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Morozov’s Discrepancy Principle
under
General Source Conditions

M. T. Nair, E. Schock and U. Tautenhahn

Abstract. In this paper we study linear ill-posed problems Az = y in a Hilbert space
setting where instead of exact data y noisy data 3° are given satisfying ||y —y°|| < &
with known noise level §. Regularized approximations are obtained by a general
regularization scheme where the regularization parameter is chosen from Morozov’s
discrepancy principle. Assuming the unknown solution belongs to some general
source set M we prove that the regularized approximation provides order optimal
error bounds on the set M. Our results cover the special case of finitely smoothing
operators A and extend recent results for infinitely smoothing operators.

Keywords: Linear ill-posed problems, reqularization, discrepancy principle, general
source conditions, order optimal error bounds

AMS subject classification: 65J20

1. Introduction

Ill-posed problems arise in several contexts and have important applications
in science and engineering (see, e.g., [1, 3, 4, 6, 10, 13]). In this paper we are
interested in the minimum-norm solution =¥ € X of the ill-posed problem

Az =y (1.1)

where A: X — Y is a linear bounded operator with non-closed range R(A)
of A, y € R(A) and X, Y are infinite dimensional real Hilbert spaces with
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inner products (-,-) and norms || - ||, respectively. Throughout this paper we
assume that y° € Y are the available noisy data with ||y —3°|| < ¢ and known
noise level § > 0. For the stable approximate solution of problem (1.1) some
regularization technique has to be applied, which provides regularized approx-
imations x0, = R%y° with property 22 — z' as § — 0 where the regularization
parameter a = «(6,4°) has to be chosen properly. Hence, regularized approx-
imations 22 depend continuously on the data. However, the convergence of
xi to 2 can be arbitrarily slow without assuming additional quantitative a
priori restrictions on the unknown solution z!, which is typical for ill-posed
problems (see [12]). In order to guarantee certain convergence rates the set
of solutions has to be restricted to certain source sets. Typically, for operator
equations (1.1) with finitely smoothing operators A, source conditions of the
type x' € M,, g with

M, 5 = {x € X] z = (A*A) %, |v] < E} (p > 0) (1.2)

are exploited (see [1, 2, 6, 15]). For infinitely smoothing operators A source
conditions of type (1.2) are generally too restrictive. In this case it is natural

to assume that z' € M;?% with
My ={ae X‘ z=m EA ), P B} (p>0) (1.3)

(see [5, 7, 11, 13]). In this paper we are interested in order optimality results
under general source conditions zf € M, g with M, g given by

Myp={ze X’ = [p(A"A)]?v, v] < E}. (1.4)

Herein the operator function ¢(A*A) is well defined via spectral representation
(A*A) = [ o(X) dE where A*A = [’ AXdE} is the spectral representation
of A*A, {E) : 0 < X < a} is the spectral family of A*A with a > 0 satisfying
o(A*A) C [0,a] and ||A||?> < a, 0(A*A) denoting the spectrum of the operator
A*A. Throughout this paper we assume that zf € M, g such that

of = [p(A4" )]0 with | < E

where the function ¢ satisfies

Assumption 1.1. The function ¢ : (0,a] — (0,00) with ||[A*A| < a is
continuous and satisfies the conditions
(l) lim>\_>0 gD()\) =0
(ii) ¢ is strictly monotonically increasing on (0, al
(iii) p: (0,¢(a)] — (0,a ¢(a)] defined by p(A) = Ap~1(N) is convex.
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2. Optimality and order optimality

Any operator R : Y — X can be considered as a special method for solving
equation (1.1). The approximate solution to (1.1) is then given by Ry°. Let
us consider the worst case error A(§, R) for identifying the minimum-norm
solution z' of problem (1.1) from y° € Y under the assumptions ||y —y°| < §
and z' € M, i defined by

A@R) = sup { Ry — 2|+ ot € Myp, 47 €Y, |y~ o7l <6},

This worst case error characterizes the maximal error of the method R if
the minimum-norm solution z' of problem (1.1) varies in the set M, g. An
optimal method Ry is characterized by

A(8, Ro) = inf A(, R).

It is easy to see that
i%fA((S, R) > w(6, M, )

where
w(d, My g) =sup {||z|| : © € My g, ||Az| <46} (2.1)

In view of the above relation, it is important to have some estimates for
the quantity w(d, M, g). From [13] we have

Theorem 2.1. Let M, g be given by (1.4) and let Assumption 1.1 be

satisfied. Then
w(6, My ) < Er/p~1(L2). (2.2)

If 2—22 € o(A*Ap(A*A)), then in (2.2) equality holds.
Due to Theorem 2.1, the following definition makes sense.

Definition 2.2. Consider the set M, g of (1.4) and let Assumption 1.1
be satisfied. Then any regularization method R = RS or any regularized
approximation x = R%y? is called

(i) optimal on the set M, g if ||z, — 27| < Ey/ p‘l(g—i)

(ii) order optimal on the set M, g if |28 — 2| < cE,/p—l(g—z) with
c> 1.

In [13] it has been proved that there exist special regularization methods
that are optimal on the set M, r. One of these methods is the method of gen-
eralized Tikhonov regularization. In this method a regularized approximation
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)

x? is determined by solving the minimization problem

min Jo(z)

P (2.3)
Jo(z) = HAa:—y‘st—FaH[gp(A*A)} :13|| (r € X)

or, equivalently, by solving the FEuler equation

(A*A+afp(A*A)] )l = A%y
of Tikhonov’s functional J,. This method is optimal on the set M, g given
by (1.4) provided the regularization parameter « is chosen properly. In fact,
we have the following result from [13]:

Theorem 2.3. Let M, g be given by (1.4), let Assumption 1.1 be satis-

fied, ¢ be twice differentiable, p be strictly convex and 2—22 < ap(a). Then the
Tikhonov reqularized approzimation x°, defined by (2.3) is optimal on M, g
provided the reqularization parameter a is chosen by

2

a = POy go)’\(go_l()\)) (%)2 with X =p~! (%) (2.4)

It is to be mentioned that, for method (2.3), in a general setting of an

unbounded operator L in place of [p(A*A)]~2, order optimal results are ob-
tained by Mair [7] under an apriori choice of the parameter, and by Nair [9]
by using the Morozov discrepancy principle.

3. The general regularization scheme

The construction of regularized approximations that are optimal on the source
set M, g given in (1.4), such as the ones considered in [7, 9, 13], requires the
knowledge of the function ¢. In practice, however, the smoothness properties
of the unknown solution ' of problem (1.1) are generally unknown. Hence,
there arises the question if there are regularization methods which do not
require the knowledge of the function ¢ and which are order optimal on the
set M, .

We will prove in this section that if the function ¢ is concave, then
the classical regularization methods such as Tikhonov regularization, iter-
ated Tikhonov regularization, asymptotical regularization, regularized singu-
lar value decomposition and others provide, combined with Morozov’s discrep-
ancy principle, regularized approximations z° which are order optimal on the
set M, .
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It is well known that in the classical regularization methods the regularized

approximations % can be represented in the general form

20 = go (A*A)A*y° (3.1)

with some piecewise continuous function g, : (0,a] — (0,00) with a > || Al
and a > 0 so that g,(A*A) = foa go(N)dEy. This representation appears to
be useful in the theoretical study of regularization methods. For choosing the
regularization parameter a we consider Morozov’s discrepancy principle (cf.
[8]). In this principle the regularization parameter « is chosen as the solution
of the equation

d(a) := ||Az? —4°|| = C§ with C > 1. (3.2)

For studying properties of the function d we exploit

Assumption 3.1. The function g, : (0,a] — (0,00) with a > ||A[|? and
a > 0 satisfies

(1) supp<r<a [9a(A)] < 2 for a constant v > 0

(ii) SUPpg<a<a 11— Aga(N)| <1

(iii) 1 — Aga(A) — 0 for & — 0 and all A € [0, a

(iv) |1 = Aga, (M < [1 = Aga, (A)] for a1 < as

(V) Ga,, (A) = ga(A) for a, — >0 and all A € [0, al.

From [15: p. 64, Lemma 3.1] we have that under conditions (i) — (iii) of
Assumption 3.1 there hold the limit relations

lim d(a) = [Qu’ and  lim d(a) = |4’

where @Q denotes the orthoprojection of Y onto N(A*) = R(A)*. In addition
we have from [15: p. 64, Lemma 3.1] that under conditions (iv) — (v) of
Assumption 3.1 the function d is monotonically increasing and continuous.
Hence, under Assumption 3.1 the nonlinear scalar equation (3.2) possesses a
solution o« = ap provided

1QY° || < O3 < [Iy° . (3.3)

Note that assumption (3.3) on y° is not unrealistic. Indeed, since y €
R(A), we have Qy = 0 so that | Qy’]| = |Q(y — )|l < |y —y?|| < 6. Hence,
condition (3.3) is satisfied, e.g., if C > 1 and C6 < ||3°||.

For our further study we exploit some assumption from [15: p. 75]:
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Assumption 3.2. The function g, : (0,a] — (0,00) with a > ||A]|> and
a > 0 satisfies

(1) 9a(A) =0
(i) 0 <1 —Aga(N) < “’;—f‘) with Kq 1= SUpg<y<, Ja(A)
(111) < kq < L with constants 3> 0 and v > 0.

In our next theorem we provide order optimal error bounds for ||z° — z1|.
We shall make use of the relation

lze, = @M|* + ko { Az, = y°II* — (|42t —y°|*}

3.4
< ([I—A*Aga(A*A)]at, 2T 34
which holds true under Assumption 3.2 (see [15: p. 77/Lemma 4.1]).

Theorem 3.3. Let M, g be given by (1.4), let Assumption 1.1 be satisfied
and let a:g be the regularized approrimation (3.1) with g, satisfying Assump-
tion 3.2. Let Assumption 3.1 and (3.3) hold and let o be chosen by Morozov’s

discrepancy principle (3.2). If the function ¢ is concave, then x° is order

optimal on the set M, g and

|2, — 21| < (C+ 1) By pt (). (3.5)

Proof. For all (o, \) for which g, is defined we define
Ta(A) =1 = Aga ().

Let o = ap be the regularization parameter chosen by (3.2). Due to relation
(3.4) and to

et — o) < || Aa —y5||
([1 — A" Aga(4* )] 2T) = [|[ra(a” A)] 22l |

we have

|28 — &t < ||[ra(A*A)) 2. (3

.6)
Since ¢ is a concave function with limy_o@(A) = 0 we have t p(\) < p(tA)
for t € [0, 1] or, equivalently, =1 (tp(\)) < Mt which, due to p()\) := A(p_l()\ :
provides the relation p(t ¢(\)) < t2Ap()). We apply this estimate with ¢ =
To(A) := 1= Aga(N) and obtain

p(ra(X) p(N) < XE(A) (V). (3.7)
Let z,, be approximation (3.1) with y° replaced by the exact data y, that is,

o = ga(ATA)A"y. (3.8)
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Since av = arp is the solution of equation (3.2), we have

[Aza — Az'|| = || Ara (A" A)z'|

= [ra(AA%) Az’

< ra(AA")Y || + [Ira(AA*) (AzT — ¢°)| (3.9)
= | Az), — 4’| + [Ira(AA%) (AT — o)

< (C+1)s.

Now we exploit (1.4), the convexity of p, inequalities (3.6) - (3.7) and Jensen’s
inequality. Thus

|[ro (A= A) 32 |2 J&ra(AN) () d|| Exvl|?
”( BE )p( deEw\P )

_ S5 p(ra(2) (V) d B
f d||Ew||2
_ A0 ] Bxol?
S B
A )b (4 4) [p(ar )] B
- ol
_ Az, — Act|?
BTk
(C +1)262
Iz

(3.10)

Using the monotonicity of ¢! and the realtions o1 (A) = p(\) and (3.10),
we obtain

(WA AP [ ralAT )t
( (C +1)2E? )5“” ( BE )
- Joll? lra(A® )|
‘||[ra<A*A>]1/2xfu2”( BE )
(C+1)262
= lra(A* AT

I[ra (A" Azl _ 02
p( (C+1)2E2 ) =B

This estimate together with (3.6) leads to (3.5) I

or, equivalently,
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Let us discuss two special cases. In our first special case we consider
operator equations with finitely smoothing operators A and assume that zf €
M, g with M, g given in (1.2). This set has form (1.4) with 1g0()\) = AP,
For this function Assumption 1.1 is satisfied. Since ¢~!(\) = A» we obtain

1
p(A) == X7 t(N\) = )\%, consequently, p~1(\) = AFT. Since ©(A) = AP is
concave for p < 1, the following result is a special case of Theorem 3.3.

Corollary 3.4. Let 2 be the reqularized approvimation (3.1) with gq
satisfying Assumption 3.2. Let Assumption 3.1 and (3.3) hold and let o be
chosen by Morozov’s discrepancy principle (3.2). If p < 1, then z° is order
optimal on the set M, g given in (1.2), and

|28 — 2t|| < (C + 1)Ers.

Although this classical result of Corollary 3.4 is not new (compare [15: p.
78/Theorem 4.2]), we realize that it can be obtained as a special case of our
more general Theorem 3.1.

In our second special case we consider operator equations with infinitely
smoothing operators A and assume that zf € M;?% with le)?% given in (1.3).
This set has form (1.4) with ¢(A\) = [In ﬂ_p. For this function Assump-
tion 1.1 is satisfied. Since p~1(\) = e~ /A" we obtain p(A) == dp7(\) =
e~/ ’\1/p, consequently,

p~ (N = {m H N (L+o0(1)) for A—0

(see, e.g., [7]). Since p(A) is concave for A < from Theorem 3.3 we

obtain

_ 1
(p+1)P>

Corollary 3.5. Let x‘sa be the regularized approximation (3.1) with g
satisfying Assumption 3.2. Let Assumption 3.1 and (3.3) hold and let o be

chosen by Morozov’s discrepancy principle (3.2). If || Al < W, then x?,

s order optimal on the set M;f% given in (1.3) and

27—%
|20 — 2| < (C +1)E {ln ?—2] (1+o0(1)) for 6 — 0.
Remarks. For Tikhonov regularization, a result analogous to Corollary
3.5 has been proved by Pereverzev and Schock [11] under a modified form of
Morozov’s discrepancy principle. For the general regularization of form (3.1),
Hohage [5] proved a result analogous to Corollary 3.5 under the assumption
on go that M1 — Aga(N)] < ¢y for 0 < p < po for some py > 0. We
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deduced Corollary 3.5 from a more general result, Theorem 3.3, whose proof
also seems to be much simpler than the procedures adopted in [5, 11].

While proving Theorem 3.3 we made use of relation (3.4). For the special
case of Tikhonov regularization we shall provide in Section 5 an alternative
proof which does not require (3.4) and allows additional discretization.

4. The general regularization scheme revisited

Theorem 3.3 requires the assumption that ¢ is concave. This assumption
is too strong for certain special regularization methods and certain special
source sets. Therefore we reconsider the general regularization scheme under
some other assumption which appears to be weaker in certain circumstances.
However, let us start our studies with some general order optimality result for
the regularization error ||z, — x|

Proposition 4.1. Let M, g be given by (1.4) and let x,, be the reqularized
approzimation (3.8). Let Assumption 3.1 and (3.3) hold and let « be chosen
by Morozov’s discrepancy principle (3.2). If 2t € M, g, then

lza — 2| < (C+ 1) w(6, My, k) (4.1)

with w(6, My ) given by (2.1). If in addition Assumption 1.1 is satisfied, then

Joa =2l < (C+ 1BV o (£2). (4.2)

Proof. We define z, = CLH(:I;Q — a7) with « chosen by (3.2). Due to

1
2

To — 2l = [ga(ATA)A*A — 1] [p(A*A)] %0

1
2

we have z, = [p(A*A)]*w, where w = CLH (90 (A* A)A* A — T|v satisfies

[w]] <

< FE.
Sl <

Hence, zo € My g. In addition, due to (3.9) we have ||Az,|| < 6. Hence,
due to (2.1) we obtain ||zo|| < w(d, M, g) or, equivalently, (4.1). Now (4.2)
follows from (4.1) and (2.2) B

Our next proposition provides an order optimality result under the con-
dition that ap > «ap with ap as the solution of equation (3.2) and «ay given

by
)} ®
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This order optimality result requires an additional assumption on g, that
there exists some constant ¢y such that
€o

N VAga(V)| < 7a (4.4)

Proposition 4.2. Let M, g be given by (1.4), let Assumption 1.1 be sat-
isfied and let x° be the reqularized approzimation (3.1). Let Assumption 3.1
and (3.3) hold, let ap be the solution of (3.2) and let oy be given by (4.3). If

ap > ag, then x‘;D is order optimal on the set M, g, and

|25, — 2T < (C+co+ DB p~ (). (4.5)

Proof. Consider z, given by (3.8). Due to (4.4) we have

g = zall = [|ga(A"A)A*(y° — y)|| < (4.6)

Bl

From (4.6) and aop > g we obtain

0 0 02
23, = Zap | < = < 2 = By 51 ().

b Jap T oo E2
Consequently, (4.5) follows from (4.2) and the triangle inequality B

Now it remains to study the case ap < «g. In this case, however, we need
the additional condition that there exists some constant c, such that

Sup [T = AgaN)] (V)] < cpip(a). (4.7)

Theorem 4.3. Let M, g be given by (1.4) and let Assumptions 1.1 be
satisfied. Let 22 be the regularized approzimation (3.1) with g, satisfying
Assumption 3.2, (4.4) and (4.7). Let in addition Assumption 3.1 and (3.3)
hold and let ap be the solution of equation (3.2). Then x‘;D 18 order optimal

on the set M, g and
2
|25, — 2| < cE\/p~'(22) (4.8)

with ¢ = maX{C’—l—co—l—l,\/@}.

Proof. Let us distinguish two cases. In the first case of ap > g with
ag given by (4.3) the proof of this theorem follows from Proposition 4.2.
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It remains to consider the second case ap < «p. Using relation (3.4) and
exploiting (1.4) and (4.7) we obtain

|25, — 21> < ([T = gap (A" A) A" A] p(A* A)v, v)
< E? sup |[1 = Agap(N)]e(N)]
0<A<a
< E2C¢QD(OCD).

Hence, since ap < ag and ¢ is monotonically increasing, we have in the second
case

/02
ngcp — 2T < E2C¢90(Oéo) = Ezccpp 1(@)

This completes the proof il

The proof of the following corollary, a companion result to Corollary 3.4,
is immediate from Theorem 4.3.

Corollary 4.4. Let 22 be the regularized approvimation (3.1) with gq
satisfying Assumption 3.2 and (4.4). Let Assumption 3.1 and (3.3) hold and
let e be chosen by Morozov’s discrepancy principle (3.2). Suppose, in addition,
that there exists pg > 0 with the property that for each p € (0,po] there exists
cp > 0 such that

sup )\p[l — )\ga()\)} <cpal  for 0<p <po. (4.9)
0<A<a

Then for each p € (0,po], 29

o is order optimal on the set My, g given in (1.2)
and

|28, — || < cBFFowtT
with ¢ = max{C’+ co+ 1, \/@}

Our next proposition shows that for many regularizaton methods condi-
tion (4.7) in Theorem 4.3 is indeed weaker than the concavity condition for
the function ¢ in Theorem 3.3.

Proposition 4.5. Let Assumption 1.1 be satisfied. Define

h(A) :=1— aAga(aN) (0 <\ < o0) 4.10)

(

and assume that h is independent of o, that 0 < h(X) < 1 and that Ah(X) <1

If the function ¢ is concave, then assumption (4.7) holds true with c, = 1.
Proof. We substitute A = as into (4.7) and obtain from (4.10)

sup [[1 = Aga(N] V)] < sup|[1 — asga(as)]plas)] = sup [h(s)p(as)].
A€[0,a] 5>0 s>0
(4.11)
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Since ¢ is a concave function with limy_.o p(X) = 0 we have t p(s) < p(ts) for
t € [0,1]. We apply this estimate with ¢ = h(s) and obtain

h(s) p(as) < p(ash(s)).

Since ¢ is monotonically increasing and sh(s) < 1 there follows

h(s) p(as) < p(ash(s)) < ().
This estimate and (4.11) provide the result of the proposition i

Examples for regularization methods (3.1) with h defined in (4.10) satis-
fying 0 < hA(A\) < 1 and Ah(A) <1 include, e.g.,

(a) the method of ordinary Tikhonov regularization with h(\) =
A

e
(b) the method of asymptotical regularization with h(\) = e~

(¢) the method of truncated singular value decomposition with h(A) =0
for A\>1and h(A) =1— X for A <1.

5. Discretization in Tikhonov’s method

In the method of ordinary Tikhonov regularization the regularized approxi-
mation z% is determined by solving the minimization problem

min Jo(z)

Ja(z) = | Az = °|? + allz]? (x € X)

0

¢ is the unique solution of the Euler equation

or, equivalently, x
* 1) *, 0
(A*A+al)xp, = A"y
of Tikhonov’s functional .J,. Hence, 22 has form (3.1) with g,()\) = /\J+a
The computation of regularized approximations aci requires the numerical
realization of (3.1) and (3.2) in finite-dimensional spaces. Let us approximate
the space X by a finite-dimensional subspace X,,. Then, in Tikhonov’s method
a finite-dimensional regularized approximation xfha can be defined by solving
the finite-dimensional minimization problem

min J,(x)
reX, (5.1)
Ja(z) = [|Az = ° | + allz]? (z € Xn).

Problem (5.1) is equivalent to minimizing the functional || A,z —3°(|? + a||z||?
over X, where A,, = AP, and P, : X — X is the orthogonal projector onto
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the subspace X,,. Therefore, the finite-dimensional regularized approximation
af, ,, of problem (5.1) is given by

20 = (A% A, +al) 'A%y’ (5.2)

where A,, = AP,. If {¢1,...,¢,} is a basis of X,,, then (5.2) has the form

n

1)
o= Y Cid;

j=1

with ¢ = (c1,...,cn)T

equations

€ R" as the unique solution of the linear system of

[A +a®]c=d
where A and ® are n X n matrices with ij-th entries (A¢;, A¢p;) and (¢, ¢;),
respectively, and d € R” is a vector with entries d; = (y°, Ad;).

For choosing the regularization parameter we consider a discretized dis-
crepancy principle, that is, we choose « as the solution of the equation

dy(@) = [|Az o —y°ll = (L +€4)d (5-3)

with some constant &, > 0. The function d,, is continuous with d,(0) =
|Qny°|| and limy_. o0 dp () = ||3°|| where Q,, denotes the orthoprojection of Y
onto N(A¥) = R(A,) L. Hence, the nonlinear scalar equation (5.3) possesses
a unique solution ap provided

1Quy’ll < (1 +€a)d < [l9°]l. (5.4)

In our next theorem we show that our finite-dimensional regularized ap-
proximation (5.2) with « chosen by (5.3) is order optimal on the general source
set (1.4) provided ¢ is concave and P, satisfies approximation property (5.5).

Theorem 5.1. Let M, g be given by (1.4) and let Assumption 1.1 be
satisfied. Let xfwé the finite-dimensional reqularized approzimation (5.2), let
(5.4) hold and let o be chosen by the discretized discrepancy principle (5.3).
If P, satisfies

|A(I = Py)at|| < end (5.5)
s

n,o

and if ¢ is concave, then x is order optimal on the set M, g and

|28, =2t < 2+ en) By p~1 (). (5.6)
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Proof. Since 9, , satisfies the equation ax) , = P, A*[y° — Az ] we

obtain due to APna:i,a = Aa:n’a that

:(q:Jr—:L“S mT)—(xT—m‘s ac‘s)

n,a’ n,a
.i.
(._'B na’

P, A* [y’ — Az? o))

(AP SL’ n,av y5 - Amfz,a) (57)

na? )

T_ 2t il t_ .02
z na7 )+2a{HAan y”

er—QlH

— [[Az] o - oI — APt — Aaf,|*}.
From (5.5) we have
1APx" — || < [ Az" — || + [|A(L — Pa)"| < (1 +5)6.
Consequently, due to (5.7) and (5.3) we obtain for a = ap
25,0 = 2'I* < (@' — a7, 4, 2T).

Exploiting the source condition z" € M, g with M, g given in (1.4) yields

|28, — 2t < B|lpa*A))2 (23, — )],

n,o n,o

hence . )
[Eal - |[p(A=A)]= (25, , — =)
(2+en)?E?2 |25, o — =72

Since ¢ is monotone and concave we obtain that ¢ ~! is monotone and convex.

We use the monotonicity of =1, apply Jensen’s inequality and obtain

e R Y [ Ll
@tenE?) =% ||xn,a—x+||2
. (foa p(N) d|| Ex(a?, — x*)\f)

Jo dIlEx(a2, , — x1)[?
Jo Ad||Bad o — =)’
Jo | Ex@d o — 2|
Az, , — Axt|?

[ER Al




Morozov's Discrepancy Principle 213
Due to Ap~ () = p(\) and

1Az7, o — Axt|| < Az, o — |l + |42t — 30| < (2 +20)8

o — Y _ 8
Pl @+en2E? ) = B2
which provides (5.6)

Note that for P, = I, X,, = X and 1+ ¢,, = C the results of Theorem 5.1

and Theorem 3.3 with g, (\) = /\J+a coincide.

we obtain

6. Asymptotical regularization

In the method of asymptotical regularization the regularized approximation
z?, is given by x = z(2) where z = z(t) is obtained by solving the initial

value problem

d
—a(t)+ A*Az(t) = A"y’ (0<t<i
z(0)=0
It is well known that 2 has the representation
5 £ AN A%, 0 - l—e @
xo, = ga(A"A)Ay with go () = — (6.2)

Obviously, this method fits into the framework of the general regularization
method (3.1). In this section we will give, compared with Theorem 4.3, some
other proof for order optimal error bounds which instead of assumption (4.7)
requires some weaker assumption. We start our studies with providing some
monotonicity property.

Proposition 6.1. Let 2 be the regularized approzimation (6.2). Let
(3.3) hold and let ap be the regularization parameter obtained by Morozov’s
discrepancy principle (3.2). Then

oy, =2t < llag =¥l for ap <a. (6.3)
A

Proof. From g,(\) = 1= we have

d 1 _a 1
EQaO\)— 2¢ " —J(Aga()‘)_l)'
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Consequently,
—d AA*)y® = L AA* g (AAY) = I|y° = L Azl —
d ga( )y 2 [ ga( ) j|y 2 |: :I:a y j|

This identity provides the estimate

«

d 5 e _ F) t *d *\ . 0
e = 2| = (2 -, A" ga (A4

N | =

d
_ 5§ .6 s .y @ *\, 8
= (A% Y’ + (y y),daga(AA )y )

1
= J(Al‘i —y° 4+ (y° —y), Azd — y‘;)

o _ .0
> HAxa Y H {HAI(SQ _y5” _5}

a2

From this estimate and the monotonicity of the norm || Az — 3°|| as function
of «v it follows that, for all a > ap,

(o)
——||lz% — 2t > =~ (C — 1) > 0.
2 da a%

Thus, we obtain the required property (6.3)

In order to derive order optimal error bounds for ||z, —z'|| we distinguish
as in Section 4 two cases, a first case with ap > «a and a second one with
ap < ag where o is given by (4.3). In the first case we will exploit Proposition
4.2, and in the second case Proposition 6.1. The second case requires, instead
of assumption (4.7), the weaker condition that there exists some constant d,

such that
Sup [T = A0aM]Ve(N)| < dpv/ (). (6.4)
Note that for functions g, with |1 — Ags(A)| < 1 relation (4.7) implies (6.4).

Theorem 6.2. Let M, g be given by (1.4) and let Assumption 1.1 be
satisfied. Let 20, be the reqularized approzimation (6.2), let (3.3) hold and let
ap be the solution of equation (3.2). If assumption (6.4) is satisfied, then :ch
is order optimal on the set M, g and

[, — 2t < eBy/p (42) (6.5)

with ¢ = max {C + 1.6382, d,, + 0.6382}.

Proof. For method (6.2) assumption (4.4) holds true with ¢y < 0.6382.
Hence, for the case of ap > ag with g given by (4.3) the proof of this theorem
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follows from Proposition 4.2. It remains to consider the second case ap < «g.
From Proposition 6.1, the triangle inequality, estimation (4.6) and the identity

) 2
:E -1 6—
\/a_O P (EQ)
we obtain 5 : 5 :
[za, — 2 < |lzg, — 2|
o
< zag — 2| + (|22, — Zao | (6.6)

2
< |lzag =2t + coB/ p~ (32)

with ¢y < 0.6382. Exploiting (6.2), (1.4), (6.4) as well as (4.3), we obtain in
the second case

|Zay =@l = || [gao (A" A)A* A — I] [p(A" A)] /20|

< dgoE V 90(050) (67)
= dyp By p_l(g—i).

Now (6.5) follows from (6.6) - (6.7)
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