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Exact solutions for one-dimensional 共1D兲 plasma dynamics in an rf trap are known when space
charge effects are neglected 关K. Shah and H. S. Ramachandran, Phys. Plasmas 15, 062303 共2008兲兴.
In this work, weak space charge effects in an rf trap are considered. An analytic expression for the
time varying distribution function of the 1D plasma is obtained. It is shown that the plasma is a
Maxwellian up to the lowest order in nonlinearity and that the spatially constant temperature
periodically oscillates in time at the same rate as the rf frequency. It was shown by Krapchev 关Phys.
Rev. Lett. 42, 497 共1979兲兴 that the time averaged distribution function is double humped with
respect to velocity beyond a certain threshold in space. The time average of the complete time
varying distribution function is obtained and some of the predictions of Krapchev are recovered,
while also finding discrepancies. The relationship between stroboscopic orbits and the time averaged
ponderomotive orbit are obtained for such traps. © 2009 American Institute of Physics.
关DOI: 10.1063/1.3152326兴

冉 冊

I. INTRODUCTION

n = n0 exp −
The response of a plasma to a nonuniform oscillating
electric field has been of considerable interest in rf traps.1–6
Usually, such fields have both a dc and a high frequency
component. In one dimension, such a field is given by
E共x,t兲 = h共x兲 + g共x兲cos共t兲,

共1兲

where h共x兲 and g共x兲 are smooth but otherwise arbitrary functions of the spatial coordinate and  is the frequency of
oscillations. The response of plasma to fields of the above
kind is characterized by the well known ponderomotive
effect.7–11
The path of the particles under a force of the form in Eq.
共1兲 will have a low magnitude high frequency component
superimposed on a drift component. Using first order time
averaging techniques,12–15 it can be shown that the equation
representing the drift motion of the particles will be given by
ẍa = −

冏

d p共x兲
dx

冏

,

共2兲

x=xa

where  P is the fictitious ponderomotive potential given by

 P = 0共x兲 +

e2
g2共x兲,
4m22

where e is the charge and m the mass of the particle and
0共x兲 is the static potential energy of the particles corresponding to the dc field, h共x兲. It is widely accepted9,16 that
the time averaged density of the plasma under a field given
by Eq. 共1兲 will be
a兲
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P
,
T0

共3兲

where n0 is the density where ⌽ p = 0 and T0 is the temperature. Equation 共3兲 also follows from the conjecture that the
time averaged distribution function of the plasma is constant
on curves of time averaged motion of the individual particles. Ponderomotive theory is used to study phenomenon
like laser wake field acceleration17–19 and interaction of
Langmuir waves with ion-acoustic waves in the context of
Zakharov equation.20
The special case when g共x兲 and h共x兲 are proportional to
x has applications in 2d linear rf traps,21,22 3d ion traps,1 and
combined rf traps.23–25 The linear rf trap and ion trap are
mechanisms for confining single species plasma, widely used
in mass spectroscopy,26 and also have applications in areas
like quantum information27 where a single or very few
charged particles have to be trapped. The combined rf trap is
used to trap two different charged species of widely varying
masses in the same region of space and is mainly used in
antihydrogen production. These traps take advantage of the
fact that the boundedness of particle orbits in a linearly varying rf field is independent of the initial conditions. It only
depends on the applied field strength. However, nonlinearity
could arise in the field from two different sources. First, the
externally applied field itself is not exactly linear for any real
experiment. There are octopole and higher order terms. Second, the trapped particles themselves induce a space-charge
field whose profile is nonlinear.
In an earlier work,28 the authors considered the linear
field case and obtained exact analytic expressions for the
one-dimensional distribution function and density of the
plasma. Space charge effects and other sources of nonlinearity were neglected. The analysis showed that the correct expression for the time averaged plasma density differs from
the expression given in Eq. 共3兲 even to first order. In this
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FIG. 1. This figure shows the stroboscopic plot of the phase space trajectory
of particles with different initial conditions under the force equation given
by Eq. 共8兲 keeping terms up to O共q2兲. It can be seen that some orbits are
simple closed curves and some orbits form islands in phase space. The
numerical values of the various parameters were pe = −0.01, qe = 0.16⬇ q,
 p = 0.50, and x̄ = 1.

are certainly two invariants. Any arbitrary combination of
these two fundamental invariants is also an invariant.32 Since
the applied field is time varying, none of these invariants can
be time independent. However, since the field is time periodic, it is reasonable to expect the distribution function to be
periodic at any fixed point in phase space and with the same
time period as the applied field. As we will show in this
paper, analytic expressions for such a -invariant distribution function can be obtained for regions in phase space
where the stroboscopic plot of the particle trajectory is a
simple closed curve.
Another issue of importance in an actual rf trap experiment is the maximum amount of plasma that can be trapped.
This depends on the parameters of the applied field. From the
point of view of ponderomotive theory, it is easy to show that
the plasma frequency,  p = 冑4n0e2 / m, must be less than the
slow frequency, 0, that characterizes the drift motion of the
particles. Consider plasma trapped by rf fields. The time averaged plasma density contributes to a repulsive force on
particles given by
e
Ex共x兲 =
m

work, we extend our earlier work by including the effects of
space charge of the plasma trapped in rf traps and obtain
analytic expressions for the distribution function of the
plasma up to the lowest order in plasma density. These expressions again lead to an expression for the time averaged
plasma density that differs from Eq. 共3兲.
When characterizing particle motion under the effect of
nonlinear electric fields, some important considerations are
whether the orbits are regular or chaotic and whether we can
solve for the particle trajectories as functions of time. Figure
1 shows stroboscopic plots of the particle orbits for the fields
given by Eq. 共1兲, with g共x兲 being proportional to x and h共x兲
having a cubic nonlinearity. As can be seen, some initial
conditions lead to simple closed curves and some others result in a chain of islands. The particle paths corresponding to
these initial conditions are regular.29 There are also initial
conditions for which the stroboscopic plot fills an area in
phase space. These plots correspond to particle orbits that are
chaotic. Regions in phase space where the stroboscopic plot
changes from being a simple closed curve to a chain of islands are a site for chaos. For regions in phase space where
the stroboscopic plots are simple closed curves, one could
employ the multiple scale analysis used in solving standard
Mathieu’s equation to solve for the case of nonlinear dc
fields as well.30
In order to study the statistical properties of the plasma
in a rf trap and also to find the time averaged density, it is
necessary to solve for the plasma distribution function,
f共x , v , t兲. For collisionless plasmas, this function is a solution
of the Vlasov equation7,31 and is constant on the individual
particle paths 共df / dt = 0 even though  f / t ⫽ 0兲. Thus, after
having obtained analytic expressions for the particle paths, it
is important to solve for the corresponding invariant. Given
any arbitrary specification of electric field, the initial conditions of the particle, namely, the initial position and velocity,

冕

x

2pdx⬘ ⯝ 2px

0

for a nearly uniform density profile. Given a trap characterized by
e
Eext,x共x兲 = 共− pe + 2qe cos 2t兲x,
m
the space charge adds to the dc field to yield the following
orbit equation,
ẍ = 共− pe + 2p + 2qe cos 2t兲x.
From Eq. 共2兲 we know that ponderomotive theory turns this
into the following equation in slow time:

冉

ẍa = − pe + 2p −

冊

q2e
xa .
2

共4兲

Thus, for stable orbits, the plasma frequency must be
bounded above by 0 = 冑pe + 0.5q2e . This is exactly what is
observed in experiments where the maximum plasma frequency is found to be close to 0.33 Experiments also observed that the plasma profile is approximately Gaussian in
shape,34 which is what is expected in the presence of a parabolic confining potential. These ideas that are based on naive
ponderomotive theory are given a more rigorous treatment in
the rest of this paper.
The results of this paper fall into two categories. There
are results that describe the self-consistent response of the
plasma to an rf field. There are also results that describe the
共non-self-consistent兲 plasma response for a given total electric field. The two sets of results are valid over different
ranges of phase space, but both are important as the latter
results are important when comparing with literature where
computations are only for the plasma response to a prescribed electric field.
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shape. The second term is the first nonlinear factor and is
proportional to x3. In Fig. 2, curve 共3兲 is the cubic approximation to the error function, erf共x / x̄兲. Since it is a good
approximation right out to x = x̄, Eq. 共6兲 is a suitable description of the plasma response to the applied field in the bulk
region of the plasma. Thus, the first nonlinearity to appear in
Eq. 共5兲 due to space charge effects is of the order of x3.
Taking into account this cubic nonlinearity, the modified
equation for the motion of an ion in the rf trap takes the form

1

(2)

erf(x)

0.8

0.6

(1)
0.4

冉冊

2p x
d 2x
+
px
=
2qx
cos
2

−
3 x̄
d2

(3)
0.2

2

x−q

冉冊

2p x
2 x̄

2

x cos 2 ,
共7兲

0
0

0.2

0.4

0.6

0.8

1

x

FIG. 2. This is a plot of the error function. Curve 共1兲 shows the exact error
function. Curve 共2兲 is the linear approximation and curve 共3兲 is the plot with
the cubic nonlinearity taken in. This shows that 2共x − x3 / 3兲 / 冑 is a good
approximation to the exact error function, erf共x兲, up to x = 1.

The following sections are organized as follows. In Sec.
II, we obtain the modified force equation when space charge
effects are taken into account and then solve this force equation. The time averaged expressions of these solutions are
then compared with the predictions of conventional ponderomotive theory. Then in Sec. III, we obtain expressions for the
-invariant distribution function and the plasma density.
Section IV discusses these results and Sec. V contains conclusions.

II. THE FORCE EQUATION AND ITS SOLUTIONS

In a rf trap, the applied field is linear. The equation of
motion of charged particles under such a field is ẍ = 关−pe
+ 2qe cos共2兲兴x, where pe and qe are the normalized dc and rf
field strengths, respectively, and  = t / 2 is the normalized
time. The distribution function of the plasma under such a
field can be exactly solved for.29 Using these exact solutions,
it has been shown in our earlier work that the field induced
by the charged particles 共charge e and mass m兲 is
Ei共x, 兲 = 2en0

冑

再冋

qe

x
1 + cos 2 + O共q2e 兲
erf
␤ 0␥ 0
2
x̄

册冎

,

where p = pe − 2p and q = qe共1 + 0.252p兲 ⬇ qe since  p Ⰶ  = 2.
As can be seen from Eq. 共7兲, the qx3 cos 2 term is of a
higher order than the x3 term since q Ⰶ 1. It is worth noting
that q is of the order of unity in typical experiments; however, theoretical treatments can make progress only when q
is assumed to be a small parameter. We will assess the importance of neglected terms in real experimental conditions
later in Sec. IV. Neglecting the qx3 cos 2 term in Eq. 共7兲, we
obtain
d 2x
+ px = 2qx cos 2 − q2␣x3 ,
d2

where q2␣ = 2p / 3x̄2. Equation 共8兲 can be solved by using the
multiple scale analysis method used to solve Mathieu’s
equation.35 The solutions of Eq. 共8兲, up to O共q2兲, are found
to be 关Appendix A 共Ref. 36兲兴
x共兲 = A cos共 + 兲

冋
冋

冋

册 冋
2p
2

qe
eEi
= 2p 1 + cos 2 x −
m
2
3x̄

1+

册

3qe
cos 2 x3 + · .
2
共6兲

The first term on the right is the way the space charge modifies the externally applied linear electric field. As can be
seen, there is both a change in the dc field and a change in rf
confining field. Thus, the first term on the right merely modifies the strength of the applied field without modifying its

册
册

−

qA cos共 + 2 + 兲 cos共 − 2 + 兲
+
4
1+
1−

+

q2A cos共 + 4 + 兲 cos共 − 4 + 兲
+
32
共1 + 兲共2 + 兲
共1 − 兲共2 − 兲

−

q2␣A3 cos共3 + 3兲
,
4
− 82

共5兲
where 1 / ␤0 is the initial temperature of the plasma, ␥0
⬇ 0.520共1 + 2q兲, and x̄ ⬇ 1 / 冑␤0␥0. Equation 共5兲 can be Taylor
expanded in x to get

共8兲

v共兲 = − A sin共 + 兲 −

冋

共9兲

qA 共 + 2兲sin共 + 2 + 兲
4
1+

册

+

共 − 2兲sin共 − 2 + 兲
1−

−

q2A 共 + 4兲sin共 + 4 + 兲
32
共1 + 兲共2 + 兲

+

共 − 4兲sin共 − 4 + 兲
共1 − 兲共2 − 兲

冋

+ 3

册

q2␣A3 sin共3 + 3兲
,
4
− 82

共10兲
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with

x p共兲 ⬇ A p cos共 +  p兲 +

q 2 3 ␣ q 2A 2
.
2 = p + +
2
4

共11兲

Equation 共11兲 shows that under the effect of the nonlinear
space charge field, the slow frequency of the particles depends on oscillation amplitude and is no longer a constant as
was the case of purely linear fields.
As mentioned before, Equations such as Eq. 共1兲, which
belong to the category of equations where a high frequency
forcing function is present, are usually analyzed by using the
theory of averaging. Time averaging the expressions for x共t兲
and v共t兲 given in Eqs. 共9兲 and 共10兲 关Appendix B 共Ref. 36兲兴
yields

x a共  兲 =

1


冕

+/2

x共t兲dt

−/2

⬇ A cos共 + 兲 +
1
v a共  兲 =


冕

q 2␣ A 3
cos共3 + 3兲,
322
共12兲

+/2

v共t兲dt

−/2

⬇ − A sin共 + 兲
−

2 sin共/2兲


3q2␣A3
sin共3 + 3兲,
32

where the residual high-frequency ripple has been neglected.
Additionally, a factor 2 sin共 / 2兲 /  has been dropped
from the first time on the right side of the equations. This is
because the second terms on the right side of Eqs. 共A2兲 and
共A3兲 in Appendix A 共Ref. 36兲 suffer from the problem of
small denominators and those terms are actually of the order
of q2␣A2 / 2 compared to the first term. Using Eq. 共8兲 with
A = O共x̄兲, this is of the order of 2p / 2 and hence of the order
of unity by Eq. 共4兲. Thus, these terms have to be taken into
account. The factor of 2 sin共 / 2兲 /  that multiplies the
leading terms is, thus, a higher order correction.
The time averaged response to Eq. 共8兲 is conventionally
obtained by averaging the Hamiltonian. The time averaged
ponderomotive Hamiltonian for this equation is given by

Hp =

v2 px2 q2x2 q2␣x4
+
+
+
.
2
2
4
4

共13兲

The particle orbits corresponding to Eq. 共13兲, obtained by a
perturbation analysis,37 are found to be

q2␣A3p
cos共3 + 3 p兲,
322

共14兲
3q2␣A3p
sin共3 + 3 p兲,
va共兲 ⬇ − A p sin共 +  p兲 −
32

which is the same as the expressions for time averaged orbits, Eq. 共12兲. It must be noted that the derivation of the
ponderomotive Hamiltonian includes the notion of averaging
over a “fast period,” but no sin  /  term appears due to
the implicit assumption that  → 0.

III. PLASMA DISTRIBUTION FUNCTION

For collisionless plasmas, the distribution function is
simply a function of any invariant associated with single
particles. For periodically driven systems, it is reasonable to
expect such a function to be invariant on the same time scale,
2 / , as the driving force. For a given time varying nonlinear electric field, such an -invariant distribution will exist
only if the stroboscopic plot of the orbits in phase space are
simple closed curves.
A stroboscopic plot of the particle orbit leads to a countable subset of discrete points, separated by fixed time intervals of 2 /  = , on the phase space orbit. The numerical
analysis of Eq. 共8兲 shows that the stroboscopic plot of the
particle orbit is dense on a simple closed curve only where
the gradients in the field are small enough. This can be seen
in Fig. 1. For other regions in phase space, we see island
structures and, possibly, chaos. Analytic expressions for the
distribution function can only be expected to hold in the
regular region and, thus, we cannot expect a global distribution function for the entire phase space that is -invariant.
However, in regions of phase space where the stroboscopic
plot yields a simple closed curve, such a function can be
obtained. Such curves correspond to an irrational value of
the slow frequency . Of course, every rational value of 
even in these regions results in island formation. However,
their widths are so small that their effect on the dynamics is
negligible.
Figure 3 shows the particle orbit 共curve 1兲 together with
the stroboscopic curve 共curve 2兲. The time averaged orbit
共curve 3兲 is also shown for reference. It is clear that the
actual orbit differs considerably from the stroboscopic curve.
An odd aliasing effect is also seen in the stroboscopic curve
in that it touches the actual orbit at different phases of the
fast oscillation at different slow times. This results in a curve
that differs from the time averaged curve shown in the figure,
even though both have the same shape up to O共q2兲.
If we start from a time  and sample the particle orbit at
equal time steps of 2 /  = , this is equivalent to replacing
 in Eqs. 共9兲 and 共10兲 by  + n, where n 苸 Z. As shown in
Appendix C,36 this leads to analytic expressions for the stroboscopic points,
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underlying the curve. As shown in Appendix C,36 the continuous time expressions for stroboscopic coordinates 共xs , vs兲
in phase space are given by replacing n by s in Eq. 共15兲,

0.6
(1)
0.4

(2)

v

冋

x s共  +  s兲 = A −

v

0.2

0

+

⫻ −

(3)
-0.4

-2

-1

0
x

1

2

3

−

q2␣A3 cos共3 + 3s + 3兲
,
4
− 82

冋

qA −  cos共2兲
2
1 − 2

4

FIG. 3. This plot shows the stroboscopic map of the particle orbits in phase
space. Curve 共1兲 is the full orbit as obtained by integration of Eq. 共8兲. Curve
共2兲 is the stroboscopic plot obtained by a sampling of the particle orbit at a
fixed time step of 2 /  starting from  = 0. The big crosses correspond to a
few points on this level curve. These points form a countable set that is
dense on the level curve given by Eq. 共21兲. Curve 共3兲 is the time averaged
orbit and corresponds to the time averaged ponderomotive Hamiltonian, Eq.
共13兲. Curve 共4兲 is also a stroboscopic plot like curve 共2兲, but, in this case, the
sampling begins at  ⫽ 0. The arrow labeled v shows the direction of
sampled velocity, vs, at one particular instant of time. It can be clearly seen
that vs is not along the stroboscopic level curve, which explains the reason
why vs ⫽ dxs / dt in Eqs. 共16兲 and 共17兲.

冋

qA cos共2兲
x共 + n兲 = A −
2 1 − 2

冋

⫻ −

qA  sin共2兲
2 1 − 2

册
册

+

q2A 3 sin共4兲
sin共 + n + 兲
16 关1 − 2兴关2 − 2兴

−

q2␣A3 cos共3 + 3s + 3兲
,
4
− 82

冋

qA −  cos共2兲
v共 + n兲 = − A +
2
1 − 2
−
+

共15兲

册

q2A 共3 − 10兲cos共4兲
sin共 + n + 兲
16 关1 − 2兴关2 − 2兴

冋

qA 共2 − 2兲sin共2兲
2
1 − 2

v s共  +  s兲 = −  A +

−
+
−

q2A 共2 + 2兲cos共4兲
cos共 + n + 兲
+
16 关1 − 2兴关2 − 2兴

册

q2A 共8 + 2兲sin共4兲
−
cos共 + n + 兲
16 关1 − 2兴关2 − 2兴
q2␣A3 sin共3 + 3s + 3兲
.
+ 3
4
− 82
Since the stroboscopic points, x共 + n兲 and v共 + n兲,
are dense on a simple closed curve in phase space, we can
also define a continuous time s on these level curves of the
stroboscopic map. This allows us to determine the invariant

册

q2A 3 sin共4兲
sin共 + s + 兲
16 关1 − 2兴关2 − 2兴

-0.6
-3

qA  sin共2兲
2 1 − 2

+

(4)

-4

册

q2A 共2 + 2兲cos共4兲
cos共 + s + 兲
16 关1 − 2兴关2 − 2兴

冋

-0.2

qA cos共2兲
2 1 − 2

共16兲

册

q2A 共3 − 10兲cos共4兲
sin共 + s + 兲
16 关1 − 2兴关2 − 2兴

冋

qA 共2 − 2兲sin共2兲
2
1 − 2

册

q2A 共8 + 2兲sin共4兲
cos共 + s + 兲
16 关1 − 2兴关2 − 2兴

+ 3

q2␣A3 sin共3 + 3s + 3兲
.
4
− 82

共17兲

Here, for s = 0, xs共兲, and vs共兲 are points on the continuous
orbit. For fixed , xs共 + s兲 and vs共 + s兲 trace out the stroboscopic curve passing through that phase space point,
xs共兲 , vs共兲. vs共 + s兲, the instantaneous velocity at a stroboscopic point 共shown in Fig. 3 by an arrow兲, is clearly not
along the stroboscopic plot, i.e., vs ⫽ dxs / ds. Hence, for
fixed , the stroboscopic coordinates, 共xs , vs兲, as functions of
s, are not the spatial coordinate and velocity in the usual
sense.
To obtain the -invariant energy expression 共periodic in
兲 for the actual particle orbit, we need to eliminate s from
Eqs. 共16兲 and 共17兲. For  = 0, xs共s兲 and vs共s兲 can be simply
scaled to obtain the same expressions as Eq. 共12兲. Hence, a
scaled version of Eq. 共13兲 represents the invariant for these
stroboscopic level curves corresponding to  = 0. As shown in
Appendix D,36 for  ⬎ 0, a simple rotation and scaling again
reduces xs共 + s兲 and vs共 + s兲 to the expressions in Eq. 共12兲
X = A cos共 + s + 兲 +

q 2␣ A 3
cos共3 + 3s + 3兲V
322

= − A sin共 + s + 兲
−

3q2␣A3
sin共3 + 3s + 3兲,
32

共18兲

where X = 关xs + q共c2 / c3兲vs兴 / 关c1 + q2共c2c4 / c3兲兴 and V = 关vs
− q共c4 / c1兲xs兴 / 关c3 + q2共c2c4 / c1兲兴, and c1, c2, c3, and c4 are periodic functions of  with the same period as the rf field,
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2 / . Comparing Eq. 共18兲 to Eq. 共12兲, it is clear that X共
+ s兲 = xa共 + s兲 and V共 + s兲 = va共 + s兲 to O共q2兲. Thus the
dynamical structure connecting X and V is the same as that
governing xa and va, i.e., the ponderomotive Hamiltonian,
Eq. 共13兲. This leads to an expression for the -invariant
energy,
E共x, v, 兲 =

=

V2 pX2 q2X2 q2␣X4
+
+
+
2
2
4
4
1
2

冢冋
冢冋

c 4共  兲
xs
c 1共  兲
c2共兲c4共兲
c 3共  兲 + q 2
c 1共  兲

⫻

vs − q

册冣
册冣

2

+

冉 冊

1
q2
p+
2
2

c 2共  兲
vs
c 3共  兲
c2共兲c4共兲
c 1共  兲 + q 2
c 3共  兲

冢冋

册冣

q 2␣
+
4

c 2共  兲
vs
c 3共  兲
c2共兲c4共兲
c 1共  兲 + q 2
c 3共  兲
xs + q

E共x, v, 兲 =

1
2

冢冋

⫻

+

冢冋

冣

册

x
c2共兲c4共兲
c 1共  兲 + q 2
c 3共  兲

册冣

q 2␣
4

冢冋

.

共19兲

冉

冉

1
v
2 1 + 0.5q − 0.3125q2

x
⫻
1 − 0.5q + 0.0625q2
2

+

冉

冊

2

+

冉 冊

1
q2
p+
2
2

册冣

4

.

共20兲

冊 冉 冊
2

2

+

1
q
p+
2
2

c2共兲c4共兲
c 1共  兲

冕

冊

4

.

共22兲

册

2

共23兲

,

f共x, v, 兲dv

−⬁

冋

冤
冢冋

c 2c 4
c1

⫻exp − ␤0

+

q 2␣
4

册

冉
冊
冦 冢
1
q2
p+
2
2

c1 + q2

共21兲

As can be clearly seen, the above equation is a scaled version
of the time averaged ponderomotive Hamiltonian, Eq. 共13兲.
In principle, any function of E共x , v , 兲 is an -invariant
distribution function of the plasma under the effect of the
force equation, Eq. 共8兲. Since E is quadratic in v, a distribution of the form

冋

x
c1 + q2

册 冣 冧冥

c 2c 4
c3

册冣

2

4

x
c 2c 4
c3

共24兲

.

As can be seen in the above equation, when space charge
effects are taken into account, the density is no longer a
Gaussian.
The field induced by the plasma can be obtained by integrating the expression for plasma density, Eq. 共24兲. There
is no closed form expression for the result of this integration.
However, since we are interested in a region close to the
origin, we can expand the exponential in Eq. 共24兲 and integrate the resulting power series keeping only those terms that
are important,
E共x, 兲 = − 4e

冕

x

0

n共x⬘, 兲dx⬘

冋

⬇ − 4en0 c3 + q2

2

q␣
x
4 1 − 0.5q + 0.0625q2

冊

⬁

= n0 c3 + q2

It should be noted that E共x , v , 兲 is invariant over the detailed orbit 共curve 1兲 in Fig. 3. For time instants  = n, the
above expression for the -invariant energy becomes
E共x, v,  = n兲 =

冋

T共兲 = T0 c3共兲 + q2

n共x, 兲 =

2

x
c2共兲c4共兲
c 1共  兲 + q 2
c 3共  兲

冉

E共x, v, 兲
1
exp −
2T0
T0

has a velocity distribution that is Maxwellian at every point.
Here, E is given by Eq. 共20兲 and n0 and T0 are the density
and temperature, respectively, at the origin. Since this distribution function is Maxwellian 关up to O共q2兲兴 at all times and
at all spatial locations, it is immune to point collisions and is
also a solution to the problem when Coulomb collisions are
present. The temperature,

4

Keeping only terms up to O共q2兲, the expression for
-invariant energy corresponding to Eq. 共8兲 is given by
c 4共  兲
x
v−q
c 1共  兲
c2共兲c4共兲
c 3共  兲 + q 2
c 1共  兲

冑

is spatially uniform but oscillates at the rf frequency,  = 2. A
similar result was also obtained in our earlier work for the
linear field case.29 The time averaged distribution function
can be obtained by doing an average of Eq. 共22兲 over the rf
period. The instantaneous density can be obtained by integrating Eq. 共22兲 with respect to velocity,

2

xs + q

f共x, v, 兲 = n0

冤

⫻ x − ␤0

+

q 2␣
20

冋

c 2c 4
c1

冦冉 冊
1
q2
p+
6
2

x5
c 2c 4
c1 + q2
c3

册
冋

x3
c 2c 4
c1 + q2
c3

册 冧冥
4

.

册

2

共25兲

In terms of the modified plasma extent, x̄ = 1 / 冑␤0␥, where
␥ = 0.5p + 0.25q2; the above equation can be written as
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E共x,0兲 = − 4en0x̄

冋

x
x̄

−

x3
6x̄3

−
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册

q 2␣ x 5
.
20␤0␥2 x̄5

If the x5 term becomes important in the above equation, then
our original force equation, Eq. 共8兲, becomes invalid. Thus,
the results of this paper are valid when the term containing x5
in the above equation can be neglected, i.e., when
6q2␣ / 共20␤0␥2兲 ⬍ 1. This implies

 P ⬍ 0.80 .

共26兲

IV. DISCUSSION
A. Space charge effects in rf traps

In experiments on rf traps, one very important issue is
the maximum density of plasma that can be trapped for a
given value of pe and qe. Since the plasma in such traps
consists of ions of a single species, it is clear that the plasma
is trying to push itself out. For confinement, we must have
p + 0.5q2 ⬎ 0. This condition translates to  p ⬍ 0
= 冑共pe + 0.5q2e 兲. This is the same order of magnitude as the
bound prescribed in Eq. 共26兲. Thus, for most rf trap experiments, the x5 term in Eq. 共25兲 is not very important, hence,
our analysis is valid for most practical purposes.
It has been experimentally shown that the choice of pe
= −0.03 and qe = 0.55 leads to the most stable configuration in
a rf trap and can trap the maximum number of ions.38 For
these values of applied fields, a choice of  p = 0 gives a
plasma density of the order of 105 cm−3 for protons in a trap
operating at 3 MHz, which is a widely used operating frequency in rf traps. This density is of the same order of magnitude as the maximum possible density of plasma observed
in such traps.38 It must be noted that a value of qe = 0.55 is
very high compared to the condition qe Ⰶ 1 for which conventional ponderomotive theory and also our analysis up to
O共q2e 兲 holds. Thus, care must be taken while applying theoretical results to actual experiments.
Equation 共24兲 predicts a density that is different from a
Gaussian. However, if Eq. 共26兲 is satisfied, then the deviation
from a Gaussian is small. As we have shown, when the
plasma density exceeds the bound prescribed in Eq. 共26兲, the
plasma is very close to the stability boundary beyond which
it can no longer be confined. Hence, this explains the reason
for which experiments on rf traps observe a Gaussian
density.34
It is important to note that this maximum density that
can be confined also depends on mass. The bound is on
plasma frequency, which scales as 冑n0 / m. Thus, for a given
maximum  p, a larger particle mass results in higher density.
B. Distribution function

Conventionally, the time averaged distribution function
for a plasma subject to high frequency electric fields has
been assumed to be a function 共exponential兲 of the time averaged ponderomotive Hamiltonian.16 The idea is that Vlasov’s equation preserves f along its orbit hence the proper
time averaged distribution for the problem is to require f to
be constant on the time averaged trajectories.

Strictly speaking, f is preserved on the exact orbit and
the time averaged distribution is the time average of that
exact f. However, the exact orbit for a nonautonomous problem has no time-independent invariants and that f is therefore time dependent. As we argued in earlier sections, the
only time-independent invariant that can exist in a system
with a periodic disturbance is one that is periodic, i.e., an
invariant that is time independent if sampled every 2 / .
Thus, the only correct prescription for a system with a periodic disturbance is an f that is a function of such a periodic
invariant. Precisely, such an invariant was obtained up to
O共q2兲 in the previous section and Eq. 共22兲 is the distribution
based on it.
The only proper time averaged distribution function f̄ is
therefore the one obtained by time averaging the exact f
obtained in the previous section. It is not correct to time
average the orbits and declare the distribution function to be
constant on that time averaged orbit. There are two consequences to the method followed in this paper:
共1兲 The exact distribution on the actual orbit has been obtained and it is found that, to O共q2兲, the exact distribution is Maxwellian at all times and at all spatial locations. Since this is the case, this solution is also the
correct solution 关to O共q2兲兴 for the Vlasov–Boltzmann
equation for this problem, where collisions are due to
point Coulomb collisions only. This result was obtained
earlier for the exactly linear problem and is shown here
to be true even when self-consistent effects are taken
into account.
共2兲 The instantaneous temperature is observed to be spatially uniform but oscillates at the rf frequency. This
behavior is identical to that observed for the strictly linear problem.28 There have been conjectures in the
literature2,3 that the plasma temperature should fluctuate
at the rf frequency, but this analysis is, to our knowledge, the first proof of these conjectures.
The transformation 共xs , vs兲 to 共X , V兲 given below Eq.
共18兲 represents a mapping from the instantaneous orbit to the
slow time orbit. Given a stroboscopic orbit that is a closed
curve, there is always a mapping. This mapping can be expanded to the desired order in xs and vs.
There are many such transformations from 共xs , vs兲 to
slow time variables 共X , V兲. This is because for different initial points on the instantaneous orbit, different stroboscopic
curves are obtained. If one of them lies on a closed curve,
then all lie on closed curves. However, only the orbit starting
with 关xs共0兲 , vs共0兲兴 is related to the ponderomotive orbit via a
scaling. For the O共q2兲 analysis done here, this map is a linear
map of the form

冉冊冉
xs

vs

=

R11

qR12

qR21

R22

冊冉 冊
xs共0兲

vs共0兲

,

hence the time-dependent invariant is quadratic in velocity at
all points on the orbit. This powerful result is what makes
this distribution immune to collisions as mentioned above.
When we proceed to higher order, we still have a timedependent invariant and a time-independent stroboscopic
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curve. It is also known that the ponderomotive energy is
quadratic in velocity asymptotically.12 The issue is whether
the detailed distribution function is Maxwellian or not at all
instants of time. As seen from the transformation above, xs
and vs get mixed up at the next higher order. Hence, a nonlinearity in space in the form of  P共x兲 appears in the form of
a nonquadratic velocity dependence of the invariant. Thus, to
higher order, the distribution function cannot be Maxwellian
at all points in time. However, it is possible that it is Maxwellian at stroboscopic times, since higher order averaging
theory demonstrated this for the ponderomotive Hamiltonian.
It is also clear that the higher-order accurate distribution
function is not immune to collisions in the way that the
O共q2兲 distribution function is immune. Thus, this opens a
channel of relaxation of plasmas under the influence of an rf
field. The other channel, already discussed in our previous
paper,28 is if more than one species is present in the plasma.
Even in linear theory, multiple species systems relax in the
presence of collisions.
In this treatment, we have shown that, to the lowest order in the plasma response, the distribution function is a
Maxwellian. This was possible because of two reasons. First,
the ponderomotive Hamiltonian is quadratic in velocity. Second, the stroboscopic curve could be scaled to get the time
averaged ponderomotive orbit and this scaling depends only
on the field parameters and not the initial conditions of the
particle. For the case where the rf field itself is spatially
nonlinear, the first statement is still valid and the stroboscopic orbit can also be approximately scaled to the ponderomotive orbit. However, this scaling now depends on the oscillation amplitude, A. Thus, when we solve the energy
equation for A and substitute it back in the expression for the
stroboscopic level curve, the term in v will no longer be
quadratic. Thus, for spatially nonlinear rf fields, the distribution function is non-Maxwellian even for the lowest order of
nonlinearity.
C. Time averaged distribution function

The correct time averaged distribution function is of the
form
f̄共x, v兲 =


2

冕

/

f共x, v, 兲d ,

共27兲

−/

where f共x , v , 兲 is given by Eq. 共22兲. As discussed in the
previous section, the distribution function, f共x , v , 兲 is constant on the detailed orbit and not on the time averaged orbit.
Figure 4 makes it clear that the excursions in velocity are not
small. Indeed, they are as large as the time averaged velocity
itself. Thus, a time average of the detailed distribution function cannot be replaced by a distribution function that is
constant on the time averaged orbits.
The time averaged distribution function for such problems was obtained by Krapchev.9 In his analysis, Krapchev
obtained the distribution function by solving for the steady
state solution of the Vlasov equation directly. The orbits obtained in this paper are the characteristics of that equation.
Krapchev used the idea that the distribution function does
not see the slow frequency at all, expanded f as a Fourier

1
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FIG. 4. This is a plot of the time averaged distribution function at different
spatial locations. The solid line is obtained from a numerical integration of
Eq. 共22兲 and the dashed lines are the ones given in the work of Krapchev
共Ref. 9兲 and are normalized and scaled. As can be seen, the curves cease to
be monotonic after a certain threshold in x.

series in the rf frequency, and also made certain simplifying
assumptions to obtain the time averaged solution.
Equation 共27兲 was numerically evaluated and compared
with the analytical results obtained by Krapchev for the case
of p = 0 and ␣ = 0. Figure 4 shows the time averaged distribution function of the plasma as a function of velocity. Each
curve in the figure corresponds to a different spatial location
separated by 0.2x̄. The solid curves are the result 共normalized
and scaled兲 of numerical integration in Eq. 共27兲 and the
dashed lines are the result obtained by Krapchev. As can be
seen, at about x = x̄, the time averaged distribution function
ceases to be monotonic in velocity and becomes double
humped. This suggests the presence of instabilities in the
plasma, but, by using Penrose’s criteria, Krapchev concluded
that the plasma is stable. The use of Penrose’s criterion in the
context of rf plasmas is debatable. The solution obtained by
Krapchev does not satisfy the time averaged Vlasov equation, which would yield a Maxwellian distribution confined
by a ponderomotive potential. Thus, there is no timeindependent kinetic equation whose equilibrium yielded the
double humped distribution obtained for x ⬎ x̄. This being the
case, it is not clear how Penrose’s criterion is applicable.
In this analysis, we have shown that though the time
averaged distribution function is double humped for these
spatial locations; the exact time varying distribution function
in Eq. 共22兲 is a single humped global Maxwellian at all instants of time. It is quite reasonable, therefore, to believe that
the plasma will be stable to small perturbations. Even this,
however, is not a proof. There is a source of power in the
external rf field and there might well be a fluctuation that
could tap into that field and grow.
Krapchev’s analysis began with the assumptions that
v ⵜ f /  f Ⰶ 1 and that the time averaged plasma distribution
is a perturbed Maxwellian. He assumed that response at the
nth rf harmonic was of the order of O共qn兲. A consequence of
this assumption was that the time averaged distribution function became an even function of q. He used this to obtain a
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power series for the response and summed up the series for f̄
to infinity by means of a conjecture that the correction of the
order of O共q2n兲 took the form of a Laguerre polynomial of
the order of n.
There are several problems with Krapchev’s approach.
The response at O共q兲 is usually much stronger than the response at dc, which is of O共q2兲 since it is related to the
ponderomotive potential. Also, as mentioned above, double
humped, strongly non-Maxwellian solutions are predicted by
this theory, which is not consistent with the perturbative approach. It is quite surprising that these findings are validated
by the orbit calculations carried out in this paper. It is our
conjecture that his summing up all the higher order corrections to obtain an analytic result extended the validity of his
analysis beyond that of his perturbation analysis.
Krapchev’s expressions for f̄ and n̄, if correct, should
agree even with the expressions for the response of the
plasma to an exactly linear rf field. However, the time averaged density has been shown in our previous paper28 to be

冉

n̄共x兲 = n0 1 −

冊 冋

册

q ␤ 0 q 3x 3
␤ 0 q 2x 2
−
+ O共q2兲 exp −
,
2 2
2 2 2

which is different from Krapchev’s result, reproduced below,

冋

n̄ = n0 exp −

册

␤ 0 q 2x 2
.
2 2

Clearly, our expression has odd powers of q, whereas
Krapchev’s expression implicitly requires the density to be
an even function of q. The differences between the two expressions could be interpreted as the difference between the
steady state distribution in oscillation center coordinates and
the distribution resulting from an initial value problem.
Krapchev’s analysis showed the temperature to be spatially nonuniform. However, an exact analysis in this work
shows that though the temperature oscillates in time, it is
spatially uniform. Krapchev obtained a spatially nonuniform
temperature because he used the time averaged distribution
function to define temperature. However, this is not correct,
since temperature can only be defined for thermodynamic
states. In the current problem, the system does go through a
sequence of thermodynamic states, but these are continuously oscillating in time. Thus the system cannot be characterized by a single temperature.
It should be noted that the analysis in this paper is selfconsistent only for x ⱕ x̄, since the error function has been
approximated by a cubic to derive that response. However,
the orbits, distribution function, and density for a cubic electric field that have been calculated are valid for a much larger
range. Assuming that the validity of these expressions is at
least up to where the cubic term competes with the linear
term, the calculations are valid as long as

20
⬍ 1,
376x̄2 20 + 0.75q2␣A2
A2

which roughly translates to A ⬍ 20x̄. This bound was verified
numerically and the analytic expressions obtained here agree

with numerics up to this value of A ⬇ xmax共1 + 0.5q兲. Beyond
these values, we see islands forming, as seen in Fig. 1.
Though the above comparison has been done for the case
when p = 0 = ␣, the results are qualitatively valid even when
p ⫽ 0 and ␣ ⫽ 0.

D. Time averaging and Poincare map

A comparative study of the time averaging method and
the Poincare map was done by Hadjidemetriou.39 As stated in
the paper by Hadjidemetriou, the main shortcoming of Poincare map is that, though it accurately describes a dynamical
system, it is purely a numerical method. When the orbits are
chaotic, averaging methods can play no role in further investigation and Poincare maps are the only way to study dynamics. However it was argued that where the Poincare map
leads to closed curves, there averaging methods could lead to
a good analytical understanding of the behavior of the solutions. The time averaging methods are very useful because
solving the time averaged Hamiltonian is much easier than
solving the exact time varying equation. However, as we
have shown in this paper, averaging methods applied directly
to a time varying Hamiltonian have some important shortcomings. One shortcoming is that the initial condition corresponding to the time averaged Hamiltonian is not the actual
initial condition for a particle orbit. To predict this corresponding initial condition for the time averaged Hamiltonian,
one has to solve the exact time varying equation. Though this
limitation does not dispose of the utility of time averaging
methods, it is nevertheless a handicap.
If we are interested in obtaining expressions for the distribution function, it seems mandatory to make efforts toward obtaining an -invariant energy expression as has been
done in Eq. 共20兲. Thus, there is also an analytical thinking
associated with the numerical methods of Poincare maps.
Obtaining these -invariant energy expressions is, however,
not a simple thing. To obtain the -invariant energy expression for a given force equation, it is important to obtain
analytic expressions for the invariants corresponding to the
stroboscopic level curves obtained by fixed-time sampling of
the particle orbits. In an earlier work,40 efforts were made to
come up with a scheme 共numerical fit兲 to obtain analytic
expressions for the stroboscopic map for orbits corresponding to a given equation of motion. We would like to stress
that though it is not very difficult to obtain analytic expressions that would numerically fit to stroboscopic plots, absence of numerically significant errors does not guarantee the
correctness of the expression. As we have shown in Eq. 共16兲,
it is possible to define a “time” on the stroboscopic plots.
Putting  = 0 in Eq. 共16兲 leads to a scaled version of the same
orbit expressions, Eq. 共14兲, as that predicted by time averaged ponderomotive Hamiltonian. Thus, there seems to be
some dynamical structure behind the stroboscopic plots 共with
a continuous time defined on these curves兲 and sufficient
care must be taken while obtaining the corresponding
-invariant energy expressions.
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V. CONCLUSIONS

In this work, plasma response to an electrostatic field,
which is a superposition of nonlinear dc and linear rf field,
has been studied. The expressions for particle orbits, Eq. 共9兲,
corresponding to the force equation, Eq. 共8兲, are perturbatively solved for. These solutions are then time averaged and
the resulting time averaged orbits, Eq. 共12兲, are compared to
the predictions of conventional ponderomotive theory. It is
found that the expression for the time averaged particle orbit,
Eq. 共12兲, obtained from the exact Hamiltonian is the same as
the orbit predicted by time averaged ponderomotive Hamiltonian, Eq. 共13兲, in the limit  → 0. However, as is well
known in the context of oscillation center theories, for ponderomotive theory to be able to predict the time averaged
orbit, we need to know the ponderomotive initial conditions,
x p共0兲, v p共0兲 corresponding to the actual initial conditions, x0,
v0. For this, we need to perturbatively solve the exact equation, Eq. 共8兲.
It has been shown that the idea of time averaged distribution function is different from that of obtaining time averaged particle orbits or time averaged Hamiltonian. The time
averaged distribution function is not constant on the time
averaged particle orbits in phase space. The -invariant distribution function, Eq. 共22兲, is a function of the resultant
-invariant energy expression, Eq. 共20兲. Thus, the time average of this -invariant distribution function is different
from the exponential of the time averaged ponderomotive
Hamiltonian, Eq. 共13兲. The temperature is also found to periodically oscillate with time but is constant with space.
However, the plasma has been found to be a Maxwellian
only up to O共q2兲. This could be a possible reason for the
observed heating in rf traps.
It was shown by Krapchev that the time averaged distribution function is nonmonotonic with respect to velocity beyond a certain threshold in space. We validated his results by
carrying out a time average of the exact time varying distribution function. The limitations of Krapchev’s work have
also been brought out.
Apart from theoretical relevance, the results obtained in
this work are very important from the experimental point of
view. We have shown that the condition, Eq. 共26兲, where the
plasma density deviates from being a Gaussian is very close
to the maximum plasma density that has been experimentally
observed to be trapped in a rf trap. Also, the maximum
plasma density that can be confined in such traps has been
shown to linearly scale with the mass of the confined ions.
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