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Flow past an elliptic cylinder near a free surface at a Reynolds number of 180 is studied numerically

by varying parameters such as the angle of attack (AOA), aspect ratio (AR), submergence depth (hS),

and Froude number (Fr). The immersed boundary method and level set method are used to study

the flow. Simulations are performed for elliptic cylinders with angles of attack varying as −45◦, 45◦,

and 90◦ and aspect ratios 2 and 4. A detailed investigation of quantities like the Strouhal number

and forces provides an understanding on the complex flow interactions between the free surface

and the elliptic cylinder of varying AOA and AR. Variation in the angle of attack brings substantial

changes in the flow and vortex shedding pattern. The most significant of all changes observed with

different AOAs is related to vortex shedding suppression at a depth of 0.096. Vortex shedding is

suppressed at an AOA = 45◦, but at −45◦, metastable states appear, and at 90◦, partial vortex shedding

suppression occurs. Varying AR, on the other hand, does not bring any significant changes in the flow

features, except for variation in mean forces and the Strouhal number. Published by AIP Publishing.

https://doi.org/10.1063/1.5046745

I. INTRODUCTION

Understanding the flow behind a bluff body, preferably a

circular cylinder, has been the subject of interest to scientists

and engineers. Due to its engineering significance, flow past

a circular cylinder has been thoroughly studied covering an

extensive range of parameters. However, flow past a bluff body

near a free surface has been studied in relatively few instances

in-spite of its potential applications in submarines, offshore

structures, and tidal power generation. Miyata et al.1 inves-

tigated, both experimentally and numerically, the flow past a

circular cylinder near a free surface at Re = 5000 and Fr = 0.24.

They observed a sudden reduction in drag and increase in the

Strouhal number when the submergence depth is decreased.

Triantafyllou and Dimas2 analyzed the stability of flow past

a half-submerged cylinder and observed that the wake was

convectively unstable. Sheridan et al.3 conducted a series of

experiments for the flow past a fully submerged circular cylin-

der at moderately high Re (5000-6000) and Froude numbers

ranging from 0.47 to 0.72. Their experiments revealed the exis-

tence of two metastable states, viz., the first state, where the jet

generated above the cylinder stays attached to the free surface,

and second state, where the jet separates from the free sur-

face and flows into the rear portion of the cylinder. Transition

between these two states is slower than the time-period of von

Kàrmàn shedding.

Reichl et al.4 computed flow past a circular cylinder at a

low Reynolds number (Re = 180) and found that their results

matched with the experiments performed by Sheridan et al.3

despite the difference in the Reynolds number by a factor of

40. After establishing that the free surface phenomena are only

dependent on the submergence depth and Froude number, they

examined the effect of the free surface on flow phenomena like

a)Author to whom correspondence should be addressed: vengades@iitm.ac.in

vortex shedding, wake instability, wave breaking, etc. The tran-

sition between the two metastable states was suggested to be

controlled by a feedback loop that constituted of the genera-

tion and suppression of wake instability and the role of surface

vorticity in controlling the vortex formation from the top shear

layer. Bouscasse et al.5 increased the range of the parameter

study (submergence depths and Froude numbers) and observed

the recovery of vortex street instability with an increase in the

global Froude number to 2. This problem is similar to flow

past a circular cylinder near a rigid wall,6–13 but only at a lower

Froude number. It is apparent from the above mentioned stud-

ies that dominant focus has been on circular cylinders near

a free surface. But an elliptic cylinder possesses the ability

to manipulate the aerodynamic forces acting on it by chang-

ing its angle of attack (AOA). As it has various applications in

wings, missiles, and heat exchanger tubes, these studies should

be carried out for elliptic cylinders. Elliptic cylinders are

shown to alter the flow and vorticity around them when impul-

sively started14–16 and at a low Reynolds number.17,18 Johnson

et al.19,20 noted the vorticity dynamics and frequencies in the

flow past an elliptic cylinder oriented at 90◦. They observed

different vortex shedding patterns for varying Reynolds num-

bers and aspect ratios. Paul et al.21,22 studied flow phenomena

like laminar separation, vortex shedding, boundary layers, and

thermal wakes for elliptic cylinders of varying AOA and aspect

ratio (AR). The free surface also affects the vorticity induced

from the bluff body and the average velocity on top of the

cylinder, as shown in the work of Reichl et al.4 These obser-

vations indicate that flow past an elliptic cylinder will change

substantially when it is near the free surface. One of the few

experimental studies that analyzed an elliptic cylinder with

a free surface was performed by Daichin and Lee,23 but the

cylinder’s orientation is limited to 0◦. Very few studies have

been conducted on flow past an elliptic cylinder of varying

AOA and AR near the free surface. Our intent is to provide
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FIG. 1. Schematic of the problem

statement. aaaaaaa

some insight on this largely unexplored area. In the present

work, we investigate flow past an elliptic cylinder of varying

AOA and AR near a free surface and analyze flow patterns

as well as bulk parameters like aerodynamic forces and the

Strouhal number.

II. PROBLEM STATEMENT

Flow past an elliptic cylinder near the free surface is stud-

ied by varying the submergence depth (hS), Froude number

(Fr), angle of attack (AOA), and aspect ratio (AR). The angle

of attack (AOA) of an elliptic cylinder, denoted by α, is defined

as the angle made by the major axis with the incoming flow.

The aspect ratio (AR) is defined as the ratio of the major axis

and minor axis lengths, and submergence depth is defined as

the distance between the top-most point on the cylinder and

the interface. As the forces acting on the body are dependent

on the surface area or perimeter, the perimeter is kept constant

for all the elliptic cylinders and considered as the reference

length (Ref. 24). The dimensionless numbers are defined as

follows:

ReS =
US

ν
, Fr =

U
√

gS
, and hS =

h

S
,

where U is the reference velocity, S is the perimeter of the

body, ν is the kinematic viscosity of Fluid 1 (water), g is the

acceleration due to gravity, and h is the minimum distance of

the body from the interface, as shown in Fig. 1. When diameter

(or apparent diameter) is considered as the reference length,

the quantities stated above are expressed as ReD and FrD,

ReD =
UD

ν
, FrD =

U
√

gD
,

where the apparent diameter is calculated using the relation,

D = S/π. AOA takes values−45◦, 45◦, and 90◦, while AR takes

TABLE I. Set of parameters investigated in the study.

Set# AOA hS Fr

1 ☞45◦, 45◦, 90◦
0, 0.0478, 0.096, 0.143,

0.318
0.191, 0.255, 0.338

2 ☞45◦, 45◦, 90◦ 0.171
0.169, 0.226, 0.282,

0.451, 0.564, 0.667

2 and 4. The Reynolds number (ReS) of the flow is kept con-

stant at 565 (ReD = 180). This Reynolds number is suggested

by Reichl et al.,4 in which it is shown that the flow features

at a moderately high Reynolds number can be reproduced

at a relatively low Reynolds number (Re = 180). Parame-

ters used to carry out these investigations are provided in

Table I.

III. NUMERICAL METHODOLOGY

A PETSc (Portable Extensible Toolkit for Scientific

Computation) based C++ code PetIBM,25 which utilizes the

immersed boundary method to account for the presence of a

body in fluid flow, is implemented with a level set method to

track the interface. Immersed boundary methods26–28 can sim-

ulate deforming bodies on a non-body conforming grid with

ease.

A. Level set method

The level set method, introduced by Sethian,29 is used to

track the water-air interface. The standard level set function is

defined to be a signed distance function

φ(x) = min
xIǫ I

(|x − xI |), (1)

where φ is the level set function and I is the interface. This

function takes positive values in the region outside the inter-

face, negative values inside, and zero on the interface. Hence,

the zero level set of φmoves along with the interface when the

following hyperbolic scalar transport equation is solved:

φt + u · ∇φ = 0, (2)

where u is the velocity vector. Fifth order weighted essentially

non-oscillatory (WENO30) schemes are used to discretize the

equation in space, and third order total variation diminish-

ing Runge-Kutta (TVDRK3) method in time. Even though

the interface (φ = 0) is updated using higher order schemes,

φ does not remain as a distance function. This often results

in steepening of the gradient of φ and then in a volume con-

servation defect. To deal with this problem, φ is reinitialized

once every 10th iteration, in which an intrinsic property of the

level set function |∇φ| = 1 is conserved explicitly as specified

by Sussman et al.31 by solving the following equation:
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φt = S(φ0) · (1 − |∇φ|), (3)

where

S(φ0) = φ0/

√

φ2 + (ǫ∆x)2. (4)

B. Fluid flow solver

In our study, we calculate the flow field of two immiscible

incompressible fluids (water-air) in the presence of a solid

body. If the reference density and viscosity used are of Fluid

1 (water), the non-dimensionalized Navier-Stokes equation is

given by

∂u

∂t
+ u · ∇u = −

∇p

ρr(φ)
+
∇ · (µr(φ)(∇u + ∇u

T ))

ρr(φ)Re

+
fbL

ρr(φ)U2
−

ĵ

Fr2
, (5)

∇ · u = 0, (6)

where u is the velocity vector, p is the pressure, ρr is the

density ratio (ρ/ρ1), µr is the viscosity ratio (µ/µ1), f b is

the force that couples fluid motion with the solid body, L

is the reference length, and U is the reference velocity with

Re =
ρ1LU

µ1
, Fr2

=
U2

gL
as the dimensionless numbers. ρ and

µ are the variable density and viscosity. Density and viscosity

ratios are assumed to vary as a smooth Heaviside function,

ρr(φ) = 1 +

(

ρ2

ρ1

− 1

)

H(φ), (7)

µr(φ) = 1 +

(

µ2

µ1

− 1

)

H(φ). (8)

The definition of the smooth Heaviside function is

H(φ) =



0, φ < −ǫ ,

1
2
(1 + φ/ǫ − 1/π sin(πφ/ǫ)), |φ| ≤ ǫ ,

1, φ > ǫ ,

with ǫ = 1.5∆x. The solid-fluid coupling is achieved using the

immersed boundary projection method (IBPM), formulated by

Taira and Colonius,27 wherein the Navier-Stokes equation is

written as

*
,
A Q

QT 0
+
-
*
,
qn+1

λ
+
-
=
*
,
r1

r2

+
-
,

λ ≡ *
,
φ

f̃
+
-
, r1 ≡ rn + bc1, r2 ≡ *

,
−bc2

un+1
B

+
-
,

where qn+1 and φ are the velocity flux and pressure vectors,

respectively. With the operator splitting, we obtain

Aq∗ = r1, (9)

QT BN Qλ = QT q∗ − r2, (10)

qn+1
= q∗ − BN Qφ. (11)

The terms A, r1, and BN are dependent on the density

and viscosity. The system of equations are solved using a

PETSc32 based C++ code named PetIBM.25 Details about the

code’s implementation and parallelization are presented in the

work of Srinidhi and Vengadesan.25 PETSc provides various

solvers and preconditioners to solve PDEs. We have used the

GMRES33 (generalized minimal residual) method as the solver

and GAMG34 (Geometric-Algebraic Multigrid) method as the

preconditioner. The simulations are performed using 16 cores

(2 × Intel E5-2670 8 C 2.6 GHz Processor), and the tolerance

for solving Eqs. (9) and (10) is 10−6. The total computational

time taken for solving in a 2000 × 340 grid for 105 time steps

is 1.09 × 105 s, and the average number of iterations taken in

a single time step is 7.

IV. VALIDATION

PetIBM has been validated against standard benchmark

cases in the work of Srinidhi and Vengadesan.25 The level

set solver implemented along with PetIBM is validated for

(1) Rayleigh-Taylor instability, (2) bubble rising in a column,

and (3) flow past a submerged circular cylinder.

FIG. 2. Qualitative comparison of Rayleigh-Taylor instability at time instants t = 0.1, 0.7, 0.8, and 0.9 s. (a) From the work of Popinet et al.35 and (b) present

Simulation.
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FIG. 3. (a) Velocity and (b) position of the bubble’s center of mass (CM).

A. Rayleigh Taylor instability

Rayleigh Taylor instability manifests when a heavier fluid

falls onto a lighter fluid under the action of gravity, resulting

in a mushroom cone structure. The flow is two-dimensional

and a standard benchmark case for multiphase solvers. The

parameters used are:

ρ2/ρ1 = 10, µ2/µ1 = 1, Weber number = ρ1u2L/σ = 126.70,

Reynolds number = ρ1uL/µ1 = 54, Froude number = u/
√

gL

= 3.16, domain size = 1 × 4 m2, and mesh size = 50

× 200, as specified in the work of Popinet and Zaleski.35

The results are in good agreement with that of Popinet and

Zaleski35 except for the presence of tiny droplets in the last

frame, as shown in the Fig. 2. This is expected as the level

set method tends to dissipate droplets that occupy few grid

cells.

B. Bubble rising in a column

A bubble of density 1 (ρ1 = 1) rises in a column filled

with a heavier fluid of density 1000 (ρ2 = 1000). The vis-

cosity ratio is 100, Re = uD/ν1 = 35, We = ρ1u2D/σ = 125,

Fr = u/
√

gD = 1, mesh size = 128 × 256, and cell size = 1/64.

The velocity and position of the center of mass (CM) of

the bubble are determined after the completion of simula-

tion. The results are compared with that of Hysing et al.,36

as shown in Fig. 3. The velocity of CM matches well with

the benchmark. The deviation (4.8%) near the second max-

ima could be attributed to the difference in the interface

capturing method itself. Hysing et al.36 use the volume of

fluid (VOF) method. Secondary bubbles start detaching ear-

lier compared to our simulation. At time t = 3 s, sizes of

the secondary bubbles present in Fig. 4 are different. This

FIG. 4. Qualitative comparison of a

bubble at t = 3s. (a) Present Simulation

and (b) from the work of Hysing et al.36
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FIG. 5. Vorticity patterns (−3 to 3) for

Re = 180, Fr = 0.3, and h/D = 0.55.

(a) Present Simulation and (b) from the

work of Gubanov.37

FIG. 6. Vorticity plot at tU/L = 20, Fr = 0.3, h/D = 0.4, and Re = 180.

establishes the difference in the velocity of CM after its second

maxima.

C. Flow past a submerged circular cylinder

A circular cylinder is submerged in a fluid of density ρ =

1000. The flow parameters are submergence depth h/D = 0.55,

Froude number Fr = 0.3, and Reynolds number Re = 180. The

results are compared qualitatively with that of Gubanov.37 The

vorticity patterns match well, as shown in Fig. 5.

Next we validate against flow past a submerged cylinder

with the parameters h/D = 0.4, Fr = 0.3, and Re = 180 (Fig. 6).

Values of the local Froude number FrL and average velocity on

top of the cylinder at an instant of maximum lift, ūm, obtained

from the simulation and literature are compared in Table II.

The values agree well with those of Reichl et al.4 All these

validations confirm that further investigations can be carried

out using the developed code.

TABLE II. Comparison of results.

Cases FrL ūm

Reichl et al.4 0.73 1.34

Present 0.74 1.32

V. COMPUTATIONAL GRID

For the study on the interaction of flow with an elliptic

cylinder, the inflow boundary condition is u = 1, 3 = 0; the

outflow boundary condition is ∂u
∂t

+ c · ∂u
∂x
= 0, ∂v

∂x
= 0; and

the top and bottom boundary condition is ∂u
∂y
= 0, v = 0.

The pressure boundary conditions are
∂p

∂x
= 0 in left and right

boundaries and
∂p

∂y
= − 1

Fr2 in bottom and top boundaries, as

depicted in Fig. 1.

A. Domain independence study

The domain independence study is carried out for flow

past a circular cylinder near the free surface with parameters

h/D = 0.55, Fr = 0.3, ρ1/ρ2 = 816, and µ1/µ2 = 64. Following

three domains are chosen for the study:

Domain 1 (−8 ≤ x ≤ 8, −5 ≤ y ≤ 5);

Domain 2 (−10 ≤ x ≤ 10, −10 ≤ y ≤ 10); and

Domain 3 (−12.5 ≤ x ≤ 12.5, −10 ≤ y ≤ 10).

A uniform grid is located in the limits −1 ≤ y ≤ 1 for all

domains with a spacing ∆x = 0.01. As per the restrictions for

discretization of the body set in IBM, 81 Lagrangian points

are used to discretize the elliptic cylinder. Values of lift and

drag coefficients (CL and CD) are plotted in Fig. 7. Mean

CL and CD are compared in Table III. The variation in mean

CL and CD of Domain 2 from Domain 3 is less than 0.1%. It

can be concluded that Domain 2 is large enough to simulate

flow free of domain dependence errors.

B. Grid independence study

Domain 2 (−10 ≤ x ≤ 10, −10 ≤ y ≤ 10), obtained from

the previous study, is used to perform the grid independence

FIG. 7. Domain independence study. (a) CL and (b) CD.
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TABLE III. Domain independence study.

Domain size Mean CL Mean CD

☞8 ≤ x ≤ 8, ☞5 ≤ y ≤ 5 ☞0.048 1 0.2590

☞10 ≤ x ≤ 10, ☞10 ≤ y ≤ 10 ☞0.047 17 0.2610

☞12.5 ≤ x ≤ 12.5, ☞10 ≤ y ≤ 10 ☞0.047 22 0.2609

study. The study is performed on two grids of different uniform

grid spacing, ∆x = 1/100 and 1/125. CL and CD on different

grids are plotted in Fig. 8. Variation in mean CL and CD for

Grid 1 from Grid 2 is 0.2% (Table IV). As a result, ∆x = 1/100

is chosen as an appropriate uniform grid spacing for all the

simulations.

Finally, a rectangular grid of size −10 ≤ x ≤ 10, −10 ≤ y

≤ 10 is chosen as shown in Fig. 1. A small area consisting of a

uniform grid (−10 ≤ x ≤ 10, −1 ≤ y ≤ 1) with size ∆x = 0.01

is imposed to represent the interface and body.

VI. RESULTS AND DISCUSSION

Before proceeding with our study, an overview of flow

past an elliptic cylinder of varying AOA and AR is helpful.

An elliptic cylinder at an AOA of 90◦ possesses the maximum

blockage, and vortex shedding occurs in different regimes, as

described in the work of Johnson.19 At this AOA, Radi et al.38

observed that the aspect ratio also affects the cylinder wake and

frequency of vortex shedding. In an infinite domain, flow past

elliptic cylinders with α = 45◦ and −45◦ is expected to be mir-

ror images of each other, thus resulting in equal and opposite

lift forces. But the presence of free surface alters the flow sub-

stantially, as depicted in Fig. 9. It is observed in Fig. 9(a) that

the vortices shed from an elliptic cylinder with α =−45◦ and hS

= 0.318 travel at an angle away from the free surface, while at

α = 45◦ and the same depth [Fig. 9(b)], the vortices stay close to

the free surface. The same behavior is observed at low Froude

numbers (Fr = 0.169), but the angle of shedding is reduced

in both the cases. Considering these observations as a rough

estimate of differences between flow past an elliptic cylinder

of varying AOA and AR, we study the effect of the free surface

on cylinder’s wake characteristics and the bulk properties.

A. Flow and vortex dynamics

In this subsection, elliptic cylinders of varying AOA and

constant AR = 2 are considered for examination at different

TABLE IV. Grid independence study.

Grid spacing Mean CL Mean CD

∆x = 0.01 ☞0.047 17 0.2610

∆x = 0.008 ☞0.047 06 0.2600

submergence depths and Froude numbers, as specified in

Sec. II. The simulations are run until non-dimensional time

tU/S = 100 (tU/D = 300). Figures 10 and 11 show the time

series of CL and CD for elliptic cylinders with AR = 2 at differ-

ent submergence depths and AOA. The lift amplitude reduces

when the bluff body is moved closer to the free surface irre-

spective of AOA. The vorticity contours for flow past elliptic

cylinders oriented at 45◦, −45◦, and 90◦ varying with the sub-

mergence depth and Froude number are plotted in Figs. 12

and 13, respectively. These plots help us understand the flow

characteristics and infer its effects on the bulk parameters.

1. Angle of attack = −45◦

When an elliptic cylinder is placed at α = −45◦ and

hS = 0.318, the vortices shed from the cylinder move as pairs.

Even though the effect of the free surface is reduced, it is

enough to cause the vortex pairs to move at a certain angle. As

the cylinder is moved closer (hS = 0.191) to the free surface,

the positive vorticity induced from the free surface intensi-

fies and abets the stretching and diffusion of negative vorticity

(from the cylinder). As a result, the vortex pair rotates in the

counter-clockwise direction. Negative vorticity of the vortex

pair reaches the end of the shear layer present behind the cylin-

der and gains velocity higher than that of positive vorticity. The

amplitude of oscillations in forces, CL and CD, reduces due to

this weakening of negative vorticity. With the further reduction

in submergence depth (hS = 0.096), negative vorticity diffuses

faster and the force amplitude reduces even more. At this hS ,

we notice the existence of metastable states, which brings vary-

ing amplitudes in CL. Nevertheless it is smaller in comparison

with amplitudes at higher hS . The mechanism behind its tran-

sition is stated in the work of Reichl et al.4 Finally when the

cylinder touches the free surface [Fig. 12(a)], vortex shedding

is suppressed and negative vorticity is absent in the wake as

the flow above the cylinder is completely restricted. A large

recirculation zone is observed, with the source being the shear

layer emanating from the bottom surface of the cylinder. The

reduction in the amplitude of CL with decreasing hS (Fig. 10)

FIG. 8. Grid independence study. (a)

CL and (b) CD.
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FIG. 9. Vortex shedding patterns at tU/S = 60 for different AOAs. (a) α = −45◦, hS = 0.318, Fr = 0.338; (b) α = 45◦, hS = 0.318, Fr = 0.338; (c) α = −45◦,

hS = 0.175, Fr = 0.169; and (d) α = 45◦, hS = 0.175, Fr = 0.169.

is because of the free surface’s stabilizing effect. The positive

vorticity induced from the free surface helps in the diffusion

of negative vorticity. Stabilization of the wake is also observed

with increasing Froude number. When the Froude number is

increased (Fig. 13), the flow feature changes from vortex shed-

ding (Fr = 0.169) to its suppression (Fr = 0.667) resulting in

a stable jet emanating from the top surface of the cylinder. At

Froude number Fr = 0.226, we observe irregular vortex shed-

ding in which the negative vorticity splits into two parts: one far

away and other near the free surface. The former moves faster

than the latter due to the presence of the shear layer behind

the cylinder. At a slightly higher Froude number Fr = 0.451,

the blobs that existed near the free surface in the previous case

(Fr = 0.226) vanish completely.

2. Angle of attack = 45◦

Stabilization of flow is observed atα = 45◦with decreasing

depths and increasing Froude numbers, similar to that in the

previous AOA case. But, the amplitude of CL for α = 45◦ is

the minimum amongst all AOAs at all submergence depths and

Froude numbers, as seen in Fig. 10. There are major differences

in the fluid characteristics too. Vortex shedding is observed

but with the vortices shed close to the free surface at a depth

of hS = 0.318. The negative vorticity undergoes stretching,

and it separates into two blobs, one far away from the free

surface speeding up and the other near slowing down. With

the reduction in submergence depth hS = 0.191, it is observed

that metastable states appear at a higher depth in this case

FIG. 10. Variation of CL with depth (top) and Froude number (bottom) for AR = 2. (a) α = −45◦, (b) α = 45◦, (c) α = 90◦, (d) α = −45◦, (e) α = 45◦, and

(f) α = 90◦.
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FIG. 11. Variation of CD with depth (top) and Froude number (bottom) for AR = 2. (a) α = −45◦, (b) α = 45◦, (c) α = 90◦, (d) α = −45◦, (e) α = 45◦, and

(f) α = 90◦.

than the one observed at α = 45◦. Increasing the proximity

of the cylinder towards the free surface (hS = 0.096) results in

vortex shedding suppression. This is not observed for the other

AOAs. The reason for this increased stabilization at α = 45◦ is

discussed in the upcoming paragraphs. Finally at depth hS = 0,

the vortex shedding is suppressed where the angle of the shear

FIG. 12. Vorticity plots (−1 to 1) for different AOAs and depths at tU/S = 60 and Fr = 0.338. (a) hS = 0, α = 45◦; (b) hS = 0, α = −45◦; (c) hS = 0, α = 90◦;

(d) hS = 0.096, α = 45◦; (e) hS = 0.096, α = −45◦; (f) hS = 0.096, α = 90◦; (g) hS = 0.191, α = 45◦; (h) hS = 0.191, α = −45◦; (i) hS = 0.191, α = 90◦;

( j) hS = 0.318, α = 45◦; (k) hS = 0.318, α = −45◦; and (l) hS = 0.318, α = 90◦.
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FIG. 13. Vorticity plots (−1 to 1) for different AOAs and Froude numbers at tU/S = 60 and hS = 0.171. (a) Fr = 0.169, α = −45◦; (b) Fr = 0.169, α = 45◦;

(c) Fr = 0.169, α = 90◦; (d) Fr = 0.226, α = −45◦; (e) Fr = 0.226, α = 45◦. (f) Fr = 0.226, α = 90◦; (g) Fr = 0.451, α = −45◦; (h) Fr = 0.451, α = 45◦;

(i) Fr = 0.451, α = 90◦; ( j) Fr = 0.667, α = −45◦; (k) Fr = 0.667, α = 45◦; and (l) Fr = 0.667, α = 90◦.

layer is less than that of the former AOA case [Fig. 12(a)].

When we vary the Froude number at a depth hS = 0.176, the

flow stabilizes very soon at a Froude number Fr = 0.451 for this

AOA, and the jet stays unperturbed for a longer length due to

negative vorticity sandwiched between two positive vortices.

3. Angle of attack = 90◦

When the elliptic cylinder is oriented at α = 90◦, vortex

shedding occurs. The negative vorticity gets stretched by the

shear layer and disintegrates into two blobs, which is similar

to the flow with α = 45◦. Further approach towards the free

surface skews the near wake shedding at hS = 0.191 and then it

gets partially suppressed at hS = 0.096. The variation in wake

characteristics with the Froude number is the same as that in

other AOAs, except at Fr = 0.226, where two flow states appear.

These states are similar to metastable states in mechanism, but

each state lasts only for 1-2 cycles before transition.

4. Jet from top of cylinder

As shown by Sheridan et al.3 and Reichl et al.,4 the jet

from the top of the cylinder flows at an angle depending on

the depth of the submergence and Froude number. At lower

depths and higher Froude numbers, deformation in the free

surface is significant enough to deflect the jet to a higher angle

producing a shear layer behind the body. This layer, being the

main cause for stretching and separation of vortices, reduces

in size as submergence depth increases. The angle of the jet

is also observed to decrease with the increase in submergence

depth (hS) since the effect of the free surface reduces. The

size of the recirculation region, enclosed between the jet and

hind-surface of the cylinder, depends on AOA and hS . When

an elliptic cylinder is placed at α = 45◦, the size of the recir-

culation zone is limited by the free surface, and the adverse

pressure gradient behind the cylinder is small. It can be said

that this recirculation zone, being the source for low pressure,

pulls the shear layer from beneath the cylinder upwards and

causes vortex shedding. Specifically at a depth hS = 0.096, the

recirculation zone disappears because the jet stays in contact

with the hind surface of the cylinder leaving no space, and

with no low pressure zone, it follows with the suppression of

wake instabilities. When hS increases to 0.191, the angle of

jet reduces, offering relatively more space for the recircula-

tion zone. So, the jet alternates between sticking close to the

free surface and flowing at an angle. Finally at hS = 0.318,

the recirculation zone is large enough for vortex shedding. At

α = −45◦, recirculation zone size is the largest when placed

near a free surface, as more space is present between the jet

and hind surface of the cylinder. The adverse pressure gradi-

ent introduced due to the hind surface of the cylinder (faces

away from the free surface) is high. Therefore even at a smaller

depth hS = 0.096, vortex shedding, being one of the metastable

states, is a natural occurrence at this AOA. Atα = 90◦ and depth

hS = 0.096, oscillations are observed along with vortex shed-

ding suppression because the recirculation region is moderate

in size.

5. Flow regimes

Figure 14 shows the different regimes for the flow past

elliptic cylinder with aspect ratios AR = 2 and 4. Figure 14(a)

shows that the occurrence of metastable states is delayed for

α = 45◦ at a moderate submergence depth (hS = 0.191), whereas

for α = −45◦, it happens at hS = 0.096. At Fr = 0.338,
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FIG. 14. Different flow regimes. (a) Depth and (b) Froude number.

flow regimes remain the same for both the aspect ratios. The

aspect ratio does not influence the flow characteristics except at

Fr = 0.667, where vortex shedding occurs with the increase in

aspect ratio AR = 4.

B. Mean forces

Variation of mean forces with AOA and AR is shown

in Fig. 15. The trends in the variation are explained using

the dimensionless pressure (Cp) distribution on the elliptic

cylinder for AR = 2 and 4.

1. AR = 2

Mean force coefficients, CL and CD, of the elliptic cylin-

der with AR = 2 are studied. As shown in Fig. 15(b), the

Froude number does not affect the mean lift (CL) but reduces

the lift amplitude, which is caused by the free-surface’s ability

to stabilize the jet emanating from above the elliptic cylin-

der. Approaching the body towards the free surface reduces

CL, as shown in Fig. 15(a). Especially for α = 45◦, CL turns

negative at low submergence depths. This reduction in CL

with decreasing depth is caused by the movement of the

FIG. 15. Comparison of forces for dif-

ferent aspect ratios.
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stagnation pressure point (SPP) on the surface of the ellip-

tic cylinder upwards. Basic observations on CD are summa-

rized as follows: CD of an elliptic cylinder decreases with its

approach towards the free surface and an increase in the Froude

number.

2. AR = 4

CL increases with increasing AR, and its rate of change

with increasing aspect ratio at 45◦ is higher than that at 90◦.

CL at α = −45◦ becomes less negative (reduces in magni-

tude) at lower depths which is in contrast to the corresponding

AR = 2 case. Changes in the Froude number do not sig-

nificantly affect CL. CD increases in magnitude with rising

submergence depth and aspect ratio. Similar to the previous

AR case, CD is the lowest at α = 45◦ but with less difference in

CD brought by varying AR and is the highest at α = 90◦. When

examined for the effect of the Froude number, CD decreases

with increasing Froude number, which is the same as observed

in AR = 2. As stated before, the perimeter of the elliptic cylin-

der with different ARs is kept constant, so the frontal area is

higher for cylinders with larger aspect ratios. As a result, the

magnitude of mean forces acting on the elliptic cylinder of

AR = 4 is generally higher.

3. Pressure acting on cylinder

Dimensionless pressure acting on the bluff body (Cp) is

analyzed to explain the behavior of CD and CL for AR = 2,

as shown in Fig. 16. Cp used in the figure is not absolute

but relative. Cp is obtained by subtracting it with hydro-

static pressure to remove gravity or buoyancy effects with the

assumption that buoyancy force balances the weight of the

body. Thus Cp is influenced by the fluid flow and curvature

of the free surface. The curvature introduces an imbalance in

the hydrostatic pressure resulting in a net force, and this net

force is significant at lower depths and Froude numbers. This

effect is observed for a cylinder of α = 45◦, where increas-

ing the Froude number from 0.169 to 0.226 increases CL.

The counter-clockwise direction is taken as the convention for

angles and the horizontal line pointing along the flow direction

as the zeroth angle. At hS = 0.318, two high Cp regions appear

on the cylinder with α = −45◦ at the instant of maximum lift

(t = tmax): one at roughly −2.8 rad (near leading edge) and

other at −0.5 rad (hind side) but of lower magnitude. The high

pressures at these points are the main source for high drag and

low lift when compared with other submergence depths. But

at the instant of minimum lift (t = tmin), the maximum pres-

sure at −0.5 rad disappears reducing the lift as a result. For the

cylinder with α = 45◦, there is a maximum in Cp at roughly

2.5 rad and t = tmax, which results in a net positive lift and

drag. At t = tmin, Cp maximum appears roughly at 0.25 rad

(the hind side of the cylinder), which reduces the net positive

lift resulting in a lift minimum. For an elliptic cylinder with

α = 90◦ and at t = tmax, pressure extrema appear at 1.5 and

−1.5 rad because flow over the cylinder is maximum at this

instant. At t = tmin, the Cp curve is mirror opposite of the one

obtained at t = tmax that is expected at higher depths. When

the elliptic cylinder approaches the free surface (hS = 0.191),

the Cp profile changes substantially. With α = −45◦, the Cp

maximum that was present in the previous submergence case

disappears completely at t = tmax, while another Cp maximum

develops roughly at 3 rad. These two factors are responsible

for the reduction in the mean drag and lift. Reduction in the

lift occurs for α = 45◦ due to a low-pressure zone developing

roughly at −1 rad (near trailing edge). We observe asymmetry

in Cp for the body with α = 90◦ at a depth of hS = 0.191. In gen-

eral, SPP moves upwards when the cylinder is moved closer

to the free surface at all AOA. The direction of the normal at

that point gains a vertical component in the −ve y-direction

while losing its horizontal component, being the main rea-

son behind the previously stated behavior of CL and CD. For

AR = 4, Cp is observed to increase on the hind surface of

the elliptic cylinder oriented at α = −45◦ with the increasing

proximity to the free surface (Fig. 17). The increased pressure

behind the cylinder reduces the magnitude of CL.

FIG. 16. Cp on the body at different AOAs for AR = 2. (a) hS = 0.318 and (b) hS = 0.191.
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FIG. 17. Cp on the body at α = −45◦ for AR = 4.

C. Flow above the cylinder

To explain and quantify the flow characteristics at dif-

ferent AOA and aspect ratios, it is necessary to evaluate the

time-averaged and height-averaged x-velocity on top of the

cylinder denoted by ¯̄u. It has a great impact on flow character-

istics and other parameters such as the Strouhal number. Even

though, it is tempting to use height-averaged velocity at the

instant of maximum lift, as pointed out in the work of Reichl

et al.,4 the variation in geometry (AOA and AR) demands a

different treatment for quantifying the flow above the ellip-

tic cylinder. For most of the cases, maximum in the lift does

not essentially correspond in time to the maximum in average

flow above the cylinder. Thus, there is a need to average the

quantity in time too. This quantity can be used to get an esti-

mate of the fluid transport even for the cases with no vortex

shedding.

1. AR = 2

We obtain ¯̄u for a different hS and Froude number and

plot it in Fig. 18. We can observe the following about ¯̄u for

AR = 2:

(a) Increasing the Froude number decreases ¯̄u irrespective

of AOA.

(b) Increasing the depth increases ¯̄u irrespective of AOA

because there is less hindrance to fluid flow at higher

submergence depths.

(c) The influence of orientation on ¯̄u is best demonstrated

by comparing elliptic cylinders oriented at α = 45◦ and

−45◦, as shown in Fig. 9. An elliptic cylinder with

α = 45◦ allows the least ¯̄u irrespective of the Froude

number or submergence depth, while the one with

α = −45◦ has a relatively higher ¯̄u. This dependence

of ¯̄u on orientation is due to fluid preferring the easier

path. So with α = −45◦, fluid-flow follows the upper

portion of the cylinder resulting in an increase in ¯̄u. It

is observed that, for α = 90◦, higher ¯̄u values result for

a wider range of Froude numbers (at hS = 0.171) and

submergence depths compared to other AOAs. Higher ¯̄u

for elliptic cylinders inclined at α = 90◦ results from the

higher frontal area, which exhibits the natural ability to

collect a higher amount of incident fluid flow.

2. AR = 4

Flow above the cylinder (¯̄u) is observed to reduce with

increasing aspect ratio (AR = 4). Such results are counter-

intuitive as the rise in the frontal area, brought by the increas-

ing aspect ratio, does not achieve higher ¯̄u but the opposite.

Figures 19 and 20 support these observations, where the num-

ber of streamlines incident on the elliptic cylinder of higher

AR reduces on top of the cylinder. Out of the three AOAs,
¯̄u is the highest with α = −45◦ for a wide range of Froude

numbers and submergence ratios (hS > 0.1) because the fluid

tends to move upwards when subjected to an elliptic cylinder

inclined at α = −45◦. It is clearly displayed for flow with a low

Froude number (Fr = 0.169), where there is a large disparity

between ¯̄u values for α = −45◦ and other AOAs. Increasing the

Froude number brings the ¯̄u for the three AOAs closer, signi-

fying that ¯̄u stays the highest with α = 45◦ due to its geometry

and less free-surface deformation (at low Froude number). It

is in contrast to the corresponding AR = 2 case. In Fig. 18(a),

it is observed that ¯̄u for α = 90◦ is higher at lower submer-

gence depths and it changes to a minimum when the depth

is increased to hS = 0.191 or higher. With α = −45◦, ¯̄u stays

at a minimum at lower submergence depths (hS < 0.1) and

maximum at higher submergence depths. It is noted that for

α = 45◦ and α = 90◦, ¯̄u drops less with higher deformation (or

proximity to free surface) compared to that for α = −45◦.

3. Wave breaking

Flow above the cylinder also determines the wave break-

ing phenomena. Wave breaking, a source for the substantial

FIG. 18. Variation of average velocity

above the cylinder.
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FIG. 19. Streamlines for AR = 4 at hS = 0.318. (a) α = −45◦, maximum CL , (b) α = 45◦, maximum CL , (c) α = 90◦, maximum CL , (d) α = −45◦, minimum

CL , (e) α = 45◦, minimum CL , and (f) α = 90◦, minimum CL .

FIG. 20. Streamlines for AR = 2 at hS = 0.318. (a) α = −45◦, maximum CL , (b) α = 45◦, maximum CL , (c) α = 90◦, maximum CL , (d) α = −45◦, minimum

CL , (e) α = 45◦, minimum CL , and (f) α = 90◦, minimum CL .

amount of vorticity, is influenced by the local Froude num-

ber that is defined as FrL = ū/
√

gL. Wave breaking happens

when the local Froude number exceeds unity (FrL > 1). The

maximum of FrL, which utilizes the maximum in average

velocity above the cylinder (ūm) as its velocity scale, is plot-

ted in Fig. 21. FrL attained for α = −45◦ and 90◦ is higher

FIG. 21. Maximum local Froude num-

ber at AR = 2. (a) Fr = 0.338 and

(b) hS = 0.175.
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FIG. 22. Variation of the Strouhal

number. aaaaaaaa

than FrL for α = 45◦, which sets the difference in their shed-

ding patterns, as shown in Fig. 9. The vorticity induced by

wave breaking causes the jet above the cylinder to travel at an

angle.

D. Strouhal number

AOA has a large impact on the Strouhal number (St). The

variation in fundamental frequencies of the vertical force with

the submergence depth and Froude number is plotted in Fig. 22.

For the cases that exhibit metastable states, the frequency of

the state in which shedding occurs is plotted. The trend of

increasing Strouhal number with ¯̄u is observed for α = −45◦.

In spite of using ¯̄u instead of ū, it is still in agreement with

the arguments made by Reichl et al.4 But the same argument

cannot be used to explain the major differences in frequencies

for flow with other AOAs. The Strouhal number for α = −45◦

is the highest amongst other AOAs for all depths because the

bottom shear layer takes lesser time, compared to other AOAs,

to meet the jet emanating from the top part of the cylinder. In

contrary to the trend seen in other AOA cases, St for α = 45◦

decreases with increasing depth since the angle, at which jet

flows, changes substantially with hS . Thus irrespective of the

increase in ¯̄u for this particular AOA, St decreases with increas-

ing proximity to the free surface, as the bottom shear layer gets

far from the jet, and yet it is close enough compared to other

AOAs (Fig. 23).

1. AR = 2

For α = 45◦, St is high at all submergence depths, with a

peak at hS = 0.096 where shedding is suppressed. Even with

suppression, the oscillations in forces originate from the body’s

proximity to the free surface and wave breaking. A peak in

the Strouhal number is observed for α = 45◦ at hS = 0.096,

where partial vortex-shedding suppression and a recirculation

zone is observed. A slight increase in fundamental frequency

is seen for α = −45◦ after hS = 0.096. This is mainly caused

by the increase in ¯̄u. Since elliptic cylinders with α = 45◦

and −45◦ cause mirror image flows without the free surface,

St is expected to meet each other at higher hS values (>1).

The reason behind the shedding frequency for α = 45◦ to be

high was stated in the previous paragraph. For α = 90◦, the

frequency reaches a minimum at hS = 0.318 after a peak at

hS = 0.096. This frequency is close to that reported in the work

of Johnson.19

2. AR = 4

Figure 22 shows increasing frequency for the three AOAs

with an increase in the Froude number. The sudden reduction

in principal modes for α = 45◦ at a higher Froude number

is clearly a sign of vortex-shedding suppression. As observed

in Fig. 22, the principal modes decrease generally with an

increase in the aspect ratio (AR) for a wide range of Froude

numbers and submergence depths. This is caused due to the

low ¯̄u for higher AR cases, as seen in Fig. 18. When examined

for the effect of submergence depth on the Strouhal number,

the trend is the same as that of AR = 2. For α = −45◦, there is

a reduction in the principal mode with an increase in AR. This

can be explained with the help of Fig. 24 that the shedding

pattern (not the shedding angle) remains the same but ¯̄u is

again lower for AR = 4. Reduction in ¯̄u causes a decline in the

Strouhal number as the aspect ratio is increased. For α = 45◦,

the frequencies stay high in comparison to other AOA (similar

to the AR = 2 case). The maxima (at hS = 0.096) increase

with increasing aspect ratio. For α = 90◦, shedding frequency

reduces with increasing aspect ratio, at h/S > 0.191. This is in

agreement with the work of Radi et al.,38 where the Strouhal

number reduces with an increase in AR. It can be concluded

that parameters like AOA and AR play an important role in

determining the Strouhal number.

FIG. 23. Comparison of vortex shed-

ding for cases with and without inter-

face. (a) AOA = 45◦ and (b) unbounded

case.
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FIG. 24. Shedding for different ARs

with α = −45◦. (a) AR = 2, α = −45◦

and (b) AR = 4, α = −45◦.

VII. CONCLUSIONS

The elliptic cylinder with different aspect ratios (ARs) and

angles of attack (AOAs) was examined as the submergence

depth (hS) and Froude number (Fr) are varied. Even though

the flow around elliptic cylinders inclined at 45◦ and −45◦ is

equal and opposite, flow characteristics change drastically in

the presence of a free surface. The most obvious of all the

changes in flow brought by elliptic cylinders is that an elliptic

cylinder with AOA = 45◦ exhibits tendency to suppress vortex

shedding in the flow and maintains an undisturbed jet under the

influence of the free surface at lower depths and high Froude

numbers, but with AOA = −45◦, it fails to do the same. An

elliptic cylinder with AOA = 90◦ causes partial vortex shed-

ding suppression for both aspect ratios at hS = 0.096, but fails

to do the same at a higher Froude number. Another difference

in the flow feature is observed at higher submergence depths

and low Froude numbers. The shed vortices stick close to the

free-surface for AOA = 45◦, while for AOAs = −45◦ and 90◦,

the vortices move away from the free surface. When we study

the mean forces acting on the body, it is found that the elliptic

cylinder with AOA = 90◦ experiences the highest drag, while

for AOA = 45◦, the lowest drag is observed with the highest

positive lift. Mean drag is observed to increase with rise in

submergence depth for all AOAs, which is in agreement with

that of Miyata.1 The Strouhal number for flow with AOA = 45◦

decreases with an increase in depth, as opposed to the trend

observed for other AOAs as well as in the work of Reichl et al.4

It is due to the massive change in the flow pattern when depth

is varied. Variation in AR does not affect the flow features

significantly, but increasing AR increases the mean forces and

reduces the Strouhal number globally. So it is concluded that

the angle of attack and aspect ratio are important factors that

determine the flow past an elliptic cylinder near a free sur-

face. In the future, the influence of more parameters will be

explored.
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