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a b s t r a c t
Microstructurally-aligned Silk ﬁbroin sponges have emerged as a viable candidate for replicating the
anisotropic ﬁbrous microarchitecture that is encountered in several functional tissues in vivo. But for
the material to reach its full potential in terms of its application in biomimetic soft tissue constructs or
scaffolds, a complete understanding and quantiﬁcation of its nonlinear viscoelastic response in the ﬁnite
strain regime is needed. To address this gap from the mechanical modeling perspective, an anisotropic,
nonlinear, viscoelastic model is developed within a thermodynamic framework in this study, to capture
the macroscopic response of these sponges in a phenomenological manner. The rate-type constitutive
equations that are developed in the process are subsequently applied for the case of uniaxial compression, and satisfactorily corroborated against the results from ﬁnite strain viscoelastic characterization experiments done on hydrated Silk ﬁbroin sponges under uniaxial compression for different constituent
material concentrations of the sponges ranging from 1 w/v % - 4 w/v %.
© 2018 Elsevier Ltd. All rights reserved.

1. Introduction
Emulating the tissue-speciﬁc mechanoresponsive architecture of
native tissues of interest through the design and application of
biomimetic materials with tunable microstructure and mechanochemical properties constitutes one of the crux objectives of the
ﬁeld of tissue engineering and regenerative medicine. When it
comes to replicating the response and functionality of soft biological tissues in this regard, several polymeric materials have
come to the fore as potential candidates to satisfy such objectives, necessitating for extensive investigations on them with respect to their biocompatibility and physico-chemical characterization. One such protein polymer which is mass-reproducible, naturally available and has been found to possess several desirable
thermo-mechanical properties is Silk ﬁbroin (SF), extracted from
Bombyx Mori silk cocoons (Kim et al., 2004; Shao and Vollrath,
2002; Holland et al., 2012). A multitude of techniques have been
devised to chemically process this natural polymer into a number
of formats such as, sponges (Nazarov et al., 20 04; Tamada, 20 05),
hydrogels (Yucel et al., 2009; Wang et al., 2008), micro- and nanoﬁbers (Rockwood et al., 2008; Wittmer et al., 2011), micro- and
nanospheres (Wang et al., 2010b; 2007), tubes (Lovett et al., 2007;
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2008), and ﬁlms (Bray et al., 2011; Lawrence et al., 2008; Gil et al.,
2010), owing to its ease of chemical modiﬁcation and processing.
Notably amongst these, the microstructurally-aligned SF-based
sponge format has gained widespread prominence in view of its
potential applicability in replicating the anisotropic ﬁbrous microarchitecture that is encountered in diverse in vivo functional
tissues such as cardiac muscles, musculoskeletal tissues, etc., or
even in dysfunctional pathology such as the extracellular matrix
(ECM) present around the periphery of tumors (Provenzano et al.,
2006). Consequently, the format has found applications in bone
and cartilage tissue engineering (Kim et al., 2007; Hofmann et al.,
2006), disease models for breast cancer (Wang et al., 2010a), implant devices (Meinel et al., 2006), soft tissue repair (Mauney et al.,
2007), and in vitro 3-dimensional (3D) culture systems (Liu et al.,
2012), to name a few. A number of processing techniques have
been reported in literature accordingly to obtain SF-based sponges
with such aligned microstructure, by employing variations of techniques such as unidirectional freezing or ice-templating (Panda
et al., 2017; Davidenko et al., 2012; Mandal et al., 2013; Asuncion
et al., 2016), and introduction of linear wire arrays (Wray et al.,
2012).
On the basis of the existing state-of-the-art with respect to
the anisotropic SF sponges as reported in the current body of literature, it could be safely remarked that a substantive amount
of research has already been conducted from the point of view
of their design and fabrication, via achievement of tunable pore
morphologies varying from random to tubular to more complex
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microarchitectures at the microscopic level (Oliveira et al., 2012;
Nazarov et al., 2004; Liu et al., 2012; Panda et al., 2017). Compared to this signiﬁcant progress, the investigations on the mechanical characterization of these sponges have covered relatively
fewer aspects and have been primarily limited to determining the
Young’s modulus from single load ramp strain tests subjected to
unconﬁned uniaxial tension or compression loading conﬁgurations
(Asuncion et al., 2016; Yao et al., 2012; Oliveira et al., 2012; Mandal et al., 2013) and applied within a limited range of strains pertinent to small deformation. This, from the mechanical point of
view, severely limits the applications of these sponges as matrices
for bioengineered soft tissue constructs in physiological environments subjected to strains falling in the large deformation regime.
Furthermore, the exhibition of a signiﬁcant viscous character in
the mechanical response of these sponges as evinced in a previous study (Panda et al., 2017), owing to the sponge’s soft character and hydrating ﬂuid component, demands for their complete
viscoelastic characterization instead of concentrating on only the
quantiﬁcation of the elastic component of the complete mechanical response. Collectively, these considerations motivate us to focus
towards quantifying the viscoelastic behavior of the sponges over
a wide range of deformations (from small to large strains). Additionally, the extent of volumetric compression of the sponges also
needs to be quantitatively assessed to account for the high degree
of compressibility that the sponges exhibit (Panda et al., 2017) due
to the reduction of the pore volume in their porous microstructure
under high compressive strains.
Quantiﬁcation of the macroscopic features of the aforementioned viscoelastic response of hydrated anisotropic SF sponges
in the ﬁnite strain regime requires for the availability of ﬁnitestrain kinematics based nonlinear continuum models for the same
at our disposal. Furthermore, application of anisotropic biomaterials for in vivo or clinical procedures, requires accurate analytical
models that would capture the anisotropic mechanical resistance
of these sponges under directionally-dependent complex force environments. Therefore, it is necessary to develop anisotropic constitutive models for these anisotropic sponges that would predict
both their short-term and long-term viscoelastic mechanical behavior under different loading scenarios. Furthermore, the models
should deﬁne and quantify a set of material properties that would
individually account for the intrinsic time and stress/strain dependencies of the constitutive response of the biomimetic material.
To the best of the authors’ knowledge, no such analytical work
has been reported that captures the viscoelastic response of the
aligned hydrated SF sponges, either from the macroscopic or from
the microscopic point of view, over either small or large strain domains.
This paper aims to address this aforementioned void from the
material modeling perspective by aiming to develop a ﬁnite-strain
kinematics based, anisotropic, constitutive model to capture the
macroscopic aspects of the viscoelastic solid-like response of the
anisotropic SF sponges (Panda et al., 2017) in a physically-realistic
manner. The model idealizes the hydrated silk ﬁbroin sponge as
a homogenised continua and is phenomenological in nature. It
is developed using the multiple conﬁgurational approach within
the thermodynamic framework that was formalized by Rajagopal
and Srinivasa (Rajagopal and Srinivasa, 20 0 0; Rajagopal, 1995; Rajagopal and Srinivasa, 2004), with appropriate modiﬁcations to address the additional considerations of the response of the material being viscoelastic solid-like, anisotropic, and compressible in
nature when subjected to uniaxial compression. In brief, the way
the concept of this multiple conﬁguration is introduced within this
modeling framework is through the deﬁnition of the natural conﬁguration that evolves with time owing to the system’s dissipative
mechanisms. The evolution of this natural conﬁguration is chosen
to be such that the rate of energy dissipation is maximized, while
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Fig. 1. Schematic representing the notion of evolving natural conﬁguration.

abiding by the constraint imposed due to the second law of thermodynamics. The assumed homogenised media requires two conﬁgurations namely, the current, and the natural conﬁguration (deﬁned in Section 2), for its complete stress description. The entire
formulation is essentially based on the deﬁnition of only two scalar
input functions for a given material system subjected to a particular loading conﬁguration - a stored energy potential function that
characterizes the time-dependent and time-independent deformation of the viscoelastic solid-like response in our case, and a rate
of dissipation function that accounts for the dissipative processes
underlying the time-dependent deformation of the material.
Unlike most mechanical constitutive models, thermodynamic
consistency is implicitly incorporated within the formalism, thus
obviating the need for a posteriori veriﬁcation of the same. The
material system is assumed to exhibit transversely isotropic behavior due to its intrinsic microstructural alignment and anisotropic
mechanical response (Panda et al., 2017). The model, additionally,
works under the assumption that the direction of this anisotropy is
preserved all throughout the process of deformation of the sponge.
In the following sections, the essential kinematics that is needed
for the subsequent development of the model is ﬁrstly laid out
(Section 2). This is followed by the actual development of the
constitutive model for a transversely isotropic, compressible, and
viscoelastic solid in Section 3. Thereafter, the developed model
is applied for the loading conﬁguration of uniaxial compression
(Section 4), and the validation of the model subsequently performed for different concentrations of Silk ﬁbroin, against the data
obtained from uniaxial compression experiments (Section 5).
2. Kinematics
Let κ R and κ t represent the reference (here taken as the undeformed conﬁguration) and the current conﬁguration of the transversely isotropic viscoelastic solid body of interest, as is shown in
Fig. 1. Then, χκR , representing the motion function, takes each of
the material points, denoted by their position occupied in the reference conﬁguration, XκR , to their corresponding position in the
current conﬁguration, x ∈ κ t , at time t via a one-to-one mapping.
This is expressed by,

x := χκR (X κR , t )

(1)

The deformation gradient FκR is deﬁned as,

FκR :=

∂ χκR
∂ XκR

(2)
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The left and right Cauchy–Green stretch tensors BκR and CκR , respectively, are deﬁned as,
T

T

BκR := FκR F κR and CκR := F κR FκR

(3)

In view of the compressible nature of deformation exhibited by the
material under the uniaxial compression loading conﬁguration, a
customary multiplicative decomposition of the deformation gradient, FκR , is performed to separate the distortional and volumetric
components associated with the deformation. To that end, the unimodular or distortional part of FκR is deﬁned as,
− ( 1/3 )

F̄κR := (det FκR )

FκR

(4)

Accordingly, the unimodular parts of BκR and CκR are deﬁned as,
− ( 1/3 )

B̄κR := (det BκR )

− ( 1/3 )

BκR and C̄κR := (det CκR )

CκR

(5)

The unique polar decomposition of the deformation gradient FκR
gives us

Accordingly, using (15) and (16), one arrives at,
∇

Bκ p(t ) = FκR C˙κR →κ p(t ) FκTR

(17)

Using Eqs. (10), (13 a), and (14 b), we obtain,

C˙κ−1
= −2G−1 Dκ p(t ) G−T
R →κ p(t )

(18)

Combining Eqs. (7), (17), and (18), one ﬁnally arrives at
∇

Bκ p(t ) = −2F κ p(t ) Dκ p(t ) F Tκ p(t )

(19)

Using Eqs. (3 b), (12), and (14 a), it could be shown that

C˙κR = 2F TκR DFκR

(20)

Similarly, using Eqs. (7), (8 b), (12), and (13), one could arrive at,

C˙κ p(t ) = F κ p(t ) LT Fκ p(t ) − LTκ p(t ) F Tκ p(t ) Fκ p(t ) + F Tκ p(t ) LFκ p(t ) − F Tκ p(t ) Fκ p(t ) Lκ p(t )
(21)

(6)

3. Modeling the viscoelastic response of the aligned SF sponges

where RκR is an orthogonal tensor that represents pure rotation,
and UκR and VκR are symmetric, positive deﬁnite tensors (for further details, see Holzapfel, 20 0 0).
As mentioned earlier, the central notion of an evolving natural
conﬁguration, represented by the placer κ p(t) in Fig. 1, is then introduced through the decomposition,

Using the balance of entropy equation form of the second
law of thermodynamics adopted by Green and Naghdi (Green and
Naghdi, 1977), and the form for the balance of energy in spatial description as per continuum thermodynamics, one can arrive at the
reduced dissipation equation form as given below after eliminating the dissipation component attributed to thermal conduction,
(for details of the derivation, see Truesdell et al., 2004; Ravindran
et al., 2009)

FκR = RκR UκR = VκR RκR

FκR := Fκ p(t ) G

(7)

where Fκ p(t ) and G are the deformation gradient from κ p(t) to κ t
and the material gradient of the one-to-one mapping from κ R
to κ p(t) , respectively. Accordingly, the left and right Cauchy–Green
elastic stretch tensors Bκ p(t ) and Cκ p(t ) are deﬁned as,

Bκ p(t ) := Fκ p(t ) F Tκ p(t ) and Cκ p(t ) := F Tκ p(t ) Fκ p(t )

(8)

The unimodular counterparts of the Cauchy–Green elastic stretch
tensors are similarly deﬁned as,
− ( 1/3 )

B̄κ p(t ) := (det Bκ p(t ) )

− ( 1/3 )

Bκ p(t ) and C̄κ p(t ) := (det Cκ p(t ) )

Cκ p(t )
(9)

Using the relation G = FκR →κ p(t ) =

Fκ−1 FκR ,
p(t )

one can deﬁne,

T

CκR →κ p(t ) := G G

(10)

Using the Deﬁnition (8 a), one can express Bκ p(t ) in the form,

Bκ p(t ) = FκR CκR →κ p(t ) F TκR

(11)

The spatial velocity gradients L and Lκ p(t ) are deﬁned as,

L := F˙κR Fκ−1
R

(12)



˙
Lκ p(t ) := G˙ G−1 = F −1
κ p(t ) LF κ p(t ) − F κ p(t )


(13)

where the dot notation represents the material time derivative.
Subsequently, the symmetric parts of L and Lκ p(t ) are deﬁned to
be,

D :=

1
1
(L + LT ) and Dκ p(t ) := (Lκ p(t ) + LTκ p(t ) )
2
2

(14)

Using the Eqs. (11) and (12), it could be shown that,

B˙ κ p(t ) = LBκ p(t ) + Bκ p(t ) LT + FκR C˙κ−1
FT
R →κ p(t ) κR

(15)

Now, for any tensor A, the upper convected time derivative is deﬁned to be (Oldroyd, 1950),
∇

A= A˙ − LA − ALT

(16)

˙
T : D − ρ ψˆ − ρηθ˙ = ξ  0

(22)

where T is the Cauchy stress tensor, ρ is the density, ψˆ is the
Helmholtz potential per unit mass of the material, η is the speciﬁc
entropy, θ is the absolute temperature, and ξ is the rate of dissipation attributed to mechanical work, described by a scalar-valued
function.
˙
On taking ρ ψˆ = W˙ - W, being another scalar-valued function and assuming the process of deformation of the SF sponge to be
isothermal in nature, we get,

T : D = ξ + W˙

(23)

where T: D denotes the stress power, and W, a scalar-valued function referred to as the stored energy potential (Rajagopal and Srinivasa, 20 0 0).
Subsequently, both the stored energy potential function and the
rate of dissipation function is conveniently decoupled to separately
account for the contributions due to the volumetric and isochoric
(or distortional) responses of the material. Then, based on the observation of the anisotropic mechanical response of the aligned SF
sponges when subjected to ramp strain and ramp-relaxation test
routines over the ﬁnite strain regime (Panda et al., 2017), an appropriate functional form for W is assumed as,

ˆ = Wˆ v (det F κR ) + Wˆd (I¯κR , II¯ κR , IV
¯ κR , V̄κR , I¯κ (t ) , II¯ κ (t ) )
W
p
p



= K1 det F κR −



1
det F κR

2

+



c1
exp[d1 (I¯κR − 3 )] − 1
2d1



c4
¯ κR − 1 )2 ] − 1
exp[d4 (IV
2d4


b1
¯ κR − 1 ) 2 ]
+
1 − exp[−b2 (IV
2b2


a1
+
exp[a2 (I¯κ p (t ) − 3 )] − 1
2a2
+




2
(T r C̄κR ) − T r C̄κ2R and I¯κ p (t ) =


2
T r C̄κ p(t ) , II¯ κ p (t ) = 12 (T r C̄κ p(t ) ) − T r C̄κ2
, are the principal
p(t )
where I¯κR = T r C̄κR , II¯ κR =

1
2



(24)
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¯ κ = C̄κ :
isotropic invariants associated with C̄κR and C̄κ p(t ) , and IV
R
R
2
(n  n ), V̄κR = C̄κR : (n  n ) are the invariants associated with C̄κR
in the direction of anisotropy n (Truesdell et al., 2004).
In this form, the volumetric component of the stored energy
potential function is assumed to only be a function of the longterm, time-independent elastic response associated with FκR with
the assumption that the volumetric change of the material is primarily rate-independent in nature for suﬃciently slow processes.
In light of the viscoelastic solid-like behavior of the material, the
distortional part of the stored energy potential, in addition to being
a function of the time dependent elastic response from the evolving natural conﬁguration, is also assumed to be a function of the
response associated with FκR to appropriately capture the timeindependent, equilibrium response of the material in the “long”duration. A Fung-type response (Fung, 2013), that is typically representative of the behavior exhibited by many ﬁbrous soft tissues is used to describe both the time-dependent and the timeindependent distortional response of the material. Additionally, a
Yeoh–Fleming structure (Yeoh et al., 1997) is incorporated into the
functional form to capture the additional feature associated with
the quasi-static mechanical response of the material in longitudinal
direction showing a tendency to yield after a steep rise in stress for
low nominal strains (see the experimental quasi-static response in
Panda et al., 2017). Furthermore, based on the stress relaxation response of the material observed experimentally (Panda et al., 2017,
also refer to Figs. 4–9 in this paper), the time-dependent part of
the overall elastic response of the material characterized by Fκ p(t ) is
assumed to be isotropic in nature. The reason behind this assumption is based on the postulate that it is the hydrating ﬂuid component present in the sponge which plays the predominant role in
determining the time-dependent viscoelastic response of the material (for further details of a possible microstructural explanation
behind this postulate, see Panda et al., 2017). Since the behavior
of this interstitial ﬂuid is inherently isotropic, the time-dependent
part of the stored energy potential is considered to be independent of the anisotropic invariants of C̄κ p(t ) . Hence, the transversely
isotropic behavior of the material is assumed to be only associated with the long-term, elastic response of the material that is
described by FκR .
A suitable form for the rate of dissipation function is subsequently assumed to be,



ξˆ = ξˆ (Bκ p(t ) , Dκ p(t ) ) = η1 (T r Dκ p(t ) )2


β

+η2 dev(Dκ p(t ) ) : B̄κ p(t ) dev(Dκ p(t ) )

β
(25)

(26)

Now, differentiating Eq. (24) with respect to time using the chain
rule of differentiation with the aid of the Eqs. (20) and (21), one
arrives at,



2α
2αr1
2α
W˙ = αr0 −
(T r CκR ) − r2 (CκR : (n  n )) − p1 (T r Bκ p(t ) ) I
3
3
3

+2αr1 BκR + 2αr2 FκR (n  n )F TκR + 2α p1 Bκ p(t ) : D
 2α

p1
+
(T r Bκ p(t ) )I − 2α p1 Bκ p(t ) : Dκ p(t )
(27)
3



αr0 = 2K1 (det FκR )2 −

1

(det FκR )2

,

αr1 = (c1 /2 )(det CκR )−(1/3) exp(d1 (I¯κR − 3 )),
αr2 = (det CκR )−(1/3) (IV¯ κR − 1 )(c4 exp[d4 (IV¯ κR − 1 ) ]
¯ κR − 1 ) 2 ] ) ,
+b1 exp[−b2 (IV
2

α p1 = (a1 /2 )(det Cκ p(t ) )−(1/3) exp(a2 (I¯κ p (t ) − 3 ))

(28)

On substituting Eq. (27) into Eq. (23) and separating out the coefﬁcients of D and Dκ p(t ) , one is able to obtain the form,





2αr1
(T r CκR )
3

2α
2αr2
−
(CκR : (n  n )) − p1 (T r Bκ p(t ) ) I
3
3

T−

αr0 −

+2αr1 BκR + 2αr2 FκR (n  n )F TκR + 2α p1 Bκ p(t )



D + 2α p1 Bκ p(t ) −


:



2α p1
(T r Bκ p(t ) )I : Dκ p(t ) = ξˆ (Bκ p(t ) , Dκ p(t ) ) (29)
3

Since the rate of dissipation, ξˆ, on the left hand side of the equation, is considered to be independent of D, Eq. (29) immediately
gives us the following constitutive relationship,

T =



αr0 −

−

2αr1
2α
(T r CκR ) − r2 (CκR : (n  n ))
3
3



2α p1
(T r Bκ p(t ) ) I + 2αr1 BκR
3

+2αr2 FκR (n  n )F TκR + 2α p1 Bκ p(t )

(30)

Finally, a push forward operation is performed on the Cauchy stress
tensor, T, in Eq. (30), to obtain the corresponding expression for
the experimentally veriﬁable 1st Piola–Kirchoff stress tensor, P, using the Nanson’s formula (Holzapfel, 20 0 0).

P = (det FκR )T F −T
κR

(31)

Furthermore, from Eq. (29) one can obtain the constraint that gets
imposed on the rate of dissipation due to the second law of thermodynamics.



2α
ξ = 2α p1 Bκ p(t ) − p1 (T r Bκ p(t ) )I : Dκ p(t )

(32)

3

Thus, K1 , c1 , d1 , c4 , d4 , b1 , b2 , a1 , a2 , η1 , η2 and β are assigned
as the material parameters in the model, and are all assumed to
have positive values. Further, to satisfy the convexity condition of
ξ , β > 1/2 (Kannan and Rajagopal, 2004).
Due to the assumption of an isotropic structure to capture the
time-dependent response of the material associated with Fκ p(t ) , we
can choose Fκ p(t ) such that,

Fκ p(t ) = Vκ p(t ) = Uκ p(t )

where,
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Thus, in order to completely compute the Cauchy stress tensor
from Eq. (30), the tensor Bκ p(t ) must be known at every instant
of the time of its evolution. This evolution being determined from
the tensor Dκ p(t ) , should thus satisfy the constraint introduced
in Eq. (32), leaving us with the option to choose only ﬁve of
the six components of Dκ p(t ) independently (for a detailed discussion of the implications of the thermodynamic constraint, see
Rajagopal and Srinivasa, 20 0 0). Now, as mentioned earlier, out of
all the inﬁnite possible ways in which Bκ p(t ) can evolve depending
on Dκ p(t ) , the one that maximizes the rate of dissipation is chosen
for our purpose. This additionally imposed stricture, converts the
task of obtaining the evolution of Bκ p(t ) into a constrained maximization problem.
Accordingly, the augmented function h that is to be maximized,
is obtained as,

h = ξ + λˆ1



ξ − [2α p1 Bκ p(t ) −

2α p1
(T r Bκ p(t ) )I ] : Dκ p(t )
3



(33)

where λˆ1 is the Lagrange multiplier.
On differentiating the augmented function with respect to
Dκ p(t ) and equating the same to zero, one arrives at,


β −1

λ1 2η1 β (T r Dκ p(t ) )2
(T r Dκ p(t ) )I +
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β −1 
η2 β (det Bκ p(t ) )−(1/3) dev(Dκ p(t ) ) : B̄κ p(t ) dev(Dκ p(t ) )
Bκ p(t ) Dκ p(t )
2
2
2
(T r Dκ p(t ) )Bκ p(t ) − T r (Bκ p(t ) Dκ p(t ) )I + (T r Dκ p(t ) )
3
3
9

2α p1
(T r Bκ p(t ) )I = 2α p1 Bκ p(t ) −
(T r Bκ p(t ) )I
(34)
3
+ Dκ p(t ) Bκ p(t ) −

where λ1 = (1 + λˆ1 )/λˆ1 .
Now since Bκ p(t ) and Dκ p(t ) have the same eigen vectors (for
proof, see Rajagopal and Srinivasa, 20 0 0), Eq. (34) is re-written
as,

2λ1




β −1

η1 β (T r Dκ p(t ) )2
(T r Dκ p(t ) )I + η2 β (det Bκ p(t ) )−(1/3)

dev(Dκ p(t ) ) : B̄κ p(t ) dev(Dκ p(t ) )

β −1 

Bκ p(t ) Dκ p(t ) −

1
3
2α p1
−
(T r Bκ p(t ) )I
3

1
3

1
9

(T r Dκ p(t ) )Bκ p(t ) − T r (Bκ p(t ) Dκ p(t ) )I + (T r Dκ p(t ) )(T r Bκ p(t ) )I
= 2α p1 Bκ p(t )


(35)

On post-multiplying Eq. (35) with Dκ p(t ) , substituting the rate of
dissipation term that arises on the right hand side of the resulting
equation using Eq. (25), and subsequently equating the coeﬃcient
of η1 on the two sides of the equation, one arrives at the relation,
λ1 = 1/(2β ). Substituting this relation of λ1 , one obtains,


β −1
η1 (T r Dκ p(t ) )2
(T r Dκ p(t ) )I + η2 (det Bκ p(t ) )−(β /3)


dev(Dκ p(t ) ) : B̄κ p(t ) dev(Dκ p(t ) )

β −1 

Bκ p(t ) Dκ p(t ) −



(36)

On expanding and simplifying Eq. (36), it can be re-written as,


β −1
η1 (T r Dκ p(t ) )2
(T r Dκ p(t ) )I + η2 (det Bκ p(t ) )−(β /3)

1
1
m1 Bκ p(t ) Dκ p(t ) − (T r Dκ p(t ) )Bκ p(t ) − T r (Bκ p(t ) Dκ p(t ) )I
3
3

1
+ (T r Dκ p(t ) )(T r Bκ p(t ) )I
= 2α p1 Bκ p(t )



Dκ p(t ) )2 (T r Bκ p(t ) )

(37)

β −1

.

Rearranging terms, one can write,

Dκ p(t ) = BB−1
κ p(t ) + AI

(38)

B=

2α p1
1
(det Bκ p(t ) )β /3 + (T r Dκ p(t ) ),
η2 m 1
3

1 ∇
Bκ p(t ) = BI + ABκ p(t )
2

η1

η2 m 1

β /3

(det Bκ p(t ) )



(T r Dκ p(t ) )

2

(β −1)

(41)

As is shown in Fig. 2, the direction of anisotropy, for both
the cases of loading along the longitudinal or transverse direction of alignment, is taken to be along the z-direction. Accordingly,
the direction vector for the direction of microstructural alignment
and therefore, anisotropy, which is assumed to be preserved all
throughout the process of deformation, is given by n = (0 0 1 )T .
4.1. Uniaxial compression along the longitudinal direction

y = λ1Y,

z = λZ

(42)

where λ and λ1 are the stretches of the sponge along and perpendicular to the direction of loading, respectively. Since both the
x and y-directions are assumed to fall in the family of planes of
isotropy which is perpendicular to the direction of alignment of
the sponge, the stretches along these two directions are considered
to be equal under the assumption of the transversely isotropic behavior of the body.
Accordingly, the deformation gradient corresponding to the
above motion function is calculated as,




λ1 , λ1 , λ

(43)

The left and right Cauchy–Green stretch tensors BκR and CκR are
then obtained as,



1
1
T r (Bκ p(t ) Dκ p(t ) ) − (T r Dκ p(t ) )(T r Bκ p(t ) )
3
9
2α p1
−
(det Bκ p(t ) )β /3 (T r Bκ p(t ) )
3 η2 m 1
−

−

FκR = diag

where,

A=

(40)

Finally, using Eqs. (19) and (26), one arrives at the evolution
equation of Bκ p(t ) that is given by,

x = λ1 X,

where m1 = T r (Dκ p(t ) Bκ p(t ) Dκ p(t ) ) − 23 (T r Dκ p(t ) )T r (Bκ p(t ) Dκ p(t ) ) +
1
9 (T r

Vκ p(t ) Dκ p(t ) Vκ p(t ) = BI + ABκ p(t )

For uniaxial compression applied in the direction of anisotropy
of the material (Fig. 2a), a simple motion function of the form
stated below is assumed to act on any material point in the reference conﬁguration (having positional co-ordinates (X, Y, Z)) to map
it to the corresponding point in the current conﬁguration (having
positional co-ordinates (x, y, z)).

9

2α p1
−
(T r Bκ p(t ) )I
3

On pre-multiplying and post-multiplying Eq. (38) with Vκ p(t ) ,
one obtains,

4. Application of the model to uniaxial compression

1
(T r Dκ p(t ) )
3

1
1
T r (Bκ p(t ) Dκ p(t ) )I + (T r Dκ p(t ) )(T r Bκ p(t ) )I
3
9
2α p1
= 2α p1 Bκ p(t ) −
(T r Bκ p(t ) )I
3

Bκ p(t ) −

Fig. 2. A schematic representation of the unconﬁned uniaxial compression loading
conﬁguration acting on a hydrated transversely isotropic SF sponge sample along (a)
the longitudinal direction and (b) the transverse direction of microstructural alignment of the sponge. The thick, bold arrow at the top and bottom edges of the samples drawn in the ﬁgure represents the loading direction for that surface.

(T r Dκ p(t ) )

BκR = CκR = diag

λ21 , λ21 , λ2



(44)

The velocity gradient tensor LκR is given through,

(39)

 λ˙

LκR = diag

1

λ1

,

λ˙1 λ˙ 
,
λ1 λ

(45)
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A suitable form for the components of Bκ p(t ) , keeping the structure
of it similar to that of BκR , is assumed with the aim to ﬁnally compute the individual components of the Cauchy stress tensor from
the constitutive Eq. (30).



Bκ p(t ) = diag Bxx , Bxx , Bzz



(46)

Using Eq. (13), the velocity gradient Lκ p(t ) is calculated as,

 λ˙

Lκ p(t ) = diag

1

−

λ1


˙
˙
Bxx
λ˙1
Bxx
λ˙
B˙zz
,
−
, −
2Bxx λ1
2Bxx λ
2Bzz

(47)

Now, using the deﬁnition of the upper convected derivative in
∇

Eq. (16), one can write Bκ p(t ) as,



∇

2 Bxx λ˙ 1

˙ −
Bκ p(t ) = diag Bxx

λ1

˙ −
, Bxx

2 Bxx λ˙ 1

λ1

, B˙zz −

2 Bzz λ˙

λ


(48)

On substituting Eqs. (44), (46) and (48) into the evolution
Eqs. (41) and (39), a set of two ﬁrst-order, coupled, nonlinear ordinary differential equations (ODEs) for the three unknown variables Bxx , Bzz and λ1 is obtained. The third equation required to
solve for these set of unknown variables, is obtained by applying
the traction boundary condition Txx = 0, wherein Txx is the normal
stress component of the Cauchy stress tensor along the x-direction.
The three equations thus obtained provide us with a set of nonlinear implicit ODEs which can be solved against the initial conditions Bxx (t = 0 ) = 1, Bzz (t = 0 ) = 1 and λ1 (t = 0 ) = 1 to obtain the
evolution of the components of Bκ p(t ) and λ1 through the applied
loading history. Once the same is achieved, the component of the
1st Piola–Kirchoff stress tensor corresponding to the normal stress
along the direction of loading (in this case, Pzz ), could be computed
fully using the Eqs. (30) and (31).
4.2. Uniaxial compression along the transverse direction
For the case of uniaxial compression applied perpendicular to the direction of microstructural alignment (and therefore,
anisotropy) of the material (Fig. 2b), the entire procedure up to
the evaluation of the normal stress component of the 1st Piola–
Kirchoff stress tensor along the direction of loading is logically
completely similar to that detailed in the previous Section 4.1 for
uniaxial loading along the longitudinal direction. Accordingly, the
motion function for this case is assumed to be of the form,

x = λx,

y = λ1 y,

z = λ2 z

(49)

where λ, λ1 , and λ2 are the stretches along x (the loading direction), y and z (the direction of alignment of the material microstructure) directions, respectively.
The kinematic quantities that are accordingly derived as previously, based on the above assumed motion function (Eq. (49)) are
as follows:



FκR = diag

λ, λ1 , λ2


BκR = CκR = diag



λ2 , λ21 , λ22

(50)



 λ˙ λ˙ λ˙ 
1
1
,
,
λ λ1 λ1



(51)

LκR = diag

(52)

Bκ p(t ) = diag Bxx , Byy , Bzz

(53)

 λ˙

Lκ p(t ) = diag

λ

−


˙
˙
Byy
Bxx
λ˙1
λ˙2
B˙zz
,
−
,
−
2Bxx λ1
2Byy λ2
2Bzz

(54)

Fig. 3. Scanning Electron Microscopy image of the aligned tubular microstructure
of a unidirectionally-solidiﬁed and freeze-dried SF sponge of 3.2 w/v % SF concentration, prepared using the technique developed by Panda et al. (2017).

∇



˙ −
Bκ p(t ) = diag Bxx

2 Bxx λ˙

λ

˙ −
, Byy

2 Byy λ˙ 1

λ1

, B˙zz −

2 Bzz λ˙ 2

λ2


(55)

As for the case of loading along the transverse direction,
the Eqs. (51), (53), and (55) are substituted into the evolution
Eqs. (39) and (41) to arrive at a set of three ﬁrst-order, coupled,
nonlinear ODEs for the ﬁve unknown variables Bxx , Byy , Bzz , λ1 ,
and λ2 . The remaining two equations that are necessary for the
complete solution, are obtained from the traction boundary conditions Tyy = 0 and Tzz = 0. The ﬁve equations obtained in this way,
again provide us with a set of nonlinear implicit ODEs which are
solved against the initial conditions Bxx (t = 0 ) = 1, Byy (t = 0 ) = 1,
Bzz (t = 0 ) = 1, λ1 (t = 0 ) = 1 and λ2 (t = 0 ) = 1 to obtain the evolution of the components of Bκ p(t ) , λ1 and λ2 with time through
the applied loading history. On achieving the same, the objective
of evaluating the component of the 1st Piola-Kirchoff stress tensor
corresponding to the normal stress along the direction of loading
(in this case, Pxx ) is accomplished using the Eqs. (30) and (31).
5. Validation of the constitutive model for uniaxial
compression
The constitutive model developed and applied in the previous
two Sections 3 and 4 - for the case of unconﬁned uniaxial compression, was then validated against the results of stress relaxation
experiments performed on microstructurally-aligned Silk ﬁbroin
sponges for SF concentrations varying over a wide range - 1 w/v
%, 2.5 w/v %, and 4 w/v %. Microstructurally-aligned SF sponges of
these different concentrations were prepared for this purpose using the unidirectional freezing technique developed and detailed
by Panda et al. (2017) previously as a part of this series of investigations (see Fig. 3 to visualize the aligned microstructure of a typically fabricated SF sponge of an intermediary SF concentration).
The details of the subsequent experiments to perform the viscoelastic characterization of the sponges in the ﬁnite strain regime
are as follows: Stress relaxation experiments were performed in order to capture the macroscopic viscoelastic response of hydrated
SF sponges explicitly. A wide range of step strain values - of 15%,
30%, 40%, 50%, 60% and 75% nominal strains - was chosen to capture the mechanical response of the samples over almost the entire range of ﬁnite strains that the material could get subjected to
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Fig. 4. (a)-(b) Model ﬁt to experimental response for ramp-relaxation loading history applied along the longitudinal direction on sponges with SF concentration of 1 w/v %,
for the ramp-relaxation test routine (Panda et al., 2017).
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Fig. 5. (a)-(b) Model ﬁt to experimental response for ramp-relaxation loading history applied along the transverse direction on sponges with SF concentration of 1 w/v %,
for the ramp-relaxation test routine (Panda et al., 2017).
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Fig. 6. (a)-(b) Model ﬁt to experimental response for ramp-relaxation loading history applied along the longitudinal direction on sponges with SF concentration of 2.5 w/v %,
for the ramp-relaxation test routine.

under physiological loading conditions, when used either as a scaffold or as a bioengineered soft tissue construct. For a given nominal strain value, a sample, after being hydrated for 5 h in PBS
medium, was subjected to unconﬁned uniaxial compressive loading on the 5 KN universal testing machine facility (EZ Test, EZLX, Shimadzu) equipped with a load cell of capacity 500 N. For all
the concentrations, the tests were conducted both along the longitudinal and transverse directions of microstructural alignment in
the sponges to capture their transversely isotropic mechanical response. A typical step strain or ramp-relaxation test routine on a
sponge along either of the two directions for a particular value of
nominal strain, consisted of ﬁrstly preloading the sample to a load

of 0.03 N, followed by compressing it uniaxially in the displacement control mode at a nominal strain rate of 0.09375 s−1 till the
targeted nominal strain value gets achieved. After this, the deformation was immediately held constant and the deformed sample
allowed to relax for a duration of 9 min. For each of the given test
conditions (speciﬁed by sample SF concentration, its microstructural orientation to loading, and a given step strain level), the experiments were performed in triplicates, and the force-time data
was processed to ﬁnally obtain the mean and standard deviations
of the nominal stress and strain variations during the entire imposed strain history.
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Fig. 7. (a)-(b) Model ﬁt to experimental response for ramp-relaxation loading history applied along the transverse direction on sponges with SF concentration of 2.5 w/v %,
for the ramp-relaxation test routine.

60
40
20
0
0

600

Expt. 75% strain
Simul. 75% strain
Expt. 60% strain
Simul. 60% strain
Expt. 50% strain
Simul. 50% strain

80

100

(a)

200
300
400
Time (seconds)

500

600

(b)

Fig. 8. (a)-(b) Model ﬁt to experimental response for ramp-relaxation loading history applied along the longitudinal direction on sponges with SF concentration of 4 w/v %,
for the ramp-relaxation test routine.

Nominal Stress (KPa)

Expt. 40% strain
Simul. 40% strain
Expt. 30% strain
Simul. 30% strain
Expt. 15% strain
Simul. 15% strain

10

5

0
0

100

200
300
400
Time (seconds)

500

600

(a)

Nominal Stress (KPa)

120

15

Expt. 75% strain
Simul. 75% strain
Expt. 60% strain
Simul. 60% strain
Expt. 50% strain
Simul. 50% strain

100
80
60
40
20
0
0

100

200
300
400
Time (seconds)

500

600

(b)

Fig. 9. (a)-(b) Model ﬁt to experimental response for ramp-relaxation loading history applied along the transverse direction on sponges with SF concentration of 4 w/v %,
for the ramp-relaxation test routine.

Simultaneously, the measurement of the lateral stretch of the
samples was done upon attainment of the target step strain levels (for strains of up to 60% during the relaxation period at the
end of the ramp loading segment of the test routine). This was
done by capturing the deformed conﬁguration of the sample at
the aforesaid time of interest, using a CCD camera (Grasshopper
5.0 MP Mono FireWire 1394b, Point Grey Research) equipped with
a 100 mm f/2.8 Tokina AT-X Pro-lens.
The proposed constitutive equations, made applicable for the
case of unconﬁned uniaxial compression, were then implemented
to simulate the anisotropic mechanical response of the hydrated
SF sponges for all of the three SF concentrations. For each of the

SF concentration, the nonlinear constrained optimization of the
12 material parameters was performed in two stages. In the ﬁrst
stage, the 7 material parameters that are associated with timeindependent response of the material (associated with FκR ) were
obtained by ﬁtting the equilibrium stress component of the 1st
Piola–Kirchoff stress tensor (Eq. (31)) to the experimental stress
values that are recorded at the end of 9 minutes of stress relaxation of all the different step strain levels, for loading done both
along the longitudinal and transverse directions. The necessary lateral stretches for the analytical computation of the equilibrium
stresses were obtained by solving the nonlinear equation(s) pertaining to the traction boundary condition(s) of the corresponding
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Table 1
Material parameters for the microstructurally-aligned SF sponges of different material concentrations, under uniaxial compression. The unit of
both (c1 /η1 )1/(2β −1) and (c1 /η2 )1/(2β −1) is s−1 .
Material parameter

1.0 w/v % SF

2.5 w/v % SF

4.0 w/v % SF

K1 (KPa)
c1 (KPa)
d1
c4 (KPa)
d4
b1 (KPa)
b2
a1 (KPa)
a2

0.433
0.118
0.101
0.424
0.318
1.459
9.896
1.433
0.100
30.0 0 0
40.0
0.97

0.453
0.233
0.105
0.858
0.55
2.665
10.899
12.03
1.031
59.994
30.241
0.97

1.091
0.465
0.100
1.591
1.322
7.525
30.0 0 0
17.811
20.0 0 0
99.0 0 0
80.0 0 0
0.97

η1
η1
β

loading direction. Subsequently, the remaining 5 material parameters that are associated with the time-dependent material response were obtained by ﬁtting the complete constitutive response
of the material to the experimental stress responses over the entire ramp-relaxation test regimes for the strain levels 30% and 60%
for the transverse direction of loading, and 40% and 75% for the
longitudinal direction of loading. The solution of the coupled nonlinear implicit ODEs required throughout the duration of the applied strain history for this purpose was obtained numerically by
coupling a subroutine developed in MATLAB® environment with
the ODE and DAE interface present in COMSOL Multiphysics ® 5.2a
through the LiveLink for MATLAB® COMSOL application. The optimization algorithm that was employed was the Interior-Point optimization algorithm inbuilt within MATLAB® Optimization toolbox
environment. In this manner, the set of 12 material parameters
was arrived at for each of the three material concentrations of the
anisotropic SF sponges (the best ﬁt parametric values are enlisted
in Table 1).
Subsequent validation of the model for each of the three concentrations of SF sponges was performed by checking the quality
of ﬁt of the experimental ramp-relaxation responses of the material to the corresponding constitutive response obtained from the
model using the material parameters obtained previously for all
the other tested strain levels that were not used during the optimization process for each of the two directions of loading. Comparisons between the model’s theoretical predictions of the viscoelastic response of the sponges for the different concentrations of SF
and directions of loading, and the corresponding experimental responses, are as shown in Figs. 4–9. The ﬁgures clearly reveal that
for almost all the levels of strain, the model is able to accurately
predict the ﬁnal stresses at the end of 9 min of stress relaxation.
The predictions of the peak stresses, on the other hand, are also
found to be fairly satisfactory in most cases, with the absolute margin of error typically varying from 0% to 20%. As far as capturing
the stress relaxation proﬁle itself is concerned, it is observed that
especially for the lower levels of strain, the simulated responses
achieve asymptoticity at a much earlier time after the relaxation
is initiated compared to the corresponding experimental proﬁles,
which continue to exhibit a decrease in the nominal stress at a
very slow but non-negligible rate. Finally, as far as capturing the
volumetric compliance of the material under uniaxial compression
is concerned, from the Fig. 10, it can be observed that the model is
able to reproduce entirely, at least on a qualitative level, the experimentally measured volumetric response under unconﬁned compression, for sponges made from across all of the tested SF concentrations and for all values of ﬁnite strain when compressed along
the longitudinal direction.

6. Discussion
A thermodynamically-consistent model was developed based
on the notion of a material having multiple evolving natural conﬁgurations. Validation of the developed 12-parameter constitutive
model against the experimental results reveals that the model is
able to adequately describe the transversely isotropic viscoelastic
response of the sponges for almost the entire compressive strain
regime and for Silk ﬁbroin concentrations varying over a wide
range of stiffness. The proposed material formulation is able to
capture many of the notable complexities of the material response
(viz. nonlinearities, time-dependencies, volumetric response) satisfactorily, either fully quantitatively or at least qualitatively. It is
worth mentioning here that by introducing additional functional
forms to the stored energy potential function or the rate of dissipation function, one could have obtained a better ﬁt and hence a
better emulation of the very steep drop in stress observed initially
on the onset of zero strain rate during the stress relaxation tests.
But this would have increased the number of material parameters
in the equations of the model, and therefore their complexity and
the computational effort needed to solve them.
Our model offers signiﬁcant advancements to the engineering
usage of SF sponge-like material since - (1) the entire model, in addition to being frame-invariant and intrinsically non-linear in nature (by virtue of the introduction of the upper-convected time
derivative), is developed and modiﬁed within a thermodynamic
framework, which allows it to implicitly ensure the satisfaction of
the second law of thermodynamics within the model itself. This
lends the model a physical meaning and basis, and precludes the
necessity of performing a posteriori check of the second law of
thermodynamics on the model to check on its physical validity
and thermodynamic consistency; (2) the model is able to macroscopically describe the anisotropic mechanical behavior of the material under ﬁnite strains for a wide range of ﬁnite compressive
strains when subjected to unconﬁned uniaxial compression. Additionally, it is also able to successfully capture the volumetric response of the sponges up to the large deformation regime at least
on a qualitative level; (3) each of the twelve material parameters
that are associated with the constitutive and the evolution equations formulated in the model could have a conceptually derived
physical meaning associated with it, as they represent the different
time-independent and time-dependent aspects of the viscoelastic
response of the material at the macroscopic scale. A close examination of each parameter reveals that: (a) K1 - is associated with
the rate-independent volumetric behavior of the material and accounts for the material’s long-term resistance to volume change
under equilibrium conditions; (b) c1 (a stress-like parameter) and
d1 (a dimensionless parameter)- are associated with the long-term,
time-independent and isotropic component of the mechanical response of the homogenized bulk SF sponge that accounts for the
isochoric component of the deformation; (c) c4 , b1 (stress-like parameters), and d4 , b2 (dimensionless parameters) - are parameters
associated with the long-term, anisotropic response of the material and accounts for its inherent structural anisotropy. They are
somewhat representative of the anisotropic resistance offered by
the aligned material ﬁbers all throughout the sponge, when they
are subjected to purely distortional deformation; (d) of a1 (stresslike parameter) and a2 (dimensionless) - the stress-like parameter accounts for the time-dependent “elastic” behavior of the homogenised material, when subjected to instantaneous loading or
unloading. This instantaneous elasticity is assumed to be isotropic
for the purpose of our model; (e) η1 - is similar to the bulk viscosity of the material and accounts for the dissipative mechanisms
that are at play as the material undergoes a viscoelastic deformation that leads to pure volume compression; (f) η2 - is similar to
the shear viscosity of the homogenised material and accounts for
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Fig. 10. (a)–(c) Experimental and theoretical variation of the volume change of the aligned SF sponge of SF concentration (a) 1 w/v % (b) 2.5 w/v % (c) 4 w/v %, when
subjected to uniaxial compression along the longitudinal direction.

the dissipative processes due to a purely distortional viscoelastic
deformation of the material.
Moreover, based on the observation that the proposed constitutive model is able to satisfactorily capture and predict the essential
features of the macroscopic mechanical response for sponges made
from over a wide range of material concentrations, a comprehensive database of the macroscopic, time-dependent, mechanical
properties of such microstructurally-aligned Silk ﬁbroin sponges
for different material concentrations (and therefore porosities and
stiffnesses) could be prepared using the model, for their application as a biomaterial with concentration-dependent, tunable stiffness behavior. The material parameters for sponges made from any
other SF concentration apart from the ones characterized over here
could also be estimated by interpolation, from the variations in
each of their values (as obtained from this study) when plotted
against the SF concentration varying from 1 w/v % - 4 w/v %. The
developed constitutive model could also potentially serve as the
basis for predicting the bulk deformation or mechanical resistance
of anisotropic silk-like biological materials along the longitudinal
and transverse directions with respect to ﬁber alignment during
robotically-controlled surgeries, and further be utilized for developing physically realistic models for contact-based diagnostic procedures and preoperative simulations of critical surgeries involving
ﬁbrous tissue environments.
A two-phase modeling approach based on the theories of the
mechanics of mixture (Bowen, 1976; Rajagopal and Tao, 1995) that
is capable of accounting for the interaction occurring between the
solid and hydrating ﬂuid phase constituting the material at the microstructural level, or a poroelastic modeling approach that treats
the material as a ﬂuid-saturated dual phase system which follows
the theory of consolidation that was put forward by Biot (Biot,
1941; McCutchen, 1998) in addressing the interstitial ﬂuid ﬂow
and transport mechanisms within the material (Nicholson, 2001),

is thus avoided here to avert further mathematical complexity considering that the presently developed model is able to largely satisfy the practical requirement of capturing the macroscopic mechanical behavior of the hydrated SF sponges on undergoing ﬁnite
deformation, while retaining a reasonable amount of simplicity.

7. Conclusion
A ﬁnite strain kinematics-based, nonlinear, rate-type constitutive model is developed within a thermodynamically-consistent
framework to predict the transversely isotropic viscoelastic response of hydrated SF sponges in the large deformation regime.
The predictions of the model, on being applied for the case of
uniaxial compression for over a wide range of ﬁnite compressive
strains, reveal a very reasonable agreement with the stress relaxation experimental results in terms of emulation of the key aspects of the responses like the peak stresses and the equilibrium
stresses. Additionally, the model is able to successfully capture
quantitatively, and for the higher strains at least qualitatively, the
volumetric compression of the hydrated sponges when subjected
to ﬁnite compressive strains. The above conclusions is found to
hold true for all the three different SF concentrations that the SF
sponges were made of. Based on this observation, it could be safely
remarked that our homogenised continuum model is able to adequately capture most of the key macroscopic features of the mechanical response of hydrated SF sponges under uniaxial compression for over a wide range of constituent material concentrations
and therefore, stiffnesses. It is able to do so through the suggestion of 12 physically meaningful material parameters, thereby addressing the lacuna due to the lack of any model that predicts the
directionally-dependent viscoelastic response of microstructurallyaligned SF sponges macroscopically, in view of their potential ap-
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plications in high stretch environments as a soft tissue construct
or scaffold material.
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