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ABSTRACT

We investigate the effect of the Schmidt number (Sc) on phase separation dynamics of two immiscible fluids in a two-dimensional periodic box
using dissipative particle dynamics. The range of Sc investigated spans liquid-liquid separation processes. Phase separation is characterized
by a domain size r(t), which typically follows a power law t β in time t, where β is a characteristic exponent corresponding to the coarsening
mechanism at play. The phase separation dynamics is studied for strongly (deep quench) separating mixtures. We consider cases of critical
(𝜙 ∼ 0.5) and off-critical (𝜙 < 0.5) mixtures of fluids A and B for both ScA = ScB and ScA ≠ ScB . In all cases, the growth dynamics slow down
with the increasing Schmidt number of either fluid. We observe the power law exponent β = 0.5 for symmetric (ScA = ScB ) critical mixtures
and β = 0.33 for all other cases. However, for off-critical mixtures, the exponent is 0.33 irrespective of the Schmidt number ratio of the two
fluids. We explain these results from an analysis of the competition between diffusive effects vis-á-vis dynamical forces.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5088540

I. INTRODUCTION
Phase separation processes are relevant to many physicochemical systems such as alloys,1,2 polymers,3,4 and liquid crystals.5–8
Understanding the microscopic effects in such systems is essential to
designing new generation materials. The phase separation process of
a binary fluid mixture, when quenched to below the mixture’s critical point, is usually characterized by the domain size r(t). It is widely
known that r(t) ∼ t β , where t is time. The value of the exponent β
is an important parameter that characterizes the dynamical process
and is dimensionality dependent. For 3D low volume fraction binary
mixtures (𝜙 < 0.1), the domains coarsen via droplet coalescence9
with a predicted exponent of β = 1/3 in early stages. At later stages,
the evaporation-condensation mechanism causes domain coarsening with β = 1/3. On the other hand, for 3D critical binary mixtures
(𝜙 ∼ 0.5), the phase separation begins via interface diffusion (predicted β = 1/3) with bicontinuous structures which are the characteristic of spinodal decomposition.9 At later times, hydrodynamic
flow causes the breakup of these interconnected structures, tubular
structures, leading to rapid coarsening with β = 1.
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By contrast, for two-dimensional (2D) off-critical binary mixtures, the coarsening proceeds via droplet coalescence followed
by evaporation-condensation with the corresponding exponents
β = 1/2 and β = 1/3. Note that the growth law scaling for the
evaporation-condensation mechanism is independent of dimensionality, i.e., β = 1/3. In critical mixtures, the phase separation
occurs via spinodal decomposition with bicontinuous structures
(predicted β = 1/2) followed by droplet coalescence with β = 1/2. It
is important to note that the same coarsening mechanisms are operative both in 3D and 2D but with different scaling laws. These predictions were verified both in simulations10–13 and experiments.14,15
Many simulation methods have been employed for simulating the phase separation process. These methods range from
Molecular Dynamics (MD) at the microscale; Lattice Boltzmann
Method (LBM), Lattice Gas Automata (LGA), and Dissipative Particle Dynamics (DPD) at the mesoscale; and Navier-Stokes (NS) equations at the continuum scale. Dissipative Particle Dynamics (DPD)
is a coarse-grained method which has some computational advantages over the other mesoscale and microscale methods in modeling the hydrodynamics of complex fluids. In a DPD simulation,
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each DPD particle is a model for a collection of several fluid
molecules. This method was first introduced by Hoogerbrugge and
Koelman,16 which was later developed through the extensive investigations on the applicability to different physical problems.17,18 Due
to the soft-repulsive nature of the interparticle potential, larger time
and length scales are accessible with DPD when compared with
Molecular Dynamics (MD). There are two reasons why one should
be concerned about the dynamic properties of fluids, such as viscosity and diffusivity, while modeling the binary phase separation
process using the DPD method. First, the phase separation dynamics strongly depends on viscosity and diffusivity of the fluids.19,20
For example, the mechanism for phase separation can either be
diffusion dominated or advection dominated or both depending
on the dynamical properties of the individual fluids. Second, the
momentum transport is slow due to the soft-core repulsive potential of the DPD method which is in the same order of the diffusive
transport.
A dimensionless number which quantifies the relative transport of momentum and mass diffusion is the Schmidt number (Sc)
which is defined as the ratio of viscosity to diffusivity (Sc = Dν ). Typical values of the Schmidt number in a standard DPD fluid are of
O(1), which is not typical of liquids. The competing effects in a
typical liquid-liquid phase separation process are dictated by interface forces which are responsible for dynamical and diffusive effects.
In other words, Sc ∼ O(1), which corresponds to a gaseous phase
where hydrodynamic behavior is suppressed. However, for most soft
matter systems with liquid as a medium, the corresponding Sc numbers are much higher [Sc ∼ O(103 )]. Therefore, it is necessary to
increase the Schmidt number to model the hydrodynamic behavior of the liquids accurately. The dynamic properties of DPD fluids,
such as viscosity (ν) and diffusivity (D), can be tuned to increase
Sc, which plays an important role in determining the underlying
mechanism of the phase separation process.21–23 To the best of our
knowledge, there are only a few studies on the effect of viscosity
asymmetry on the phase separation of binary fluid mixtures in the
reported literature.19,20,24,25 In addition, it is quite often the case in
binary phase separation that the dynamic properties, such as viscosity and diffusivity, of each of the individual fluids will be very
much different.26–28 Apart from that it is advantageous to study any
physical phenomenon in terms of nondimensional numbers to scale
up a process from a small scale to large scale. Toward this end, we
investigate the effect of symmetrical and asymmetrical dynamical
properties, such as viscosity (ν) and diffusivity (D), of individual fluids A and B on the binary phase separation process in terms of their
ratio, the Schmidt number.
The organization of the paper is as follows. In Sec. II, a brief
overview of the finite-sized DPD method, the simulation parameters, the calculation of dynamic properties of the DPD fluid, the
Schmidt number (Sc), and the domain size are presented. In Sec. III,
we compare the results of phase separation behavior for different combinations of Schmidt numbers Sc for the investigation of
fluids A and B by computing the temporal evolution of domain size.
Finally, we present the conclusions of the study in Sec. IV.
II. COMPUTATIONAL METHODOLOGY: FDPD
In this section, we briefly outline the Finite Sized Dissipative Particle Dynamics (FDPD) method originally proposed by
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Pan et al.29 In this formulation, each FDPD particle is considered
to be a coarse-grained model consisting of several fluid molecules.
Initially, the simulation domain is seeded with N such FDPD particles with an average number density ρ per unit volume. Each FDPD
particle is chosen to have a mass mi (i = 1, . . ., N), each of radius Ri
and corresponding mass moment of inertia I i . These particles satisfy
the laws of conservation of both linear and angular momenta. These
conservation equations are
mi

dvi
= fi ,
dt

(1a)

Ii

dωi
= − ∑ λ ij rij × fij ,
dt
j≠i

(1b)

where vi and fi = ∑j≠i fij are velocity and force, respectively, on the
ith particle. fij is the effective force exerted on the ith particle by
a neighboring jth particle at a distance rij = ri − rj , and ωi is the
angular velocity. The torque exerted by each particle is weighted by
λ ij = Ri /(Ri + Rj ), where Ri and Rj are particle radii of ith and jth
particles, respectively. The position, linear, and angular velocities of
each FDPD particle are resolved componentwise by the forces and
moments exerted by the neighboring particles within a certain cutoff distance rc . The pairwise force fij is a sum of four forces each
of different nature, viz., (i) a central conservative (fijC ), (ii) a translational dissipative (fTij ), (iii) a rotational dissipative (fRij ), and (iv) a
stochastic or random (fijS ). Mathematically,
fij = fijC + fTij + fRij + fijS .

(2)

The central conservative force is always repulsive and acts along a
line connecting centers of particles i and j and is given by
fijC = α ij Γ(rij )êij ,

(3)

where α ij is the repulsion interaction coefficient, rij = |rij |, and
êij = rij /rij is a unit vector. A linear weight function Γ(rij ) is chosen such that the conservative force is purely repulsive and vanishes
linearly at a limiting value rij = rc . The conservative weight function,
Γ(rij ), is given by
⎧
⎪
⎪1 −
Γ(rij ) = ⎨
⎪
⎪
⎩0,

rij
,
rc

if rij ≤ rc ,
if

(4)

rij > rc .

The translational dissipative force will have both central and noncentral components, which are given by
fTij = −γij ∣∣ wD (rij )(vij ⋅ êij )êij − γij  wD (rij )[vij − (vij ⋅ êij )êij ],

(5)

respectively. Here, γij ∣∣ and γij  are the central and shear components
of dissipation coefficients. The relative velocity vij = vi − vj between
the particles in both directions is reduced by the translational frictional force. Similarly, the rotational dissipative force is assumed to
be of the form
fRij = −γij  wD (rij )[rij × (λ ij ωi + λ ji ωj )].

(6)

A stochastic Brownian force, which accounts for the lost degrees of
freedom due to the coarse graining, is given by

150, 234903-2

The Journal
of Chemical Physics

ARTICLE

√
1
fijS dt = wR (rij )[σ ij ∣∣ tr[dWij ] √ 1 + 2σ ij  dWij A ] ⋅ êij ,
D

(7)

where fijS dt is the net impulse due to the random force during an
infinitesimal time step dt. D = 2 for two-dimensional simulations,
tr[dWij ] is the trace of the symmetric independent Wiener increment matrix dWij , and dWij A is its antisymmetric part. To satisfy the
fluctuation dissipation theorem,
coeffi√ the random and dissipation
√
cients are correlated by σ ij ∣∣ = 2kB Tγij ∣∣ and σ ij  = 2kB Tγij  . The
choice of these parameters provides an implicit thermostat so that
the FDPD simulations are performed at constant temperature. Here,
wD (rij ) and wR (rij ) are weight functions which physically determine
the relative strengths of the dissipative and random forces, respectively, and are related due to fluctuation-dissipation theorem (FDT).
We use the generalized weight function for the dissipative force
following Fan et al.,30
wD (rij ) = [wR (rij )]2
⎧
⎪
⎪(1 −
=⎨
⎪
⎪
⎩0,

rij s
),
rc

if rij ⩽ rc ,
if rij > rc .

(8)

Here, s is the exponent in the weight function and Eq. (8) ensures
that the fluctuation-dissipation theorem (FDT) is satisfied. A generalized form of the dissipative weight function vs r/rc for various
values of exponent s is shown in Fig. 1. For values s < 1, the weight
function is concave and the dissipative interaction between particles
is weighted more heavily in comparison with the standard quadratic
weight function (s = 2.0). These differences in the form of the weight
function affect the effective diffusivity as well as the viscosity, thereby
the Schmidt number. The velocity-Verlet algorithm is used to integrate the particle positions with a time step of ∆t = 0.001. It must be
emphasized that the choice of ∆t must be dealt with utmost care as
the wrong choice could yield unphysical results. For example, in the
present system, if the time step is large (∆t ∼ 0.01), the system shows
arresting behavior, which is an artifact. We varied ∆t systematically
to eliminate the ∆t dependence on the simulating system and arrived
at a value of 0.001. The factor dt in the stochastic/random force can
be explained by assuming the random force as the Wiener process.

scitation.org/journal/jcp

This dt factor is to remove the time step dependence on the physical
process.18
A. Simulation parameters and calculation
of dynamic properties
As mentioned before, Sc determines the relative importance of
momentum and mass diffusion. In the current context, it plays an
important role in phase separation dynamics. Simulation parameters
such as the dissipative coefficient (γ), cut-off radius (rc ), and weightexponent (s) can be tuned to increase the Schmidt number in order
to produce the physically consistent hydrodynamic behavior. Different approaches have been proposed by several researchers22,23,30
to accomplish this end. In the present work, we have chosen to vary
the dissipative coefficient (γ) and weight exponent (s) systematically
to vary the Schmidt number.
We are interested in characterizing the effect of Sc on the binary
separation process. At the start of the simulation, particles of both
A-type and B-type are well-mixed by arranging them randomly in
the computational domain. The number densities for both the fluids
are set to ρA = ρB = 3/2. The repulsion coefficient α ij is different for
the different species interaction. In our simulations, we have chosen α AA = α BB = 25 for A–A and B–B interactions and α AB = 50 for
the A–B interaction, which corresponds to a deep quench separation regime.31 The random and dissipative coefficients in the central
and shear directions σ ij ∣∣ = σ ij  and γij ∣∣ = γij  are chosen to satisfy
the fluctuation-dissipation theorem, which in turn keeps the system
temperature kB T at a constant value of 1. Different values considered
in the present work for the central and shear components of the dissipative coefficients are presented in Table I. The central and shear
components of the dissipative components are taken to be equal and
are represented by γij ∣∣ = γij  = γij .
The dynamical behavior in the phase separation of binary fluid
systems is strongly influenced by the viscosity of the pure fluids as
well as viscosity difference (or ratio) between A and B fluids. Since
the phase separation process is dominated by the discontinuity in
viscosity across the fluid domains, it is essential to model the correct viscosity at the fluid-fluid interface. The concept of defining the
different repulsion coefficient α ij for like (A–A or B–B) and unlike
(A–B) particles is well-known in the modeling of immiscible binary
fluids using the DPD method. One can use a similar strategy in modeling multiviscosity systems. The dissipative coefficient (γ) for like
particles (A–A or B–B) gives the viscosity of pure A and B fluids.
TABLE I. Schmidt number variation as a function of exponent of dissipative force
weight function s and dissipative force coefficient γ.

s

FIG. 1. Generalized dissipative force weighting functions.
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2.0
2.0
2.0
2.0
0.5
0.5
0.5
0.5

γ

Sc

4.5
22.5
45.0
90.0
4.5
22.5
45.0
90.0

1.0
2.5
5.0
13.0
3.3
43.0
160.0
635.0
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But, it is not straightforward to define the dissipative coefficient (γ)
for unlike particles (A–B). Visser et al.32 proposed a model for multiviscosity systems using the DPD method. We closely follow their
work in modeling the viscosity at a fluid-fluid interface, viz., between
A and B fluids. In their work, they have taken the dissipative coefficient for A and B interactions γAB as a harmonic mean of pure
fluid dissipative coefficients γAA and γBB . Pure fluid viscosities for
different values of the dissipative coefficient (γ) were calculated and
validated using the planar Poiseuille flow method.21,33 A parabolic
y2

velocity profile u = umax (1− h2 ) based on the Navier-Stokes equation
is fitted to simulation results of the Poiseuille flow. The maximum
velocity umax can be obtained from the fitting, and the dynamic visρgh2

cosity of the fluid can be calculated using umax = 2µ , where g is
the steady external force and h is the distance from the center to the
wall of the channel. In our simulations, we have chosen four different values for γAA and γBB . They are given by 4.5, 22.5, 45.0, and 90.0
corresponding to successively high viscosities. We confirmed that
the fluid is Newtonian by obtaining a parabolic velocity profile30 for
different combinations of the values of weight function exponent (s),
dissipative coefficient (γ), and external force (g) and our results are
in agreement with Kasiteropoulou et al.34 The 2-dimensional diffusion coefficient D of pure fluids is calculated using mean square
displacement (MSD) of particles after long time. Mathematically, it
can be written as
1 N
2
∑⟨[ri (t) − ri (0)] ⟩.
t→∞ 4N∆t
i=1

D = lim

(9)

Based on the values of kinematic viscosity ν and diffusivity D,
the Schmidt number (Sc = Dν ) is calculated and tabulated in Table I
for different values of γ.

FIG. 2. Phase separation morphologies of two fluids A and B at different times
with critical area fraction (𝜙 = 0.5) at ScA = 635 and ScB = 635. Color
code: fluid A—brown and fluid B—black. Multimedia view: https://doi.org/10.1063/
1.5088540.1

The calculation of r(t) is as follows:
S(k = ∣k∣, t) =

2

2

N
N
1
[( ∑ cos(k ⋅ ri )) + ( ∑ sin(k ⋅ ri )) ],
N i=1
i=1

(10)

2π
(iex + jey ), where i, j = 0, ±1, ±2, ±3, . . . .
(11)
L
Here, N is the number of particles, ri is the position vector of the ith
particle, k is the wave vector, and L is the size of the domain,
k=

∣k∣

r(t) = 2π

cut
S(∣k∣, t)
∑∣k∣=0

cut
∣k∣S(∣k∣, t)
∑∣k∣=0

∣k∣

.

(12)

The value of kcut is chosen such that the largest domain size obtained
had a length scale less than 2π/kcut .

B. Domain size calculation
Beginning from a well-mixed condition, the two phases begin
to separate due to interfacial force. This process results in the
formation of domains of one fluid embedded in another. The
domain size (of, say, species A) exhibits different power law behavior
r(t) ∝ t β , where the exponent β varies depending on the coarsening mechanism. In our case, we have calculated the domain size r(t)
using the structure factor35 S(k, t), which is the spatial Fourier transform of the density map of the phase separating mixture at time t.

III. RESULTS AND DISCUSSION
In the present work, we are interested in understanding the
effect of the Schmidt number (Sc) on the phase separation process.
We study this systematically for critical mixtures (𝜙 = 0.5) and offcritical mixtures (𝜙 < 0.5) for different combinations of Schmidt
numbers of fluids A and B. Note that in all the simulations performed, the value of s is the same for both the fluids A and B, either
2.0 or 0.5. All the simulations are performed in a two-dimensional

FIG. 3. (a) Domain size r(t) vs simulation
time t. (b) Domain size r(t) vs t s ∼ Dt,
where D is the diffusion constant of either
of the pure fluids A and B. Collapse of
r(t) for different Sc values indicates that
the coarsening mechanism is the same
for all the cases which is interface diffusion. Case 1: ScA = ScB ∼ 1, Case 2:
ScA = ScB ∼ 2.5, Case 3: ScA = ScB
∼ 13, Case 4: ScA = ScB ∼ 160, and
Case 5: ScA = ScB ∼ 635 with critical
area fraction (𝜙 = 0.5).
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(2D) periodic box of dimensions Lx × Ly = 100 × 100 with a total of
3 × 104 particles (both of fluids A and B) randomly arranged (initially) in the simulation box. The quench protocol for a simulation
is as follows. At t = 0, a homogeneous mixture of fluids A and B
fills the simulation domain, and instantaneously, the value of the
repulsion coefficient α AB is set to 50 (corresponds to a deep quench),
which drives the system into phase separation. For box sizes greater
than 100 × 100, the simulation results are invariant. We checked the
invariance based on the growth exponent (β). Therefore, a box size
of 100 × 100 was used for all the cases in this work. All the results
produced in this work are averaged over a minimum of 5 trials.
We validated all our results with the DPD formulation against the
findings of Novik and Coveney.10
A. Critical mixtures
In this section, we discuss phase separation dynamics of critical
mixtures of fluids of same and different Schmidt numbers.
1. Equal Sc fluids (ScA = ScB )
The phase separation in these cases proceeds always via spinodal decomposition. The domains of the individual fluids are interconnected, and domain coarsening occurs through interface diffusion. The domain size r(t) scales as t 1/2 as theorized by Miguel
et al.9 in 2D through dimensional arguments. Our simulations can
be construed as ending at intermediate times (prior to break up
of interconnected structures) since we are interested in the time
range when bicontinuous structures are present. Our reported exponents are valid for this regime. In order to ascertain that the corresponding exponent is not an artifact of our choice of box size,
we performed simulations with varying system sizes for sufficiently
long times. The exponent in all cases for intermediate times yielded
β = 1/2. At later times, the interconnected structures could break
up and can coarsen either by droplet coalescence or by evaporationcondensation36 with β = 1/2 or β = 1/3, respectively (both in 2D
and 3D), as reported by Lamorgese and Mauri11,12 from their investigations of phase separation dynamics of binary mixtures using a
diffuse-interface model. Figure 2 shows the time evolution of phase
separation morphology for fluids A and B with ScA = ScB ∼ 635.
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FIG. 4. Phase separation morphologies of two fluids A and B at different
times with critical area fraction (𝜙 = 0.5) at ScA ∼ 635 and ScB ∼ 3. Color
code: fluid A—brown and fluid B—black. Multimedia view: https://doi.org/10.1063/
1.5088540.2

From the morphological evolution, we conclude that the phase separation proceeds predominantly through the coarsening of interconnected domains irrespective of the magnitudes of the viscosities of individual fluids. However, an increase in viscosity decreases
the diffusivity of the individual fluids, thereby delaying the phase
separation.
Figure 3(a) shows the domain size r(t) as a function of simulation time for different Schmidt numbers. These results are in
agreement with the expected scaling (dotted-dashed line) r(t) ∼ t 1/2 .
Figure 3(b) is the domain size r(t) vs t s ∼ Dt, where D is the diffusion
coefficient of either fluid A or B (note that DA = DB in this case). This
procedure synchronizes different coarsening time scales. Rescaling
the time axis results in the collapse of r(t) for different Schmidt numbers, suggesting that diffusion is the dominant mechanism causing
domain coarsening.
2. Unequal Sc fluids (ScA ≠ ScB )
The asymmetry in viscosity across the fluid interface greatly
modifies the phase separation process. First of all, interface diffusion is not the dominant mechanism for domain coarsening. This is

FIG. 5. (a) Domain size r(t) vs simulation time t. (b) Domain size r eq (t) vs t. r eq is the average equivalent radius of all the domains in the simulation box and defined as
√
req (t) ∼ ⟨ A(t)⟩, where A is the area of a domain and angular brackets represent ensemble average over a simulation box. Case 1: ScA ∼ 5 and ScB ∼ 1, Case 2: ScA
∼ 13 and ScB ∼ 1, Case 3: ScA ∼ 160 and ScB ∼ 3, Case 4: ScA ∼ 635 and ScB ∼ 3, and Case 5: ScA ∼ 635 and ScB ∼ 43 with critical area fraction (𝜙 = 0.5). Cases 1 and
2 are omitted in (b) due to poor statistics.
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FIG. 6. Phase separation morphologies of two fluids A and B at different times
with off-critical area fraction (𝜙 = 0.25) at ScA ∼ 43 and ScB ∼ 635. Color
code: fluid A—brown and fluid B—black. Multimedia view: https://doi.org/10.1063/
1.5088540.3

evident from the morphological evolution of fluid domains as shown
in Fig. 4. Clearly, the system shows interconnected/bicontinuous
structures at early times but quickly transforms into a stage where
disconnected domains of the low viscosity fluid (fluid B) diffuse around in a continuum of the high viscosity fluid (fluid
A). Upon careful inspection, we found that the domain coarsening occurs primarily via Brownian coagulation/droplet coalescence.
Figure 5(a) is the plot of domain size r(t) vs t. In this case, r(t) ∼ t 1/3
(dotted-dashed line). Dimensional arguments9 suggest that the
droplet coalescence mechanism leads to a t 1/2 scaling law in 2D,
which is clearly in disagreement with our observation. We would
like to mention that the Lifshitz-Slyozov-Wagner (LSW) mechanism (evaporation-condensation or Ostwald ripening)37–39 yields a
t 1/3 in 2D; however, we see no evidence of Ostwald ripening in our
system. In deriving the scaling law for droplet coalescence,9 it was
assumed that the droplets are far apart and that two drops encounter
each other through diffusive motion. However, in the present case
where 𝜙 = 0.5, the droplets are packed densely and the hydrodynamics developed due to the asymmetry in viscosity across the
fluid interfaces greatly modify the coarsening mechanism. We speculate that the coupling between hydrodynamics and diffusion affects
the droplet coalescence mechanism, which results in t 1/3 scaling for
domain size. Our observations are in agreement with Luo et al.19
They observed both t 1/2 and t 1/3 scaling for unequal viscosity fluids
at 𝜙 = 0.5. In addition, t 1/2 scaling is observed for higher individual
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FIG. 8. Domain size r(t) vs simulation time t at interfacial tension between fluids A
and B, ΓAB = 14.14 ± 0.16, corresponding to the DPD parameters s = 2, 𝜙 = 0.25,
ρ = 6, α AA = α BB = 12.5 and α AB = 50, and γAA = γBB = γAB = 4.5. In comparison
with case 2 of Fig. 7 where ScA /ScB = 1 and ΓAB = 2.44 ± 0.43.

viscosities and t 1/3 for lower individual viscosities while maintaining
the ratio of viscosities of individual fluids at 4:1. These results suggest that the coupling between hydrodynamics and diffusion affects
droplet coalescence behavior and therefore the power in the scaling
law.
B. Off-critical mixtures
We performed off-critical mixture simulation at 𝜙 = 0.25 with
ScA ∼ 43 and for different values of ScB . In all the cases, fluid A
forms isolated domains in fluid B and domains coarsen via Brownian
coagulation/droplet coalescence. Figure 6 shows the morphological
evolution of fluid domains at ScA ∼ 43 and ScB ∼ 635. Figure 7(a)
shows the domain size r(t) as a function of simulation time t and the
observed scaling (dotted-dashed line) of t 1/3 , which is in disagreement with the proposed scaling of t 1/2 for droplet coalescence. Again,
we see no evidence for the LSW mechanism under these conditions
which follows as t 1/3 law.
We present arguments based on our simulations in support of
the observed power law. The domain size scaling law derived for
droplet coalescence assumes40 that the droplets are sparsely populated and τ σ ≪ τ D . The first time scale τ σ ∼ ρνl
is known as the
σ
fusion time scale, i.e., time taken for the fusion of droplets to be

FIG. 7. (a) Domain size r(t) vs simulation time t. (b) Domain size r eq (t) vs t.
r eq is the average equivalent radius of
all the domains in the simulation
box and
√
defined as req (t) ∼ ⟨ A(t)⟩, where
A(t) is the area of a domain and angular brackets represent ensemble average
over a simulation box. Case 1: ScA ∼ 43
and ScB ∼ 3, Case 2: ScA ∼ 43 and ScB
∼ 43, Case 3: ScA ∼ 43 and ScB ∼ 160,
and Case 4: ScA ∼ 43 and ScB ∼ 635)
with off-critical area fraction (𝜙 = 0.25).
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TABLE II. Summary of measured and predicted growth exponents and the corresponding coarsening mechanism for critical (𝜙 ∼ 0.5) and off-critical (𝜙 < 0.5)
mixtures at equal and unequal Schmidt number values of individual fluids A and B.

𝜙

0.5
0.5
<0.5
<0.5
a

Sc
ScA = ScB
ScA ≠ ScB
ScA = ScB
ScA ≠ ScB

β from β from
β
r(t)
req (t) predicted
0.5
0.33
0.33
0.33

...
0.33
0.5
0.5

0.5
...
0.5
0.5

Coarsening
mechanism
Interface diffusion
Droplet coalescencea
Droplet coalescence
Droplet coalescence

Modified by the hydrodynamics caused by the viscosity jump across the fluid interface.

completed, where ρ is the density of droplet fluid, ν is the kinematic viscosity of the continuous fluid, l is size of the drop, and σ
is the interfacial tension between the droplet fluid and the continu2
ous fluid. The time scale τ D ∼ Dl corresponds to diffusion, i.e., time
taken for a droplet to encounter another droplet through diffusive
motion, where D is the diffusion coefficient of the droplet in the
continuous fluid. We speculate that the assumption τ σ ≪ τ D breaks
down for the choice of our simulation parameters. In other words,
these time scales could be comparable. In order to rationalize these
results, we present calculations of domain size using
√ image processing. We calculated the domain size as req (t) ∼ ⟨ A(t)⟩, where A(t)
is the area of a domain and angular brackets indicate the ensemble
average over the simulation box. This calculation ensures that the
fusion is instantaneous. Figure 7(b) is the plot of req (t) vs t. The late
time behavior of req is t 1/2 (dotted-dashed line), clearly in agreement
with the proposed scaling of t 1/2 for droplet coalescence. Note that
we performed similar analysis for the cases discussed in Sec. III A 2.
However, req still yielded t 1/3 behavior [see Fig. 5(b)], suggesting a
different underlying mechanism for domain coarsening. Furthermore, we substantiated the above arguments by performing simulations at higher interfacial tension between fluids A and B (calculated using the Irving-Kirkwood relation41 ), thereby decreasing the
fusion time τ σ . Under these conditions, the domain coarsening proceeds predominantly via droplet coalescence and the corresponding
scaling is t 1/2 as expected. Figure 8 shows the temporal evolution
of domain size r(t) at an interfacial tension ΓAB = 14.14 ± 0.16.
The predicted scaling agrees with the simulation result which is
r(t) ∝ t 1/2 .
Table II summarizes the measured and predicted values of
growth exponent β for different simulation conditions explored
in the present work. For critical mixtures of equal Sc fluids,
the phase separation proceeds via spinodal decomposition and
the corresponding coarsening mechanism is interface diffusion.
Whereas in all other cases, the coarsening mechanism is droplet
coalescence.
IV. CONCLUSIONS
We studied Schmidt number effects on phase separation of critical and off-critical mixtures of two immiscible fluids in 2D. The Sc
of a fluid is modified by varying either s, the exponent of the dissipative force weight function, or γ, coefficient of the dissipative force or
both. In the case of critical mixtures with equal Schmidt number fluids, the phase separation is spinodal decomposition and proceeds via
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interface diffusion producing a t 1/2 power law for the domain size.
However, for unequal Schmidt number fluids of critical composition, the phase separation is modified qualitatively. At early times,
the phase separation resembles a spinodal decomposition which
quickly transforms into a droplet coalescence regime. During this
regime, the low viscous fluid forms densely populated droplets in
the high viscous fluid and the droplets coalesce in time. This gives
rise to a t 1/3 for the domain size which disagrees with the proposed
scaling law t 1/2 . Despite the r(t) ∼ t 1/3 behavior, we see no evidence of
the LSW mechanism. We speculate that the observed scaling behavior t 1/3 is due to hydrodynamics affecting the droplet coalescence as
suggested by Luo et al.19 For the off-critical mixtures, the observed
mechanism for domain coarsening is always droplet coalescence.
Based of dimensional analysis arguments, the proposed scaling law
is t 1/2 when τ σ ≪ τ D , where τ σ is the drop fusion time and τ D is
drop diffusion time. However, the aforementioned inequality breaks
down for the choice of our simulation parameters.
√ We circumvented
this by calculating the domain size as req (t) ∼ ⟨ A(t)⟩ which makes
the droplet fusion instantaneous. Now, the quantity req (t) follows
the proposed scaling law of t 1/2 as expected. Moreover, we demonstrated that decreasing τ σ (by increasing interfacial tension between
fluids A and B) yields the correct scaling law, i.e., t 1/2 for droplet coalescence without the need for calculating req confirming the above
rationale.
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