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Linear stability analysis of an inviscid liquid sheet with different velocity profiles across its
thickness is reported. The velocity profiles for which there is a progressive increase or decrease in
velocities between the two interfaces are demonstrated to be inherently unstable even in the absence
of the destabilizing aerodynamic shear at the liquid-gas interfaces. Compared to a flat velocity
profile, a linear or a parabolic profile, symmetric at the center line of the sheet reduced both the
maximum growth rate and the wavelength range over which the waves grow. The convective
acceleration from the velocity gradient is found to stabilize longer waves while the growth of shorter
waves is hampered by the combined effect of the surface tension and a decrease in the interface
velocity between gas and liquid media. The wave forms are dominantly sinuous for symmetric
velocity profiles; however, with larger velocity gradients the dilatational modes are observed. The
inherent instability of liquid sheets with a progressive change in velocities between the interfaces is
seen to arise from the differential convective acceleration at the two interfaces in the plane of

reference of the liquid sheets. © 2009 American Institute of Physics. [doi:10.1063/1.3234190]

I. INTRODUCTION

Several investigations starting with the classic work of
Squire1 have addressed the conditions for the growth of
small amplitude disturbances on the surface of liquid sheets.
Aerodynamic forces arising from the interaction of the sheet
with the surrounding gas medium were found to be the prin-
cipal sources of instability, while the surface tension effects
always tend to smooth out any protuberances.

Hagerty and Shea® showed the possibility of sinuous
(antisymmetric) and dilatational (symmetric) modes of wave
growth at a given frequency. The sinuous and dilatational
modes are sketched in Fig. 1. The growth rate of sinuous
mode is generally greater than the dilatational mode. Rangel
and Sirignano3 showed the growth rate of dilatational mode
to dominate over sinuous mode at higher values of gas to
liquid density ratios.

Although the sinuous mode was found to generally
dominate, the importance of dilatational mode was brought
out in the nonlinear stability analysis carried out by Jazayeri
and Li.* The effect of higher harmonics on the fundamental
sinuous mode was studied by a perturbation expansion tech-
nique, choosing the initial disturbance amplitude as the per-
turbation parameter. The thinning and subsequent breakup of
the liquid sheet was associated to the generation of dilata-
tional mode as the first harmonic, which gets superimposed
over the fundamental sinuous mode. The dilatational mode
thus contributes the intensification of wave motion and
breakup of liquid sheets. The thinning has also been consid-
ered in the nonlinear evolution of a liquid sheet by Tharakan
and Ramamurthi.’

The recent work of Bremond et al.® showed that as the
liquid travels through the undulating pattern, it experiences
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centrifugal accelerations in the frame of reference of the lig-
uid sheet, perpendicular to the sheet. These accelerations,
due to the difference in the propagation velocities of surface
waves and the liquid, triggered a secondary instability and
amplified the wave growth. The mechanism was called as
“wavy corridor.” Although the work does not explicitly men-
tion about the dilatational mode, the implication of the wavy
corridor can be interpreted as switch in the mode from sinu-
ous to dilatational due to the centrifugal acceleration. There
could be a substantial improvement in atomization if the
growth of the dilatational wave mode could be incorporated
through a suitable mechanism of velocity gradient in the lig-
uid sheet.

The acceleration normal to the direction of travel of the
liquid sheet in the frame of reference of the sheet could also
be achieved by suitably manipulating the initial velocity pro-
file in the sheet. The present effort addresses the possibilities
of obtaining the dilatational mode by means of inducing spe-
cific velocity profiles in the liquid sheet. The dilatational
mode can come from different magnitudes of convective ac-
celeration normal to the direction of propagation of the sheet
in the frame of reference of the liquid.

Considering the liquid sheet to be thin, the usual as-
sumption in literature has been to assume a constant axial
velocity across its thickness, except Ibrahim”® who studied
the effect of parabolic and linear velocity profiles on the
instability of liquid sheets. The velocity profiles chosen for
their study reduced the growth of the sinuous and dilatational
modes of the oscillations. The decrease in the relative veloc-
ity between the liquid and gas media at the interface was
reported as the reason for the reduction in the instability.
However, investigations of Wakimoto and Azuma’ showed
that the disturbance due to an inflectional velocity profile
inside the radially expanding liquid sheet, reported as inter-
nal instability, led to the formation of disturbance wave on
the surface. The instability of a liquid sheet is investigated

© 2009 American Institute of Physics
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Antisymmetric mode
(Sinuous)

Symmetric mode
(Dilatational)

FIG. 1. Sinuous and dilatational disturbances.

for different axial velocity profiles and the possibility of in-
herent instability in the liquid sheet in the absence of the
destabilizing aerodynamic forces is discussed.

Il. LINEAR STABILITY ANALYSIS CONSIDERING
DIFFERENT VELOCITY PROFILES

A. Model and velocity profiles

Consider an inviscid liquid sheet of thickness 2% in a
quiescent inviscid gas medium, as shown in Fig. 2. The lig-
uid sheet is assumed to have an initial axial velocity profile
U(y). The velocity is very much smaller compared to the
velocity of sound and thus both the liquid and gas phases are
assumed to be incompressible. The amplitude 7 of the devel-
oping sinuous and dilatational wave modes is also taken to
be much smaller than the thickness of the sheet.

The growth of the small perturbation # for different
axial velocity profiles in the sheet is considered. The analysis
follows the well established methodology of temporal stabil-
ity analysis of Squire.1 The dispersion relations which show
the propagation of different wavelengths at different speeds
are obtained for different velocity profiles. The velocity pro-
files shown in Fig. 3 are considered for the study, which are
represented by the following equations in dimensionless
form.

(1) Linear profile A: an increase in velocity from the in-
terface to the center line of the sheet, represented by

U=a(l1¥By) (=’ for y>0 and '+ ' for y<0)
U 2
and a=—""=——. (1)
Uav 2_:3

(ii)  Parabolic profile B: an increase in velocity from the
interface to the center line of the sheet, represented by

Stationary Gas phase, P,

Inviscid Liquid phase, P;
—>X

Sinuous

Dilatational

FIG. 2. Physical model.
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(a) Profile A-Linear  (b) Profile B-parabolic (c) Profile C-Linear

FIG. 3. Velocity profiles considered for the study.

max 3

TR

U=a(l-By?), where a=
where U, and U,, are the maximum velocity and
the average velocity of the velocity profile, respec-
tively. It must be noted that as 8 goes from 1 to 0,
flatter profiles are generated.

(iii)  Profile C: a linear increase in velocity from the lower

interface to the upper interface, represented by

U=1+pBy, (3)

where B=1 for velocity to be always positive.

B. Governing equations

The governing equations and boundary conditions are
identical to those derived by Ibrahim’ and Wakimoto and
Azuma.’ The equations are linearized and the procedure of
linear stability analysis is followed. The axial velocity pro-
files within the liquid sheet are incorporated. Consider u; and
v! to be the velocity components of the disturbances in the x
and y directions, respectively, and p! be the pressure result-
ing form the disturbance. Here i=1 and 2 represent the liquid
and gas quantities, respectively. The equations of mass and
momentum conservation that govern the liquid and gas me-
dium are linearized to give

du; I}

i T, (4)
dx  dy

du; u; 104 ap!
-44@404+¢—J=-ﬂﬁa (5)
ot ox dy p; 0x

Wi, s (U&')z_&ﬁﬂ ©
ot i ox p; Ay’

where &; is 1 or O depending on whether i=1 or 2.

Taking the partial derivative of Eq. (5) with respect to y
and that of Eq. (6) with respect to x, subtracting the two
resulting equations and using Eq. (4) gives

d 9 \(oul v} ,PU
—+ o U— |\ —=-—"]+6&v,—5=0. (7)
at ox/\ dy  ox dy

The disturbance stream function is related to the disturbance
velocity components following Ibrahim,’

=2 g )

which satisfies Eq. (4). The disturbance stream function is
represented in the form
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;= d(y)exp(iKx + ot), 9)

where ¢;(y) is a function of y only, K is the dimensionless
wave number, ¢ is dimensionless time, and w is the dimen-
sionless complex frequency given by w=w,+iw;, where w, is
the dimensionless growth rate and w; is 27 times the dimen-
sionless disturbance frequency. The average velocity across
the sheet U,, and the sheet thickness & are used to make the
different variables dimensionless. The stream function, wave
number, and time (and complex frequency) are made dimen-
sionless using hU,,, h, and h/U,,, respectively. The resulting
Rayleigh equation obtained by substituting Egs. (8) and (9)
into Eq. (7) is

&y,

+ 6iKU)| —~
(0+ i )(dy2

) ) _PU
- K| - 61iK— ¢h;=0. (10)
dy

C. Boundary conditions

The boundary conditions for Eq. (10) depend on whether
the sheet disturbance is sinuous or dilatational. The ampli-
tude of the disturbance at the two interfaces in dimensionless
form, for sinuous and dilatational modes in order, is given by

yo=l+m y =-1l+n, (11)

and
y.==1-m79. (12)

Here, the subscripts + and — represent the conditions for
upper and lower interfaces, respectively, and 7 is the ampli-
tude of disturbance at the interface. For sinuous disturbances,
the linearized boundary conditions showing the pressure
balance and the kinematic condition at the two interfaces
y==*1 are respectively given by

ye=1+17,

~Pl==DPg+ Do (13)
P J

v/ =24 5,0 (14)
ot ox

The effects of the disturbance in the gas will vanish far
away from the liquid sheet and thus

vy=0 as y— * o, (15)

For dilatational disturbances, the only boundary condition
that changes form is the liquid kinematic boundary condition
at y=—1 which becomes

dn .91
v’=—<—+U—> at y=-1. 16
1 ot ox y (16)
Here, # is the interface displacement given by

n= 7, exp(iKx+ wt), where 7, is the amplitude of the initial
interface displacement. p’ is the pressure due to the distur-
bance and is made dimensionless by plUiv, where p; is the
liquid density. The dimensionless surface tension pressure p,
is obtained as pl;:l/ We R, with R being the radius of cur-
vature of the liquid-gas interface given by R=(&*75/dx?)"!
and We being the Weber number of liquid defined
based on the average velocity of the velocity profile as
We=p,U2 h/0o, where o is surface tension.
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D. Method of solution

The disturbance stream function for the gas medium re-
mains unaltered for all velocity profiles mentioned in Fig. 3
and is seen from Eq. (10) to give the following closed form
solution:

I =2CoeX +2C1e7X. (17)

The pressure distribution in the liquid for linear profiles A
and C give a closed form solution for disturbance stream
function in the form

gy = "ACCER + MACC e (18)

However, for profile B, a closed form solution is not possible
and a power series solution of the form =2, __.A,y" (used
by Ibrahim7) is assumed. Substituting this series solution into
Eq. (10) and equating the distinct powers of y to zero, we
obtain

K’ -2B)A K’ —2B)A
A2=( € B) 0’ A3=( € B) 1’ and
2¢e 6¢e

{[l’l(l’l - 1)13 + K28 - ZB]AI’Z - KZIBAn—Z}
em+2)(n+1)

An+2 =
for n=2,

where e=w/iKa+1.
Thus, the stream function for profile B takes the form

K’e -2 A
¢= LBCO[AO(I + ( € ﬁ)yz + 2 n+2y,1+2> ]
n=even

28 n=2 AO
K%e - 2B)A A
+1’BC1|:A1(y+( 86 ,8) 1y3+2 n+2y,,+2) ]
& n=3 Al n=odd
(19)

The boundary conditions (14) and (15) are used to evaluate
the constants of integration 2Co, 2C1, 1’AC0, 1’AC1, 1’BCO,
LB, 1'CCO, and €C,, in Egs. (17)—(19). Here, the super-
scripts A, B, and C correspond to profiles A, B, and C, and 1
and 2 correspond to liquid and gas phases, respectively.

It must be noted that profile C is subjected to different
conditions of velocity on both the interfaces. This manifests
by a phase difference 8 between the two surface waves at the
gas-liquid interfaces giving rise to parasymmetric and para-
antisymmetric wave modes. The boundary conditions men-
tioned in Egs. (13)-(16) remain the same, except that the
disturbance amplitudes on both the interfaces are different,
thus giving rise to an additional parameter called displace-
ment ratio.

Using linearized x-momentum equation relating stream
function and pressure, du;/dt+ 8;(Udu;/dx+v; U/ dy)
=—(p,/ pi)(dp;/dx), where u/=d;/dy, the liquid and gas
pressures are evaluated. These expressions for pressure,
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when substituted into Eq. (13), yield the dispersion relations
which relate the wave number and growth rate for the differ-
ent velocity profiles.

E. Dispersion relations for the different velocity
profiles

1. Linear profile A

The dispersion relation for sinuous mode is determined
as

Phys. Fluids 21, 092106 (2009)

Y s
| —— 2 ’We
(Q + iKy\VWe)’tanh K + %(Q +iKy\We) + pQ?

+K3=0. (20a)
By separating real and imaginary parts of Eq. (20a) we get
_ \We[B+2(1 - HK tanh K]

' (tanh K + p)(2 - B)

(20b)

and

{ vK \s’% tanh K(2Q); + yK \'%) +

28\ We
2-p)

(Q, + yK\We) — K3J

(tanh K + p)

The above equation is different from that obtained by
Ibrahim® as the term (,—yK\VWe) is used instead of
(Q;+yK\\We).

In the case of the dilatational mode, we get

R
2iBVW —
(Q + iKyVWe)?coth K + (IZL’B)G(Q +iKyyWe)
+pO2+K=0, (21)

where ()= wv’ﬁ, We:plUivh/ o is the Weber number of the
liquid defined based on the average velocity, p=p,/p; is the
gas to liquid density ratio, and y=2(1-8)/(2- ).

2. Parabolic profile B

The dispersion relation for sinuous mode for the para-
bolic profile is determined as

(kigo)[ﬂ +iKa(l - B)\/ﬁ]z

+2iaBVWe[Q + iKa(1 - B)VWe] + pQ% + K> = 0.
(22)

For the dilatational mode the dispersion relation becomes

(k%)[n +iKa(l - B)\We]?

+ 2ia,6’v%[ﬂ +iKa(l - B)\f'ﬁ] +pO’+K=0,
(23)

K% -2p)
C1=<1+M+2An+2> s
6e n=3 n=odd

K2 -2 -
C3:<1+M+E(n+2)An+2> ,
2e n=odd

n=3

(20¢)

K% -28) <
C0=<1+—( e IB)+2A"+2> .
2e n=2

n=even

and
Ke-2 -
CZ: (M-FE (n+2)An+2> 5
€ n=2 n=even
and

Q0= ww"ﬁ, p=p/p, &=w/iKa+1.

3. Linear profile C with monotonic increase
in velocity from lower to upper interface

Since the two gas-liquid interfaces are subjected to dif-
ferent velocities, they have a different dispersion relation
containing an additional parameter, viz., a displacement ratio
x following Lin.'” The dispersion relation governing the up-
per interface is given by

3

—[P-xQ]= (pw2 + %)sinh(ZK), (24)

while the dispersion relation governing the lower interface is
given by

3
{Q—R] = (pw2+ £)ginh(zk), (25)
X We
where
P=(w+iKU){(w+iKU,)cosh(2K) — i3 sinh(2K)},
0=(w+iKU,)(w+iKU,),

R=(w+iKU,){(w+iKU,)cosh(2K) + i3 sinh(2K)},

X="02/ M1 1s the amplitude ratio, and U, and U, are the
dimensionless velocities at upper and lower interfaces given
by (1+) and (1- ), respectively.
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Eliminating y from Egs. (24) and (25), we get a fourth
degree polynomial in w,

3
(pw2 + %)sinh(ZK) +P
e

3 -

0
( pw’ + £3>sinh(2K) +R
We

(26)

Choosing a=w+iK, b=iK[3, we obtain a fourth degree
polynomial in a as

Coa* + Cia® + Coa* + Cya+ C, =0, (27)
where

C() = M2 - 1,

C,=-2uw,

Cy=2ux—v?+w? +2b,

Cy;=-2wx,
C4 = x2 - b4,
where

u = cosh(2K) + p sinh(2K),
v =2b cosh(2K) — i sinh(2K),
w = 2iKp sinh(2K),

x = b* cosh(2K) + (K> /We — pK?)sinh(2K)
— iBb sinh(2K).

It was observed that the dispersion relation remains the same
for dilatational mode. Of the four possible roots, two pertain
to sinuous mode and the other two roots correspond to dila-
tational mode.

These dispersion relations (20) and (21) for the linear
velocity profile A, Egs. (22) and (23) for the parabolic veloc-
ity profile B, and Eq. (27) for the linearly varying velocity
from the lower to upper interface were solved for the com-
plex frequency in MATLAB for varying values of wave num-
ber. Different dispersion plots were obtained and are dis-
cussed subsequently.

F. Limiting solutions

Upon substitution of 8=0 in Egs. (20a)—(20c) and (21)—
(23) the following classic results of Squire1 and Hagerty and
Shea? for linear stability of a liquid sheet of uniform profile
are recovered: () + @'We)ztanh K+pQ2+K>3=0 for sinuous
mode and (Q+iK\We)’coth K+ pQ2+K3=0 for dilatational
mode.

Substituting 8=0 in Eq. (27) yields =0 and P=R, thus
transforming Eq. (26) as

Phys. Fluids 21, 092106 (2009)
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Maximum Sinuous mode

0.7 4 growth rates
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-
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Z
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i Cut off
0.1 4 Dominant wave number | i wave number
0 ; ; ; = = ; ;
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Wave number, K

FIG. 4. Variation of nondimensional growth rate with nondimensional wave
number for sinuous and dilatational modes at We=1400 and p=0.001.

3
<pw2 + %)mm(z[() +P==*0, (28)

where P=(w+iK)*cosh(2K) and O=(w+iK)>.
Substituting P and Q into Eq. (28), we get
K3
(pw2 + —)sinh(ZK) + (o + iK)*cosh(2K)
We
= * (w+iK)%. (29)
Considering positive root in Eq. (29) yields

3
(w+ iK)*[cosh(2K) — 1] + ( pw’ + L)sinh(zK) =0,
We

(30)

which gives

3

K;
(w+iK)*(2 sinh® K) + (pw2 + W)(Z sinh K cosh K)
e
=0. (31)
On simplification we get (w+iK)’tanh K+[pw®+(K>/We)]
=0.

Substituting {)=w\We in the above expression, we ob-
tain the following dispersion relation:

(Q + iK\We)2tanh K + (pQ2 + K%)= 0, (32)

which is identical to the dispersion equation given by Squire.
Similarly if negative root in Eq. (29) is considered,

K3
(w+ iK)*[cosh(2K) + 1] + (pw2 + W)sinh(ZK) =0,
e

(33)

which gives
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FIG. 5. Effect of the Weber number growth rate and dominant frequency of sinuous and dilatational modes.

K3
(w+iK)*(2 cosh® K) + (pw2 + VT)(Z cosh K sinh K)
e

=0. (34)

On simplification, the following dispersion relation for dila-
tational waveform is obtained:

(Q + iK\We)2coth K + (pQ% + K3) = 0. (35)

Equation (32) for the positive root and Eq. (35) for the nega-
tive root are identical to dispersion relations given by Squire1
for sinuous and dilatational modes, respectively. Weber num-
ber and gas to liquid density ratio influence the stability.

lll. RESULTS AND DISCUSSION

We study the dispersion relations given by Egs.
(20a)—(20c) and (21)—(23) and the asymptotic behavior of
the dispersion relation given in Eq. (27) for different values
of B for a range of wavelengths. The results with =0 are
first carried out which enable us to identify and classify the
eigenvalues of the system, and gain an insight into the physi-
cal nature of the instability.

A. Uniform velocity profile (8=0)

Figure 4 shows the dispersion plot for sinuous and dila-
tational modes at We=1400 and p=0.001. It is seen that the
growth rate of sinuous mode is considerably higher com-
pared to that of dilatational mode. Beyond a cutoff wave
number, growth is not observed due to the stabilizing effect
of surface tension. The waves below the cutoff wave number
are unstable due to aerodynamic forces. The maximum
growth rate for the dilatational mode is obtained at higher
dimensionless wave numbers than for the sinuous mode.
This gives the dominant frequency of the dilatational modes
to be higher than for the sinuous mode. The dominant fre-
quency is defined as the frequency which provides the maxi-
mum possible growth rate.

The maximum growth rates and the dominant frequen-
cies of sinuous and dilatational modes for p=0.001 are plot-
ted in Figs. 5(a) and 5(b), respectively. Over a range of We-
ber numbers up to about 4000, the maximum growth rate of
sinuous mode is larger than dilatational mode and the domi-
nant frequency of dilatational mode is greater than sinuous
mode.

A special mention to We<<1 is essential at this stage. It
is observed that for We <1, maximum growth rate of dilata-
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tional mode is larger while the sinuous modes do not grow.
The spatial-temporal analysis of Lin,'" however, shows that
the sinuous mode is absolutely unstable for We<<1. The
analysis considers perturbations to grow both in space and
time, thus allowing the wave number K to be complex and
reveals a new zone of instability, known as “absolute insta-
bility.” This instability is observed only for We<1 during
which the disturbances tend to propagate in both upstream
and downstream directions, as the inertia is not sufficiently
large to carry down all the unstable disturbances. A pure
temporal analysis cannot explore this region and gives the
impression that the growth of sinuous mode is absent. This
was also addressed for liquid jets by Dumouchel."?

For We> 1, the perturbations propagate only in the
downstream direction and the instability is known as “con-
vective instability.” Weber numbers greater than 1.0 are con-
sidered in the present analysis for which the temporal analy-
sis would therefore be adequate.

The maximum growth rate of both the modes is seen
from Figs. 5(a) and 5(b) to be about the same when
We>4000. At higher Weber numbers, the wavelengths of
the dominant waves are very small compared to the thickness
of the sheet. Thus, it would be expected that only a thin
region around each interface will be affected by surface dis-
turbances. This allows the two surfaces to become indepen-
dent of each other, and both of them have a similar growth
rate. The region of interest would therefore be up to about
We <4000 and this is the region chosen for analysis.

B. Profile A: Linear with varying values of g

Figure 6 shows the effect of profile A on the maximum
growth rate of liquid sheet, for We=1400, p=0.001, and
B=0.02. Compared to a uniform velocity profile, there is a
decrease in maximum growth rate of sinuous and dilatational
modes, as shown in Figs. 6(a) and 6(b), respectively. The
range of wavelengths within which waves grow was also
found to decrease. Interestingly, the longer waves were also
found to stabilize, thus imposing a lower limit on the wave
number beyond which waves can grow.

The physical reason can be explained by examining the
following expression obtained for liquid pressure:

r_ 7’0(w+ le)
Pr= K cosh(K)
X| (w+ iKU)sinh(Ky) = (zzi 5 cosh(Ky) [.  (36)

Of the two terms in the parenthesis, the first term is an ex-
clusive function of gas-liquid interface velocity while the
second term is the convective acceleration due to gradient of
velocity profile in the frame of reference of the liquid sheet.
The second term is the outcome of v;dU/dy in Eq. (5) per-
taining to x-momentum equation. The magnitude of this con-
vective acceleration is a direct function of the gradient of
velocity profile and decreases from the center line of the
sheet to a minimum at the interfaces. This acceleration,
which opposes the liquid pressure, is found to dominate at
low wave numbers, thus stabilizing the long waves. How-
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FIG. 6. Effect of profile A for We=1400, p=0.001, and 8=0.02 on sinuous
and dilatational modes.

ever, the smaller waves are affected by a decrease in the
interface velocity, apart from the stabilizing effect of surface
tension. Hence, the minimum wave number is decided by the
convective acceleration due to velocity gradient, while the
maximum wave number is decided by the combined effect of
a decrease in interface velocity and surface tension. Note that
the additional force due to convective acceleration can be
either stabilizing or destabilizing based on the type of veloc-
ity profile incorporated within the liquid sheet.

The dispersion plots obtained by present analysis are
compared to that of Ibrahim,8 shown dotted, for
We=10 000 and p=0.01 in Fig. 7. For both £=0.04 and
B=0.08, the sheet is found to be stabilized over a smaller
range of wave numbers as compared to the predictions of
Ibrahim.® The present analysis shows that at higher density
ratios and larger Weber numbers, the stable region until the
lower limiting wave number remains invariant. This conclu-
sion could have been obtained in Ibrahim’s® work but for the
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FIG. 7. Comparison of dispersion plots obtained by present analysis with
that of Ibrahim for We=10 000 and p=0.01.

oversight in using the expression (£);,—yKyWe) instead of
(Q;+yK \/Ve), dealt with earlier. The initial stable region
was seen in their analysis to be valid at larger wave numbers
and predicted the sheet to be completely stable at low value
of B=0.1.

Figure 8 gives the variation of the maximum growth rate
and dominant frequency as the gradient of the velocity pro-
file A is changed from O to 0.04, for We=1400 and
p=0.001. The maximum growth rate for the sinuous mode
decreased rapidly compared to dilatational mode. This re-
sulted in a mode shift from sinuous to dilatational mode
beyond a mode-shift gradient. A cutoff gradient beyond
which growth is not noticed is also seen to exist. While the
dominant frequency of sinuous mode increased, the domi-
nant frequency of dilatational mode decreased with the in-
crease in the gradient 3. Just beyond the mode-shift gradient,
dilatational mode is achieved at a higher value of dominant
frequency.

C. Profile B: Parabolic

The variation of growth rate and frequencies of parabolic
profile were similar to those of profile A, dealt in Sec. III B.
The ratio of maximum growth rate of linear and parabolic
profiles with density ratio is plotted in Fig. 9 for varying
gradient of the profiles. Both the mean and interface veloci-
ties are kept constant for comparison. This is ensured
by appropriately choosing the gradient of both profiles
Bs=3B4/(4-B,), where B, and B are the gradients of
the linear velocity profile A and parabolic profile B at the
interface.

Irrespective of the gradient of the velocity profiles, the
ratio approaches 1.0 with increasing density ratio thus show-
ing that velocity distribution has a profound effect only at
lower density ratios, which gives lower dominant wave num-
bers. The ratio approaches 1.0 at higher density ratios since
the relative interface velocity, which influences higher wave
numbers, is kept constant for comparison. The stabilization
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FIG. 8. Influence of gradient of profile A for We=1400 and p=0.001 on
maximum growth rate and dominant frequency of sinuous and dilatational
modes.

due to convective acceleration is greater in the case of profile
B due to larger gradient at the interface, compared to profile
A.

It is of interest to determine the effect of decreasing the
gas density to very low values such that the aerodynamic
shear is absent. Substituting p=0 in the dispersion relations
given in Egs. (20a)—(20c) and (21)—(23) shows that the liquid
sheets with linear profile A or parabolic profile B within its
thickness can never grow in the absence of gas medium. The
stability results in view of the convective acceleration acting
on the sheet going to zero. Even if the gradient of velocity
profile is reversed to give maximum velocities at the inter-
face and minimum at the center line, as illustrated in Fig. 10,
the growth does not take place. Any velocity profile symmet-
ric at the center line of the sheet is therefore stable in the
absence of gas medium. However, compared to flat profile,
an increase in growth rate is observed for this reversed ve-
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FIG. 9. Effect of density ratio on the ratio of maximum growth rate of
profiles A and B for We=1400.

locity profile (when the gradient is negative) at larger Weber
numbers and density ratios. This increase is shown in Fig. 11
and is due to the increase in the interface velocity. The in-
fluence of interface velocity becomes more conspicuous at
higher wave numbers.

D. Profile C-linear: Internal instability

The limiting solution of dispersion relation of profile C
given in Eq. (26), under the negligible effect of aerodynamic
and surface tension effects gives PR=Q?. Solving this equa-
tion for complex frequency gives the following roots:

w; =—iK = iKB and

; =—iK* /3\/ 2K (K®+1)
wy, =—1K* — - .
2 tanh(2K)

The first set of roots representing dilatational mode is stable
but the positive root in the second set can grow depending on
the sign of the term under the square root. Wave numbers
satisfying the condition 2K/tanh(2K)>(K*>+1) grow with
time and the mode is essentially sinuous. Thus, profile C is
unstable even in the absence of a gas medium. Since the
velocity on both interfaces is different, the net convective
acceleration in transverse direction due to velocity gradient
is found responsible to destabilize the sheet.

As an example, the dispersion plots with varying gradi-
ents of linear velocity profile are shown in Fig. 12 for
We=1400. The surface tension opposes the net convective
acceleration on the sheet and thus a critical gradient of ve-

velocity

h

-h

FIG. 10. Reversed velocity profile with maximum velocity at interface.
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FIG. 11. Dispersion plot for velocity profile with negative gradient at
We=1400 and p=0.01.

locity profile (B8=0.046) is seen necessary for the sheet to
destabilize (Fig. 12). The critical gradient is found to be in-
dependent of the average velocity of the liquid sheet.

This trend is similar to the internal instability reported
by Wakimoto and Azuma’ for the specific case of radially
expanding liquid sheet. The inflectional profile in the ex-
panding sheet was mentioned to be responsible for instability
in the absence of aerodynamic effect, following the Orr—
Sommerfeld criterion for boundary layer instability. The
present study shows that an inflectional profile is not the
necessary criterion to destabilize a sheet in the absence of
gas medium. Any profile, which can give a differential con-
vective acceleration on both interfaces, can destabilize the
sheet at lower wave numbers. An inflection profile becomes
a necessary criterion in the case of a bounded flow, with rigid
or free boundaries, as was suggested by Rayleigh. Since the
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FIG. 12. Dispersion plot of linear velocity profile for increasing gradient for
We=1400.
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boundaries are subjected to kinematic boundary condition in
the present work, any profile providing differential accelera-
tion can cause the destabilization.

IV. CONCLUSIONS

Linear stability analysis of an inviscid liquid sheet hav-
ing different velocity profiles across its thickness is reported.
Liquid sheets for which the velocities change progressively
between the two interfaces are demonstrated to be inherently
unstable even in the absence of the destabilizing aerody-
namic shear at the liquid-gas interfaces. The role of the con-
vective acceleration in the frame of reference of liquid sheet
is inferred to be an important parameter influencing the in-
stability of the sheet.

For symmetric velocity profiles, the sheet is unstable
only in the presence of the aerodynamic force at the inter-
face. The waveforms are dominantly sinuous; however, with
larger velocity gradients the dilatational modes are observed.
The dilatational modes would strongly contribute to the at-
omization of the liquid sheets. The maximum growth rates
and the range of wavelengths over which waves grow in the
liquid sheet decrease as the gradient of symmetric velocity
profiles increases. The convective acceleration from the ve-
locity gradient is found to stabilize the longer waves while
the growth of shorter waves is hampered by the combined
effect of the surface tension and a decrease in the interface
velocity between gas and liquid media.

Phys. Fluids 21, 092106 (2009)

Liquid sheets for which the velocities change progres-
sively between the two interfaces are inherently unstable
even in the absence of aerodynamic shear, such as when the
liquid sheet is injected in vacuum. The instability arises from
the differential convective acceleration at the two interfaces.
The incorporation of such velocity profiles in liquid sheets
could provide an effective means of atomization.
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