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A linear model describing the instability behavior of annular, swirling, inviscid sheets subject to
inner and outer gas flows of differing velocities is presented. The model considers three-dimensional
disturbances and contains previous flat sheet, cylindrical jet, and annular jet analyses as limiting
cases. Model predictions show that, in the absence of swirl, ~i! an increase in axial Weber number
causes the range of unstable axial disturbance modes to increase, ~ii! when the axial Weber numbers
are small ~,8!, inner gas flows lead to slightly faster growing axial instability modes than outer gas
flows at equivalent inner and outer Weber numbers, but inner and outer gas flows have the same
effect when Weber numbers are high ~.10!, ~iii! the wavenumber for the axial mode having the
highest growth rate decreases with a decrease in axial Weber number, ~iv! an increase in the density
of the atomizing gas results in a slight increase in the wavenumber of the axial disturbance mode
having the highest growth rate. When swirl is present, model predictions demonstrate that ~v! swirl
reduces the wavenumber for the axial disturbance mode having the highest growth rate and reduces
growth rates as well, ~vi! an increase in the swirl Weber number beyond the stabilizing region
increases the range of unstable axial and circumferential modes and increases growth rates as well
for nonzero axial Weber numbers, ~vii! increasing the swirl Weber number increases the axial
wavenumber for the disturbance mode having the highest growth rate, but a circumferential mode
number of zero is retained until the swirl Weber number exceeds about 8, at which point the axial
wavenumber for the disturbance having the highest growth rate falls to zero and the circumferential
wavenumber jumps to a finite value of n at which time further increases in swirl Weber number
serve to increase n, ~viii! up to two local nondimensional growth rate maxima can exist, and the
instability domain can be simply connected or can consist of two separate regions separated by an
area where disturbances are stable. The topology of the growth rate surface depends on the ratio of
the annulus inner to outer radii. These findings are used to explain some observations of practical
atomizer performance. © 1996 American Institute of Physics. @S1070-6631~96!01012-4#

I. INTRODUCTION

Annular liquid sheet stability has been the subject of
research since Ponstein’s1 study over 30 years ago. Annular
liquid sheet stability is of importance both from a practical
and a theoretical point of view.
From a practical view point, annular liquid sheets are
known to be formed in various liquid spray applications.2
Spray formation through the breakup of an annular liquid
sheet has been found to be an efficient process2 because of
the increased surface area for interaction between the gas and
the liquid. Many practical atomizers, including pressure
swirl, airblast, air assist, pre-filming airblast and effervescent, utilize this fact. Therefore, it is important to understand
the stability of annular liquid sheets.
Annular liquid sheet stability is also of interest from a
theoretical view point. A swirling annular sheet is the most
general two-dimensional geometry and other common geometries, such as the cylindrical jet, the plane sheet, the hollow
jet, and the nonswirling annular sheet, can be treated as special cases.1 As a result, the information obtained from this
analysis will be useful in a variety of applications.
a!
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Annular liquid sheets have been studied experimentally
by a number of researchers. Recently, Santangelo and Sojka3
used focused image holography ~FIH! to investigate the Weber number-dependent breakup of an annular sheet formed in
the near nozzle region of an effervescent atomizer produced
spray. Figure 1 is an artist’s rendition reflecting a typical
holographic image. As can be seen, the liquid exits the
nozzle in the form of an annular sheet with a coflowing gas
core. The sheet undergoes circumferential breakup and
evolves into a finite number of ligaments close to the nozzle.
The ligaments are themselves unstable and undergo axial
breakup into drops. This breakup process is clearly multidimensional.
This multidimensional process is fundamentally different from what previous experimental researchers of annular
liquid sheets4,5 have found. Kendall4 and Lee5 studied low
mass flow rate, low Weber number annular jets and found
that the jets developed axisymmetric disturbances and that
the liquid broke up into spherical shells with gas trapped
inside them. The process of shell formation observed by
Kendall4 and Lee5 at low Weber numbers and the process of
effervescent spray formation observed by Santangelo and
Sojka3 at high Weber numbers are based on the same phenomenon, viz., annular sheet instability, but are qualitatively
distinct. Any model that successfully describes the annular
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FIG. 1. Artist’s rendition of a near-nozzle structure hologram @Santangelo
and Sojka ~1993!#.

sheet instability process must be able to explain this difference.
As is obvious from Fig. 1, effervescent spray near nozzle
structure is three dimensional, i.e., it has a distinct circumferential breakup pattern along with a longitudinal structure.
This circumferential behavior cannot be predicted by an axisymmetric instability analysis. A model accounting for the
growth of circumferential disturbances must be formulated to
predict this structure, since no such models exist. The goal of
the present work is to study the stability of an annular, swirling, inviscid liquid sheet subject to unequal gas velocities
inside and outside and to develop a model to predict the
qualitatively different breakup structures observed by
Kendall4 and Santangelo and Sojka.3
The model described here is restricted to inviscid applications. Practical examples include sprays formed from lowviscosity liquids such as commercial diesel fuel, aviation fuels, automobile fuels, plus glass cleaners, and water in fire
suppression/explosion control systems. Liquid viscosity can

be important in some cases. Previous studies of instability
for other geometries have shown that viscosity can be important when the disturbance wavelength is small compared to
the sheet thickness. Such behavior might be expected to occur at high Weber numbers.
A number of previous studies are pertinent to this investigation. Table I provides a summary of this body of research. The first study of annular sheet stability was reported
by Ponstein.1 He derived the general dispersion relation for
the growth of disturbances under the influence of a potential
swirl flow and a uniform axial mean velocity, while neglecting the effects of viscosity and the presence of the two gas
phases. Ponstein1 showed that the annular sheet is stable to
nonaxisymmetric disturbances in the absence of swirl. He
also showed that swirl can cause circumferential modes of
wavenumber greater than zero to be more unstable than the
axisymmetric mode.
Subsequent researchers6–11 studied the stability of annular liquid sheets and found that the curvature of the sheet has
a significant impact on its stability. As a consequence, existing relations from flat sheet stability analyses12 cannot be
used to predict the breakup of an annular sheet. In addition,
the annular sheet analyses6–11 were two dimensional and neglected one or more effects ~liquid viscosity, or the gas phase
inside, or the gas phase outside, or swirl, or circumferential
disturbances!. These models are therefore incapable of predicting the three-dimensional near-nozzle flow structure observed by Santangelo and Sojka.3
Panchagnula et al.13 developed a linear instability model
of an annular liquid sheet including the effects of liquid surface tension and gas phase inertia inside and outside the
sheet, and accounted for nonaxisymmetric instability modes.
They found that the range of unstable modes in both the axial
and circumferential directions, increases as the Weber num-

TABLE I. Annular sheet stability literature summary.
Researcher~s!
Ponstein

1

Viscous/Inviscid
Inviscid liquid

Dumbleton
and Hermans6
Crapper et al.7

Inviscid liquid

Esser et al.8

Inviscid liquid

Meyer and
Weihs9
Harvanek and
Chow10
Radwan21

Viscous liquid

Radwan22

Inviscid liquid

Shen and Li16

Viscous liquid

Present work

Inviscid liquid

Inviscid liquid

Viscous liquid
Inviscid liquid

Disturbance mode
Nonaxisymmetric
and axial
disturbances
Axisymmetric and
axial disturbances
Axisymmetric and
axial disturbances
Nonaxisymmetric
and axial
disturbances
Axisymmetric and
axial disturbances
Axisymmetric and
axial disturbances
Axisymmetric
disturbances
Axisymmetric
disturbances
Axisymmetric and
axial disturbances
Nonaxisymmetric
and axial
disturbances

Swirl/no swirl

Gas phases

Swirling liquid

Gas presence
neglected

No swirl
No swirl

Gas presence
neglected
Gas phases at rest

No swirl

Gas phases at rest

No swirl

Gas phases at rest

No swirl

Ambient gas at rest

No swirl

Ambient gas at rest

No swirl

Both gas phases at
same velocity
Gas phases at
different velocities
Gas phases at
different velocities

No swirl
Swirl
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periodic in the u direction. For example the perturbation velocity in the gas phase inside the annulus can be written as
u j 5û j •exp~ v t1ikz1in u ! ,

where k and n are the wave numbers of the perturbation in
the z and u directions, respectively, v is the temporal growth
rate, and t is the time. The governing equations and boundary conditions are solved to yield the eigenvalue v as a function of k and n and the other fluid flow parameters ~the
nondimensional densities, the Weber numbers, the ratio of
the radii of the annular sheet, plus the nondimensional velocities of all three streams!.

FIG. 2. Geometry and nomenclature of annular liquid flow.

ber increases and, therefore, any assumptions of axial symmetry could lead to incorrect conclusions.
In summary, previous studies do not address the general
case of three-dimensional annular sheet instability for a
swirling liquid in the presence of inner and outer gas phases
of differing velocities. As such, they cannot hope to predict
the experimentally observed multidimensional instabilities.
We address that lack in the present work.
II. MODEL AND GOVERNING EQUATIONS

Figure 2 illustrates the geometry and the flow parameters
being considered in this analysis. The temporal instability of
an infinitely long annular liquid sheet in the presence of gas
flows inside and outside the sheet is investigated. The gas
and the liquid flows are assumed to be incompressible and
the mean velocity distributions uniform and steady. The coordinate system is held stationary with respect to the nozzle.
The equations governing the flow are the momentum
equations in the r, u, and z directions, along with continuity,

] Vj
1
1 ~ V j •“ ! V j 52 “p j ,
]t
rj

~1!

“–V j 50.

~2!

Here, j5i, l, and o correspond to the gas phase inside the
annulus, the liquid phase, and the gas phase outside the annulus, respectively.
One set of boundary conditions, termed the dynamic
boundary conditions, is given by the stress tensor continuity
requirement across the gas–liquid interfaces,

( s rr 50.

~3!

The other set of boundary conditions, known as the kinematic boundary condition, arises from the fact that any particle on a fluid surface remains on that surface at all times
D ~ r2 h !
50,
Dt

~5!

~4!

evaluated on the two free surfaces. Here h is the disturbance
imposed on the free surface.
The steady flow is perturbed and the governing equations and boundary conditions are linearized with respect to
the perturbation. A normal mode form is assumed for the
perturbation since the sheet is infinite in the z direction and

A. Linear stability analysis of an inviscid, swirling,
annular sheet

Consider an inviscid annular sheet moving with a uniform axial velocity and a mean swirl velocity described by
A/r, where A is the strength of the swirl vortex. The mean
flows in the three phases, gas phase inside, the liquid phase,
and the gas phase outside, are therefore given by @0,0,W i #,
[0, A/r,W l ], and @0,0,W o #. This form of flow is known to
occur in swirl atomizer applications.14
Applying a force balance to this configuration, we obtain
the necessary condition for the existence of this flow,
P i2 P o5 s

S

D

S

D

1
1 1
1
1
1
2 r lA 2 22 2 ,
ra rb
2
ra rb

~6!

with r a and r b as given in Fig. 2. Equation ~6! is the mean
pressure matched condition for inviscid swirling flow and
requires that the forces due to surface tension, gas phase, and
liquid pressures, and the centrifugal force due to the swirling
motion balance each other.
This flow is now perturbed and the growth or decay of
the disturbance is examined as a function of the wave number of the perturbation. For example, the total axial velocity
in the liquid phase is given by W5W l 1w l , where w l is the
perturbation velocity. This form is substituted into the governing equations ~1! and ~2! for all velocities. Equation ~1! is
then linearized to yield the system of equations describing
the perturbation growth,

S
S
S

D

1
]
]
1W i
ui 52 “p i ,
]t
]z
ri

D

A ]
1
]
]
1 2
1W l
ul 52 “p l ,
]t r ]u
]z
rl

D

1
]
]
1W o
“p o ,
uo 52
]t
]z
r0

~7a!
~7b!
~7c!

“–ui 50,

~8a!

“–ul 50,

~8b!

“–uo 50,

~8c!

where u is the perturbation velocity vector and p the perturbation pressure. The kinematic boundary conditions for the
gas and liquid are given by
u i5

]hi
]hi
1W i
,
]t
]z

at r5r a ,

~9a!
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u o5
u l5
u l5

]ho
]ho
1W 0
,
]t
]z

S
S

~9b!

at r5r b ,

D
D

A ]
]
]
1
1W l
h ,
]t r2 ]u
]z i

at r5r a ,

~10a!

A ]
]
]
1 2
1W l
h ,
]t r ]u
]z o

at r5r b .

~10b!

The dynamic boundary conditions are given by
2p l 2 r l

A2
r 3a

h i 52 s

S

hi
r 2a

1

1 ] 2h i ] 2h i
1 2 2p i ,
]z
r 2a ] u 2

D

~11a!

at r5r a ,
2p l 2 r l

A2
r 3b

h o5 s

S

ho
r 2b

1

D

~11b!

The resulting governing equations and boundary conditions are nondimensionalized using a characteristic time,
length, and mass of the system,
@ T # :5

A

r l r 3b
,
s

~12a!

@ L # :5r b ,

~12b!

@ M # :5 r l r 3b .

~12c!

This results in a set of dimensionless parameters,

r i U 2i r a
Wei 5
,
s
Weo 5

r o U 2o r b
,
s

~13a!

~13b!

r lA 2
,
Wes 5
srb

~13c!

ri
,
rl

~14a!

ro
,
rl

~14b!

ra
.
rb

~15!

g i5

g o5

g5

a 4 ~ k,n ! v 4 1a 3 ~ k,n ! v 3 1a 2 ~ k,n ! v 2 1a 1 ~ k,n ! v
1a 0 ~ k,n ! 50.

1 ] 2h o ] 2h o
2p 0 ,
1
]z2
r 2b ] u 2

at r5r b .

the parasinuous mode has also been observed experimentally
by Kendall4 and by Santangelo and Sojka.3 We have therefore chosen to consider only the antisymmetric mode.
The solution to this problem is sought under the normal
mode assumption for the perturbation velocities, pressures
and surface disturbances. This results in a characteristic
equation for the eigenvalue, v, as a function of the fluid
properties, r and s, mean velocities, W i , W o , and W l , the
geometry of the flow, g, and the axial and circumferential
wavenumbers, k and n. The characteristic equation, also
known as the dispersion relation, is a polynomial of fourth
order,

Here Wei is the Weber number inside, Weo is the Weber
number outside, and Wes is the swirl Weber number. Here g i
is the gas-to-liquid phase density ratio for the gas inside the
sheet, g o is the gas-to-liquid phase density ratio for the gas
outside the sheet, and g is the ratio of the annular sheet inner
and outer radii.
Two modes of instability are known to exist—the symmetric and the antisymmetric. Recent work by Shen and Li15
has shown that the growth rates for the antisymmetric, or
parasinuous, mode are an order of magnitude greater than
those for the symmetric, or paravaricose, mode when the
density ratio is of the order of 0.01 or less. The dominance of

~16!

The coefficients $ a i % are presented explicitly in Appendix A.
This equation was solved for any assumed pair of wavenumbers (k,n) using MATLAB™. The root with the largest real
part was assumed to be the growth rate of the disturbance
corresponding to the favored axial and circumferential mode
because the disturbances are assumed to grow exponentially.
The variation in favored growth rate was then plotted as a
function of k and n. The mode corresponding to the maximum value of v is referred to as the optimal disturbance
mode. This peak value, which occurs at a certain value of k
and n, is assumed to dominate the breakup process assuming
that no disturbance mode is favored heavily in the initial
perturbation and that the waves grow exponentially.
Finally, the variation in peak growth rate and optimal
disturbance mode with the parameters Wei , Weo , Wes , g i ,
g o , and g was studied over a range of engineering interest.

B. Verification of the dispersion relation

The dispersion equation presented in the previous section has been verified against relations derived during previous linear analyses5,9,15,16 by letting the pertinent parameters
tend to their asymptotic limits and analytically verifying the
resulting expressions. For example, Eq. ~16! reduces to the
plane sheet expressions of Rangel and Sirignano16 and Shen
and Li15 in the limiting case where the inner and outer annulus radii tend to infinity while the sheet thickness remains
finite. In addition, Eq. ~16! reduces to the inviscid limit of the
Meyer and Weihs9 expression ~originally derived for a nonswirling, viscous, annular sheet! when the circumferential
mode number, n, and the viscosity are identically set to zero.
This occurs because the Bessel functions K n21 (lr) and
K n11 (lr) are both equal to K 1 (lr) when n50. Meyer and
Weihs9 have verified that their dispersion equation reduces to
the expression of Sterling and Sleicher17 for a cylindrical jet
when r a →0. They were also able to reduce their equation to
the hollow jet growth rate equation given by
Chandrasekhar18 when r b →`. When the ratio of the radii
r a /r b approaches unity and when the viscosity tends to zero,
Meyer and Weihs9 were able to recover the expression for a
thin inviscid sheet derived by Squire.19 Consequently, our
analysis will also reduce to the cylindrical jet, hollow jet and
plane sheet cases in the appropriate limits. Finally, Eq. ~16!
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FIG. 3. Growth rate versus nondimensional axial and circumferential wavenumbers at Weo 524.6.

is observed to reduce to the dispersion equation of Ponstein1
when the densities of the gas medium inside and outside the
annular sheet are set equal to zero.
In summary, our dispersion equation has been checked
against existing relations to ensure that it can be reduced to
all of the correct asymptotic limits, viz., a cylindrical jet, a
plane sheet, a hollow jet, a nonswirling annular sheet, and a
swirling sheet in the absence of a gas phase. Results obtained
by analyzing the general form of the dispersion relation are
presented in the next section.
III. RESULTS AND DISCUSSION

The dispersion relation derived for inviscid swirling annular sheets was analyzed for unstable disturbance modes.
Effects of inside and outside Weber number, swirl Weber
number, and gas-phase-to-liquid-phase density ratios were
considered. In each case the dispersion equation was solved
for the growth rate by calculating all its roots. The root with
the maximum real part was assumed to dominate since the
waves were assumed to grow exponentially. All results are
presented in terms of the dimensionless growth rate, v, the
dimensionless axial wavenumber, kr b , the dimensionless circumferential wavenumber, n, the annular sheet radii ratio, g,
the Weber numbers for the gas flow inside, gas flow outside,
and swirling liquid flow ~Wei , Weo , and Wes , respectively!,
plus the inner gas and outer gas density ratios, g i and g o .
A. Effect of Wei and Weo when Wes 50

The effect of variations in both inside and outside axial
Weber numbers, Wei and Weo , was studied with the swirl
Weber number, Wes , set equal to zero. As will be shown, the
effects of Wei and Weo are qualitatively similar for high
Weber numbers. Therefore, the inside Weber number was set
to zero in Figs. 3 and 4 to illustrate qualitative details in the
dispersion diagram.
Figure 3 is a plot of the nondimensional growth
rate versus the nondimensional axial and circumferential
wavenumbers, kr b and n, at an outside Weber number, Weo ,
of 24.6, with g i 5g o 50.001 23 and g50.99. This flow condition is representative of typical atomizer flow conditions,
where the annular sheet is thin and the Weber numbers are

FIG. 4. Growth rate versus nondimensional axial and circumferential wavenumbers at Weo 549.3.

moderate. As can be seen, there is a range of axial and circumferential wavenumbers that are unstable. However, the
optimal disturbance mode corresponds to n50 and a positive
value for the nondimensional axial wavenumber. In addition,
it was found that there exists a critical Weber number, We*,
for each nonaxisymmetric mode to become unstable. For example, Weo 524.6 corresponds to the critical Weber number
for the n510 mode in Fig. 3.
Figure 4 is a plot similar to Fig. 3, except that Weo is
doubled. As can be seen, the range of unstable axial and
circumferential wavenumbers is approximately doubled and
the growth rates of the various disturbance modes are noticeably higher than those of Fig. 3. This is because the destabilizing aerodynamic forces dominate the stability behavior as
Weo goes up. More importantly, the optimal wavenumber is
higher in Fig. 4 than in Fig. 3 ~kr b ;7 in Fig. 3, as opposed
to ;15 in Fig. 4!. This means that the wavelength at breakup
decreases with an increase in surface tension. The practical
implication of this conclusion is that drops produced by ligaments breaking up under this mechanism will have smaller
diameters as the Weber number increases. This agrees qualitatively with the near nozzle structure of effervescent atomizer produced sprays, as observed by Santangelo and Sojka,3
and with the experimental results of Lee.5
In conclusion, we see that as the Weber number increases, the range of instability in the axial and circumferential directions and the optimal wavenumber in the axial direction all increase, while retaining the n50 mode as the
fastest growing disturbance. This result is consistent with the
experimental findings of Kendall5 and Lee.4 Finally, the influence of surface tension on breakup follows that of the
one-dimensional disturbance case—an increase in s leads to
an increase in optimal wavelength.
Figures 5~a! and 5~b! are plots of the nondimensional
axial wavenumber and the corresponding growth rate versus
Wei /g. The quotient Wei /g was chosen for one of the axes to
isolate the aerodynamic effect of the gas phases. This arises
from the definition of Wei and Weo @see Eq. ~13!#.
Three distinct regions can be observed in Fig. 5~a!. Regions at low and high Wei /g quotients can be identified
where the curves for each of the four radii ratio fall on top of
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FIG. 5. ~a! Optimal axial wavenumber versus Wei /g for four radii ratios
varying from 0.6 to 0.9. ~b! Growth rate at an optimal wave mode versus
Wei /g for four radii ratios varying from 0.6. to 0.9.

one another. The low and high Wei /g behavior is due to
breakup dominated by capillary and aerodynamic forces, respectively. There is also an intermediate region where the
effect of radii ratio cannot be cast strictly in terms of Wei /g.
Behavior in this region is due to a competition between these
two forces.
Growth rates corresponding to Fig. 5~a! optimal
wavenumbers are illustrated in Fig. 5~b!. Growth rate behavior differs from optimal wavenumber behavior in that there is
no influence of g on growth rate other than through the quotient Wei /g.
Figure 6~a! is a plot of the optimal axial wavenumber
versus Wei /g and Weo for low values of Weber numbers
~Wei /g, Weo ,8!. The radii ratio, g, is 0.9 and the density
ratios, g i and g o , are 0.001 23. The data show that the optimal wavenumber increases as either of the Weber numbers
increase. However, the increase is slightly steeper when increasing Wei /g than when increasing Weo . This indicates
that it is slightly more efficient to use atomizing air on the
inside of the annular sheet than on the outside at low Weber
number atomizer operation. This conclusion provides at least
a partial explanation for why effervescent atomizers produce
drop sizes equal to those generated by prefilming airblast
atomizers, but at lower air–liquid ratios by mass.2,3,23,24
Figure 6~b! is a plot of optimal axial wavenumber versus
Wei /g and Weo over the range of high Weber number values

FIG. 6. ~a! Optimal axial wavenumber versus the inside and outside Weber
number at g i 5g o 50.001 23 and g50.9. ~b! Optimal axial wavenumber
versus Wei /g and Weo at g50.9 and g i 5g o 50.000 123.

~Wei , Weo @1! and for density ratios g i 5g o 50.001 23 and
g50.9. The plot is symmetric about the line Wei /g5Weo ,
indicating that aerodynamic forces, which dominate the
breakup process at high Weber numbers, act equally inside
or outside the sheet. Consequently, the optimal axial wavenumber is determined only by the maximum of the two Weber numbers, Wei /g or Weo , so there appears to be no advantage of effervescent atomizers over conventional airblast
or air-assist designs under these conditions.
Figure 7 is similar to Fig. 6~b!, except that it is at
g50.99. As can be seen on comparison with Fig. 6~b!, the
optimal wavenumber at breakup exhibits the well-known decrease with increasing g. Moreover, the plot is symmetric
about Wei /g5Weo , even at low Weber numbers. This indicates that the effect of Wei /g is identical to that of Weo as
the annular jet approaches a plane sheet, i.e., as g tends to 1.
Since g is approaching unity, this means the effect of Wei is
identical to that of Weo . This is expected due to the symmetry of a flat sheet.
Since the effect of Weo is smaller than that of Wei for
small values of Wei and Weo , and since it is the maximum
of Wei and Weo that determines optimal dimensionless
wavenumber, kr b , at high Wei and Weo , Weo has been set
equal to zero in all the subsequent results without loss of
generality.
Figure 8~a! is a plot of the optimal wavenumber versus
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FIG. 7. Optimal axial wavenumber versus Wei /g and Weo at g50.99 and
g i 5g o 50.000 123.

g i and Wei at g50.8 and Weo 50. Figure 8~b! is a plot of the
optimal wavenumber versus g o and Wei at g50.8 and
Weo 50. As Rangel and Sirignano20 have shown for plane
sheet stability, and has been verified for annular sheet stability by Lee,5 antisymmetric disturbances dominate the
breakup process below a critical density ratio. The range of
density ratios considered in this study was therefore chosen
such that the antisymmetric disturbance mode was dominant.
This range also corresponds to that of engineering interest.
As can be seen, density ratio has a minimal effect on the
optimal wavenumber in the range of density ratios of engi1
to 121 , with the larger value corresponding
neering interest ~ 800

FIG. 9. Nondimensional growth rate versus nondimensional axial
wavenumber for neutral stability of a pure swirling and pure axially flowing
annular liquid sheet.

to a diesel injector spraying into a combustion chamber at a
typical operating pressure!.
Figure 8~a! indicates that the effect of density ratio is
two-fold. At very low Weber numbers ~Wei ,5!, an increase
in density ratio causes a very slight increase in optimal
wavenumber. However, this effect is reversed as the Weber
number increases—an increase in density ratio then causes a
very slight decrease in the optimal wavenumber. Lund
et al.23 have made drop size measurements on effervescent
sprays and noted that the drop size, which is a result of the
optimal wavenumber at breakup, increases slightly as the
atomizing gas molecular weight increases. Since an increase
in optimal wavenumber corresponds to a decrease in ligament breakup length and, therefore, a reduction in mean drop
size, the predictions of this analysis provide a partial explanation for the experimental measurements of Lund et al.23
B. Effect of swirl

Swirl imposed on an annular liquid sheet has a dual effect on its stability. As Figs. 9 and 10 show, swirl has a

FIG. 8. ~a! Optimal axial wavenumber versus density ratio of the gas phase
inside and the Weber number inside. ~b! Optimal axial wavenumber versus
density ratio of the gas phase outside and the Weber number inside.

FIG. 10. Optimal axial wavenumber versus swirl Weber number for three
radii ratios.
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FIG. 11. Growth rate versus nondimensional axial and circumferential
wavenumbers at Wes 583.33.

stabilizing effect at low values of swirl Weber number ~;2!,
causing the optimal wavenumber and corresponding growth
rates to decrease when compared to the pure axial flow case.
However, as Figs. 11 and 12 show, swirl destabilizes the
annular sheet at intermediate and high swirl Weber numbers.
Figure 9 is a plot of growth rate versus nondimensional
axial wavenumber for two cases. The common feature of
these two curves, and their basis for comparison, is the neutral stability of the first circumferential mode, i.e., the real
part of the growth rate for the n51 mode is exactly zero. In
the first case, the liquid has no axial velocity and was swirling in a stationary gas field. The radii ratio, g, was equal to
0.93. The swirl strength, A, was 8.6831025 m2/s and
Wes 50.009. ~Recall that A is defined as the liquid phase
swirl vortex strength and is used to define the mean circumferential velocity as A/r.! The second curve is similar to the
first, but has Wei 51.0 and no swirl. As can be observed, the
growth rates for the swirling case are lower than for the pure

FIG. 12. Growth rate versus nondimensional axial and circumferential
wavenumbers at Wes 5259.3.

axial flow case and the shape of the swirling flow curve is
shifted toward lower wavenumbers. Swirl is therefore seen to
stabilize the annular sheet at low values of swirl Weber number.
Figure 10 is a plot of the optimal wavenumber versus
swirl Weber number at low values of swirl Weber number in
the absence of relative axial velocity for radii ratios of 0.7,
0.8, and 0.9. The range of swirl Weber numbers on this plot
is limited to cases where only the n50 disturbance mode has
the maximum growth rate. Two regions can be identified:
the initial region, where the optimal dimensionless axial
wavenumber decreases with Wes , and a region of monotonic
increase of kr b with an increase in Wes . The first region
occurs at low values of swirl Weber number and the decrease
in kr b shows that small amounts of swirl stabilize the flow in
a practical sense. In other words, small amounts of swirl shift
the optimal disturbance mode to lower wavenumbers, which
in turn leads to longer ligament breakup lengths and larger
drops. This effect is most prominent at high values of g,
precisely the conditions most likely to occur in a practical
prefilming airblast, air-assist, or pressure-swirl atomizer.
Consequently, there exists a critical swirl Weber number below which operating a nozzle is undesirable. The value of
this critical swirl Weber number at each g is determined by
the minimum of the corresponding curve. This minimum occurs at low Weber numbers because of a competition between the restorative centrifugal force and the disruptive capillary force. The aerodynamic force is negligible under these
conditions.
Figure 11 is a plot of dimensionless growth rate versus
nondimensional axial and circumferential wavenumbers at a
swirl Weber number of 83.33. Note that the maximum
growth rate occurs at a finite value of the axial wavenumber
and at circumferential wavenumber n50, just as in the nonswirling case. However, on comparison with Fig. 3, we observe that the growth rates in Fig. 11 are approximately constant over almost the entire range of unstable disturbance
modes, while the dispersion diagram is more rounded in Fig.
3. This qualitative difference is ascribed to the different
mechanisms by which axial velocity and swirl act to amplify
nonaxisymmetric modes at high swirl Weber numbers.
Of more interest is the practical case when nonlinear
behavior becomes important. Under those conditions we
would expect to see more complicated breakup structures
~i.e., modes where both n and k.0! when swirl is present
than when it is absent. This is due to the large number of
waves growing at approximately the same rate in the swirling case.
Figure 12 was obtained for Wes 5289.3. It is qualitatively similar to Fig. 11, but the range of unstable axial and
circumferential wavenumbers has increased, as has the magnitude of the nondimensional growth rate for the fastest
growing mode. The most striking difference between Figs.
11 and 12 is the shift in optimal disturbance mode from
(kr b ,n) of ~;7.5,0! to (kr b ,n) of ~0,10!.
Figures 13~a! and 13~b! are plots of optimal dimensionless axial and circumferential wavenumbers versus Wes and
Wei for 0,Wes ,Wei ,10. These figures demonstrate the
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FIG. 13. ~a! Optimal axial wavenumber versus axial and swirl Weber numbers. ~b! Optimal circumferential wavenumber versus axial and swirl Weber
numbers.

various asymptotic regimes that are present in annular sheet
stability.
When Wei @Wes , the optimal disturbance mode occurs
at n50 and a finite value of the axial wavenumber. When
Wes @Wei , the optimal disturbance mode occurs at kr b 50
and a finite value of the circumferential wavenumber. Both
types of behavior are similar to that of a liquid flow bounded
by infinite parallel walls, as reported by Squire.19 Squire19
noted that it was sufficient to confine attention to twodimensional disturbances oriented along the primary flow direction.
Figure 13~a! is a plot of optimal axial wavenumber versus inner and swirl Weber numbers. It contains data already
presented in Figs. 5~a! and 10 when Wes and Wei are zero,
respectively.
Figure 13~a! indicates that the two regions of optimal
axial wavenumber behavior observed in Fig. 10 also exist for
Wei .0. However, as Wei increases, the decrease in optimal
axial wavenumber with an increase in Wes becomes quite
pronounced. Figure 13~a! also indicates the presence of a
third optimal axial wavenumber region. For instance, the
fastest growing mode has a circumferential wavenumber of
n50 for Wei 50 and Wes less than 8.4. A further increase in
Wes above 8.4 results in the optimal disturbance mode shifting from n50 and finite values of kr b to kr b 50 and finite
values of n @see Fig. 13~b!#. Furthermore, the swirl Weber
number at which the fastest growing mode retains a circumferential wavenumber of n50 increases as Wei increases. A
critical swirl Weber number can therefore be identified for

each value of Wei , g, Weo , and density ratios that is required for the optimal disturbance mode to shift from n50 to
a finite n. Finally, a further increase in the swirl Weber number after the optimal disturbance mode has shifted to k50
results in an increase in the optimal dimensionless circumferential wavenumber.
The regime where n.0 is of most interest for practical
atomizer operation because this is where an increase in annular sheet swirl directly affects the number of ligaments
formed and, consequently, the drop size. For example, increasing the swirl Weber number increases the number of
ligaments and decreases their diameters. A decrease in ligament diameter leads to a corresponding decrease in ligament
breakup length and, hence, a reduction in drop size. This
relationship between annular sheet swirl and drop size is well
known.2
Figures 14~a!–14~c! are plots of nondimensional growth
rate versus nondimensional axial and circumferential
wavenumbers for three cases with g50.6. All three figures
show the interesting feature of two distinct regions of instability, each with its own local nondimensional growth rate
maximum. Figure 14~a! was generated at an axial Weber
number ~Wei 5150.0! such that the effect of axial velocity on
the disturbance growth behavior was less than the effect of
liquid swirl—note that the peak growth rate due to the axial
Weber number ~along the axial wavenumber, or n50, axis!
is less than the peak growth rate due to swirl ~along the
circumferential wavenumber, or kr b 50, axis!. As the axial
Weber number is increased, the peak growth rate due to the
axial Weber number increases until it reaches a condition
where the two local maxima have the same value @see Fig.
14~b!#. As the axial Weber number is increased further still,
the relative magnitudes of the axial and circumferential
maxima shift and the axial maximum becomes the larger of
the two.
The amount of swirl required to cause the optimal disturbance mode to shift from n50 to n.0 is small and could
typically be present in a practical atomizer because of imperfections in nozzle geometry or two-phase flow fluctuations.
For example, a swirl Weber number of 80 and an axial Weber number of 4 result in a spray cone angle of about 8°,
which is typical of effervescent atomizer-produced sprays.
Consequently, the presence of small fluctuations in swirl velocity could cause the annular sheet to disintegrate into a
finite number of ligaments, as observed by Santangelo and
Sojka.3 However, in a more controlled environment where
swirl is almost absent, such as the experiments of Kendall,4
the annular sheet is expected to break up into toroidal rings.
Both these mechanisms are predicted by the model developed here.
Regardless of the relative magnitudes of the axial and
swirl Weber numbers, the two instability regions are separated by a domain where all instabilities are damped. The
presence of two distinct regions of instability differs from the
observations of all previous investigators whose analyses
predicted a single, simply connected, instability region.
Figures 15~a!–15~c! are similar to Figs. 14~a!–14~c!, except that they are at a radii ratio of g50.9. Figure 15~a! is
generated at an axial Weber number lower than the crossover

3308
Phys. Fluids, Vol. 8, No. 12, December 1996
Panchagnula, Sojka, and Santangelo
This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to IP: 138.26.31.3
On: Tue, 23 Dec 2014 05:36:24

FIG. 14. ~a! Nondimensional growth rate versus axial and circumferential
wavenumbers for Wei 5150.0, Wes 575.0, and g50.6. ~b! Nondimensional
growth rate versus axial and circumferential wavenumbers for
Wei 5152.1401, Wes 575.0, and g50.6. ~c! Nondimensional growth rate
versus axial and circumferential wavenumbers for Wei 5155.0, Wes 575.0,
and g50.6.

value, Fig. 15~c! was generated at a Weber number higher
than the crossover value, and Fig. 15~b! was generated at a
Weber number equal to the crossover value ~the crossover
Weber number is where the magnitudes of the axial and circumferential velocity modes are equal!. We see from these
figures that the behavior follows that shown in Figs. 14~a!–
14~c!: the optimal disturbance mode, which occurs along the
kr b 50 axis @Fig. 15~a!# at low values of axial Weber number, shifts to the n50 axis @Fig. 15~c!# as the axial Weber
number increases to a value above the crossover point. At the
crossover point, the dispersion diagram exhibits two maxima

FIG. 15. ~a! Nondimensional growth rate versus axial and circumferential
wavenumbers for Wei 5128.0, Wes 560.0, and g50.9. ~b! Nondimensional
growth rate versus axial and circumferential wavenumbers for
Wei 5131.8267, Wes 560.0, and g50.9. ~c! Nondimensional growth rate
versus axial and circumferential wavenumbers for Wei 5136.0, Wes 560.0,
and g50.9.

having exactly the same growth rate, one occurring along
n50 and one along kr b 50.
Comparison of Figs. 14 and 15 illustrates two qualitative
differences. At low values of g, i.e. when the annular sheet is
thick, the effects of relative axial velocity between the gas
and liquid phases and the effect of swirl can be separately
identified as two distinct instability regions. However, as g
increases, i.e. as the sheet gets thinner, the regions due to
relative axial velocity and swirl merge into a single, simply
connected, instability domain.
The critical condition when the dispersion diagram has
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two maxima of identical magnitude @see Figs. 14~b! and
15~b!# is important because instabilities in the axial and circumferential direction grow at the same rate. This critical
condition can be identified as a particular axial Weber number, Wei , for a given set of g i , g o , Weo , Wes , and g.
The key feature of Figs. 14~b! and 15~b! is that each
contains two local maxima with identical growth rates. The
optimal disturbance mode can therefore be written as a superposition,
r5r b 1 h 0 cos~ k * z ! 1 h 0 cos~ n * u ! ,

~17!

where k * and n * are the k and n values for the peaks at ~k,0!
and ~0, n!. Choosing

S

D

~18!

S

D

~19!

j5

1
n*
z2
u
2
k*

f5

1 k*
z1 u ,
2 n*

and

the optimal disturbance mode can be rewritten as
r5r b 1 h 0 cos~ k * j ! cos~ n * f ! ,

~20!

demonstrating the three-dimensional nature of these modes.
If results of the linear analysis can be used as a qualitative indicator of a practical breakup process, the presence of
a critical conditions in Figs. 14~b! and 15~b! suggests that,
under nonlinear conditions, the annular sheet under will
break up into a finite number of ligaments of finite length,
as observed by Santangelo and Sojka3 in their holograms
~Fig. 1!.

IV. SUMMARY AND CONCLUSIONS

A linear model describing the instability behavior of annular, swirling, inviscid sheets subject to inner and outer gas
flows of differing velocities is presented. Model predictions
show the following.
~1! In the absence of swirl, an increase in axial Weber
number causes the range of unstable axial disturbance modes
to increase significantly. However, the disturbance mode
having the maximum growth rate always has a circumferential mode number of zero.
~2! In the absence of swirl and when the axial Weber
numbers, Wei , are small ~,8!, the inner gas flow leads to
slightly faster growing axial instability modes than the outer
gas flow at equivalent inner and outer Weber numbers ~Wei
and Weo !. This observation provides a partial explanation of
why effervescent atomizers require less atomizing gas than
conventional twin-fluid injectors ~such as airblast and airassist! when producing sprays having the same mean drop
size. However, inner and outer gas flows have the same effect when the inner and outer Weber numbers are high
~Wei ,Weo .10!. This suggests that the performance of conventional twin-fluid atomizers will approach that of effervescent atomizers at sufficiently high Weber numbers.
~3! When swirl is absent, the wavenumber for the axial
mode having the highest growth rate decreases with an in-

crease in surface tension. This behavior is qualitatively the
same as that reported by previous researchers who considered only one-dimensional disturbances.5
~4! When there is no swirl, an increase in the density
of the atomizing gas results in a slight increase in the
wavenumber of the axial disturbance mode having the highest growth rate. This finding provides a partial explanation
for the reduction in effervescent atomizer-produced spray
mean drop size with an increase in atomizing gas molecular
weight.23
~5! For axial Weber numbers ~Wei ,Weo ! of zero, swirl
reduces the wavenumber for the axial disturbance mode having the highest growth rate and reduces growth rates as well.
This observation may provide a partial explanation for the
rapid rise in mean drop size exhibited by pressure-swirl atomizer produced sprays when the atomizer swirl number is
reduced.
~6! For nonzero axial Weber numbers ~Wei ,Weo !, an
increase in the swirl Weber number, Wes , increases the
range of unstable axial and circumferential modes and increases growth rates as well. In addition, the instability surface is much more rounded, i.e. a larger number of modes
have nearly equal growth rates, when swirl is present than
when swirl is absent. This suggests that nonlinear effects are
more likely to occur for the swirling case.
~7! Increasing the swirl Weber number, Wes , increases
the axial wavenumber for the disturbance mode having the
highest growth rate, but a circumferential mode number of
zero is retained until Wes exceeds about 8. At this point, the
axial wavenumber for the disturbance having the highest
growth rate falls to zero and the circumferential wavenumber
jumps to a finite value of n. Further increases in Wes serve to
increase n.
~8! Up to two local nondimensional growth rate maxima
can exist, and the instability domain can be simply connected
or can consist of two separate regions separated by an area
where disturbances are stable. The topology of the growth
rate surface depends on the ratio of the annulus inner (r a ) to
outer (r b ) radii: two separate regions exist when the annulus
is thick, i.e. a radii ratio of 0.6, while only one region exists
when the annulus is thin, i.e. a radii ratio of 0.9. Furthermore, the relative magnitudes of the local growth rate
maxima can be matched by correct choice of axial
~Wei ,Weo ! and swirl ~Wes ! Weber numbers. High axial Weber numbers result in the local growth rate maximum for the
region having a circumferential wavenumber of zero to be
the global maximum while high swirl Weber numbers result
in the local growth rate maximum for the region having an
axial wavenumber of zero to be the global maximum. Finally, the axial and swirl Weber numbers can be adjusted so
that the two growth rate maxima have equal values. Threedimensional disturbances exist for this case.
~9! The sheet is always unstable to two-dimensional disturbances. These may take either an axial or circumferential
form. Most importantly, model predictions demonstrate that
the sheet can be unstable to three-dimensional disturbances if
the axial ~Wei ,Weo ! and swirl ~Wes ! Weber numbers are
correctly chosen.
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APPENDIX: DISPERSION RELATION COEFFICIENTS

The dispersion relation that results from the linear stability analysis of an inviscid swirling annular liquid sheet in
the presence of inviscid nonswirling gas inside and outside
that move with unequal velocities is presented here. It is the
equation derived in Sec. II A.
The dispersion relation given by ~16! is a polynomial of
the form
4
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