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This work performs linear stability analysis to investigate the onset of convection due to microwave
incidences in a horizontal oil layer. The probability of onset has been characterized in terms of
critical Rayleigh number 共Rac兲, while the microwave power required to initiate convection has been
quantified in terms of modified Rayleigh number 共Rac兲. The associated convection cell size has been
illustrated by critical wave number 共kc兲. These critical numbers 共Rac, Rac, and kc兲 have been
determined for the entire spectrum of oil thicknesses ranging from thin to thick samples and various
possible microwave source configurations starting from one sided to distributed incidences. It has
been shown that the critical numbers oscillate with oil thickness in intermediate regime indicating
preferential onset for specific oil thicknesses. It has also been shown that microwave source
configuration plays an important role in controlling the onset of convection. Finally, the variations
of Rac and kc have been correlated to the spatial patterns of absorbed microwave power within oil,
while modified Rayleigh numbers are shown to follow the qualitative trends of ⌬Ts, where ⌬Ts is
the base state temperature difference between top and bottom plate. The results are useful not only
for forecasting the onset but also for controlling onset of convection by selecting suitable
experimental parameters. © 2009 American Institute of Physics. 关DOI: 10.1063/1.3066236兴
I. INTRODUCTION

Microwave heating of oil has received significant attention in various industrial processes ranging from food processing to oil recovery1–10 due to the possibility of faster
processing. Microwaves cause volumetric heating within oil,
where the spatial patterns of internal heat sources depend on
various design parameters such as dielectric properties,
thickness, microwave source configurations, etc.11–22 Based
on these parameters, microwave induced internal heat
sources may either be uniformly distributed or exhibit spatial
oscillations or attenuate exponentially from the edges and
may preferentially trigger natural convection. The onset of
natural convection is important in the context of resulting
temperature profiles23,24 within oil, which may be one of the
key issues in implementing microwave heating in various
processes. Since spatial distributions of internal heat sources
vary widely with design parameters, it is important to characterize the onset of convection in terms of critical Rayleigh
共Rac兲 and wave 共kc兲 numbers in order to answer the fundamental question: When natural convection sets in during microwave heating of oil?
The onset of natural convection in horizontally confined
fluid layer with internal heat sources has been analyzed by
earlier researchers in various other context of motion in the
atmosphere of Earth25 and Venus,26 solar heating,27 convection in magnetic fluid,28 and Joule heating of conducting
fluid.29–32 Various aspects of onset such as effect of boundary
conditions,33–35 effect of temperature dependent viscosity,36
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or the effect of distributed heat sources37,38 have also been
studied by earlier researchers. However, most of the earlier
works considered the internal heat sources to be uniformly
distributed within the domain except few studies,36–38 where
internal heat sources were assumed to be exponentially decaying from either top or bottom surface. These spatial patterns may represent some of the configurations of microwave
heating of oil. For example, thin oil samples with thickness
less than the wave length 共m兲 absorb microwave power uniformly. On the other hand, microwave power attenuates exponentially within thick oil samples, where oil thickness is
greater than penetration depth 共D p兲. However, in between
thin and thick oil samples, microwave induced internal heat
sources exhibit highly nonlinear spatial patterns, which
evolve with oil thickness. In this regime, spatial patterns of
microwave induced heat sources are strong function of microwave source configurations and exhibit local
intensification.19,20 Also, the region of local intensification of
absorbed power oscillates between top and bottom halves of
the samples as oil thickness varies in the intermediate
regime.19,20 This is in contrast with the absorbed power characteristics in thin and thick samples, where the region of
power intensification is confined either at top or bottom of
the sample based on microwave source configurations. One
interesting observation reported by earlier researchers is that
local intensification of internal heat source either facilitate or
delay the onset of convection based on the orientation of heat
source.38 Therefore, the critical Rayleigh and wave numbers
are expected to be nonlinear function of oil thickness and
microwave source configurations in intermediate regime,
where natural convection may set in counterintuitively. Thus,
it is important to quantify the effect of various design param-
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eters on the onset of convection in terms of Rac and kc over
the entire span of thin to thick oil samples, which are yet to
appear in literature.
The analysis of the onset of natural convection in presence of microwave radiations is complex due to the fact that
microwave induced heat source profiles vary with various
design parameters mentioned above and enforce the requirement of solving momentum and energy balance equations in
conjunction with Helmholtz equations for the induced electric field taking into account the transmissions and reflections
at the boundaries. One such attempt has been made in the
earlier work,39 where linear stability analysis was performed
for microwave hating of ethyl alcohol confined between two
horizontal plates by solving coupled momentum, energy and
Helmholtz equations. The authors examined the effect of
boundary conditions and the rigidity of the surfaces on neutral stability curves. The authors also reported the variations
of Rac and kc with sample thicknesses 共L兲 within the range
L / m 艋 0.8 共equivalent to L / D p 艋 0.44兲, which is much below the thick sample limit given by L / D p 艌 3. Moreover,
authors considered only one type of microwave source configuration, i.e., top incidence and overlooked other possible
microwave source configurations.
This work analyzes microwave induced onset of natural
convection within a horizontal oil layer over the entire spectrum of oil thicknesses and microwave source configurations
共one sided or distributed incidences兲. The critical Rayleigh
and wave numbers have been determined by performing linear stability analysis of coupled momentum, energy, and
Helmholtz equations. The effect of various configurations of
microwave sources on Rac and kc in thin, intermediate, and
thick oil samples has been investigated in details. This work
also analyzes the physics of nonlinear variations of Rac and
kc and relate them to the spatial distributions of microwave
induced heat source patterns.
II. GOVERNING EQUATIONS FOR MICROWAVE
HEATING

The governing conservation, momentum, and energy
balance equations for microwave induced natural convection
in oil may be written as
共1a兲

ⵜ* · V = 0,

V
0
+ V · ⵜ*V = − ⵜ* P − 0关1 − ␤共T − T0兲兴gez
t
+ ⵜ*2V,

 0C p

冋

册

T
+ V · ⵜ*T = ␥ⵜ*2T + Q共Z兲,
t

共1b兲
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FIG. 1. Computational domain of oil layer confined between two horizontal
plates exposed to microwave radiations of IT and IB from top and bottom,
respectively. The coordinate system and the thermal boundary conditions are
shown in the figure.

approximation with constant thermal and material properties.
The oil is confined between two parallel semi-infinite horizontal plates a distance L apart and microwave is incident
from top and bottom, as shown in Fig. 1. It may be noted that
microwave power absorption within such semi-infinite configurations can be assumed to be one dimensional14–16,40–44
and Q共Z兲 becomes the function of only vertical position. The
governing equation for microwave propagation within semiinfinite dielectric and the expression for Q共Z兲 are given in
Sec. II A. Here, It is assumed that the plates are perfectly
impermeable to flow. It is also assumed that the bottom plate
is thermally insulated and top plate is isothermal with T
= T0. With origin of Cartesian coordinate 兵X , Y , Z其 at the center of the domain consisting of oil confined within two plates
共see Fig. 1兲, the associated boundary conditions in vertical
direction can be written as

V=0

at Z = ⫾ L/2

and

冦

T
= 0 at Z = − L/2
Z
T = T0 at Z = L/2.

冧

共2兲

It may be noted that Eqs. 共1兲 and 共2兲 can exhibit a steady
quiescent solution 共V = 0兲 for small enough heat source. Let
us denote this conduction state as 关Ps共Z兲 , Ts共Z兲兴 such that
dPs
= − 0关1 − ␤共Ts − T0兲兴g,
dZ

共1c兲

where V, P, and T denote state variables as velocity vector,
pressure, and temperature, respectively, ⵜ*2 is the Laplacian
operator in Cartesian coordinate system, C p is the specific
heat, ␤ is the thermal expansion factor, 0 is the density of
oil at T = T0,  is the viscosity, ␥ is the thermal conductivity,
and Q共Z兲 is the internal heat source distribution due to microwave power absorption. Here, it is assumed that the buoyancy driven flow within oil can be modeled by Boussinesq

−Z

␥

共3a兲

d 2T s
= − Q共Z兲,
dZ2

共3b兲

with the associated boundary conditions as

Ts
=0
Z

at Z = − L/2,

Ts = T0

at Z = L/2.

共4兲

Then, the convective flow induced by any larger heat source
can be represented as perturbation to this base state as

[This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to ] IP:
120.117.138.77 On: Mon, 08 Dec 2014 07:59:21

024906-3

M. Bhattacharya and T. Basak

V = V⬘共X,Y,Z,t兲,

J. Appl. Phys. 105, 024906 共2009兲

P = Ps共Z兲 + P⬘共X,Y,Z,t兲,
共5兲

T = Ts共Z兲 + T⬘共X,Y,Z,t兲.

Substituting Eq. 共5兲 in Eq. 共1兲 and using L, L2 / ␣0, ␣0 / L,
0␣20 / L2, and ⌬Ts ⬅ Ts共Z = −L / 2兲 − T0 as the scales for length,
time, velocity, pressure, and temperature, respectively, the
linearized evolution equations for the dimensionless perturbation functions can be written as
ⵜ · v⬘ = 0,

共6a兲

v⬘
= − ⵜp⬘ + Ra Pr⬘ez + Prⵜ2v⬘ ,


共6b兲

ds
⬘
= ⵜ 2 ⬘ .
+ w⬘

dz

冉

冊

共ⵜ2v⬘兲
⬘
= Ra Pr ⵜ2⬘ez − ⵜ
+ Pr共ⵜ2兲2v⬘ .

z

共7兲

It may be noted that only perturbation function for vertical
velocity is required to determine the perturbation function
for temperature.
Expanding the perturbation functions as
兵v⬘, ⬘其 = 兵v̄共z兲,¯共z兲其ei共kxx+kyy兲+ ,

共8兲

the perturbation equations for temperature and vertical velocity can be transformed into the following:

冊冉
冊

d2

− k2 −
dz2
Pr

冊

d2
− k2 w̄ = Ra k2¯ ,
dz2

共9a兲

d2
2
¯ ds w̄,
2 −k − =
dz
dz

共9b兲

where k is the horizontal wave number given by k2 = k2x + k2y .
The associated boundary conditions can be written as
dw̄
=0
w̄ =
dz

at z = ⫾ 1/2

A. Expressions for microwave induced internal heat
source and base state temperature profiles

The propagation of microwave within oil is characterized by wavelength 共m兲 and penetration depth 共D p兲, which
in turn depends on the dielectric constant 共m
⬘ 兲 and dielectric
loss 共m
⬙ 兲 of oil as

and

冦

d¯
= 0 at z = - 1/2
dz

¯ = 0

at z = 1/2.

冧
共10兲

Thus, the critical Rayleigh and wave number can be determined by solving the eigenvalue problem given by Eqs. 共9兲
and 共10兲 supplemented with the expression for ds / dz, which
can be obtained from the expression for base state temperature profiles 共Ts兲. The closed form expression for Ts共z兲 can

冑2

m =

⬘2 + m⬙2 + m⬘ 兴1/2
f 冑0⑀0关冑m

and

Dp =

共6c兲

Here, ␣0 = ␥ / 0C p is the thermal diffusivity at T = T0, v⬘, p⬘
and ⬘ are dimensionless perturbation functions for velocity,
pressure, and temperature, respectively, with w⬘ in Eq. 共6c兲
denoting the perturbation function for vertical velocity. In
addition, 兵x , y , z其 is the dimensionless coordinate and  is the
dimensionless time. The dimensionless numbers in Eq. 共6兲
are Prandtl number as Pr= 0 / ␣0 and Rayleigh number as
Ra= L3g␤⌬Ts / 0␣0, with 0 =  / 0 as the kinematic viscosity at T = T0. Eliminating pressure from Eqs. 共6a兲 and 共6b兲,
the governing equation for the velocity perturbation vector
can be written as

冉
冉

be determined by integrating Eq. 共3b兲 along with Eq.共4兲 once
the closed form expression for microwave power absorption
is known as outlined in the following section.

冑2

共11a兲

,

⬘2 + m⬙2 − m⬘ 兴1/2
2 f 冑0⑀0关冑m

,

共11b兲

where f is the frequency of radiation, 0 is the free space
permeability, and ⑀0 is the free space permittivity. In general,
m⬘ and m⬙ are functions of frequency of radiations. However,
most of the thermal applications of microwave operate at
2450 MHz at which the dielectric properties of a typical edible oil are reported to be m
⬘ ⬇ 2.8 and m⬙ ⬇ 0.15.13,14 Using
these values, the wavelength and penetration depth within oil
at 2450 MHz frequency are obtained from Eq. 共11兲 as m
= 7.31 cm and D p = 43.47 cm. von Hippel45 presented dielectric data of various oils as a function of temperature and it is
found that dielectric properties do not vary significantly for a
temperature range of 30– 100 ° C. Therefore, the temperature
dependency of dielectric properties has been neglected in
this work. Similar assumptions have also been made in earlier works.13,14 This leads to constant m and D p and correspondingly wave propagation becomes invariant of temperature distribution within the material.
Propagating microwave induces oscillating electric field
within oil, which is dissipated as heat due to interactions
with dipoles. In other words, microwave power is absorbed
during propagation through oil and generated internal heat
sources. The internal heat source is directly proportional to
the absolute magnitude of induced electric field as given below:

⬙ 兩EX共Z兲兩2 ,
Q共Z兲 =  f ⑀0m

共12兲

where EX共Z兲 is the induced electric field within oil and
兩EX共Z兲兩 = 冑EX共Z兲EX*共Z兲 with EX*共Z兲 being complex conjugate
of EX共Z兲. The determination of EX共Z兲 involves the solution
of Helmholtz equations within oil and surrounding free
spaces as discussed in details in the literature.19,20 Here we
only present the solution for clarity of discussion. The readers are referred to the above references for detail description.
The Helmholtz equations can be solved analytically for
constant dielectric properties,19,20 which can be substituted in
Eq. 共12兲 to obtain the following closed form expression for
absorbed power distribution in terms of dimensionless coordinate z:
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8mI0
关Cn,1 cosh 2N pz + Cn,2 sinh 2N pz
 0D pC d
+ Cn,3 cos 4Nwz + Cn,4 sin 4Nwz兴,

s共z兲 =
共13兲

冋

8m Cn,1
1
−z−
共cosh 2N pz − cosh N p兲
2
D pCd⌳ 4N2p
+

Cn,2
共sinh 2N pz − 2z sinh N p兲
4N2p

+

Cn,3
共cos 2Nw − cos 4Nwz兲
162Nw2

+

Cn,4
共2z sin 2Nw − sin 4Nwz兲 ,
162Nw2

where
Cn,1 = c2 cosh N p + c4 sinh N p + 2冑0共1 − 0兲
⫻共c1 cos 2Nw + c3 sin 2Nw兲,

共14a兲

册

共16a兲

with
Cn,2 = 共1 − 20兲共c2 sinh N p + c4 cosh N p兲,

共14b兲
⌬Ts =

Cn,3 = c1 cos 2Nw + c3 sin 2Nw + 2冑0共1 − 0兲
⫻共c2 cosh N p + c4 sinh N p兲,

Cn,4 = − 共1 − 20兲共c1 sin 2Nw − c3 cos 2Nw兲,

where
共14c兲

共14d兲

⌳=

+

共14e兲

In the above equations, the dimensionless parameters Nw
= L / m and N p = L / D p are called as wave number and penetration number, respectively, and 0 = IB / I0 is the fractional
incidence from bottom, where I0 = IB + IT is the total incident
flux and IT and IB are incident fluxes from top and bottom,
respectively. The dimensionless coefficients c1 – c4 are given
by

c1 = 1 +

c2 = 1 +

c3 = −

c4 =

42D2p

2
m

42D2p

−

+

2
m

20

2
m

20

= 0.644,

= 1.358,

2
m
= − 0.032,
  0D p

2m
= 1.1948,
0

冋 冉

sin 2Nw
qav 8m Cn,4
+
cos 2Nw −
2
D pC d 4  N w
2Nw

qav =

2
m

共16b兲

冉

Cn,2 sinh N p
− cosh N p
2N p
Np

冊册

冊
共16c兲

.

In Eq. 共16c兲, qav is the dimensionless average power within
oil layer defined as

Cd = 共c23 − c21兲cos 4Nw + 共c22 + c24兲cosh 2N p
− 2c1c3 sin 4Nw + 2c2c4 sinh 2N p .

L 2I 0
⌳,
␥0

共15a兲

共15b兲

共15c兲

共15d兲

where 0 = 1 / f 冑0⑀0 = 12.24 cm is the wavelength within
free space.
Substituting Eq. 共13兲 in Eq. 共3b兲 and integrating with
respect to z using the boundary conditions 关Eq. 共4兲兴, the microwave induced dimensionless base state temperature profile within oil can be expressed as

0
I0

冕

1/2

共17兲

Q共z兲dz.

−1/2

Using Eq. 共13兲, qav can be written as
qav =

冋

册

8m Cn,1
Cn,3
sinh N p +
sin 2Nw .
D pC d N p
2Nw

共18兲

The expression for ds / dz for microwave induced heating is
obtained from Eq. 共16a兲 as

冋

8m Cn,1 sinh 2N pz + Cn,2 cosh 2N pz
ds
=−1−
dz
D pC d⌳
2N p
+

Cn,3 sin 4Nwz − Cn,4 cos 4Nwz
4Nw

+

Cn,4
Cn,2
sin 2Nw −
sinh N p .
82Nw2
2N2p

册

共19兲

III. NUMERICAL SCHEME AND VALIDATION

Equations 共9兲 and 共10兲 form a coupled eigenvalue problem with ¯ and w̄ being the eigenfunctions and Ra being the
eigenvalue. Determination of onset of convection is equivalent to performing neutral stability analysis of Eq. 共9兲, i.e.,
determination of first eigenvalue 共Ra兲 as a function of k with
 = 0 and finding the minima of the function Ra共k兲 for various microwave related parameters. The minimum of Ra is
called critical Rayleigh number 共Rac兲 and the corresponding
k is called critical wave number 共kc兲. Here, Galerkin
weighted residual method has been used to determine the Rac
and kc, where w̄ and ¯ are expressed as
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n

and ¯共z兲 = 兺  j j共z兲,

w̄共z兲 = 兺 wii共z兲

− 1/2 艋 z 艋 1/2,

共20兲

j=0

i=0

where i共z兲 and  j共z兲 are basis functions associated with w̄ and ¯, respectively. The basis functions satisfy the corresponding
boundary conditions given by

i =

di
=0
dz

at z = ⫾ 1/2

冦

and

d j
= 0 at z = − 1/2
dz
 j = 0 at z = 1/2.

冧

共21兲

Using Eq. 共20兲, Eq. 共9兲 can be transformed into the following discrete vector-matrix equation:
Aww = − Ra BA−1Bww,

共22兲

where w = 关w1w2 ¯ wn兴T and

冦

冕 冉
冕 冉
冕
1/2

Aw共k,i兲 =

−1/2
1/2

A共l, j兲 =

−1/2
1/2

Bw共l,i兲 =

−1/2

冊

d 2 i d 2 k
2 di dk
+ k4ik dz
2
2 + 2k
dz dz
dz dz

冊

d j dl
− k2 jl dz
dz dz

ds
ildz,
dz

B共k, j兲 = k2

冕

1/2

 jkdz

−1/2

冧

Equation 共23兲 with corresponding ds / dz is numerically
solved using QZ algorithm46 with the following basis functions:
n
= 关1 − 共2z兲2兴2Ti共z兲,
兵i共z兲其i=0

冋

n
兵 j共z兲其i=0
= 共2z + 3兲共2z − 1兲 T j共z兲 +

共24a兲

册

j2
T j+1共z兲 ,
共j + 1兲2
共24b兲

⬁
where 兵Tn共z兲其n=0
= cos关n cos−1共2z兲兴 is the Chebyshev polynomial. It may be noted that basis recombination technique as
suggested by Heinrichs47–49 has been used to find the present
set of basis functions 关Eq. 共24兲兴 from the Chebyshev polynomial. The derived basis functions not only satisfy the corresponding boundary conditions 关Eq. 共21兲兴 but also reduce the
condition number of the resultant matrix compared to the
Chebyshev polynomial.
The numerical scheme is validated with uniform internal
heat source for which ds / dz = −共2z + 1兲. Using n = n = 10,
critical numbers are obtained as kc = 2.6295 and Rac
= 1386.137 13, which are in well agreement with those obtained by Robert30 共kc = 2.629 and Rac = 1386.14兲. In order to
conform the adequacy of number of basis function, n and n
are increased from 10 to 15 and the results are compared. It
has been observed that kc does not change with increasing
number of basis function and Rac changes in fifth decimal
place 共Rac = 1386.137 13, 1386.137 15, and 1386.137 15 for
n = n = 10, 11, and 15, respectively兲. Hence, n = n = 10 has
been used in this work.

j,l = 0,1,2, . . . ,n
i,k = 0,1,2, . . . ,n .

共23兲

IV. ILLUSTRATIONS
A. Spatial patterns of Q„z… and corresponding s„z…

It may be noted from Eqs. 共13兲 and 共16a兲 that Q共z兲 and
s共z兲 are parametric functions of Nw, N p, and 0. It may be
further noted that N p = Nwm / D p ⬇ 0.17Nw for oil. Thus, absorbed power and base state temperature profiles within oil
are function of two independent parameters, namely, 0 and
either of Nw or N p. It is evident from the definitions that Nw
and N p simulate the effect of oil thickness on Q共z兲 and s共z兲
and vary between 0 and ⬁ signifying transition from thin to
thick oil layers, respectively. On the other hand, 0 captures
the effect of distribution of microwave incidence 共I0兲 between top 共IT兲 and bottom 共IB兲 with constant total incident
flux 共I0兲. It may be noted that 0 = 0 and 1 represent one
sided incidence 共from top and bottom, respectively兲 and 0
= 1 / 2 represents equal incidence from top and bottom. All
other 0 corresponds to uneven distribution of microwave
sources, where microwave incidence is stronger either from
bottom for 0 ⬎ 1 / 2 or from top for 0 ⬍ 1 / 2. Thus, entire
spectrum of microwave source configurations can be mimicked by varying 0 from 0 to 1.
Figure 2 illustrates spatial patterns of dimensionless absorbed power 共scaled with I0 / 0兲 distributions and corresponding dimensionless base state profiles 关s共z兲兴 within oil
of various thicknesses corresponding to Nw = 0.05
共0.366 cm兲, 0.1 共0.73 cm兲, 0.5 共3.66 cm兲, 1 共7.31 cm兲, and
N p = 3 共1.3 m兲, 6 共2.61 m兲. In Fig. 2, q共z兲 ⬅ Q共z兲0 / I0 and
s共z兲 are shown for various microwave source configurations
corresponding to 0 = 0, 0.25, 0.5, 0.75, and 1. One important
feature of absorbed power distribution may be observed from
Fig. 2 as 兩q共z兲兩0 = 兩q共−z兲兩1−0, i.e., absorbed power distribu-

[This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to ] IP:
120.117.138.77 On: Mon, 08 Dec 2014 07:59:21

Dimensionless height, (z)

024906-6

0.5

M. Bhattacharya and T. Basak

Nw = 0.05

Nw = 0.5

Nw = 0.1

J. Appl. Phys. 105, 024906 共2009兲

Nw = 1.0

Np = 3.0

Np = 6.0

0.25
0
−0.25
−0.5
0.5 1 1.5 2 0

1

2 0

0.5

1 0

1

2 0

0.3

0.6 0

0.3

0.6

0.5

1

Dimensionless height, (z)

Dimensionless absorbed power distribution, Q(z)λ0 /I0
0.5
0.25
0
−0.25
−0.5
0

φ0

0
0.25
0.5
0.75
1
0.5

1 0

0.5

1 0

0.5

1 0

0.5

1 0

0.5

1 0

Dimensionless base state temperature profiles, θs (z)

FIG. 2. Top panel shows the spatial patterns of dimensionless absorbed
power, Q共z兲0 / I0, in thin 共Nw = 0.05, 0.1兲, sinusoidal 共Nw = 0.5, 1兲, and thick
共N p = 3 , 6兲 sample regimes. Corresponding base state dimensionless temperature profiles 关s共z兲兴 are shown at the bottom panel.

tions corresponding to 0 = j and 0 = 1 − j are mirror reflections of each other around the horizontal plane at z = 0. This
leads to the fact that absorbed power distributions are symmetric around the center for 0 = 1 / 2, as may be seen from
Fig. 2.
It may be observed from Fig. 2 that q共z兲 exhibits three
distinct spatial distributions, namely 共i兲 uniform, 共ii兲 sinusoidal, and 共iii兲 exponential, as oil thickness increases from
0.366 cm to 2.61 m. This is due to the fact that Eq. 共13兲
contains both exponential 共hyperbolic functions兲 and sinusoidal position dependencies, where the coefficients
Cn,1 – Cn,4 determine the relative contribution of these terms
in determining the spatial patterns of absorbed power distributions. Since Cn,1 – Cn,4 depend on Nw, N p, and 0 关see Eqs.
共14a兲–共14d兲兴, relative contributions of exponential terms
compared to sinusoidal terms vary with varying oil thickness
and microwave source configurations generating various spatial patterns of q共z兲 shown in Fig. 2. However, the position
dependencies of q共z兲 disappear if the oil thickness is much
less than that required to complete a cycle of sinusoidal functions of Eq. 共13兲. This regime of oil samples is referred as
thin samples. An analysis of the sinusoidal functions of Eq.
共13兲 reveals that the criterion for attaining thin sample regime is given by Nw Ⰶ 0.5. In thin oil samples, microwave is
absorbed uniformly irrespective of 0 and correspondingly
s共z兲 = 3 / 4 − z − z2 becomes invariant of microwave source
configurations, as shown in Fig. 2 for Nw = 0.05 and 0.1.
Nonuniform spatial patterns of absorbed power gradually evolve as oil thickness increases beyond thin sample
regime, where q共z兲 follows either sinusoidal or exponential
function of Eq. 共13兲. The sinusoidal patterns appear for N p
Ⰷ
” 1, while exponential distributions of absorbed power are
obtained for N p Ⰷ 1. The former will be referred as sinusoidal
regime and the later will be called as thick sample regime.
The spatial oscillations of q共z兲 in sinusoidal regime are characterized by Nw, whereas exponential regime is characterized
by N p. It may be interesting to note that the critical oil thickness required to reach the exponential regime depends on

microwave source configurations. Absorbed power reaches
exponential distributions in thinner oil layers 共N p 艌 3兲 for
one sided incidence than that required for distributed incidence 共N p 艌 6兲, as may be seen from Fig. 2. It may be noted
that spatial nonuniformity of q共z兲 results in intensification of
absorbed power at either top or bottom of the oil based on 0
in both exponential and sinusoidal regimes. It may be further
noted that absorbed power intensifies toward the stronger
microwave source in exponential regime. On the other hand,
q共z兲 may intensify either towards or opposite to the stronger
microwave source depending on Nw in sinusoidal regime.
This results in strong dependence of base state temperature
profiles on Nw in the sinusoidal regime, as may be seen from
Fig. 2.
In sinusoidal regime, the absorbed power profiles for
various microwave source configurations may or may not be
in the same phase state and correspondingly, s共z兲 shows
either weak or strong dependence on 0, respectively. For
example, q共z兲 corresponding to one sided incidence 共0 = 0
and 1兲 are in opposite phase state with those corresponding
to distributed microwave incidence 共0 = 0.25, 0.5, and 0.75兲
for Nw = 0.5. On the other hand, the absorbed power distributions remain in the same phase state for all microwave source
configurations for Nw = 1. Accordingly, s共z兲 exhibits stronger
dependence on 0 for Nw = 0.5 compared to Nw = 1. It may be
further noted that distributed microwave incidence results in
stronger quasistable temperature layer at the bottom of the
oil compared to one sided incidence for Nw = 0.5. Within the
quasistable layer, the temperature remain almost constant at
s = 1. The formation of quasistable temperature layer, which
prohibits the onset on convection, depends on 0 and Nw in
the sinusoidal regime. On the other hand, quasistable layer is
formed irrespective of N p in exponential regime if microwave incidence is mainly focused from top.
In the exponential regime, microwave power is absorbed
from the surfaces and penetrates inside the oil, as can be seen
from Fig. 2 for N p = 3 and N p = 6. This leads to the situation
of surface heating in the limit of N p → ⬁, where surface heat
sources at top and bottom surfaces are proportional to 1
− 0 and 0, respectively. Thus, any nonzero 0 resembles
the situation of surface heating from bottom in the limit of
N p → ⬁ and correspondingly base state temperature asymptotically approaches the associated linear profile s共z兲 = 1 / 2
− z as oil thickness increases in exponential regime. This can
be seen from Fig. 2 for 0 = 1, 0.75, 0.5, and 0.25. On the
other other, a strong quasistable temperature layer is formed
at the bottom of oil in exponential regime for 0 = 0, where
heating is entirely from top. It may be noted that the height
of quasistable layer increases as N p increases in exponential
regime and almost entire oil layer remains at s = 1 in the
limit of N p → ⬁.
B. Average absorbed power and ⌬Ts

Figure 3 illustrates the variations of dimensionless average absorbed power 共qav in subplot a兲 and dimensionless
base state temperature difference between top and bottom
surface 共⌬Ts = ␥0⌬Ts / L2I0 ⬅ ⌳ in subplot b兲 with oil thickness varying from thin 共Nw = 10−2兲 to thick 共Nw = 102兲 sample
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regimes. The corresponding penetration numbers 共N p
= 0.0017 to N p = 16.82兲 are shown at the bottom of the plot. It
may be noted that ⌬Ts represents the maximum temperature
difference within oil layer at base state. In Fig. 3, the variations of qav and ⌬Ts are shown for various microwave source
configurations as 0 = 0, 0.25, 0.5, 0.75, and 1. Here, qav for
various Nw and 0 is determined from Eq. 共18兲 and ⌬Ts has
been determined from Eq. 共16c兲. It may be noted from Fig.
3共a兲 that average power is invariant of the orientation of
microwave source, i.e., 兩qav兩0=0 = 兩qav兩0=1 and 兩qav兩0=0.25
= 兩qav兩0=0.75.
It is interesting to note that similar to q共z兲, both qav and
⌬Ts exhibit three distinct behaviors corresponding to 共i兲 thin,
共ii兲 sinusoidal, and 共iii兲 thick samples. For thin samples, Eq.
共16b兲 can be simplified to

冋

册

20
20
qav
共1 + 2冑0共1 − 0兲兲 1 −
Nw .
=
2
D p m
Dp
共25兲

Thus, ⌬Ts follows qav in the thin sample regime, where distributed microwave incidence results in higher power absorption compared to one sided incidence. Correspondingly, ⌬Ts
is higher for 0 = 1 / 2 than for 0 = 0 or 1 in thin oil samples
as may be observed from Fig. 3. It may also be noted that
imposed temperature difference at base state is invariant of
the orientation of microwave source in thin sample regime
such that ⌬Ts共0兲 = ⌬Ts共1 − 0兲. On the other hand, ⌬Ts depends on the orientation of microwave source in thick
samples, where Eq. 共16b兲 can be reduced to be
lim ⌬Ts =

N pⰇ1

冋

冉 冊册

1
2m
1 + 共1 − 20兲
−1
D pN p共c2 + c4兲
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FIG. 3. Variations of dimensionless average absorbed power 关qav in subplot
共a兲兴 and dimensionless base state temperature difference between top and
¯ in subplot 共b兲兴 from thin to thick sample regimes. The
bottom plates 关⌬T
s
results are shown for various representative microwave source configurations as 0 = 0, 0.25, 0.5, 0.75, and 1.

NwⰆ0.5

1200
10

Penetration Number, Np

lim ⌬Ts =

1400

.
共26兲

In this regime, the absorbed power becomes invariant of 0
given by qav = 4m / D pN p共c2 + c4兲. However, ⌬Ts depends

FIG. 4. Variations of kc 关subplot 共a兲兴 and Rac 关subplot 共b兲兴 from thin to thick
sample regimes for various microwave source configurations as 0 = 0, 0.25,
0.5, 0.75, and 1.

strongly on 0, as shown in Fig. 3. In thick oil samples, the
imposed temperature difference decreases as microwave
source is oriented towards top, i.e., 0 decreases from 1 to 0.
In contrast, ⌬Ts may be enhanced by either one sided or
distributed incidence in sinusoidal regime. In sinusoidal regime, both qav and ⌬Ts oscillate with oil thickness and exhibit maxima at Nw = j / 2 for one sided incidence and at Nw
= j for distributed incidence. In this regime, distributed incidence impose greater temperature difference at Nw = j for
moderate Nw. On the other hand, one sided incidence cause
greater ⌬Ts at Nw = j / 2 for Nw well below the thick sample
regime.
V. CRITICAL RAYLEIGH NUMBER AND WAVE
NUMBER

It is evident from previous discussions that absorbed
power and corresponding base state temperature profiles exhibit a wide spectrum of nonlinear patterns as oil thickness
共equivalently Nw or N p兲 varies from thin to thick sample
regimes. As a result, critical Rayleigh and wave numbers
also exhibit highly nonlinear variations from thin to thick
sample regimes corresponding to various patterns of Q共z兲, as
shown in Fig. 4. In this figure, variations of kc 共subplot a兲
and Rac 共subplot b兲 are shown as function of Nw for various
microwave source configurations as 0 = 0, 0.25, 0.5, 0.75,
and 1.
It may be observed from Fig. 4 that both kc and Rac
exhibit three distinct regimes corresponding to thin, sinusoidal, and thick samples. In the thin sample regime, critical
Rayleigh and wave numbers asymptotically reach thin
sample asymptotes invariant of 0. On the other hand, the
variations of critical Rayleigh and wave numbers in thick
sample regime depend on whether 0 = 0 or 0 ⫽ 0. It may be
noted that Rac and kc attain the thick sample asymptote if
0 ⫽ 0 but increases exponentially with Nw in the thick
sample regime if 0 = 0. In between thin and thick sample
asymptotes, both Rac and kc oscillate with Nw following the
oscillatory behavior of absorbed power. In this regime, the
amplitude and the width of the oscillatory regime depends on
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the microwave source configurations, where unevenly distributed microwave incidence 共0 = 0.25 and 0.75兲 cause
higher and wider oscillations than either one sided 共0 = 0
and 1兲 or equally distributed 共0 = 1 / 2兲 microwave incidence.
The critical wave and Rayleigh numbers in Fig. 4 are
determined from Eq. 共9兲 by evaluating ds / dz from Eq. 共19兲
and finding the minimum Rayleigh number and corresponding wave number for various Nw and 0 following the procedure described in Sec. III. Thus, Rac is a parametric function of ds / dz, which depends on the spatial patterns of s.
The spatial patterns of s共z兲 in turn are function of Nw and
0, as discussed in Sec. II A. However, normalized base state
temperature 关s共z兲兴 does not depend on the absolute magnitude of absorbed power 共兩Q共z兲兩兲 and varies between 0 and 1
due to scaling with respect to ⌬Ts, which takes into account
the magnitude of imposed temperature field at base state. As
a result, critical Rayleigh number based on present definition
depends only on the spatial pattern of Q共z兲 via ds / dz and
does not depend on 兩Q共z兲兩.
The above fact is manifested in thin sample asymptotes
of Rac and kc as they become invariant of the microwave
source configurations in spite of the fact that 兩Q共z兲兩 differs
significantly from one side incidence to distributed incidence. This is due to the fact that microwave is absorbed
uniformly in thin enough oil samples, which results in
Q共z兲 / 兩Q共z兲兩 = 1 and s共z兲 = 3 / 4 − z − z2 irrespective of Nw and
0 共see Fig. 2兲. Consequently, critical Rayleigh and wave
numbers asymptotically attain the thin sample asymptotes
corresponding to uniform internal heat source given by Ra0c
= 1386.137 15 and k0c = 2.6295. Similarly, microwave power
absorption patterns in thick oil samples resemble the surface
heating from bottom for 0 ⫽ 0 and s = 1 / 2 − z is attained in
thick enough samples irrespective of Nw and 0 ∀0 ⫽ 0.
Correspondingly, critical Rayleigh and wave numbers attain
thick sample asymptotes associated with bottom heating
given by Ra⬁c = 1295.7779 and k⬁c = 2.552 although the
strength of bottom heat source varies in proportion with 0.
On the other hand, microwave power absorption occurs only
from top surface for 0 = 0 and tends to the surface heat
source from top in the limit of Nw → ⬁. Thus, onset of convection is prohibited with increasing oil thickness in the
thick sample regime if microwave incidence is solely from
top 共0 = 0兲 and consequently Rac and kc shoots up exponentially for as oil thickness increases in thick sample regime.
An interesting fact becomes evident from the above discussion that spatial profiles of microwave power absorption
have direct consequence on critical Rayleigh and wave numbers. This can be further seen from Fig. 4共b兲 as the variations
of Rac with Nw for 0 = j are almost mirror reflections of
those for 0 = 1 − j. Similar qualitative trends are also observed in absorbed power distributions, as discussed in Sec.
II A. It may be noted that every maxima of Rac in sinusoidal
regime for 0 = 0 and 0.25 correspond to a minima of Rac for
0 = 1 and 0.75, respectively. On the other hand, the variations of kc with Nw follow almost similar pattens for various
microwave source configurations except 0 = 0. It may be
noted that critical wave number reaches the lowest value in
thick oil samples 共k⬁c = 2.552兲 and the transition to k⬁c exhibit
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an overall decrease for ∀0 ⫽ 0 共Fig. 4兲. In contrast, the
critical Rayleigh number for 0 ⬎ 1 / 2 attain a much lower
value than Ra⬁c prior to the thick sample asymptote and the
transition to the thick sample asymptote occurs via a global
minima as can be seen from Fig. 4共b兲. Similarly, the transition from sinusoidal regime to Ra⬁c exhibit a global maxima
for 0 ⬍ 1 / 2. These distinguishing features of critical Rayleigh and wave numbers are due to the fact that Rac represents the probability of the onset of convection, while kc is a
measure of the size of the convection cell at the onset. Although Rac and kc characterize two different aspects of onset
of convection, they are the manifestation of the absorbed
power distribution profiles. Thus, variation patterns of Rac
and kc from thin to thick sample regimes can be correlated to
the qualitative trends of absorbed power distributions as will
be discussed below in details.

A. Role of Q„z… on variations of Rac with Nw and 0

It is physically intuitive that onset of convection during
microwave heating is facilitated if absorbed power is intensified more at the bottom. Thus, the probability of occurrence
of onset may be related to the relative power intensification
in the bottom half of the oil compared to the top half. Let us
define ␦bottom as

␦bottom =

0
兰z=−1/2
Q共z兲dz
1/2
兰z=−1/2
Q共z兲dz

Np
2NwCn,2 sinh2
+ N pCn,4 sin2 Nw
1
2
,
⬅ −
2 2NwCn,1 sinh N p + N pCn,3 sin 2Nw

共27兲

where ␦bottom represents the fractional power absorption in
the bottom half of oil. It may be noted that ␦bottom = 0 implies
no power absorption in the bottom half, while ␦bottom = 1 indicate entire power absorption in the bottom half of the
sample. Thus, the intensification of absorbed power shifts
toward bottom of oil with increasing ␦bottom, which facilitates
the onset of convection. This is indicated as decreasing
trends of Rac as lower critical Rayleigh number represents
easier onset of convection. Similarly, higher prediction of
Rac can be related to lower ␦bottom. Thus, the variations of
critical Rayleigh number from thin to thick oil samples for
various 0 can be inversely correlated to ␦bottom, as shown in
Figs. 5共a兲–5共d兲 for 0 ⫽ 1 / 2.
It may be noted that ␦bottom ⫽ 1 / 2 indicates asymmetric
power absorption around the center and variations of ␦bottom
with Nw occurs not only due to change of extent of asymmetry but also due to relocation of the absorbed power intensification within the domain. Thus, ␦bottom remains constant at
1 / 2 for 0 = 1 / 2, where symmetric power distributions
around the center are attained irrespective of Nw. In this case,
variations of Rac with Nw can be related to the change on
relative power absorption near the bottom surface. Here, we
consider lower 25% of the domain and define
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FIG. 5. Comparisons between the variations of Rac and ␦bottom for 0 ⫽ 1 / 2 关subplots 共a兲–共d兲兴 or ␦bot1/2 for 0 = 1 / 2 关subplot 共e兲兴 from thin to thick samples.

␦bot1/2 =

−1/4
兰z=−1/2
Q共z兲dz

respondence. Thus, the variation patterns of Rac from thin to
thick sample regimes can be predicted from absorbed power
distribution profiles.

,
1/2
兰z=−1/2
Q共z兲dz

冋 冉

1
Np
= − 2Nw Cn,1 cosh
2
4
+ Cn,2 sinh
+ Cn,4 sin

冊
冊

B. Role of Q„z… on variations of kc with Nw and 0

冉

3N p
Nw
Np
sinh + N p Cn,3 cos
4
4
2

3Nw
Nw
sin
2
2

+ N pCn,3 sin 2Nw兴.

册冒

关2NwCn,1 sinh N p
共28兲

The variations of ␦bot1/2 and Rac for 0 = 1 / 2 are shown in
Fig. 5共e兲 over the entire range of Nw from thin to thick
samples.
Figure 5 illustrate that the variation patterns of Rac with
Nw are inversely replicated in corresponding ␦bottom 关for 0
⫽ 1 / 2 in Figs. 5共a兲–5共d兲兴 and in ␦bot1/2 关for 0 = 1 / 2 in Fig.
5共e兲兴 curve. Similar to Rac, ␦bottom, and ␦bot1/2 predict three
distinct regimes associated with thin, sinusoidal and thick oil
samples. Correspondingly, ␦bottom and ␦bot1/2 attain thin
共␦bottom → 1 / 2, ␦bot1/2 → 1 / 4兲 and thick 共␦bottom → 0, ␦bot1/2
→ 0共1 − e−Np/2兲兲 sample asymptotes in accordance with critical Rayleigh number. In sinusoidal regime, ␦bottom oscillate
with Nw signifying continuous relocation of absorbed power
intensification with varying oil thickness. In this regime,
each maxima of Rac corresponds to either a minima or a
plateau in the corresponding ␦bottom or ␦bot1/2. Similarly, every
minima in Rac versus Nw curves can be associated with a
maxima or a plateau in ␦bottom or ␦bot1/2. It is interesting to
note that not only the location but also the amplitudes of
oscillation of Rac and ␦bottom or ␦bot1/2 have one to one cor-

As mentioned in Sec. V, inverse of wave number indicates the size of convection cell. The size of the convection
cell is influenced by the location of the its origin. The largest
convection cell occurs if it originates from the bottom surface, which is also evident from Fig. 4共a兲 as kc reaches its
lowest values for surface heating from bottom. The size of
the convection cell decreases as the intensification of absorbed power moves away from the bottom surface. This is
manifested as an increase in kc. It may be noted that absorbed power near the top plate does not influence the size of
convection if top surface is maintained at constant temperature. Thus, a measure may be defined to correlate kc共Nw , 0兲
with Q共z兲 as

␦=

0.25
兰z=−0.35
Q共z兲dz
0.25
兰z=−0.5
Q共z兲dz

⬅1−

−0.35
兰z=−0.5
Q共z兲dz
0.25
兰z=−0.5
Q共z兲dz

.

共29兲

In Eq. 共29兲, 1 − ␦ represents the relative power absorption
within lower 15% of the domain compared to that within
lower 75% of the domain.
It may be noted that increasing ␦ signifies smaller convection cell. This is due to the fact that increasing ␦ results in
wider quasistable temperature layers due to upward shifting
of intensification of absorbed power and moves up the origin
of convection cell. Thus, critical wave number increases with
increasing ␦. Similarly, the size of convection cell increases
as ␦ decreases, which results in decreasing kc. Thus, kc and ␦
follow the similar trends with Nw, as shown in Fig. 6, where
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the variations of kc and ␦ for various 0 are shown over the
entire range of thin to thick oil samples. It may be observed
from Fig. 6 that variation patterns of kc and ␦ show one-toone correspondence for all the microwave source configurations. Similar to kc, ␦ also exhibit thin, sinusoidal, and thick
sample regimes. In accordance with thin and thick sample
asymptotes of kc, ␦ attains 0.8 irrespective of microwave
source configurations in thin oil samples, while ␦ approaches
共1 − 0 + 0e0.2Np兲 / 共1 − 0 + 0e0.5Np兲 with increasing Nw in
thick oil samples. Similarly, the variation patterns of kc in
sinusoidal regime can be traced from that of ␦, where every
maxima or minima of kc and ␦ appear at same Nw. It may
also be noted that the transition from thin to sinusoidal and
sinusoidal to thick sample of kc and ␦ occur at same Nw.

oil. Thus, a modified Rayleigh number given by Ra= Ra/ ⌳
¯ can be defined in order to evaluate the the varia= Ra/ ⌬T
s
tions total incident flux necessary for onset of convection
with oil thickness.
The variations of Rac with Nw are shown in Fig. 7 for
various microwave source configurations. It may be noted
that total incident flux required for onset of convection is
inversely proportional to imposed base state temperature difference between the top and bottom surface for the thermal
boundary conditions given by Eq. 共2兲. As a result, distributed
microwave source configurations result in lower Rac for thin
oil samples signifying the onset of convection at lower inci-

φ0

VI. MODIFIED RAYLEIGH NUMBER „RAC…

2

Using Eq. 共16b兲, the definition of Rayleigh number can
be rewritten as
Ra =

L 5g ␤ I 0
⌳,
␥  0␣ 0 0

共30兲

where ⌳ considers the absorbed power distribution patterns
within the domain. It may be noted that ⌳ is given by the
thin sample asymptote 关Eq. 共25兲兴 for uniform power absorption, while any other value of ⌳ signifies deviation of Q共z兲
from uniform spatial distribution. Thus, the variations of ⌳
with oil thickness introduce additional factor to the incident
microwave flux I0 and the definition of Rayleigh number
given in Eq. 共30兲 does not reflect the total incident flux required to onset the convection. On the other hand, Ra
= Ra/ ⌳ is invariant of absorbed power distribution within

Rac × 10−3
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FIG. 7. Variations of modified critical Rayleigh number 共Rac兲 from thin to
thick samples for various microwave source configurations as 0 = 0, 0.25,
0.5, 0.75, and 1.
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FIG. 8. Comparisons between the variations of modified Rayleigh number
共Rac兲 and dimensionless temperature difference between top and bottom
plates at conduction state 共⌬Ts兲 from thin to thick samples for various microwave source configurations as 0 = 0, 0.25, 0.5, 0.75, and 1.

dent flux, as may be observed from Fig. 7. Also, Rac does not
depend on the orientation of microwave source in thin oil
samples following ⌬Ts 共refer to Sec. IV B兲. In contrast,
modified Rayleigh number 共Rac兲 depends on the orientation
of microwave source in thick oil samples 共where ⌬Ts ⬀ 0兲,
as can be seen from Fig. 7. In thick oil samples, Rac increases as microwave source moves away from the bottom
共0 reduces from 1 to 0兲. In sinusoidal regime, either one
sided or distributed microwave incidence may lower Rac depending on ⌬Ts, which in turn depends on Nw. It may be seen
from Fig. 7 that the transition of Rac from sinusoidal to thick
sample occurs at smaller Nw for one sided microwave incidence compared to distributed incidence, which are in accordance with ⌬Ts. It may also be noted that distributed incidence results in much higher oscillations of Rac following
the similar behavior of ⌬Ts 共see Fig. 3兲.
It has already been mentioned that Rac is inversely related to ⌬Ts. Thus, the variations of Rac from thin to thick
samples especially in sinusoidal regime can be predicted
from those of ⌬Ts, as shown in Fig. 8 for various 0. Figure
8 illustrates that the variations of ⌬Ts can be used in order to
forecast the variation patterns of Rac in all the three regimes.
In sinusoidal regime, peaks of Rac appear at Nw = j for distributed incidence 共0 = 0.25, 0.5, and 0.75兲 and at Nw = j / 2
for one sided incidence 共0 = 0 and 1兲. Correspondingly, ⌬Ts
exhibit minima at those locations. Similarly, every local
minima of Rac in sinusoidal regime correspond to a maxima
in ⌬Ts. It may be interesting to note that not only the locations but also the amplitudes of oscillations correlate well for
⌬Ts and Rac.
VII. CONCLUSIONS

The onset of natural convection during microwave heating of oil confined between two horizontal rigid plates has
been analyzed for various oil thicknesses characterized by

uniform 共thin兲, sinusoidal 共intermediate兲, and exponential
共thick兲 power absorption. The analysis has been performed
for various probable microwave source configurations ranging from one sided to distributed incidences of varying intensities from top and bottom. The critical Rayleigh 共Rac兲
and wave 共kc兲 numbers have been determined by performing
linear stability analysis of coupled momentum and energy
balance equations in conjunction with Helmholtz equations.
Helmholtz equations have been used to determine the spatial
patterns of microwave induced heat source distributions
within the sample, which vary with oil thickness and microwave source configurations. Thus, the base state temperature
difference between top and bottom plates 共⌬Ts兲 also vary
with oil thickness and microwave source configurations 共refer to Fig. 3兲 and complicates analysis of onset during microwave heating. Hence, we have used two different definitions for Rayleigh number, namely Rayleigh number 共Rac
= L3g␤⌬Ts / 0␣0兲 based on ⌬Ts and modified Rayleigh number 共Rac = L5g␤I0 / ␥0␣00兲 based on the incident intensity
of microwave radiations 共I0兲, where Rac indicates the relative
probability of onset and Rac represents the incident microwave power required for the onset.
It has been observed that Rac is invariant of sample
thickness and microwave source configurations in thin oil
samples indicating equal possibility of onset of convection,
while Rac indicates that microwave power required to trigger
the onset depend on microwave source configurations. In
thin oil samples, distributed incidences require less microwave power and can be judiciously used to control the onset
of convection. Similarly, thick sample asymptote of Rac indicates equal possibility of onset for all microwave source
configurations except 0 = 0, which corresponds to microwave incidence solely from top. However, Rac shows that
incident microwave power required for the onset of convection in thick oil samples increases as microwave sources concentrates at the top. On the other hand, both Rac and Rac
indicate that it is almost impossible to induce convection in
thick oil samples exposed to microwave from top 共0 = 0兲.
Similarly, asymptotic behaviors of kc indicate that the convection cell sizes are invariant of microwave source configurations in thin and thick oil samples.
In the intermediate regime, both Rac and Rac are highly
nonlinear functions of oil thickness and microwave source
configurations and exhibit oscillations with oil thickness. The
in-phase behavior of Rac with the degree of intensification of
absorbed power at bottom of oil layer 共␦bottom or ␦bot1/2兲 reveals the interesting physics underlying the possibility of onset of convection in the intermediate regime based on the
stratification of quasistable base state temperature profiles.
Similarly, the oscillatory variations of Rac in the intermediate
regime follow those of ⌬Ts, which is physically intuitive.
The oscillations of Rayleigh numbers in the intermediate regime show that onset of natural convection can be counterintuitively facilitated in thicker oil samples. In other words,
the onset of convection can be controlled by selecting oil
thickness or microwave source configurations based on Fig.
4 or 7. The critical wave number also exhibits oscillations in
intermediate regime, which are in phase with ␦, where 1 − ␦
represents the degree of intensification of absorbed power in
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FIG. 9. Required total intensity of incident microwave radiations 共I0兲 for
onset of convection within oil vs oil thickness for various microwave source
configurations 共0 = 0, 0.25, 0.5, 0.75, and 1兲.

lower 15% of the domain. This implies that the size of the
convection cell can be manipulated in a controlled way based
on Fig. 4. Thus, Fig. 4 or 7 can be used as master curves to
forecast the onset of convection and select the experimental
parameters for onset of convection and associated cell size as
illustrated below.
Figure 9 illustrates total incident flux 共Icrit兲 required for
the onset of convection within oil of varying thicknesses
between 1 cm and 30 m. It may be noted that Icrit
= Rac0␣0␥0 / g␤L5 has been determined from the modified
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critical Raleigh number 共Rac兲 obtained in Sec. VI using ␥
= 0.168 W m−1 K−1, ␤ = 6.88⫻ 10−4 K−1,  = 0.05 kg m−1 s−1,
C p = 2000 J kg−1 K−1, 0 = 900 kg m−3, and g = 9.81 m s−2.
Let us first fix the oil thickness at Lexp as shown in the inset
plot. It is of practical importance to know the required total
incident flux 共Icrit兲 to initiate convection within specified oil
thickness 共Lexp兲, which can be obtained from Fig. 9 for various microwave source configurations, as highlighted via vertical and horizontal arrows in the inset plot. Thus, Fig. 9 can
be used as master curve for determining Icrit for various oil
thicknesses. It may be noted from Fig. 9 that for a fixed oil
thickness, total required incident flux varies with microwave
source configurations, where either one sided or distributed
incidence may reduce Icrit depending on Lexp. Thus, based on
Fig. 9, proper microwave source configurations and Icrit can
be judiciously selected to optimize the experimental parameters. In other words, for fixed oil thickness and total incident flux I0, proper configurations of microwave sources
共0兲 can be selected either to promote or suppress the onset
of convection. Similarly, for fixed microwave source configuration and total incident flux 共Iexpt shown in the inset
plot兲, the critical oil thicknesses 共Lcrit兲 required for onset of
convection can be obtained from Fig. 9, as indicated by arrows. It may be noted that for a specified Iexp, one can have
multiple Lcrit even for same 0. Thus, Fig. 9 can be used as
guiding curve for determining various experimental parameters in order to control onset of convection during microwave heating of oil.
An important feature related to the onset of convection
due to microwave incidence within oil may be observed from

0.08

0

−0.08

−0.16
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0.04 0.08 0
50 100
Ts (Z) − T0
Q(Z) × 10−4
(K)
(W/m3)

FIG. 10. Local maxima of Icrit for selected range of oil thicknesses 关0.21艋 L 艋 0.25 in subplot 共a兲 and 0.26艋 L 艋 0.34 in subplot 共b兲兴. The corresponding
absorbed power distributions 关Q共Z兲兴 and base state temperature profiles 关Ts共Z兲 − T0兴 around the maxima 关L = 0.245 in subplot 共a2兲 and 0.32 m in subplot 共b2兲兴
and minima 关L = 0.228 in subplot 共a1兲 and 0.3 m in subplot 共b1兲兴 of Icrit are shown for various microwave source configurations 共0 = 0, 0.25, 0.5, 0.75, and
1兲 with I0 = 100 W m−2.
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Fig. 9, which shows that Icrit exhibits maxima at certain oil
thicknesses 共within the range of 0.1 m 艋 L 艋 1 m兲 for distributed incidences 共0 = 0.25, 0.5, and 0.75兲, while the peaks of
Icrit disappear for one sided incidences 共0 = 0 and 1兲. The
presence of peaks in Icrit is in contrary to the onset of the
Rayleigh–Benard convection, where Icrit decreases monotonically with increasing sample length. Thus, the underlying
cause leading to the occurrence of maxima in Icrit is further
investigated in Fig. 10 for selected ranges of oil thickness,
where Icrit exhibits maxima. In Fig. 10, the variations of Icrit
within selected range of oil thicknesses are shown in first
column 关0.21 m 艋 L 艋 0.25 m in subplot 共a兲 and 0.26 m 艋 L
艋 0.34 m in subplot 共b兲兴. It is found that for 0 = 0.25, 0.5,
and 0.75, Icrit exhibits minima around L = 0.228 关Fig. 10共a兲兴
and 0.3 m 关Fig. 10共b兲兴 while maxima of Icrit appear around
L = 0.245 关Fig. 10共a兲兴 and 0.32 m 关Fig. 10共b兲兴. The corresponding absorbed power distribution 关Q共Z兲兴 and base state
temperature profiles 关Ts共Z兲 − T0兴 for L = 0.228, 0.245, 0.3, and
0.32 m are shown in subplots 共a1兲, 共a2兲, 共b1兲, and 共b2兲, respectively. The absorbed power and base state temperature
profiles in Fig. 10 are determined using I0 = 100 W m−2 and
other parameters, as in Fig. 9. It may be seen from subplots
共a1兲, 共a2兲, 共b1兲, and 共b2兲 that for distributed incidences, the
microwave power absorption near the bottom surface is
higher for L = 0.228 and 0.3 m compared to those at L
= 0.245 and 0.32 m, respectively. This results in higher base
state temperature difference between top and bottom plates at
L = 0.228 and 0.3 m compared to L = 0.245 and 0.32 m, respectively, for 0 = 0.25, 0.5, and 0.75. Accordingly Icrit for
distributed incidences is lower for L = 0.228 and 0.3 m than
those for L = 0.245 and 0.32 m, respectively, and Icrit exhibits
maxima at L = 0.245 and 0.32 m for distributed incidences. It
may be further noted from subplots 共a1兲, 共a2兲, 共b1兲, and 共b2兲
that the local intensification of absorbed power near the bottom surface at specific oil thicknesses disappear for one
sided incidences and Icrit does not exhibit any peak for 0
= 0 and 1.
As a conclusive remark, this work presents not only the
variations of critical Rayleigh and wave numbers with various parameters related to microwave heating of oil but also
relate them to the spatial patterns of absorbed power distributions. This work has immense practical important since the
onset of convection can be forecasted from the absorbed
power profiles and can act as a precursor for the analysis of
much complex systems.
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