely available online, had been utilized
to analyze impedance data in the literature.56,57 If the total number of experimental frequencies (ω) is N, the method introduces M
elements in the circuit with associated time constants (λKK ) such
that they are logarithmically spaced over the inverse ω range with
λKK−1 ≙ ω1 −1 and λKK−M ≙ ωN −1 (always M < N). Then, the complex
modulus of the corresponding model is given by
M

G∗KK (ωi ) ≙ G∞ + ∑ Gk [
k≙1

1
1 + ωi 2 λKK−k 2

−j

ωi λKK−k
],
1 + ωi 2 λKK−k 2

(4)

where i ∈ 1., . . ., N and k ∈ 1, . . ., M. In order to verify whether the
data can be modeled adequately or not, by the chosen circuit, the
differences between experimental and model values, referred to as
“residuals,” are calculated as
Δ′ (ωi ) ≙
Δ′′ (ωi ) ≙

G′experimental (ωi ) − G′KK (ωi )

the ratio of experimental (or observation) time, t expt. , to that of the
mutation time, t mu , of a structurally evolving material. t mu is the
time required for a (1/e)-change in the property “X” of a material
at an instantaneous rate of change in its value, i.e., dX/dt.58 If t expt.
is much less than t mu , the material property appears constant. If
t expt. is greater than t mu , then the time change of the material property, i.e., thermally induced changes, can be identified. Hence, when
N mu is large, the material response is time dependent, and when it
is small, the response can be considered as time independent. This
analysis is, in principle, similar to oscillatory tests and thixotropic
response. Depending on the thixotropic time scales, we can have
two responses: (1) the oscillatory response is “linear response” of the
material with equilibrium structure and (2) the oscillatory response
is indicative of thixotropic structural changes in the material. The
KK analysis, on its own, cannot be used to identify which of the three
conditions (i.e., causality, linearity, and time independence) are violated. However, it is important to note that in the context of our
work, the KK residuals would carry the similar information as that
of N mu . Therefore, large KK residuals imply time dependent phenomena, since linearity and causality conditions are satisfied. In this
work, the oscillatory shear response is due to the time dependent
structural evolution of thixotropic materials. Hence, the oscillatory
shear response of various experimental data and model results was
analyzed using linear KKT. The fit, and therefore departure from
KK compliance, was quantified using the residuals calculated from
Eq. (5). This procedure is referred to as “KK analysis”.
D. Parameter optimization

∣G∗KK (ωi )∣

× 100,

(5a)

∣G∗KK (ωi )∣

× 100.

(5b)

′′
G′′
experimental (ωi ) − GKK (ωi )

scitation.org/journal/phf

The number of circuits (i.e., the value of M) is increased until no
further decrease in the residuals is observed. The residuals, thus,
obtained are examined for their magnitude and trends. If the residuals are small and randomly distributed, the data are considered to be
KK compliant. If the residuals are large and exhibit any systematic
trend with frequency, the data are not KK compliant. Such deviations from KK compliance indicate non-causal, nonlinear, and/or
time dependent response. An advantage of this method is that the
validation can be performed even if the data are available in a limited
frequency range.
Earlier, Mours and Winter performed time-resolved rheometry
to analyze a partially crosslinked polycarbonate system that exhibits
time varying phenomena due to thermally induced changes. They
defined a dimensionless quantity called mutation number, N mu , as

Several models were evaluated and are discussed in Sec. III D.
The model equations and the corresponding optimized parameters
are presented in Table I and Tables S2–S4 of the supplementary
material. A constrained optimization algorithm, specifically “fmincon” in MATLAB , was employed to obtain these best fit model
parameters. The relative difference between the model predicted
and experimental SAOS data (of moduli) was minimized with a
constraint that the predicted steady shear, step up and step down
shear data (of stresses) were within a small percent (∼2.5) of the
corresponding experimental data. The SAOS, steady shear, and
4 sets each of step up and step down shear were used in the
optimization. Based on the relative error, thus obtained for each
of these tests, the effectiveness of the corresponding model predictions is decided. The criteria used to delineate good (∗∗∗),
moderate (∗∗), and poor (∗) match of model predictions with experimental results were chosen as <20, <40 (i.e., twice the error compared to “∗∗∗”), and >40, respectively, for SAOS, <5, <10, and
>10, respectively, for steady and step shear tests. The combined
model proposed in this work was able to fit the SAOS data with the

®

FIG. 2. A schematic representation of
the multimode Kelvin–Voigt circuit to fit
SAOS data.
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TABLE I. Set of equations of the proposed combined Giesekus with structure kinetics and SST model.

τG + λ1 τ̇G − a ηλ10 {τG ⋅ τG } − aλ2 {γ̇ ⋅ τG + τG ⋅ γ̇} ≙ −η0 [γ̇ + λ2 γ̈ − a λλ21 {γ̇ ⋅ γ̇}]
2

Giesekus with structure kinetics submodel

dβG
dt

≙ kBrown-G ∥−tr1−G βG ∣γ̇∣ + (1 − βG )∥

λ1 = λ10 βG ; ηp = ηp0 βG
η0 ≙ ηs + ηp ;

λ2 ≙ λ1 ηps ;

τS ≙ τy + ηγ̇ + η∞ γ̇

SST submodel

dβS
dt

η

a≙

α
1−(λ2 /λ1 )

≙ kBrown-S ∥−tr1−S βS ∣γ̇∣ + (1 − βS )∥

τ y = βS τ y0 ; η = βS ηST
Combined model

τ = W G τG + W S τS ; W G + W S = 1

aforementioned constraints. The corresponding optimized parameters were used for further prediction of the flow reversal and triangular ramp tests (i.e., these experimental data were not used in the
optimization).

FS-PIB-PO as obtained from steady shear and transient shear tests
such as step shear, triangular ramp, and flow reversal. Based on the
results, various models are evaluated and an appropriate model is
formulated to capture the TEVP behavior. The characteristics of
SAOS response of the models are then discussed along with KK
analysis.

III. RESULTS AND DISCUSSION
In this section, we first describe the oscillatory shear response
of polyisobutylene in a paraffin oil (PIB-PO) blend system, fumed
silica in paraffin oil (FS-PO), and fumed silica in polyisobutylene/paraffin oil (FS-PIB-PO) suspensions. The SAOS results are
presented in combination with KK analysis. We then compare the
stresses obtained from SAOS with those of steady shear for the
PIB-PO and FS-PIB-PO to understand the corresponding structural response. Similarly, we also highlight the TEVP behavior of

A. Oscillatory shear and KK analysis
The oscillatory shear response and corresponding KK analysis
of the polyisobutylene/paraffin oil blend system, PIB-PO, is shown
in Fig. 3. The strain amplitude sweep (at frequencies of 1 rad s−1 and
10 rad s−1 ) of PIB-PO indicates a Newtonian fluid-like response,
i.e., a dominant constant loss modulus (G′′ ) throughout as shown
in Fig. 3(a). The values of storage modulus (G′ ) are not reported as
they were low and noisy. In addition, the moduli corresponding to

FIG. 3. Polyisobutylene/paraffin oil blend system, PIB-PO.
(a) Strain amplitude sweep at frequencies of 1 rad s−1 and
10 rad s−1 . (b) Frequency sweep at strain amplitudes of
50%, 100%, and 500%. (c) Residuals from the KK analysis
of data shown in (b) computed using Eq. (5).
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strain amplitudes below 15% are omitted as their torque values were
close to the equipment sensitivity. Therefore, strain amplitudes of
50%, 100%, and 500% were chosen for the frequency sweep measurements. It can be seen from Fig. 3(b) that at all frequencies and
strain amplitudes, G′ is lower than G′′ by more than an order of
magnitude. G′′ values also exhibit a frequency dependence with an
approximate slope of 1. Although G′ values are low and noisy below
2.5 rad s−1 frequency [shaded region in Fig. 3(b)], they exhibit a
frequency dependence with an approximate slope of 2 throughout,
indicating a purely viscous behavior. This is expected given the low
molecular weight/concentration of the polymer, due to which the
effects such as chain elasticity, orientation, and entanglement are
absent. KK circuit fits are performed on the data, and the corresponding residuals are computed using Eq. (5) and presented in
Fig. 3(c). The residuals are slightly high at low frequencies [shaded
region in Fig. 3(c)], which is due to the noisy G′ values at low frequencies. Overall, the residuals are low and randomly distributed,
confirming that the data are KK compliant. This indicates that the
SAOS response satisfies causality, linearity, and time independence
conditions.
The oscillatory shear response and the corresponding KK analysis of the fumed silica in paraffin oil suspension, FS-PO, is shown
in Fig. 4. The strain amplitude sweep (at frequencies of 1 rad s−1 and
10 rad s−1 ) of FS-PO indicates a crossover from G′ > G′′ to G′′ > G′
along with a slight peak in G′′ beyond a critical strain amplitude
of 1%, as shown in Fig. 4(a). Therefore, strain amplitudes of 0.25%,
0.5%, and 1% were chosen for the frequency sweep measurements. It
is seen from Fig. 4(b) that at these strain amplitudes, both the moduli exhibit a weak frequency dependence, with G′ > G′′ throughout
the frequency range studied, by half an order of magnitude. Given
the hydrophilic surface silanol groups on the majorly hydrophobic
fumed silica, their flocculation in paraffin oil (weakly H-bonding,
non-polar solvent) is expected.59,60 The oscillatory shear response
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also suggests a network structure of the flocs. An increase in G′′
(at all frequencies) is observed with an increase in strain amplitude,
leading to an increase in the damping factor, tan(δ) (=G′′ /G′ ). This
indicates a more enhanced disruption of the weak flocculated structure, leading to an increased dissipation. This is commonly referred
to as a change in the extent of structural breakdown. This phenomenon manifests as an increase in the residuals, |Δ′ | and |Δ′′ | (at
all frequencies), with strain amplitude in the corresponding KK analysis plots shown in Fig. 4(c). Given that the magnitude of residuals
are high and they exhibit a definitive trend, it is clear that the data are
not KK compliant. This indicates that the corresponding response
violates one or more of the three conditions, viz., causality, linearity,
and time independence, e.g., inherent time dependence exhibited by
thixotropic fluids.
The oscillatory shear response and the corresponding KK analysis of the fumed silica in polyisobutylene/paraffin oil suspension,
FS-PIB-PO, is shown in Fig. 5. It should be noted that this is
an extremely popular model experimental system for investigating
thixotropy.10,20–22,47 The strain amplitude sweep (at frequencies of
1 rad s−1 and 10 rad s−1 ) of FS-PIB-PO, shown in Fig. 5(a), indicates
a response similar to that of the pure particle suspension, FS-PO
[Fig. 4(a)], except that the FS-PIB-PO system exhibits a stronger
peak in G′′ around the critical strain amplitude of 1%. At small
strain amplitudes of 0.25%, 0.5%, and 1%, a weak frequency dependence with viscoelastic solid-like response is prevalent as shown in
Fig. 5(b). Furthermore, a slight decrease in G′′ as well as a greater
decrease in G′ (at all frequencies) with an increase in strain amplitude is evident. The greater decrease in G′ suggests disruption of
the PIB mediated network structure, in addition to the disruption of
flocculated structure. This leads to a slight increase in tan(δ), which
is reflected only as minimal changes in |Δ′ | and |Δ′′ | (at all frequencies) with an increase in strain amplitude in the corresponding KK
analysis plots shown in Fig. 5(c). These results suggest that fumed

FIG. 4. Fumed silica in paraffin oil suspension, FS-PO. (a)
Strain amplitude sweep at frequencies of 1 rad s−1 and
10 rad s−1 . (b) Frequency sweep at strain amplitudes of
0.25%, 0.5%, and 1%. (c) Residuals from the KK analysis
of data shown in (b) computed using Eq. (5).
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FIG. 5. Fumed silica in polyisobutylene/paraffin oil suspension, FS-PIB-PO. (a) Strain amplitude sweep at frequencies
of 1 rad s−1 and 10 rad s−1 . (b) Frequency sweep at strain
amplitudes of 0.25%, 0.5%, and 1%. (c) Residuals from the
KK analysis of data shown in (b) computed using Eq. (5).

silica particles flocculate in the PIB-PO mixture as well to form a
weak network structure. However, the ability of particles to flocculate is greatly affected by the tendency of PIB chains to adsorb on
their surface and reduce the inter-particle interactions. It is known
that the thixotropic time scales are slowed down in such cases than
that of a pure particle suspension.47 This could be the reason for
higher magnitudes of residuals of moduli in the case of FS-PIBPO as shown in Fig. 5(c) than that of FS-PO as shown in Fig. 4(c).
Furthermore, these residuals exhibit a definitive trend, confirming
that the data are not KK compliant, and this is along the expected
lines.
KK analysis was also performed on standard fluids (refer
to Figs. S1–S3 and Table S1 of the supplementary material). As
expected, the SAOS of standard fluids exhibit good KK compliance,
indicating that the conditions of causality, linearity, and time independence are not violated. Thus, it is clear that KK analysis of SAOS
data is sensitive to violations of the linearity, causality, and time
independence conditions.

B. Comparison of SAOS and steady shear
The response of steady shear rate ramp test, which is usually
used for characterizing non-linear rheology, is shown in Figs. 6(a)
and 6(b) for the PIB-PO blend system and FS-PIB-PO suspension,
respectively. The stresses during their frequency sweeps [shown in
Figs. 3(b) and 5(b)] are also plotted against the corresponding shear
rates (γ̇0 ≙ γ0 ω) in Figs. 6(a) and 6(b). It is seen from Fig. 6(a) that
PIB-PO exhibits a proportional increase in the stress with shear rate
during steady shear as well as frequency sweep, and the results from
steady shear and frequency sweep practically overlap, confirming a
simple structure and Newtonian fluid behavior. For the FS-PIB-PO
suspension during steady shear [Fig. 6(b)], the stresses exhibit a lesspronounced increase, i.e., shear thinning (∼10−2 –100 s−1 ) followed
by an increase with the shear rate (post 100 s−1 ). However, during
frequency sweep, the stresses only slightly increase with the shear
rate with the increase being stronger at the higher strain amplitude
of 1%. This mismatch in the steady shear and SAOS response of

FIG. 6. Stress as a function of shear rate during steady
shear and frequency sweep of (a) the PIB-PO blend system (at strain amplitudes of 50%, 100%, and 500%) and (b)
the FS-PIB-PO suspension (at strain amplitudes of 0.25%,
0.5%, and 1%).
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FS-PIB-PO suspension clearly indicates the existence of a complex
structure. It is also important to note that the low shear rates that
were not achieved during steady shear can also be probed by SAOS.
Thus, the processes, which strongly affect the result, could be different for SAOS and steady shear tests. Most models in the literature
provide good predictions of the response during large deformation
protocols but do an unsatisfactory modeling of SAOS for such TEVP
systems as these models miss this aspect of the material behavior
(refer Sec. II 2 of the supplementary material).
C. Transient shear
The response of the step up and step down shear tests for FSPIB-PO suspension is presented in Figs. 7(a) and 7(b), respectively.
Such data had also been reported by several others earlier.10,20–22
It can be seen that there is an initial fast viscoelastic rise/decay in
stress followed by a gradual decrease/increase to steady state representing the slow thixotropic time scales contributed by structure
breakdown/buildup in step up/step down tests. The viscoelasticity at initial times is prominent especially at lower shear rates of
0.25 s−1 , 0.5 s−1 and 0.05 s−1 , 0.1 s−1 in step up and step down
tests, respectively. However, at higher shear rates of 2.5 s−1 , 5 s−1 ,
and 0.5 s−1 , 1 s−1 in step up and step down tests, respectively, the
response is predominantly thixotropic. This indicates that the break
down/rebuilding of the suspension structure post the step change in
step up/step down shear tests is slow enough at lower shear rates
that the residual elasticity of the structure from the previous history becomes apparent. Figure 7(c) presents the triangular ramp
transient shear rate test results for the FS-PIB-PO suspension. It
shows that the output stress trajectories during ramp-up in shear
] and ramp-down in shear rate
rate [γ̇ ≙ slope × (t) for t ≤ ttotal
2
[γ̇ ≙ slope × (ttotal − t) for t > ttotal
] are slightly different. This
2
asymmetric response indicates hysteresis. As per the protocol, the
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maximum input shear rate achieved during the test is 1.89 s−1 , which
is small enough for some structure to be present but not too low that
only elastic contributions are prevalent. Therefore, the corresponding output stress response can be attributed to thixotropy. Similarly,
the results of the flow reversal tests for FS-PIB-PO suspension are
presented in Fig. 7(d). It can be observed that at low final shear
rates, i.e., γ̇0f ≙ 0.01 s−1 and 0.1 s−1 , there is a two-step increase
in stress, leading to a steady state that diminishes to a single-step
increase at final shear rates, γ̇0f > 0.1 s−1 . Usually, the initial stress
increase is attributed to viscoelastic relaxation that is predominant
at low shear rates and diminishes when shear rates become larger.
The second stress increase has been attributed to plastic evolution
due to kinematic hardening.9,10,24,45,46,61 It was proposed that in the
case of TEVP systems, the yield surface shifts in the direction of current shear rate (here, γ̇0f ) leading to an increase in yield stress in
this direction, with a consequent decrease in the opposite direction,
i.e., direction of the past shear rate (here, −γ̇0i ).9,10,61 Therefore, it is
essential to ensure that viscoelasticity, yielding, and thixotropy are
effectively introduced in the model so that the complex response of
FS-PIB-PO suspension can be predicted well.
D. Modeling TEVP behavior
The SAOS response of FS-PIB-PO suspension, as described earlier in Sec. III A, indicates the existence of a transient particulate
network structure. Viscoelastic fluid-like models such as Maxwell or
Giesekus (introduced in Sec. I) incorporate physical mechanisms of
polymer solutions such as stretching, orientation, and chain interaction effects similar to network dynamics. They have also been
widely used to analyze the response of material systems belonging
to the same class (i.e., have network structures) such as micellar
solutions and polymeric gels.62,63 Hence, they can be utilized as suitable base models to evaluate the response of FS-PIB-PO suspension.

FIG. 7. Data of (a) step up in shear rate from 0.1 s−1 to
four different values and (b) step down in shear rate from
5 s−1 to four other different values as indicated. Output
stress profile from (c) the triangular ramp transient shear
rate test and (d) flow reversal test at four different shear
rates as indicated for the FS-PIB-PO suspension. Points
represent experimental data, while the continuous lines
represent the combined model fit discussed in Sec. III D.
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A Giesekus model of the form represented in Eqs. (2d) and (2e) is
used in this work. In the case of FS-PIB-PO suspension, the PIB-PO
suspending medium acts as solvent, while the percolated flocs and
entangled PIB polymer chains act as networks.
The best-case Giesekus model predictions of FS-PIB-PO suspension were obtained by optimizing over SAOS, steady shear, and
step shear response data. The Giesekus model exhibits a crossover
from viscoelastic liquid-like (G′ < G′′ ) to solid-like (G′ > G′′ ) followed by a slight rise in G′′ post crossover indicating an increased
dissipation at higher frequencies (refer to Fig. S5 and Table S3 of the
supplementary material). However, this trend is very different from
the dominant viscoelastic solid-like response of FS-PIB-PO suspension [Fig. 5(b)]. The KK analysis of the Giesekus model, shown in
Fig. 8(a), indicates that the residuals are zero and the data are KK
compliant. This indicates that the response is linear, causal, and time
independent at low strain amplitudes, unlike the case for the FSPIB-PO suspension (discussed earlier in Sec. III A). Furthermore,
the Giesekus model predicts higher values of steady state stress and
stronger shear thinning than those of the FS-PIB-PO suspension
(Fig. S5c). All these results suggest that the Giesekus model needs
further modification to capture in its entirety, the TEVP behavior of
the suspension.
A viscoelastic solid-like model that incorporates yielding
and time variant structural processes, such as the simple scalar
thixotropic (SST) model,21 can also be utilized to evaluate the
response of FS-PIB-PO suspension. The SST model has a phenomenological structure kinetics equation given by
dβ
≙ kBrown ∥−tr1 β∣γ̇∣ + (1 − β)∥
dt

(6)

and a Bingham-like base equation with an additional structural
viscosity term, ηST , given by
τ ≙ τy + ηγ̇ + η∞ γ̇,
τy ≙ βτy0 ,

η ≙ βηST ,

scitation.org/journal/phf

To closely mimic the experiments, the models are simulated assuming that the initial state is either fully broken (i.e., β0 = 0) or fully
structured (i.e., β0 = 1).
The SST model exhibits G′ > G′′ with G′ being constant and
G′′ following an approximate linear increase with frequency (refer
to Fig. S5 and Table S3 of the supplementary material). A slight
decrease is also observed in both the moduli at high frequencies
(Fig. S5a). However, this trend is very different from the SAOS
response of FS-PIB-PO suspension [Fig. 5(b)]. The value of βaverage
(≙ ∥max(βwave ) + min(βwave )∥/2) indicates the level of structure
at the steady terminal oscillation state corresponding to each frequency. The model results show that although the structure completely builds up at low/intermediate frequencies (i.e., βaverage = 1),
the buildup is only partial corresponding to βaverage = 0.62 at higher
frequencies (Fig. S5b). βamplitude (≙ ∥max(βwave ) − min(βwave )∥/2)
also indicates that βwave values are low (∼10−4 ) and its nonmonotonic trend with frequency is contributed by the corresponding structural events. This clearly indicates the inherent time dependence of SST model. This could be the reason for higher magnitudes
of KK residuals of the corresponding moduli as shown in Fig. 8(a).
Furthermore, these residuals exhibit a definitive trend confirming
that the data are not KK compliant, similar to that of FS-PIB-PO
suspension (discussed earlier in Sec. III A). Although the SST model
describes the steady shear response of FS-PIB-PO suspension very
well (Fig. S5c), it does not predict the SAOS response even qualitatively. Thus, the SST model is also insufficient to predict in its
entirety, the TEVP behavior of the suspension.
A popular strategy to improve viscoelastic fluid-like models involves inclusion of additional terms/equations to capture the
time dependent structural processes.8,35,36 In this work, we attempt
incorporation of structure kinetics [Eq. (6)] in the Giesekus model
[Eq. (2)] by describing appropriately chosen model parameters as
functions of the structure factor given by

(7a)

λ1 ≙ λ10 β,

(8a)

(7b)

ηp ≙ ηp0 β,

(8b)

where τ is the shear stress, γ̇ is the shear rate, τ y0 is the constant yield
stress, and η∞ is the infinite shear viscosity. tr1 ≙ (kBreak /kBrown )
with (kBreak )−1 as the characteristic time for shear induced structure
breakdown and (kBrown )−1 as the characteristic time for structure
recovery at rest, assisted by Brownian motion. It is important to
note that the yield stress and viscosity contributions in the model
are allowed to vary with the current structural level, β [Eq. (7b)].

where λ10 and ηp0 are model parameters representing the characteristic relaxation time and polymer viscosity, respectively, at the
initial structural state. The solvent viscosity is assumed to remain
unaffected by structure kinetics. The SAOS response of the modified
Giesekus model is qualitatively similar to that of a pure Giesekus
model (refer to Fig. S6 and Table S3 of the supplementary material).
However, with the increase in t r 1 , the G′′ curve shifts toward the G′

FIG. 8. Residuals from the KK analysis of models, evaluated for the SAOS response of FS-PIB-PO suspension at
a strain amplitude of 1% (shown in Figs. S5 and S6 of the
supplementary material), computed using Eq. (5). (a) Best
fit Giesekus and SST models. (b) Giesekus with structure
kinetics model at varying t r 1 of 0.98 s, 9.8 s, and 21 s.

Phys. Fluids 32, 013109 (2020); doi: 10.1063/1.5134723
Published under license by AIP Publishing

32, 013109-9

Physics of Fluids

curve at intermediate/high frequencies indicating an increased dissipation (Fig. S6a). Such features are attributed to intrinsic structural
changes such as an increase in the extent of structure breakdown due
to an increase in kBreak with an increase in t r 1 . This is manifested as
an increase in the decay of βaverage with frequency, i.e., it goes from
1 (fully built up) to 0.62, 0.14, and 0.07 (partially built up) at t r 1 values of 0.98 s, 9.8 s, and 21 s, respectively (Fig. S6b). Correspondingly,
there is a difference in the non-monotonic trend of βamplitude with frequency at different t r 1 , although the values are low. All these clearly
indicate the inherent time dependence of the model. This could be
the reason for the increase in KK residuals, |Δ′ | and |Δ′′ |, with an
increase in t r 1 , as shown in Fig. 8(b). The definitive trend of residuals vs frequency also becomes more apparent, leading to a decrease
in the KK compliance with an increase in t r 1 . Likewise, although the
steady shear response of this model is qualitatively similar to that of
pure Giesekus, the steady state stress values are greatly lowered in the
case of former than the latter, with an increase in t r 1 (Fig. S6c). We
note that the Giesekus with structure kinetics model, with t r 1 = 21 s,
gives better predictions of the SAOS (especially at higher frequencies) and steady shear response than that of pure Giesekus. However,
the overall response of this model under SAOS is still very different from that of the FS-PIB-PO suspension. This indicates that the
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Giesekus with structure kinetics model is also inadequate to describe
in its entirety, the TEVP behavior of the suspension.
Other models based on theories/approaches either similar to
or different from that of Giesekus and SST models were also evaluated to match the SAOS, steady shear, and step shear response
of FS-PIB-PO suspension (refer to Figs. S7–S10 and Tables S2 and
S3 of the supplementary material). Inferences from their response
predictions for different protocols are summarized in Table II. The
conclusions from the KK analysis of their SAOS data are briefed in
Table III (also refer to Table S5 of the supplementary material). Since
they provided an unsatisfactory description of the TEVP behavior,
these models are not investigated further. Based on the insights, we
propose that a combined model is essential to describe a majority
of the TEVP behavior features. The combined model must include
strong viscoelastic contributions, yielding, and multiple thixotropic
time scales. Therefore, a combination of SST [Eqs. (6) and (7)] and
Giesekus with structure kinetics model [Eqs. (2), (6) and (8)] is formulated such that each of them follows the same structure kinetics
equation, but different structure breakdown and buildup time scales.
The overall set of equations of the combined model are summarized in Table I. The subscript “G” in Table I refers to quantities
of the Giesekus with structure kinetics submodel of the combined

TABLE II. Summary of the models evaluated to describe the response of the FS-PIB-PO suspension for rheological tests. The poor, moderate, and good match of model
predictions with experimental results are designated as “∗,” “∗∗,” and “∗∗∗,” respectively (based on the criteria discussed in Sec. II D).

Model
Maxwell [Eq. (1), Table S2, and Fig. S7]
Standard linear solid (SLS) [Eq. (2), Table S2, and Fig. S7]
Giesekus [Eq. (2), Fig. 8, and Fig. S5]
Weak gel [Eq. (3), Table S2, and Fig. S8]
Modified weak gel [Eq. (4), Table S2, and Fig. S8]
Combined weak gel–Giesekus [Eq. (5), Table S2, and Fig. S9]
Modified combined weak gel–Giesekus [Eq. (6), Table S2, and Fig. S9]
Elastoviscoplastic (EVP) [Eq. (7), Table S2, and Fig. S10]
Simple scalar thixotropic (SST) [Eqs. (6) and (7), Fig. 8, and Fig. S5]
Giesekus with structure kinetics [Eqs. (2), (6) and (8), Fig. 8, and Fig. S6]
Giesekus with structure kinetics + SST (Table I, Figs. 7 and 9–12)

Steady shear

Step shear

SAOS

∗
∗
∗
∗
∗
∗
∗
∗
∗∗∗
∗∗
∗∗∗

∗
∗
∗
∗
∗
∗
∗
∗
∗∗∗
∗
∗∗∗

∗
∗∗
∗
∗∗∗
∗∗∗
∗∗∗
∗∗∗
∗
∗
∗∗
∗∗∗

TABLE III. Summary of experimental systems/models subjected to KK analysis of their SAOS response. It is recommended that residuals <1% imply good KK compliance (+)
and >1% imply otherwise (−).

Material/model
Silicone oils, PIB-PO blend (Table S1)
FS-PO, FS-PIB-PO suspensions (Table S1)
Maxwell, SLS, Giesekus, weak gel, combined weak gel–Giesekus,
and EVP models (at low γo values) [Eq. (2) and Tables S2 and S5]
Modified weak gel model (Tables S2 and S5)
Modified combined weak gel–Giesekus model (Tables S2 and S5)
Simple scalar thixotropic (SST) model [Eqs. (6) and (7) and Table S5]
Giesekus with structure kinetics model [Eqs. (2), (6), and (8) and Table S5]
Giesekus with structure kinetics + SST model (Tables I and S5)
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Criteria violated

+
−

None
Time independence

+

None

−
−
−
−
−

Linearity
Linearity
Time independence
Time independence
Time independence
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FIG. 9. The SAOS response of best fit combined Giesekus
with structure kinetics and SST model for the FS-PIB-PO
suspension at a strain amplitude of (a) 0.25%, (b) 0.5%,
and (c) 1%. Points represent experimental data, while the
continuous lines represent model fits. (d) Residuals from
the KK analysis of model data shown in (a), (b), and (c)
computed using Eq. (5).

model. Similarly, the subscript “S” refers to quantities of the SST
submodel of the combined model. The 12 combined model parameters are ηs , ηp0 , λ10 , α, kBrown−G , t r 1−G , η∞ , ηST , τ y0 , kBrown−S , t r 1−S ,
and W G .
The best fit parameters of the combined model for FS-PIB-PO
suspension are listed in Table S4 of the supplementary material. It
can be seen from Figs. 9(a)–9(c) that the combined model describes
the SAOS response semi-quantitatively at strain amplitudes (γ0 ) of
0.25%, 0.5% and 1%, respectively (with the exception of G′′ at low
frequencies). It perfectly captures the significant features such as the
predominant viscoelastic solid-like behavior and the corresponding trends of G′ and G′′ with frequency. KK analysis of the model
SAOS response reveals an increase in the residuals, |Δ′ | and |Δ′′ |,
with an increase in γ0 , indicating poorer KK compliance as shown
in Fig. 9(d). The values of βaverage and βamplitude , as predicted by the
combined model, are plotted as a function of frequency in Fig. 10.
Contributions from the Giesekus with structure kinetics submodel

and the SST submodel of the combined model are presented in
Figs. 10(a) and 10(b), respectively. It is seen that with an increase
in γ0 , there is an increase in the decay of βaverage with frequency for
both the submodels of the combined model. Correspondingly, there
is also a difference in the non-monotonic trend of βamplitude with frequency for both the submodels of the combined model at different
γ0 , although the values are low. These results can be attributed to
the stronger structural changes induced by increasing γ0 . We note
that quantitative prediction of the SAOS response is good, especially at higher frequencies, wherein thixotropic structure breakdown time scales are predominant (i.e., βaverage and βamplitude values
for both the submodels of the combined model decrease at higher
frequencies).
The steady state flow curve prediction of the combined model,
along with the experimental data, is presented in Fig. 11(a),
and there is a good agreement between the experimental and
the model steady state stresses. The β values of Giesekus with

FIG. 10. Response of the best fit combined model for FS-PIB-PO suspension.
Structure factor (average and amplitude
values) for (a) Giesekus with structure
kinetics submodel and (b) SST submodel corresponding to the SAOS data
of model shown in Fig. 9.
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FIG. 11. Response of the best fit combined model for FSPIB-PO suspension. (a) Steady state flow curves. (b) Structure factor, β (during steady shear) and βaverage (during
SAOS), of the Giesekus with structure kinetics submodel
and SST submodel of the combined model as a function
of shear rate. (c) Stress as a function of shear rate during
steady shear and frequency sweep (at strain amplitudes of
0.25%, 0.5%, and 1%) of the combined model.

structure kinetics submodel and SST submodel of the combined
model during steady shear, as a function of shear rate, are
shown in Fig. 11(b). The βaverage values of Giesekus with structure
kinetics submodel and SST submodel of the combined model during SAOS, obtained from Figs. 10(a) and 10(b), respectively, are
also plotted against the corresponding shear rates (γ̇0 ≙ γ0 ω) in
Fig. 11(b). It can be clearly seen that for both the submodels, the
values of βaverage at different strain amplitudes (during SAOS) and
β (during steady shear) appear to superimpose, indicating that the
processes occurring during both the tests are similar. The quantitative difference between the βaverage /β values of the Giesekus with
structure kinetics submodel and the SST submodel of the combined
model (∼10−2 – 101 s−1 ) indicates the difference in their contributions to the response at different shear rates (during the different tests). The Giesekus with structure kinetics submodel shows
a stronger structure breakdown at lower shear rates itself (usually
probed during SAOS), while the SST submodel shows a stronger
structure breakdown only at higher shear rates (usually probed
during steady shear). Hence, it can be postulated that the flocculated network structure of FS-PIB-PO suspension exhibits dominant viscoelasticity and thixotropy with less apparent yielding during SAOS (∼10−5 –100 s−1 ). During steady shear, the yielding and
thixotropic processes are prevalent with less apparent viscoelasticity (∼10−2 –103 s−1 ). Figure 11(c) presents the stresses during
SAOS, plotted against the corresponding shear rates (γ̇0 ≙ γ0 ω),
and the steady shear stresses of the combined model. It can
be clearly seen that they do not perfectly superpose. This was
observed earlier even for the experimental results [Fig. 6(b)]. Since
the combined model effectively describes the entire flow curve,
it can be concluded that structural kinetics with different types
of base models is essential to describe the TEVP behavior of the
suspension.
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The stress waveforms obtained at three different low strain
amplitudes of 0.25%, 0.5%, and 1% from the amplitude sweeps of
FS-PIB-PO suspension [Fig. 5(a)] are presented in Fig. 12. It is seen
that the experimental elastic [Fig. 12(a)] and viscous [Fig. 12(b)]
Lissajous curves are elliptical with the phase angle, 0 < δ ≪ π/2,
indicating a viscoelastic solid-like response. There is no significant
change in the dissipation (i.e., area of the Lissajous curves) with
respect to either the strain amplitudes or frequencies probed. The
combined model (computed at the optimized parameter set) yields
good predictions of the cycle response, especially at a high frequency
of 10 rad s−1 . The poor agreement of experimental and model cycle
stresses at a low frequency of 1 rad s−1 can be attributed to the underprediction of G′′ at low frequencies in the corresponding SAOS as
shown in Figs. 9(a)–9(c), respectively.
The combined model also provides good, semi-quantitative,
description of the step up and step down shear response as shown
in Figs. 7(a) and 7(b), respectively. Viscoelastic rise in the step up
shear response is followed by the subsequent thixotropic decay; in
addition, all features of the step down shear response are well captured. As mentioned earlier in Sec. II D, since the best fit combined model parameters are obtained by optimizing over steady
shear, step shear, and SAOS, the predictions for other transient
shear protocols, which were not utilized in the optimization process, are simulated and presented. The combined model predictions for triangular ramp tests, obtained for FS-PIB-PO suspension,
also matched well with the corresponding experimental stresses as
shown in Fig. 7(c). In the case of flow reversal tests, although the
combined model predictions indicate an initial viscoelastic stress
increase at all the shear rates investigated as shown in Fig. 7(d),
the second stress increase especially observed at low shear rates is
totally absent. Therefore, the combined model fails to describe the
two-step relaxation during flow reversal even qualitatively. In order
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FIG. 12. The Pipkin space of FS-PIB-PO suspension at
strain amplitudes of 0.25%, 0.5%, and 1% with (a) elastic Lissajous curves and (b) viscous Lissajous curves.
Points represent experimental data, while the continuous
lines represent combined model fit. The stress amplitude is
mentioned on the top right corner of each subplot in (a).

to specifically capture such features of the flow reversal tests, models
equipped with terms that define shear direction dependent plasticity are essential.9,10 Often, such modifications can greatly complicate modeling aspects and, therefore, are out of scope of this work.
It should be noted that such plasticity based modeling does not
capture the dominant viscoelastic and thixotropic phenomena
during SAOS.10
Table II presents the list of models evaluated in this work and
their effectiveness in fitting the steady shear, step shear, and SAOS
responses. Among the models evaluated, the proposed combined
model effectively captures all the major features of the complex
TEVP behavior exhibited by the FS-PIB-PO suspension. Table III
gives a concise account of experimental systems and models with
KK compliance of their SAOS response and possible reasons for the
deviation whenever observed (also refer to Tables S1 and S5 of the
supplementary material).
IV. CONCLUSIONS
In this work, we explored the small amplitude oscillatory shear
(SAOS) response of a model thixotropic elastoviscoplastic (TEVP)
suspension of fumed silica in polyisobutylene/paraffin oil (FS-PIBPO) to understand the contributions from the suspending medium
and polymer/particle nature of the material. Violations of linearity, causality, and/or time independence criteria can be identified by
Kramers–Kronig (KK) validation of the SAOS data. We recommend
that apart from steady shear and transient shear (i.e., step shear, triangular ramp, and flow reversal) techniques, SAOS analysis should
also be performed to obtain a better understanding of the material
structures and their influence on its rheological properties.
Models that capture the response from steady shear and step
up/step down shear do not adequately describe the SAOS response of
the FS-PIB-PO suspension. A novel combination of the simple scalar
thixotropic (SST) and the Giesekus with structure kinetics model is
shown to describe the results of the suite of tests (SAOS, steady and
step shear) for the suspension semi-quantitatively. Furthermore, the
model also gives good predictions for other transient tests (triangular ramp and flow reversal). This indicates that the suspension has
at least two types of interleaving structures, one which breaks down
at a lower shear rate and has a viscoelastic like behavior and another
which breaks down at a higher shear rate and has a solid like behavior. Thus, the hitherto known structural mechanisms underlying the
TEVP behavior, i.e., viscoelastic, yielding, and multiple thixotropic
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relaxation processes, are well captured. The residuals in KK transform of SAOS data are found to be sensitive to small changes in
strain amplitude or structure dependent model parameters. In summary, we demonstrate the utility of applying a combination of rheological protocols including SAOS and KK analysis (for SAOS data
validation) to understand thixotropy in complex TEVP systems.
SUPPLEMENTARY MATERIAL
See the supplementary material for additional details related
to SAOS/KK analysis of experimental systems and phenomenological models, model parameters, and comparison of steady shear with
LAOS response.
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