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Abstract

We introduce an analytical method to predict the slip length (Ls) in cylindrical nanopores using
equilibrium molecular dynamics (EMD) simulations, following the approach proposed by
Sokhan and Quirke for planar channels [39]. Using this approach, we determined the slip length
of water in carbon nanotubes (CNTs) of various diameters. The slip length predicted from our
method shows excellent agreement with the results obtained from nonequilibrium molecular
dynamics (NEMD) simulations. The data show a monotonically decreasing slip length with an
increasing nanotube diameter. The proposed EMD method can be used to precisely estimate slip
length in high slip cylindrical systems, whereas, Ls calculated from NEMD is highly sensitive to
the velocity proﬁle and may cause large statistical errors due to large velocity slip at the channel
surface. We also demonstrated the validity of the EMD method in a BNNT-water system, where
the slip length is very small compared to that in a CNT pore of similar diameter. The developed
method enables us to calculate the interfacial friction coefﬁcient directly from EMD simulations,
while friction can be estimated using NEMD by performing simulations at various external
driving forces, thereby increasing the overall computational time. The EMD analysis revealed a
curvature dependence in the friction coefﬁcient, which induces the slip length dependency on the
tube diameter. Conversely, in ﬂat graphene nanopores, both Ls and friction coefﬁcient show no
strong dependency on the channel width.
Keywords: slip length, carbon nanotube, molecular dynamics, nanoﬂuidics
(Some ﬁgures may appear in colour only in the online journal)
carbon nanotubes (CNTs), shows huge potential for development of membranes for applications such as water desalination, ultraﬁltration, gas separation, and energy storage [3].
Fluids conﬁned in a nanoscale domain exhibit distinctive
structural and dynamic properties that deviate from macroscopic ﬂuid dynamics [1, 4, 5]. The small number of conﬁned
molecules at the nanoscale is insufﬁcient to represent a
macroscopically small volume with homogeneous properties.
Consequently, continuum hydrodynamics theory with the

1. Introduction
Nanoﬂuidics [1], the study of ﬂuid ﬂow in systems with
nanometric sizes, has important applications in numerous
ﬁelds of study, such as engineering, biology, physics,
chemistry, and medicine [2]. For example, the ultra-fast water
ﬂow through graphitic nanoconduits, such as graphene and
5
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the surface potential energy landscape becomes smoother as the
tube diameter decreases. This facilitates an almost frictionless
ﬂuid transport through the nanotube. Curvature and conﬁnement effects diminish upon increasing the tube diameter, such
that Ls converges towards values corresponding to a slit pore,
for which the slip length is independent of the pore
width [21, 23].
Ever since Hummer et al [15] observed the spontaneous
and fast ﬁlling of CNTs immersed in water, much attention
has been focussed on developing methods predicting the slip
length and ﬂow rate in these hydrophobic graphitic conduits
[25, 26]. The large slip lengths of water in CNTs suggest an
almost negligible solid–liquid interfacial friction, which leads
to rapid ﬂuid transport [7, 20–22, 27]. However, the magnitude of Ls and ﬂow rate obtained from various experimental
and computational studies are widely scattered, which may
hinder its utility for commercial purposes. Slip lengths of
1–500 000 nm have been reported for CNTs of 0.8–10 nm in
diameter. Many authors reported a monotonically decreasing
Ls with tube diameter [18, 21–24, 28], while others observed
the opposite trend, suggesting a reduced interfacial friction
with increasing diameter [16, 29, 30].
The observed discrepancies among the experimental studies
can be attributed to defects in the tube and to the inaccurate
estimation of the tube diameter, which may also correspond to
the average of a pore size distribution. Moreover, evaluation of
Ls requires atomic-scale resolution, which is difﬁcult to achieve
in experiments. Conversely, molecular dynamics (MD) simulations provide the opportunity to predict slip lengths in welldeﬁned geometries and gain insight into the molecular mechanism underlying slip behavior. Nevertheless, similar to the
experimental literature, also the slip lengths computed using MD
are scattered among various studies, owing to differences in
methodology and force ﬁelds used. For instance, in MD, the slip
length can be estimated using equilibrium or nonequilibrium
methods. In nonequilibrium MD (NEMD), the ﬂuid is driven
through the tube by an external driving force and Ls and slip
velocity (relative ﬂuid velocity at the wall) can be determined
directly from the resulting streaming velocity proﬁle (ﬁgure 1).
In NEMD simulation of a high slip system, such as water in a
graphitic nanopore, it is challenging to accurately obtain the slip
length. Due to the large slip velocity, the calculated slip length is
highly sensitive to the velocity gradient at the surface.
To collect sufﬁcient statistics despite the small systems and
short simulation time compared to those considered in experiments, external driving forces applied in NEMD simulations are
typically several orders of magnitude larger than the accessible
driving forces in experiments [31]. It is therefore important to
validate that the ﬂuid response resides in the linear velocity
response regime, such that results can be extrapolated down to
experimental conditions. The linear regime can be identiﬁed by
performing NEMD simulations at multiple external forces. In
the linear regime, Ls is independent of the driving force (since
the slip velocity and the curvature of the velocity proﬁle both
increase linearly with the driving force), but increases rapidly
with the driving forces beyond the linear regime.
In equilibrium MD (EMD), following the boundary slip
expression by Navier (see equation (1)), Ls can be determined

Figure 1. Schematic depiction of velocity proﬁles of water ﬂow

through carbon nanotubes with and without boundary slip. Ls
characterizes the ﬂuid-solid interfacial slip.

assumption of zero relative ﬂuid velocity at the ﬂuid-solid
interface (known as the no-slip boundary condition) may not
apply at nanometer length scales [6, 7]. At these scales, ﬂuid
ﬂow is characterized by a velocity slip. This applies especially
to hydrophobic channels, although recent study showed that
the slip can also be signiﬁcant on hydrophilic surfaces [8].
Whereas understanding and predicting of slip in nanochannels
is pivotal for the development of nanoﬂuidic devices, measurements and simulations have thus far not been able to
provide a consistent view of the amount of slip at given
surfaces.
Over the past centuries, many researchers have put forward theories to accurately formulate the boundary condition
at a ﬂuid-solid interface. Among them, the kinetic theory
based tangential momentum accommodation coefﬁcient
model by Maxwell [9] and the Navier-slip model provide
much insight on the molecular interactions at the surface.
Navier [10] proposed a general boundary condition where the
slip behavior is characterized by a slip length (Ls), deﬁned as:
Ls =

h
,
l

(1 )

where η is the ﬂuid shear viscosity and λ is the interfacial
friction coefﬁcient at the ﬂuid-solid interface. Ls represents the
distance from the wall at which the ﬂuid boundary slip velocity
(us) equals the wall velocity, see ﬁgure 1. Ls is negligible
relative to the ﬂow domain size in macroscale channels, but
becomes signiﬁcant as the channel size reduces to a few
molecular diameters. Due to their high surface-to-volume ratio,
the ﬂow through nanochannels strongly depends on the nature
of the interacting solid. For example, slip lengths of water in
hydrophobic carbon nanostructures, such as graphene slit pores
and CNTs, greatly exceed typically pore dimensions [11–24],
whereas the slip length of water is small in boron nitride
nanopores [24]. In addition to the inﬂuence of the material, Ls
also shows a dependency on the channel geometry. For
example, in cylindrical nanopores Ls varies with the tube diameter due to the effect of curvature [17, 19]. In such systems,
2
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by calculating the interfacial friction [32–38]. An alternative
method using EMD is to determine the relaxation time from the
exponential ﬁt of the collective velocity autocorrelation function
(VACF). For a planar channel, Sokhan and Quirke derived an
equation in which, Ls can be estimated directly using the
relaxation time [39–41]. These EMD approaches enable us to
predict the slip length from a single EMD simulation. Besides
the advantage that there is no need in EMD to identify the linear
regime, it also has been found that the EMD methods are more
reliable for estimating Ls compared to the NEMD approach,
even for a high slip system [36].
While slip lengths for ﬂuid ﬂow along a planar wall can
be directly calculated using the relaxation time in EMD
simulations, an equivalent approach does not exist for
cylindrical pores, which occur throughout nature and industry. In this study, following the approach of Sokhan and
Quirke on a planar geometry [39], we derived an expression
for Ls in cylindrical channels as a function of relaxation time.
The method is validated on a CNT-water system since it
offers a wide range of interesting applications. Furthermore, a
boron nitride nanotube (BNNT) ﬁlled with water has been
considered, to validate the method also for a more hydrophilic
surface. The results obtained from the EMD approach are
compared to the results from NEMD simulations in which the
ﬂuid is subjected to a Poiseuille ﬂow. To investigate the
effects of curvature on the ﬂuid transport, we also simulated
ﬂow of water in planar graphene channels. The data for slip
length in CNTs were compared against the simulations for
graphene nanopores, where the observed slip depends only on
the pore width and external acceleration.

Cc(t) relates to the streaming of ﬂuid in the pore, which is
written in terms of the center of mass velocity (u (t )):
Cc (t ) = á u (t ) u (0)ñ.

(4 )

Equation (3) has a solution:
Cc (t ) =

⎛ t⎞
kB T
exp ⎜ - ⎟.
⎝ t⎠
M

(5 )

Thus, the center of mass VACF (Cc(t)) decays exponentially with time, where the static limit (Cc(0)) is proportional to the temperature (T) and kB is the Boltzmann constant.
The relaxation time τ of Cc(t) is related to the interfacial
friction coefﬁcient (λ), by:
M
.
(6 )
t
At any ﬁnite temperature (T), the ﬂuid exerts a tangential
force (or Stokesian drag) Fs on the wall, causing a shear stress
on the tube surface. Under the heavy mass approximation, we
obtain the wall shear stress (σrz), given by:
l=

srz = -

Fs
Mu
rRu
=
º
,
Asurf
Asurf t
2t

(7 )

where u is the mean velocity of the ﬂuid of density ρ
(assumed to be constant).
The Stokesian drag force per unit area exterted on the
wall can be equated in terms of the total external force acting
on the ﬂuid particles [39, 43]. Applying the linear momentum
balance, the wall shear stress can also be written in terms of
the external acceleration (g) acting on the ﬂuid:
1 d
(rsrz (r )) = rg
r dr

(8 )

2. Methods
such that, under the assumption of uniform density, the wall
shear stress can be written as:

2.1. Theory

Consider a ﬂuid conﬁned in a cylindrical tube of radius R and
surface area Asurf. We assume ﬂuid ﬂow along the z-direction
(CNT axis). The collective motion u of the ﬂuid of mass M in
the tube can be described by the Langevin equation for the
Brownian motion [40, 42]. The time rate of change of the
total momentum of the ﬂuid in the ﬂow direction is balanced
by the sum of forces due to ﬂuid viscosity (viscous frictional
force) and momentum transfer in molecular collisions with
the wall (random force):
M

¶u (t )
= - lu ( t ) + z ( t ) ,
¶t

srz =

¶Cc (t )
= - lCc (t ).
¶t

(9 )

Combining equations (7) and (9), the average ﬂuid
velocity in the pore:
u = tg.

(10)

For a Newtonian ﬂuid of viscosity η, the shear stress is linearly related to the gradient of the velocity [4]. An expression
for the radial velocity proﬁle (uz(r)) can be derived by substituting the Newtonian constitutive relation into equation (8):

(2 )

where the viscous frictional force is proportional to the collective velocity of ﬂuid u(t), and λ is the (Stokesian) friction
coefﬁcient. In the heavy mass limit of the Brownian particle,
the random force (ζ(t)) reduces to a Markovian noise with
zero ﬁrst moment, áz (t )ñ = 0 , and strength proportional to
the friction coefﬁcient, áz (t1) z (t2 )ñ = 2lkB Td (t1 - t2 ). Multiplying both sides of the equation (2) by u(0) and applying
the heavy mass approximation, we obtain:
M

Rrg
.
2

rg
1 d ⎛⎜ duz ⎞⎟
=- .
r
⎝
⎠
h
r dr dr

(11)

Assuming the velocity to be symmetric about the tube
center (at r=0; duz/dr=0), and applying the slip boundary
condition at the tube wall (uz(r=R)=us), we obtain the
following quadratic velocity proﬁle:
u z (r ) =

(3 )
3

rg 2
(R - r 2 ) + u s .
4h

(12)
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The mean ﬂuid velocity can be calculated by averaging
equation (12) over the tube area:
1
R2

u=
=

ò0

R

2ruz (r ) dr ,

(13)

⎤R
1 ⎡ rg ⎛⎜ 1 2 2
1 4⎞⎟
2u
r
R
r
r
+
⎢
s⎥
⎦0
R 2 ⎣ 2h ⎝ 2
4 ⎠

(14)

1 ⎞
rg ⎛⎜ 1 2
R - R 2 ⎟ + u s.
⎝
2h 2
4 ⎠

(15)

=

unrestricted (i.e., z-axis for the cylindrical pores and x and yaxes for graphene channel). In all other directions we applied
nonperiodic boundary condition. Using these equilibrated
simulation systems as the starting conﬁguration, we performed EMD and NEMD simulations in the NVT ensemble at
298 K. The system temperature was controlled by applying
the Nosé–Hoover thermostat [44] to the wall. A recent study
by Sam et al [28] demonstrated the inﬂuence of tube ﬂexibility on the conﬁned ﬂuid transport. The systems were
initially equilibrated for 20 ns long. In NEMD, the equilibration is monitored by using the development of the
streaming velocity proﬁles in time. For each conﬁguration, 10
independent simulations with different initial randomized
velocities were carried out for 20 ns each to collect adequate
statistics.
Carbon–carbon interactions were modeled with the
reactive empirical bond order potential [45], which has been
widely used to study graphene and CNTs. Water was modeled with the SPC/E model, whose transport properties agree
well with experiments [46, 47]. Fluid-wall Lennard-Jones
(LJ) interaction parameters were taken from Werder et al [48].
Both the ﬂuid–ﬂuid and ﬂuid-solid LJ interactions were
truncated at a distance of 1 nm. Long-range electrostatic
interactions were computed using the Wolf summation
method, with a cut-off distance of 1 nm and a damping
parameter of 2.25 nm−1 [49].
BNNT was modeled using the Tersoff potential [50, 51].
The partial charges of boron and nitrogen atoms in BNNT
were 0.35e and −0.35e, respectively. The parameters of the
LJ potential describing the van der Waals interactions
between water and BNNT were obtained using the Lorentz–
Berthelot mixing rule [52]. All the simulations reported here
were carried out using the LAMMPS package [53], with a
time step of 2 fs.
EMD simulations were performed on both cylindrical
(water-CNT and water-BNNT) and planar systems (watergraphene) and Ls was calculated using equations (20) and
(21), respectively. We ﬁtted the collective VACF using an
exponential function to estimate the relaxation time in both
planar and cylindrical channels. Ls was predicted for the
independent simulations and we performed averaging and
error analysis using the variations in slip lengths obtained
from the 10 independent simulations. Furthermore, we used
the shear viscosity of bulk SPC/E water (7.04×10−4 Pa s)
[54], for determining the slip length for all the nanopore and
nanochannels used in this study. For very narrow pores
(<1 nm) the viscosity is known to become nonlocal and
methods such as Green–Kubo fails. However, previous studies have reported that the shear viscosity of water maintains
its bulk value down to conﬁnements of ≈1 nm [7, 55]. It
should also be noted that the dependency of Ls on the ﬂuid
viscosity (η) obtained from EMD (equation (20)) and NEMD
(combining equations (12) and (18)) is the same. Therefore,
assuming bulk water viscosity to calculate Ls does not have a
signiﬁcant effect on the comparison of slip lengths between
both methods.
In NEMD, a gravity-like acceleration in the range
0.5–10×1011m s−2 was applied to each water molecule to

Combining equations (10) and (15), we obtain the predicted slip velocity:
u s = tg -

rgR 2
.
8h

(16)

Substituting equation (16) into equation (12) gives the total
velocity proﬁle:
⎞
rg ⎛ R 2
- r 2 ⎟ + tg .
⎜
⎠
4h ⎝ 2

u z (r ) =

(17)

Finally, the slip length can be calculated via:
⎛ du
Ls = ⎜ z
⎝ dr

⎞-1
⎟ us
r= R ⎠

⎛ rgR ⎞-1⎛
rgR 2 ⎞
=⎜
⎟
⎟ ⎜t g 8h ⎠
⎝ 2h ⎠ ⎝
=

2ht
R
- .
rR
4

(18)

(19)
(20)

Equation (20) shows Ls in terms of relaxation time (τ)
and exhibits a nonlinear dependence on the pore size. Note
that the resulting slip length is independent of the external
driving force. Sokhan and Quirke established a similar
relationship, for planar Poiseuille ﬂow in a channel of 2h
wide: [39]
Ls =

ht
h
- .
rh
3

(21)

2.2. Simulation system

We simulated armchair CNTs (n=m) of chiralities n=10,
12, 14, 16, 18, 20, 24, 28, 32 and 36, having diameters ranging from 1.36 to 4.88 nm and length 5 nm. A 5 nm long
armchair BNNT of chirality n=36, was also considered. The
diameter of both CNT and BNNT pores was calculated using
the equation, d= 3 l p n2 + nm + m2 , where the bond
length (l) in CNT and BNNT was 0.142 and 0.145 nm,
respectively. We also simulated planar graphene channels
having x and y dimensions of 4 nm each and a pore width in
the range of 1–5 nm. To obtain the correct water density
inside the channels, we immersed the channels in a large
water bath, allowing water to ﬁll the tubes at 298 K temperature and 1 atm pressure. After 1 ns equilibration, we
removed water outside the channels and applied periodic
boundary conditions along the directions where the ﬂow is
4
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Figure 2. Normalized collective velocity autocorrelation function

and corresponding ﬁt from EMD simulations for 1.36, 2.72 and
4.88 nm diameter CNTs, a BNNT of 4.98 nm diameter and 5 nm
graphene slit pore.

Figure 3. Velocity proﬁles of water at various positions from NEMD
simulation for 1.36, 2.72 and 4.88 nm diameter CNTs, a BNNT of
4.98 nm diameter and 5 nm graphene slit pore. NEMD data are
obtained at an external acceleration of 4 ´ 1011 m s-2 for CNTs and
at 1 ´ 1011 m s-2 for graphene channels.

generate Poiseuille ﬂow. This range was chosen to identify
the linear response regime, in which the slip length is independent of the external acceleration. The streaming velocities
in CNTs and BNNT were ﬁtted to a quadratic equation,
uz=ar2+b (for plane Poiseuille ﬂow, ux=az2+b).
Parameters a and b were constrained using equation (12),
such that they satisfy the shear viscosity and density of the
bulk ﬂuid. From these ﬁts and NEMD velocity proﬁles, Ls
was predicted using equation (18).

NEMD results correspond to an external acceleration of
4 ´ 1011 m s-2 . For both methods, the average ﬂuid velocity
increases nonmonotonically with the tube diameter. The water
molecules slip past the tube at higher velocities than predicted
using the Hagen–Poiseuille equation with the no-slip
boundary condition (see ﬁgure 4(a)). The no-slip velocity
varies quadratically with the tube diameter. However, the
values are negligible when compared to the slip velocities,
with the smallest and highest diameter channels having
velocities 0.026 m s−1 and 0.334 m s−1, respectively. Earlier
studies have attributed the enhanced ﬂuid velocities in CNTs
to the smooth surface potential energy landscape, causing the
ﬂuid to experience minimal frictional resistance [21].
Figure 4(b) shows the mean ﬂuid velocity as a function
of the external acceleration in a 2.72 nm diameter CNT.
Equation (10) shows a simple linear relationship between the
average ﬂuid velocity and the external acceleration. In the
lower regime of the accelerations applied to the ﬂuid in
NEMD, the mean velocity varies linearly and is signiﬁcantly
lower than the molecular thermal velocity (≈340 m s−1) at
298 K. Consequently, the velocities can be extrapolated down
to the experimental ranges to accurately estimate the slip
length.
Figure 5 shows variation of Ls with the nanotube diameter calculated from both EMD and NEMD simulations.
NEMD data are obtained at an external acceleration
4 ´ 1011 m s-2 . The applied acceleration is in the linear
regime for a CNT of 2.72 nm in diameter and was used for the
estimation of slip length in all the tubes. Following the EMD
approach, we found that Ls decreases from 230 to 90 nm as
the nanotube diameter increases from 1.36 to 4.88 nm. The
slip length may decrease even further for wider tubes and
attain a magnitude equivalent to that in a planar graphene
nanopore. The predicted values from our approach agree with
the NEMD data. The results are also in good agreement with

3. Results and discussions
We ﬁrst investigate the relaxation of the normalized collective
VACF Cc(t) calculated using the z component of the center of
mass velocities in EMD (equation (4)). Figure 2 shows Cc(t)
proﬁles and their corresponding exponential ﬁts (equation (5))
for CNTs having diameter 1.36, 2.72 and 4.88 nm, a BNNT
of diameter 4.98 and a 5 nm graphene slit pore. Using the
relaxation times τ obtained from the ﬁtted correlation functions, we calculated the mean velocity, slip length and interfacial friction coefﬁcient of water ﬂow in all CNT, BNNT and
graphene channel widths. NEMD analysis of the water ﬂow in
CNTs and graphene shows plug-like streaming velocity proﬁles; i.e. the variation in the velocity from the center to the
channel wall is negligibly small (shown in ﬁgure 3). Since the
velocity proﬁles were plug-like, we take the slip velocity as
the average streaming velocity of the ﬂuid for estimating the
slip length. While in BNNT, the streaming velocity varies
slightly from the plug proﬁle (not clearly visible because of
the large scale used in ﬁgure 3). Therefore, to calculate Ls, we
take the velocity of the water layer adjacent to the solid
boundary as the slip velocity.
3.1. CNT-water system

Figure 4(a) shows the average ﬂuid velocities as a function
of the tube diameter calculated using equation (10). The
5
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Figure 4. (a) Average ﬂuid velocity as a function of the nanotube diameter from EMD and NEMD simulations. NEMD data are obtained at an
external acceleration 4 ´ 1011 m s-2 . The average velocities calculated using Hagen–Poiseuille formalism with no-slip boundary condition
are also shown. (b) Average ﬂuid velocity with external acceleration for tube diameter 2.72 nm. The dotted straight line is prediction from
EMD. The error bars show the standard error.

which the thermostat was applied to the ﬂexible tube walls
and found the slip length up to 20% higher compared to that
in the rigid CNTs.
3.2. BNNT-water system

Unlike the very large slip of water in CNTs, many other ﬂuidsolid interfaces are characterized by smaller slip lengths and
velocities at the solid surface. To demonstrate the validity of
equation (20) for such cases, we simulated water ﬂow in a
BNNT, in which the ﬂuid slippage at the solid boundary is
expected to be very small compared to that in CNTs [24].
Recent investigations have revealed that the friction coefﬁcient of water at the BNNT surface is extremely large due to
the presence of strong electrostatic interactions between the
water molecules and the partial charges on BNNT atoms,
causing very low slip [52]. We performed both EMD and
NEMD simulations to calculate the slip length in a BNNT of
diameter 4.98 nm. From the EMD method, we found that the
Ls of water in a BNNT is ≈8 nm, which is approximately 10
times lower than the slip length in a similar diameter CNT.
The results show excellent agreement with the results from
NEMD simulations (<5% difference in the value of Ls),
where the ﬂuid is subjected to an external acceleration
4 ´ 1011 m s-2 . The slip velocity of water in a BNNT was
very small, as opposed to the very large velocities of water at
the CNT surface (ﬁgure 3). We thus demonstrated the
applicability of the proposed EMD approach to determine the
slip length in systems of different boundary conditions.

Figure 5. Slip length as a function of the nanotube diameter from

EMD and NEMD simulations. NEMD data are obtained at an
external acceleration 4 ´ 1011 m s-2 .

the results of Kannam et al [23]. However, as mentioned
previously, the magnitude of Ls is largely scattered among the
simulation literature. The discrepancy could be due to the
following reasons: (a) The water density inside the tubes
depends on the CNT diameter in our simulations [28], while
in many other simulation studies the tubes are ﬁlled with
water at bulk density. We found that the effect of this
methodological difference is signiﬁcantly higher in smaller
diameter tubes (∼30% difference in Ls for the lowest diameter). (b) The potentials used to model the interatomic
interactions of water and CNTs varied between studies
[23, 56]. (c) Previous studies on water transport through
CNTs kept the solid atoms ﬁxed to their lattice sites while
thermostatting the ﬂuid [16, 18, 20–22, 57–59], thereby
lowering the computational cost. However, recent studies
have reported that the internal dynamics (wall–wall interactions) of the solid atoms signiﬁcantly inﬂuences the ﬂuid
boundary slip [28, 60, 61]. We performed simulations in

3.3. Graphene-water system

Figure 6 shows the mean streaming velocity of water in a
planar graphene channel as a function of (a) width and (b)
external acceleration. In EMD, the average velocity is
obtained from the relaxation time using equation (10).
Figure 6(a) shows a continuous increase in the average
velocity with increasing pore width. The corresponding
6
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Figure 6. (a) Average ﬂuid velocity as a function of the pore width from EMD and NEMD simulations. NEMD data are obtained at an

external acceleration 1 ´ 1011 m s-2 . (b) Average ﬂuid velocity with external acceleration for pore width 3 nm. The dotted straight line is
prediction from EMD. The error bars show the standard error.

Figure 8. The interfacial friction coefﬁcient of water ﬂow in CNT

Figure 7. Slip length of water in graphene channel as a function of

and graphene nanopores as a function of the pore width calculated
using EMD simulations.

the pore width from EMD and NEMD simulations. NEMD data are
obtained at external accelerations 1×1011 and 4 ´ 1011 m s-2 .

increasing trend with the pore width due to nonlinear effects.
Therefore, the limiting slip length for a ﬂuid-solid system
can only be estimated from NEMD at accelerations below a
critical value (i.e., in the linear response regime), above which
Ls is dependent on the magnitude of external acceleration.

NEMD results are obtained under an external acceleration of
1 ´ 1011 m s-2 , which shows excellent agreement with the
EMD results. To validate the linear velocity response regime
in NEMD, we applied external accelerations in the range
0.5–8×1011m s−2 on a 3 nm wide graphene channel (see
ﬁgure 6(b)). Velocities deviated from the linear regime at
accelerations above 2 ´ 1011 m s-2 . This critical acceleration
is smaller than the value that we found for a 2.72 nm diameter
CNT, for which 4 ´ 1011 m s-2 was still in the linear
regime. To probe the linear response, the slip length in graphene channels were calculated both for 1×1011 and
4 ´ 1011 m s-2 . With the increasing pore width, the magnitude of Ls remained constant at an acceleration of
1 ´ 1011 m s-2 and we observed a similar trend in slip
length using the EMD approach (see ﬁgure 7). The results are
in excellent agreement with the results of Kannam et al [31],
who estimated ∼60 nm slip length in graphene nanochannels
of similar width range. At 4 ´ 1011 m s-2 , Ls shows an

3.4. Friction coefficient of water flow in CNT, BNNT and
graphene nanopores.

The diameter dependency of Ls in CNTs has been attributed
to the curvature-induced variation of the surface potential
energy, with the energy landscape becoming extremely
smooth in smaller channels [21]. This can be conﬁrmed
considering the solid–liquid interfacial friction coefﬁcient,
which is related to the relaxation time (see equation (6)).
Figure 8 shows a monotonic increase in λ with the tube
diameter. The higher slip length in smaller tubes can thus be
associated with the lower friction of water on the tube surface.
However, in large diameter tubes, the curvature effect on λ is
7
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alternative in which the slip length for ﬂuids in cylindrical
nanopores can be calculated from a single EMD simulation.
We believe that the EMD method and the results drawn
from it will beneﬁt the design and implementation of future
devices in nanotechnology.

reduced. The tube diameters considered in our study are not
sufﬁciently large for λ to reach a constant, equivalent to that
on a graphene nanopore. An estimate of λ shows no strong
dependence on the pore width in graphene-water system,
which attributes to the constant slip length. Furthermore, in
BNNT, we obtained a very large friction coefﬁcient of water
at the solid boundary, which results in low ﬂuid slip.
The friction coefﬁcient can also be calculated from
nonequilibrium simulations by calculating the ratio of tangential force (F) exerted by the ﬂuid on the solid to the slip
velocity (us), λ=F/us. Therefore, λ for a given system can
be determined from the slope of a force-velocity graph,
obtained from simulations with different external accelerations. However, the computational time required to generate
even a single data point in ﬁgure 8 using the NEMD method
is an order of magnitude higher than for the EMD approach.
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4. Conclusion
In this study, we derived and validated an expression to
estimate the slip length in cylindrical nanopores from EMD
simulations. The approach was validated against NEMD
simulation data in systems of water conﬁned in CNTs of
different diameters. The EMD and NEMD results showed
close agreement across the range of tube diameters and
driving forces (in the linear response regime). We observed a
monotonic decrement in slip length with an increasing CNT
diameter. The slip length dependency on the CNT diameter
was due to the curvature-induced variation in friction coefﬁcient. Conversely, the friction of water conﬁned between
parallel graphene sheets showed no strong dependency on the
channel width, which attributes to the constant slip length
observed. The EMD method was also validated for a BNNTwater system, in which a very small slip length was observed.
Unlike the plug-like ﬂow in CNT, NEMD analysis of water
ﬂow in BNNT showed a deviation from plug velocity proﬁle,
with the slip velocity signiﬁcantly lower than the average
ﬂuid velocity. Also for this system, the EMD and NEMD
results were in excellent agreement, demonstrating the
applicability of the proposed EMD method also for hydrophilic cylindrical nanopores.
These results provide valuable insight into the slip of
ﬂuids in cylindrical nanopores. Being able to calculate the
slip length from EMD simulations is an important step
towards consistency in the literature since the conventional
NEMD approach suffers from two main shortcomings.
First, NEMD approach relies on extremely large driving
forces to collect sufﬁcient statistics. At these large driving
forces, the response might become nonlinear, thus deviating
from the response that is of experimental interest. An EMD
method does not suffer from this limitation since it evaluates the linear response of the system. Furthermore, in
narrow hydrophobic pores, the velocity slip on the channel
surface is very high, such that the measured slip length is
very sensitive to even a minute change in the slope of the
NEMD velocity proﬁle close to the tube surface. Our EMD
method overcomes these challenges and offers an appealing
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