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Instability mechanisms in a low-Mach-number reacting flow
from coupled convection-reaction-diffusion equations
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Chennai, TN 600036, India

(Received 15 January 2015; accepted 16 June 2015; published online 2 July 2015)

In this paper, instability mechanisms in a low Mach number reacting flow are inves-
tigated. Here, the emphasis is on the growth or decay of acoustic oscillations which
arise from the acoustic-hydrodynamic interaction in a low Mach number reacting
flow. Motivated by the studies in magnetohydrodynamics and atmospheric flows, we
propose to investigate the acoustic-hydrodynamic coupling as a system of wave-mean
flow interaction. For example, a comparison with the heat fluctuation modified
hydrodynamics associated with magnetohydrodynamics is useful in understanding
this coupling. The wavelike acoustic disturbance is introduced here as a compress-
ibility correction to the mean flow. Accounting for the multiple scales introduced by
the weak compressibility, we derive a set of equations governing wave-mean flow
interaction in a reacting low Mach number flow. Sources such as volume expansion
(which, in atmospheric flows arises due to the density variation with altitude) occur
in reacting flows due to the heat release rate. This heat release rate, when coupled
with the acoustic field, often leads to self-sustained thermo-acoustic oscillations. In
the study of such oscillations, we discover a relation between the acoustic pressure
and second order thermal fluctuations. Further, using this relation, we discover the
nonlinear coupling mechanism that would lead to self-sustained oscillations in a
reacting low Mach number flow. This mechanism, represented by a coupled convec-
tion reaction diffusion system, is presented here for the first time. In addition to the
acoustic pressure and temperature fields, we also discover the role of acoustic veloc-
ity field in the acoustic-hydrodynamic interaction through a convective and lift-up
mechanism. © 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4923233]

. INTRODUCTION

In a reacting low Mach number flow, an acoustic field introduces weak compressibility in an
otherwise incompressible flow. Zank and Matthaeus' described such a flow as nearly incompress-
ible fluid flow. In magnetohydrodynamic (MHD) flows, Zank and Matthaeus' studied the effect of
weak compressibility using the method of multiple scales (MMS). Such an approach is not unique
to the study of MHD. In atmospheric flows, where density varies with altitude, a similar system
has been studied.? Accounting for density inhomogeneity, Biihler? derived a system of equations for
describing wave-mean flow interaction. This system of equations resembles that of nearly incom-
pressible fluid flow derived by Zank and Matthaeus.! Following Zank and Matthaeus,! Hunana
et al.® extended the analysis to include large scale density inhomogeneity in the solar wind. The
description of wave-mean flow interaction in atmospheric flows and nearly incompressible flows in
MHD resembles that of a reacting low Mach number flow.

Mechanisms responsible for wave-mean flow interaction vary from one system to another.
In a nearly incompressible fluid flow as found in MHD, there is a mutual coupling between the
magnetohydrodynamic turbulence and the acoustic field.* The volume expansion due to the density
inhomogeneity influences the waves in atmospheric flows.? In a reacting flow, volume expansion
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is one of the sources driving the acoustic field. Here, the volume expansion is due to the heat
release rate from chemical reaction. This volume expansion can become unsteady when it occurs
in response to the unsteady heat release rate. We will show in this paper that such a process can
lead to the nonlinear evolution of acoustic field variables. In reacting flows, when the acoustic
driving is stronger than the damping in the system, the acoustic-hydrodynamic interaction can
establish a positive feedback loop, leading to self-sustained acoustic oscillations.’ This phenom-
enon is known as “thermo-acoustic instability.” Thermo-acoustic oscillation is a consequence of
acoustic-hydrodynamic interaction in reacting flows.>~”’

These self-sustained acoustic oscillations introduce localized fluctuations in the heat release
rate. Apart from that, vortex shedding’ or parametric instability of flame® also result in localized
heat release rate fluctuations. The spatial scale corresponding to these fluctuations is much shorter
compared to the long wavelength acoustic wave. We will derive equations to describe the influence
of the heat release rate fluctuations on the wave-mean flow interaction.

Towards this purpose, we need to know the mechanisms responsible for heat release rate modi-
fication in a reacting low Mach number flow. Dunlap’ suggested a possibility where the reaction rate
is modified by the second order thermal fluctuations or acoustic pressure fluctuations. Consistent
with the earlier theoretical studies,'®'? we will use the terms “temperature coupling” and “pressure
coupling” to describe such processes.

In addition, Markstein'® suggested a velocity coupling mechanism in which the heat release
rate is modified by the gas flow velocity around the flame. The modified heat release rate, in turn,
modifies the gas flow velocity. Based on the equations derived for acoustic-hydrodynamic interac-
tion, we show that the above mentioned coupling mechanisms due to gas flow velocity, acoustic
pressure, and thermal fluctuations are essentially nonlinear. We show that this nonlinear behavior
contributes to the self-sustained oscillations in a thermo-acoustic system.

Theoretical studies on these nonlinear mechanisms focus on the rate of growth or decay of
acoustic oscillations.'®"'?!# These studies necessitate a characteristic time scale for describing the
growth or decay of acoustic oscillations. The necessity for two time scales, an acoustic time scale
and a characteristic time scale for the growth or decay of acoustic amplitude, is thus clear from
the earlier theoretical studies.'®'>!5 Later in this paper, based on these earlier studies, we will
determine a characteristic time scale that describes the coupling process responsible for the growth
or decay of acoustic oscillations.

The coupling mechanisms have their origin in the acoustic-hydrodynamic interaction. Analyt-
ical studies for acoustic-hydrodynamic interaction are limited to cases where the reaction zone is
compact (length scale of the reaction zone is much less than the acoustic wavelength) and can be
treated as a discontinuity.'*'® A Rankine-Hugoniot relation is used to relate the acoustic velocity
across the discontinuity.*!> However, in such cases, the acoustic pressure does not vary across the
reaction zone.'? Matalon and Matkowsky'® and Wu et al.'*!> showed that when the flame is treated
as discontinuity, the acoustic-hydrodynamic interaction is governed by the velocity coupling. For
a distributed mean heat release rate, such as in a well stirred reactor, the flame can no longer be
treated as a discontinuity and the acoustic pressure varies across the flame. For such a case, Clavin
et al.'™!! suggest the existence of pressure and temperature coupling.

These coupling mechanisms are essentially related to the heat release rate from chemical reac-
tion. Therefore, the first step towards understanding pressure, temperature, and velocity couplings
is to find out how the fluctuations of pressure, temperature, and velocity lead to the heat release
rate fluctuation.'” While deriving the governing equations for acoustic-hydrodynamic interaction,
we will show that finding such a relation is possible once we understand the order of magnitudes of
fluctuations in pressure, velocity, and temperature due to the acoustic field. Clavin et al.'” provide us
with such an understanding, where they suggest the order of fluctuations with respect to the mean
flow variables.

A subsequent study by Clavin et al.'! shows the influence of the order of magnitude of acoustic
pressure and acoustic velocity on the heat release rate fluctuation. With this insight, and consid-
ering the fluctuation of heat release due to turbulence, they modeled a nonlinear acoustic pressure
equation to study the transition of thermo-acoustic system to instability or self-sustained oscilla-
tions. They investigated the nonlinear evolution of the acoustic pressure caused by turbulence. The
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nonlinear effects, arising from the coupling between the hydrodynamic field and the acoustic field,
were examined earlier by Culick!”"'® for compressible flows. He describes a “gas dynamic nonlin-
earity” due to the acoustic source terms u’.Vu’ and p’Vp’, where u’ and p’ are the acoustic velocity
and pressure, respectively. However, in the case of weak compressibility, as in the case of nearly
incompressible flow, contribution from such terms is negligible when compared to the nonlinear
terms due to heat release rate.

This weak compressibility, however, gives rise to self-sustained acoustic oscillations. Our
objective is to reveal the fundamental mechanisms of acoustic-hydrodynamic interaction leading to
such oscillations. An investigation in that direction will lead to a general theory for instability in
low Mach number reacting flows. An understanding of the nonlinear processes introduced by weak
compressibility, when extended to include density inhomogeneity and volume expansion due to heat
release rate, helps to explain the origin of self-sustained oscillations in low Mach number flows.

In this paper, from the equations governing compressible fluid flow, we will derive equations
describing the acoustic-hydrodynamic interaction. Using these equations, we will derive a nonlinear
equation describing the growth or decay of acoustic oscillations. Physical mechanisms such as pres-
sure coupling, temperature coupling, and velocity coupling will be explained using the equations
for acoustic-hydrodynamic interaction. We show the significance of these coupling mechanisms in
the origin of self-sustained oscillations, by deriving nonlinear coupled convection reaction diffusion
(CRD) equations. Our CRD equations, which show the influence of heat release rate fluctuations in
determining the nonlinear evolution of acoustic pressure, are introduced for the first time to study
the stability of reacting low Mach number flows. For demonstrating the influence of heat release rate
on the self-sustained oscillations, we have used a reaction-diffusion (RD) system, by neglecting the
effect of convection in CRD equations, to predict the transition to self-sustained acoustic pressure
oscillation. Then, we solve the full convection reaction diffusion system to study the change in the
nature of transition due to convective effects. We will also prove, by describing the nonlinear evolu-
tion of acoustic pressure amplitude as a function of convective time scale, the role of convective
time scale as the characteristic time scale for describing the acoustic-hydrodynamic interaction.

Il. DERIVATION OF NONLINEAR EQUATIONS FROM COMPRESSIBLE FLUID FLOW
EQUATIONS

A. Governing equations

The governing equations, nondimensionalized by their reference variables, are given as fol-
lows:"?

‘Z—fw.(pﬁ):o, Q)

0P8 () + #vp -V, @)
(;U% :—(yz1)pV.ﬁ+HDaQ+RePrV2T, 3)
% +V.pYii = %SCVZY,- + Dawy. (4)

Equations (1)-(4) are the continuity, momentum, energy, and species conservation equations, respec-
tively, for compressible flow. Here, p, p, and T are density, pressure, and temperature, respectively,
and i is the velocity vector. The reaction rate «j; follows the Arrhenius rate law. In Eq. (3), Da, H,
and Q are the Damkohler number, heat release parameter, and heat release rate, respectively.

B. Method of multiple scales

The next step is to construct a solution expansion for the field variables. Towards this purpose,
we follow earlier theoretical studies.'®"'? Clavin et al.'” and Pelce and Rochwerger'? have suggested
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orders of magnitude for the acoustic field variables in the context of combustion instability. Clavin
et al.'® suggest that the acoustic pressure and temperature perturbations to be of the same order.
The acoustic velocity perturbation is O(1/M) times the acoustic pressure perturbation. Based on the
order of magnitudes, the acoustic perturbation variables are ordered as follows:

p = po+ €D, ©)
i= IZ() + Eﬁl, (6)
p = po+ €(pan + Pra), @)
T =Ty+ €Th. (8)

To eliminate the singular coefficient 1/(yM?) of the pressure gradient term in Eq. (2), the hydro-
dynamic pressure variable p,, is chosen to be of second order (€?) in solution expansion (7)."° The
small number € is proportional to the Mach number (e = 4/yM). The heat release rate expansion
is determined based on the suggestion by Clavin et al 0 following which, the mean heat release
rate Qy is expressed to be of the same order as the heat release rate fluctuation (due to the acoustic
wave) O,
0=00+0" €))

All the hydrodynamic field variables are written with subscript 0, except p,, which is written at a
higher order to eliminate the singular term with coefficient 1/(yM?). In Egs. (5)-(8), p2, and paq
are the hydrodynamic pressure and acoustic pressure, respectively. The acoustic velocity is written
as u;. The higher order variable p, represents the acoustic density fluctuation. T, represents the
second order thermal fluctuation. The mean heat release rate along with its fluctuations due to
hydrodynamics is represented with Q. The heat release rate fluctuation due to acoustic wave is
represented at the same order of the mean heat release rate as Q.

The low Mach number limit introduces two time scales and two length scales as 7 = 7’/e and
n = &/e, where T and 7’ are the acoustic and the convective time scales, respectively. The spatial
scales n and ¢ are the hydrodynamic and long wavelength acoustic length scales, respectively.
The operator splitting is performed as /9t = (1/€)d/dt + d/d7’ for the temporal operator and
V = €V, + 4V, for the spatial operator.! The equations governing the hydrodynamics are obtained
at leading order in € as follows:

dpo

o +Vy, - poitp = 0, (10)
0 potl N 1
gg,o + Vi, - (pottotto) + Vypon — EV" 19 =0, an
1 dpy -y

e R AR (12)

. 1
+ HDa(Qo + Q) + ——=V, Ty,

RePr
dpoYio " |- .
—— + V,,.poYioup = ———V~Y;0 + Dadwy, 13
o0 n-poioly = w=o-V:Yio + Dady (13)
Po = polo. (14)

Equations (10)-(13) imply that the short length scale r and the convective time scale 7’ govern the
unsteady hydrodynamics and the resulting unsteady heat release rate.

The fast time scale equation for i) is obtained from the leading order momentum equation
following Zank and Matthaeus,’

0 poidy

+ Vupra =0, (15)
The density perturbation equation at O(e) is as follows:

a = —
% + Vy,.(poii1) + Ve.(potig) = 0. (16)
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Equation (16) has derivatives in two length scales. An equation on the long length scale may provide
an unbounded solution (V¢ = 1/€V,)) as € — 0. This is the consequence of non-zero divergence
V.ip. The non-zero divergence or the dilatation term is the consequence of the heat release rate
during combustion. Later in this paper, the dilatation term will be shown as a source term for the
acoustic pressure. Averaging the fluctuations over the short length scale, the evolution equation for
P2 in the acoustic time scale is obtained,

9P —
—— =-V,. . 17
ot &-Potlo a7
Integration yields
p2 = T[=Ve. pop]. (18)

Since the hydrodynamic variables py, 1, and Ty are independent of the acoustic time scale, p, — oo
as € — 0 which is the case since 7 = 7’/e. To ensure the convergence of the solution expansion,
we have to impose a solvability condition® as V. pgiy = 0. In other words, we have eliminated the
dependence of the hydrodynamic variables on the long length scale. The resulting acoustic time
scale equation for the density perturbation p; is

dp

3—: +V,,.(poit)) = 0. (19)

At O(e), the acoustic time scale equation for acoustic pressure perturbation is obtained as

apZa
ot

+ ypoVyidi = — ypoVeuy (20)

Y
+ —[V,VTo + VeV, Th).
RePr[ Velo+ VeV Tol
Integration with respect to 7 will lead to the following expression for p;,:

Y
P2a =T [=YPoVeuo + @[anfTo 21

+ V1] - )’Po/ Vi + C(t,n,€).

The acoustic perturbation velocity i is a function of acoustic time scale 7. The terms with coeffi-
cient T will grow linearly as € — 0. We have imposed the solvability condition

Y
—v¥poVeuo + =———[V,, VeI + VeV, To] =0 22
YPoVeip RePr[ 2 Velo + VeV, To) (22)
to ensure the convergence of the solution expansion for pressure variable (p = p + €2(pan + P2a))-

The equation for acoustic perturbation pressure p,, on the acoustic time scale is obtained as

Opra "
5 241y poV i) = 0. (23)
T
From Egs. (15) and (23), the linear wave equations for iZ; and p,, are obtained as
62}72@
proale V,.c2V,p2a = 0, 24
d%i R
S~ 6Vl =0, (25)

where ¢ is the speed of sound. Here, we will assume a solution of the form A;(1,&,7")e’7 for the
perturbation variables, where A; = (0, U], ﬁza,Tz) and €'“T is the part of the solution which satisfies
Egs. (24) and (25). These equations imply that whenever there is a non-zero amplitude A;, the
acoustic pressure and velocity field variables admit an oscillatory solution.

The momentum equation at O(e), the continuity equation at O(e?), and the energy equa-
tion at O(e?) yield the convective time scale equations for if;, p», and p,,. The solution form
Ai(n,&,7)e'“T is substituted in the equations for if;, p», and p,,. Applying the conditions for solv-
ability and collecting terms with coefficient ¢/“7, a set of weakly nonlinear equations are obtained
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for the convective time scale,

iy | 1o 7.V, ity — it1.V, i
or’ + p_v:pra = = o Vi = 1. Vyito 20
0
1 N
+ V2I'—[l’
poRe "
0 Az 5 An1T-
5? + poVeily = =V,,.(paup), @7)
6ﬁ2a V 5 _ 7 V..h H,V 1 28
ot +YPo U1 = — Uo-VyP2a — YP2aVn-Uo ( )
Y w24
+ VeTs.
RePr ' 7'?

The equation of state at O(€?) is obtained as follows:

DP2h + P2a = pola + p2Th. (29)

Equations (26)-(28) have derivatives with respect to two length scales (17 and &). Assuming ug — 0
as & — oo (far away from the heat source), we derive governing equations for long wavelength
acoustic waves as follows:

oy 1 1_,.
+ —Vepo, = —Viu, 30
ot’ 00 £P2 Re U1 (30)
0p2 3
+ poVeu; =0, 31
o POVl (31
0pra N Y o2
+ Vet = ——VT,. 32
57 TPVl = o5V T (32)

From Egs. (30)-(32), we see that long wavelength acoustic waves are subjected to dissipation. These
dissipation terms are not found in the analysis of Wu et al.'*'> When dissipative forces cannot be
neglected, such as low to moderate Reynolds number flows, our analysis gives a better description
of the acoustic-hydrodynamic interaction. Equations (30)-(32) form a dissipative system, leading to
the damping of the long wavelength acoustic waves.

Next, we introduce short length scale equations, by assuming a solution of the form A(r, 7’)e'™
for acoustic field variables,

Oy

87" + I/?()-anx%l + I%I.Vnu?) = —pOReV%ﬁl’ (33)
0 O A >
a—'if + Vy,.(b2to) = 0, (34)
op . R A . A
(;):’“ + uO'VﬂpZa + 7p2aV7]'uO = #V%TQ (35)

Equations (33)-(35) describe the acoustic-hydrodynamic coupling equations. These equations
resemble the wave-mean flow coupling mechanisms proposed by Buhler? for atmospheric flows.
The wave and mean flow variables are chosen depending on the physical phenomena under investi-
gation. As a result of our analysis of acoustic-hydrodynamic interaction, we obtain these variables
as pressure and velocity corresponding to the acoustic and hydrodynamic fields. The terms il 1.V,ido
and ﬁO.V,ﬁ] in Eq. (33) and the terms p,,V,,.ilp and 1.V, p, in Eq. (35) represent the mutual
interaction of the wave and the mean flow.

The terms u,.V,uo and 1.V, represent the coupling between hydrodynamic and acoustic
velocities. These terms are known as Reynolds forces in the study of nearly incompressible flows.?!
These Reynolds forces, which describe the mutual transportation of the acoustic and hydrodynamic
velocities, are also known as convective (i4.V,,if1) and lift-up terms (ﬁ’] .V,itp) in the study of transi-
tion to turbulence in fluid flow.2? Here, in a low Mach number reacting flow, convective and lift-up
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mechanism could also establish a velocity coupling, where the acoustic velocity (if;) and the flow
field (ifp) in a combustor influence each other.

C. Nonlinear equations

For a reacting low Mach number flow, the dilatation term V,,.1ip in Eq. (35) is related to the heat
release rate fluctuation. From Eq. (12),

-1 . .
V, i = ——HDa(Q + ) (36)
YPo

-1 1 0
Y- vy, 2o
YpoRePr """ ypo 0’

The next step is to determine the influence of the heat release rate Q and the fluctuation of heat
release rate Q' due to the acoustic field on the acoustic pressure field. Equation (36) for dilatation is
substituted in Eq. (35) to obtain

aﬁZu Y —

I . 1 C
Frak 10.-VyPra + vP2al HDa(Q + Q') (37
T YPo

-1 1 dpo .
+7—V,2]T0—— p, =7 V,27T2.
YpoRePr Ypo OT RePr

Assuming an Arrhenius rate law and a single step chemical reaction, the heat release rate fluctuation
Q’ due to the acoustic wave can be expressed as

Q' = Bp3XYe Ea/RT, (38)

where B is the pre-exponential factor and the acoustic density perturbation p, is a function of 7
and 7’. However, the heat release rate expansion (Q = Qo + Q’) appears in Eq. (12) as well as in
Eq. (37). To ensure the convergence of py, we eliminate the fast time scale dependence of Q' by
expressing it in terms of p5(7,1). Substituting the solution form A;(57,7")e“™ in Eq. (29), we obtain

D _iwe P2 T
= — + — - —_. 39
2=t T (39)

As € = 0, T — oo, because in the relation T = 7’/¢, we have assumed 7’ of O(1) and 7 of O(1/€). In
the limit 7 — oo, (pay,/ To)e T — 0. The expression for p, can be rewritten as

pr= 22— poz. (40)
The new expression for heat release rate fluctuation can be written as
Q' = BpiXYe Ea/RT, 41)
First, the expression for g, (i.e., Eq. (40)) is substituted in Eq. (41). Then, Eq. (41) becomes

5 — 2popaals + P21}

o' = P2 . )XY e EalRT 42)
h
Equation (42) is then substituted in Eq. (37) to obtain
0pra & o 4
6p:, + MO-Vana = (43)
(y = DHD,w —P3, + 2p0B3,T2p2a = P313

( 2
Po T,

N -1p
Y w2, (v = Dp2a 2
RePr " poRePr "
_=DHDwpra  p2a P
Po po 7"’

)

+ T()
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where w = BXYe £4/RT Equation (43), which is a nonlinear equation, can be rewritten by group-
ing the terms of same order as
aﬁZu
ot’

= — ii0.Vyypra + ap3, + 0T5p3, (44)

I

POIN N Y 24
+ 0T2pog + APog + ——V2T5.
22 Prat popr 2
Substituting (40) in Eq. (34), we obtain an equation for 7,

% = —ii.V,T> + aT>p3, + 017 pas (45)

+ 0T + ATy + —L V21,
poRePr
Equations (44) and (45) are nonlinear equations for acoustic pressure and second order thermal
fluctuations, with the coefficients a, 6, and ¥ corresponding to the physical processes in the system
such as heat release rate, temperature diffusion, pressure or temperature coupling, and the rate of
change of the mean pressure py. These nonlinear equations show that the amplitude of the acoustic
pressure is coupled with the thermal fluctuation through volume expansion. Nonlinear equations
Egs. (44) and (45) represent this “pressure-temperature” coupling. Without the convection term
(19.V;;p24), the nonlinear equations resemble the RD systems discussed in the study of chemical
oscillations,>® where the effect of a nonlinear source term along with the diffusion term governs
the stability of chemical reactions. Conventionally, the nonlinear term in the RD system is called
a reaction term owing to its popular use in the study of the stability of chemically reacting sys-
tems. In a thermo-acoustic system, the stability is decided by the influence of fluid flow on the
nonlinear nature of heat release rate-acoustic interaction. Theoretically, such an influence is under-
stood by the incorporation of a convection term into the nonlinear equations. The convection term
is present in our nonlinear equations. Therefore, the derived nonlinear equations are called CRD
equations.

lil. INSTABILITY MECHANISM

In the case of pressure coupling mechanism, the heat release rate fluctuation Q’ and acoustic
pressure fluctuation py, are of the same order.'® This is emphasized in Eq. (37), where Q” and ps,
appear at the same order (O(€e?)). In addition to the heat release rate fluctuation, convective terms
are also present due to the acoustic-hydrodynamic interaction. Equation (44) derived from (37),
thus, serves to explain the pressure coupling mechanism associated with the acoustic-hydrodynamic
interaction. From Eqs. (44) and (45), we see that acoustic pressure is coupled with the thermal fluc-
tuations due to interaction between acoustic field and heat release rate fluctuation. These equations
together form a set of convection reaction diffusion equation.

A. Convection reaction diffusion equations

Equations (44) and (45) for acoustic pressure and thermal fluctuations are re-cast as follows:

a[’7\2(1 - Z Y 24

+ 0. Vypra = f(PrarT2) + V. 1, 46
o U0 Vb2 (b2 1) RePr 7 (46)
ofy . oy
22 oV Ts = g(Poas o) + —L— V2T, 47
PR §(P2aT2) poRePr " o

where f(pra.T5) = ap3, + 0Top2, + 0T pra + Apoa and g(pra.To) = aTop?, + 012 prq + T3 + AT
are nonlinear functions in the CRD equations. The coefficients in the nonlinear functions f and g
are
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_ (y-DHD,w
pol? |
-1)HD,
6= 2(7)—2pr, (48)
pOT()
(y-1)HD,w
3= ——pé,
Po
-1 ~1)HDw 10
12 )VZTO— (y = DHDaw 1 dpo.
poRePr " Po po 0T’

These coeflicients represent the important physical processes in a thermo-acoustic system. «, 6, and
¥ have the physical parameters governing the chemical reaction, i.e., the Damkohler number (D)
and the reaction rate (w). In combustors, these parameters are determined by the type of the fuel and
the mass flow rate of fuel and air into the combustor. From Eqgs. (40) and (41), we know that the
nonlinear functions f and g represent the heat release rate fluctuation. The coefficients «, 6, and ¥,
therefore, are “weights” that determine the intensity of heat release rate fluctuation. The coefficient
A combines the effect of DC shift (%), thermal diffusion (V,27T0), and the mean heat release rate
(HD,w). Since A is the coefficient of the linear term, we see that the phenomena such as DC
shift, thermal diffusion, and mean heat release rate contribute only to the linear growth of acoustic
pressure amplitude. The change in mean pressure, known as “DC shift,” is a consequence of the
heat release rate fluctuation due to the acoustic field as shown by Eq. (12). The close correlation
of DC shift with the acoustic pressure oscillations was theoretically explained by Flandro et al.**
They observed that, with the growth in mean pressure, there is an associated growth of the acoustic
pressure amplitude. They proposed that the acoustic pressure could be a source term in the energy
equation. This finding enabled them to design an algorithm that could help designing the rocket
motors with reduced possibility of instability. Here, we have shown another mechanism-coupling of
acoustic pressure oscillation with heat release rate fluctuation, as the cause for the change in mean
pressure, and growth or decay of acoustic pressure oscillations. The heat release rate fluctuation
in turn becomes a source term for DC shift. The representation of a thermo-acoustic system as a
convective reaction diffusion system gives more insight into the stability characteristics. Many of
the stability properties of a CRD system resemble that of a thermo-acoustic system.

B. An example demonstrating the transition to instability

In this section, we attempt to show the growth of a local perturbation to acoustic pressure,
which eventually modifies the acoustic field. Such a modified acoustic field, with higher acoustic
pressure amplitude may result due to the presence of a premixed flame in a duct'*!> or a localized
heat release rate fluctuation.” This process of growth in the acoustic pressure amplitude results
from a small but finite amplitude initial perturbation to the acoustic field. Such a model problem,
even though do not resemble closely a real combustor, serves the purpose of studying the nonlinear
thermal-acoustic coupling found in a flame-acoustic interaction.

The model problem resembles a horizontal Rijke tube, with locally a higher heat release rate
that arises from a local heat source. This higher heat release rate can arise from the local or nonuni-
form burning of vortices in a combustor.” Everywhere else, we assume uniform heat release rate.
We attempt to address the influence of localized higher heat release rate on the acoustic pressure
amplitude. Such a localized heat release rate fluctuation is numerically implemented here with
the weights of the nonlinear terms. We have given, locally, higher values for these weights (note
that their value is proportional to the heat release rate) representing higher heat release rate. For
example, in the present numerical configuration, at the location of the heat release rate fluctuation,
we chose the values of @, 8, and ¥ to be 1.2 times their magnitude in other parts of duct, where
the heat release rate is uniform. The species mass fractions are absorbed into the weights, as the
mass fractions result in the heat release rate. Therefore, instead of separately prescribing the values
of mass fractions, we prescribe the values of «, 6, and . Such an approach is made to reduce the
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Small scale fluctuation on n scale

Long wave (represented ongscale)

FIG. 1. Schematic of a small but finite amplitude local perturbation given to long scale acoustic field.

complexity of our mathematical model (i.e., CRD equations) and emphasize more on the nonlinear
nature of instability.

The flame-acoustic interaction is governed by CRD equations written with respect to the short
space scale variable. These equations also represent the evolution of initial perturbation to acoustic
pressure field. The long space scale equations for acoustic field (Egs. (30)-(32)) are not solved here.
This is another advantage of the using MMS. The acoustic pressure amplitude p,,(77,7) is separated
from the acoustic pressure field p,,(&,t). The schematic representation of this separation is shown
in Fig. 1. The numerical simulation of the convection reaction diffusion system (Eqgs. (46) and (47))
is attempted here on a one dimensional domain representing a tube. 1D domain is represented by
a spatial coordinate “x.” The discretization of 1D domain is done with different numbers of grid
points (N = 28, 56, 112, 224). A grid convergence study shows that, for grid number N = 56 and
above, solution remains the same. We have chosen N = 56 for the present numerical simulation.
We impose a small but finite amplitude perturbation. To represent such a small perturbation, we use
an initial condition shown in Fig. 3. CRD equations are for short space scale . Long wavelength
acoustic wave equations (30)-(32) are separate from the short space scale equations. The acoustic
boundary conditions need to be applied only to the long space scale equations whose length scale
is comparable to the tube length. The study of short scale fluctuations can be performed only
when the localized sources are far away from the end points. For an open-open duct, boundary
conditions (BC) at both end points is the same. This is a simple boundary condition to prevent
spurious numerical oscillations. Also, we believe that this boundary condition is sufficient to study
the growth of acoustic pressure amplitude due to the heat source. Here, the value of p,, at the end
point is extrapolated with the adjacent point (i.e., p», at N = 56 is equal to pp, at N = 55. Similarly,
P2q at N = 0 is equal to p, at N = 1). The 1D geometry is shown in Fig. 2. The above discussed
numerical configuration represents the model problem. The initial acoustic pressure perturbation is
given in the middle of the 1D grid. The grid number is chosen to be N = 56. The initial condition for
the acoustic pressure amplitude perturbation is shown in Fig. 3.

Here, the linear coefficient A is chosen as the bifurcation parameter. Our choice is inspired by
the efforts of Flandro et al.,* in determining the stability limits based on the DC shift. Apart from
the DC shift, we also have heat release rate and thermal diffusion terms grouped inside A.

Next, we use continuation algorithms employed in AUTO to study the bifurcations exhibited by
CRD system. We observed two different types of bifurcations when the convection term is included
in the computation of acoustic pressure amplitude. One type is a supercritical bifurcation with a
secondary bifurcation and other type of bifurcation exhibits a hysteresis zone. Both types of bifur-
cations involve a bistable zone. A supercritical bifurcation, conventionally, is not known to cause
bistability. However, when there is a secondary bifurcation, multiple stable branches may exist.?’

Location of localized heat
release rate fluctuation

oo Ghfpang

N=56

FIG. 2. 1D representation of an open-open tube with flame located in the centre.
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FIG. 3. The initial condition for acoustic pressure perturbation amplitude. X-axis shows the number of grid points represent-
ing the discretized 1D geometry.

The existence of bistable zone, resulting from a model nonlinear convection reaction diffusion
equation, was discovered earlier in the study of the hydrodynamic stability by Chomaz.?® He used
a Ginzburg Landau model to study the influence of convection of the bifurcations observed in fluid
flow instabilities. In the present study, we also point out the influence of nonlinear terms in (1) deter-
mining the saturation amplitude and (2) the threshold point (1;) at which the bifurcation occurs.
Figures 4-6 show these nonlinear effects. We demonstrate these effects by varying the “weights” (6
and ) of nonlinear terms.

For the values of © of O(1072), CRD system permits the type of bifurcation shown in Fig. 4.
Here, there exists a hysteresis region near the critical point 1. Such a hysteresis effect is widely
studied in thermo-acoustics.?”-?® In the previous investigations, transitions are described by a change
from non-oscillatory to oscillatory state due to Hopf bifurcation. Here, we show the pitchfork
bifurcation of the acoustic pressure amplitude. This is a consequence of separating the slow varying
amplitude from oscillating solution on fast time scale. Here, a nonzero amplitude (p,,) represents
an oscillatory solution (pa2g = page™'“7). In the vicinity of such a bifurcation, only a sufficiently
large perturbation will lead to an oscillatory state. This process of introducing a large perturbation
is called “triggering.” The significance of nonlinear terms in determining the saturation amplitude
is discussed by Zinn and Lieuwen.?® We have shown, while deriving nonlinear equations (46) and
(47), that the nonlinear effects are introduced by the heat release rate fluctuations. Exploring the
significance of the coeflicients of nonlinear terms is therefore worthwhile. Next, we will explore the
significance of the coefficients of other nonlinear terms.

The significance of 6 is explained with the help of Fig. 5. The curve bl in Fig. 5 is computed
with 8 = 0.6, while A is varied. The value of 6, used for the computation of b2 (i.e., 8 = 0.9) is
greater than that used for the computation of b1, which implies the increase in saturation amplitude
when 6 is increased. Larger values of 8 also increase the hysteresis width, by shifting 4, away
from the fold point at A = 0(Ay; (for 6 = 2) > Ay, (for 8 = 0.9) > A3 (for 6 = 0.6)). Therefore,

1.5
1.
I~
0.5/ .
ﬁ.""-../kh .
85 o 05 1

FIG. 4. Bifurcation for acoustic pressure amplitude p;,. Dotted lines show unstable solutions. Solid lines indicate stable
solutions. This type of bifurcation creates a hysteresis. The hysteresis zone exists in the control parameter range between F
and A = Aj,. Parameters chosen for the computation of this bifurcation diagram are @ = -1, 8 =0.6, ¢ =0.09, and uo=1.
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3

2a

3

FIG. 5. Bifurcations of acoustic pressure amplitude computed with different values of 8 and . Curve bl is computed using
the values 8 =2 and ¢ = —1. Curve b2 is computed with 6 =0.9 and ¥ = —0.2025. Curve b3 is computed with  =0.6 and
¥ =-0.09. A1, Ap2, and Ap3 represent the critical values of A at which bifurcation occurs for curves bl, b2, and b3,
respectively.

from Fig. 5, we know that the role of 6 is twofold: (1) first, the magnitude of 6 determines the
saturation amplitude and (2) then the value of 6 determines the value of the control parameter at
which bifurcation occurs. Here, larger values of 6 imply that the magnitude of 6 relative to the
magnitude of ¥ is high. In real combustors, due to the intense heat, the mean density drops. Then,
the magnitude of 6 (« pg) is greater than ¢ (o< p%). The physical insight from these computations is
helpful in delaying or preventing the onset of instability. First, when there is an increase in 6, the
triggering amplitude to reach the stable oscillatory solution is higher than the one that is needed for
lower 6. Further, the onset of instability is delayed as a consequence of the shift in 4.

The change in hysteresis width in response to the variation in system parameters is an active
area of investigation in thermo-acoustics. The reduction in hysteresis width with the decrease in
mass flow rate is observed by various researchers®*! for a Rijke tube. Gopalakrishnan and Su-
jith®! show that the variation in hysteresis width is related to the ratio of convective time scale
to the acoustic time scale. In the present study, the “weights” of the nonlinear terms are func-
tions of Damkohler number Da (ratio of flow time scale to the chemical time scale). Therefore,
these weights definitely bear a relation to the mass flow rate in a combustor. A theoretical study
performed by Mcintosh®? claims that the burning rate is dependent on the acoustic time scale. A
conjecture suggesting a relation between the chemical time scale and the acoustic time scale can
be made. An investigation in this direction is promising, as it will establish a relation between
instabilities in Rijke tube and the general thermo-acoustic instabilities.

Figure 6 shows the secondary bifurcation where, in spite of a supercritical bifurcation at
A = Ay, there is a secondary fold bifurcation at F; (note that the value of & is 0.01, which is
relatively smaller than that used in the computation of Fig. 4). Further, we impose locally (at the

N/ 0,
0 . .
0 1 2

A
FIG. 6. Supercritical bifurcation exhibited by the acoustic pressure amplitude p,,. Dotted lines show unstable solutions.
Solid lines indicate stable solutions. Further, a fold point bifurcation, indicated by F creates a bistable zone. Parameters
used for the computation are @ =—1,0 =1, =0.01, and ug=1. F denotes the fold point and bifurcation occurs at 1 = ;.

For A > Ay, system is absolutely unstable. For the convection reaction diffusion system, such a secondary bifurcation is
obtained for any value of ¥ <0.01.
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location of initial perturbation shown in Fig. 3) the values of «, 6, and & to be 2 times their
magnitude in other parts of duct. This implies a higher heat release rate than the one imposed
in the numerical configuration discussed above. The fold bifurcation results in the creation of a
second stable branch C,. The stable branch C, can be approached by the system in two ways: (1)
by introducing any small perturbation, while system is in the parameter space corresponding to the
unstable branch U; or (2) by introducing a sufficiently large amplitude perturbation (perturbation
amplitude greater than the one corresponding to the unstable branch U,), while system stays in the
stable branch C;. When the second stable branch is attained, the system continues to stay in that
branch till A = 4,,. This can cause a hysteresis effect, widely studied in the field of thermoacoustic
oscillations.

The magnitude of the coefficients of nonlinear terms is significant in determining the nature of
bifurcation. These coefficients determine the intensity of heat release rate fluctuation. Therefore, by
varying the magnitude of the coefficients, we vary the intensity of heat release rate fluctuation. We
show that the variation in the intensity changes the nature of transition in a thermo-acoustic system.

The possibility of secondary bifurcation, creating a family of limit cycles in vibrating mechan-
ical systems, was pointed out earlier by Ananthkrishnan e al.>> They used a van der Pol oscillator
model for the demonstration of secondary bifurcation. Later, Ananthkrishnan et al.’* extended this
reduced order model to show the existence of multiple limit cycle oscillations in thermo-acoustic
systems. The existence of two stable oscillatory solutions for the same heat release rate parameter
is obtained by Juniper.** He obtained these multiple stable states as the solutions of nonlinear
momentum and energy equations. The nonlinear heat release rate term acts as a source to the
energy equation. Juniper proposes the heat release rate to be dependent on the mean flow velocity
(O « (up/3)"/?). The acoustic-mean flow interaction is therefore expected to cause multiple oscilla-
tory state. The chemical reaction systems such as continuous stirred-tank reactor (CSTR) are also
found to be exhibiting multiple oscillatory states.’ The possibility of existence of a secondary
bifurcation in our CRD system is explored in this paper.

For the configuration shown in Fig. 2, we attempt to study the change in the state of acoustic
pressure while the strength of heat release rate caused by the flame is varied. In a real combustor,
this variation can be implemented by the variation of the inflow of species and oxidizer (i.e., heat
release rate is determined by the fuel-air mass fraction). The secondary bifurcation shown in Fig. 6
is obtained for low values of ©# (O(107%)). 1} is one of the coefficients present in the nonlinear
functions f and g. The presence of pg in ¢ and 6 makes the nonlinear functions f and g dependent
on the mean density in the combustor. The nonlinear functions govern the saturation amplitude of
acoustic pressure. Therefore, the value of mean density has an influence on the bifurcation charac-
teristics of thermo-acoustic system. The gas temperature variation that arises from the combustion
results in the variation of density. Here, the mean density appears in the coefficients # and .
Therefore, the value of mean density decides the weight of the nonlinear terms. Various types of
fluid dynamic instability arise in the reacting flows as a result of the variation in the density of gas.?®
Here, through the variation in the magnitude of ¢ and 6, we show that the density has a significant
influence on the nature of bifurcation for acoustic pressure amplitude.

IV. CONCLUSION

We find that thermo-acoustic system has similarities with many wave-mean flow interacting
systems. This viewpoint has helped us in developing a new theory for the transition to instability in
a thermo-acoustic system. Considering the presence of two time scales in a wave-mean flow interac-
tion system, we have employed MMS to understand thermo-acoustic interactions. Using MMS, two
fundamental mechanisms of coupling, pressure-temperature coupling and velocity coupling, are
derived from the compressible fluid flow equations. The pressure-temperature coupling is expressed
through coupled convection reaction diffusion system of equations. The nonlinear terms represent
the influence of heat release rate fluctuations. The separation of long scale wave equation from the
short scale perturbation equations allows us to study the effect of short perturbations introduced by
localized flames. These perturbation equations are proposed as a system of CRD equations. The
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CRD equations are nonlinear and therefore predict the saturation amplitude. Therefore, the CRD
system (Eqgs. (44) and (45)) gives a better mathematical description of the nonlinear behavior of
thermo-acoustic system in a low Mach number flow.

We observe two types of transitions: (1) through a bifurcation that causes a hysteresis region
(shown in Fig. 4) and (2) through a secondary bifurcation (shown in Fig. 6). The secondary bifur-
cation was predicted in vibratory mechanical systems. In thermo-acoustics, the existence of multi-
ple limit cycle can be observed experimentally. Theoretically, their existence was indicated using
reduced order models (using van der Pol equations to model thermo-acoustic system). In this paper,
derivation of a theoretical framework from the full compressible fluid flow equations, to predict
multiple limit cycle, is attempted for the first time. The significance of the coefficients of nonlinear
terms in delaying the onset of bifurcation is an interesting outcome of our study. This phenomenon
also implies the significance of heat release rate fluctuation in the transition to instability.

The representation of the velocity coupling though a convective and lift-up mechanism
(Eq. (33)) is introduced for the first time. The significance of physical parameters such as heat
release rate in determining the growth or decay of oscillations is emphasized. Finally, we can also
infer, from the convection reaction diffusion equations, that the convective time scale governs the
acoustic-hydrodynamic interaction. The coupling mechanisms discussed in this paper are inherent
to flame-acoustic interactions in combustion chambers. The study of this interaction, influenced by
the flow field, is an immediate application of our theoretical framework.
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