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Abstract: A dynamic vibration absorber is a passive device used often to reduce the vibrations
in host structures. The potential of harvesting energy out of the motion of vibration absorber
has shown promise under harmonic excitations. To achieve this goal, vibration absorber is
supplemented with a piezoelectric stack for both vibration confinement and energy harvesting.
The primary goal is to control the vibration of the host structure and the secondary goal is to
harvest energy out of the dynamic vibration absorber simultaneously. The harvested energy can
be used to power low-powered wireless sensor systems used for infrastructural health monitoring.
In field applications the excitation frequency may not be harmonic and may have randomness.
This manuscript looks into the power harvested by these devices under random excitations.
Analytical studies are carried out considering stationary Gaussian white noise excitation within
the frequency band of interest. The analytical results show the promise of broadband energy
harvesting using the device combined with vibration reduction in the primary structure.
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1. INTRODUCTION

The need for smart cities and smart structures with inbuilt
health monitoring systems has necessitated the use of mil-
lions of wireless sensors to connect them with a network.
Powering these is a problem from both technological and
environmental aspect.

This motivated to drive the technology to reliable and
green alternatives like wind,light,heat,strain and vibra-
tions. The required energy is in micro-Watt scale and
since most of these sensors are used in infrastructures to
monitor their vibrations, Vibration source can be used for
harvesting energy.

The two main vibration based energy harvesting technolo-
gies are electromagnetic and piezoelectric. The electromag-
netic harvester generates power from changes in magnetic
field induced due to motion of the host structure (Williams
and Yates, 1996; Kulkarni et al., 2008). Piezoelectric en-
ergy harvesters generate power from the strain induced in
piezoelectric materials while the host structure undergoes
vibrations (Sodano et al., 2005; Halvorsen, 2008; Adhikari
et al., 2009).

Research on energy harvesting and simultaneous vibration
control devices are less reported (Nakano et al., 2003;
Choi and Wereley, 2009; Chtiba et al., 2010; Tang and
Zuo, 2010) since one needs to find a trade-off between
the vibration reduction and the power harvested. In this
regard a suitable choice would be a dynamic vibration
absorber (DVA), also known as tuned mass dampers
(TMDs).

The energy harvesting DVA (EHDVA) consists of a spring,
a damping and a piezoelectric element to harvest energy.
The piezoelectric stack is attached with the electric circuit
to store the scavenged energy (Ali and Adhikari, 2013).
The piezoelectric stack performs dual role, first it increases
the damping of the DVA thereby reducing the high damp-
ing requirement of optimal DVAs and secondly it acts as
an energy scavenger.

The previous research (Ali and Adhikari, 2013) on EHDVA
has focused on harmonic excitations and determining the
optimal parameters for the EHDVA. In this paper the
feasibility of using this concept when the structure is under
random input is studied. The study is feasible under earth-
quake excitations, which are random in nature and are
modeled as stationary Gaussian process. Analytical study
is presented using probabilistic linear random vibration
theory. The base excitation to the system is considered as
a random process. Effects of randomness to the mean and
variance of harvested power are presented.

2. DYNAMIC VIBRATION ABSORBER AND THE
FIXED-POINT THEORY

A dynamic vibration absorber is a widely used passive
vibration control device. A DVA consisting of only a
mass and a spring has a narrow operation region and
its performance deteriorates significantly when the ex-
citing frequency varies. The performance robustness can
be improved by using a damped DVA. The key design
parameters of a damped DVA are its tuning parameter
(also known as the frequency ratio) and the damping ratio.
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The first mathematical theory on the damped DVA was
presented by Ormondroyd and Hartog (1928). Den Hartog
(Hartog, 1985) introduced the optimum solution of a
damped DVA that is attached to a damping-free primary
system. His fixed-point theory states the existence of two
fixed points, P and Q in the frequency response curves of
the displacement of the primary structure. The points P
and Q are independent of the damping in the absorber as
shown in Fig. 1. This reduces the optimization parameters
only to the frequency ratio. Based on the fixed-point
theory, Den Hartog found the optimum tuning parameter
and defined the optimality for the optimum absorber
damping.
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Fig. 1. Frequency response for an undamped structure with
Dynamic vibration absorber. Existence of fixed points
is evident.
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Fig. 2. Frequency response for a damped structure with
Dynamic vibration absorber, Exact fixed point are
unavailable.

As shown in Fig. 2, when a primary system is damped, the
usefulness of the fixed-points feature is no longer strictly
valid. Thus, obtaining an exact closed-form solution for
the optimum tuning parameter or optimum damping ratio
becomes very difficult. A number of studies have focused
on the approximate and numerical solutions. These include
numerical optimization schemes proposed by Randall et al.
(1981); Zhu et al. (2004); nonlinear programming tech-
niques by Liu and Coppola (2010); frequency locus method
by Thompson (1980) and min-max Chebyshev’s criterion
by Pennestri (1998) to name a few. Numerical studies
based on minimax optimization are reported in Chtiba
et al. (2010); Brown and Singh (2011). In spite of being
exact, these analyses are usually problem specific and may
not give physical insights to the phenomenon for a general
case.

Ghosh and Basu (2007) identified that for small damping
in the primary system, although there exist no points like
Pand Q in a strict sense, the fixed-point theory can be
applied. Ghosh and Basu (2007) derived an approximate

analytical solution for the optimum tuning parameter
based on the assumption that the fixed-points theory
approximately holds when a damped DVA is attached
to a lightly or moderately damped primary system (see
Fig. 2). Motivated by this, a fixed-point theory for the
coupled electromechanical system was developed in Ali
and Adhikari (2013).

In this paper, we aim to provide an analytical derivation of
the power harvested by an energy harvesting DVA under
random excitation. The optimal DVA parameters which
reduce the primary structure vibrations as well as harvest
maximum power are discussed.

3. ENERGY HARVESTING DYNAMIC VIBRATION
ABSORBER

In this section a description of the energy harvesting vi-
bration absorber is given. An energy harvesting dynamic
vibration absorber (EHDVA) consist of a vibration ab-
sorber with piezoelectric material and an electric circuit
to harvest energy out of the vibration absorber.

Fig. 3. Energy harvesting dynamic vibration absorber

The coupled two degree of freedom electromechanical
system representing the EHDVA as shown in the Fig 3.
A DVA is added to primary mass and consists of spring,
damping, piezoelectric element and an electric circuit
for harvesting energy from dynamic vibration absorber
(Ali and Adhikari, 2013). The electromechanical model
is subjected to base excitation and the output voltage
is obtained across the load resistance. Linear random
vibration theory is considered for the analytical work.

The coupled dynamics of system is expressed by three
ordinary differential equations. Apart from the parameters
considered in the (Ali and Adhikari, 2013), the random
base excitation xb(t) is considered here.

m0ẍ0 + k0(x0 − xb) + c0(ẋ0 − ẋb) + kh(x0 − xh)
+ch(ẋ0 − ẋh) = 0

mhẍh + kh(xh − x0) + ch(ẋh − ẋ0)− θv = 0

Cpv̇ +
v

R
+ θ(ẋh − ẋ0) = 0

(1)

Where, m0, c0 and k0 are the mass, damping and stiff-
ness of the primary structure respectively. mh, ch and kh
represent the mass, damping and stiffness of the DVA
respectively. The mechanical equations in (1) are coupled
with the electrical equation through the electro-mechanical
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base excitation xb(t) is considered here.

m0ẍ0 + k0(x0 − xb) + c0(ẋ0 − ẋb) + kh(x0 − xh)
+ch(ẋ0 − ẋh) = 0

mhẍh + kh(xh − x0) + ch(ẋh − ẋ0)− θv = 0

Cpv̇ +
v

R
+ θ(ẋh − ẋ0) = 0

(1)

Where, m0, c0 and k0 are the mass, damping and stiff-
ness of the primary structure respectively. mh, ch and kh
represent the mass, damping and stiffness of the DVA
respectively. The mechanical equations in (1) are coupled
with the electrical equation through the electro-mechanical
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coupling parameter θ, Cp is the capacitance and R is the
load across the electrical circuit with voltage, v.

Converting in to frequency domain and normalizing with
the resonant frequency of primary mass, we have,

(−Ω2 + 2(ζ0 + ζhµβ)iΩ+ 1 + µβ2)X0

−µ(2ζhβiΩ+ β2)Xh = (1 + 2ζ0iΩ)Xb

−(2ζhβiΩ+ β2)X0 + (−Ω2 + 2ζhβiΩ+ β2)Xh

−θβ2V

kh
= 0

−θαiΩX0

Cp
+

θαiΩXh

Cp
+ (β + αiΩ)V = 0

(2)

where the dimensionless variables are defined as

µ =
mh

m0
, β =

ωh

ω0
, α = ω0CpR, ζh =

ch
2mhωh

,K2 =
θ2

khCp

The equations in 2 can be written in matrix form as
AX = B. On solving, we get

X0 = H(ω)Xb, V = K(ω)Xb

H(ω) =




(−Ω2β − iΩ3α+ 2 iζhβ
2Ω− 2 ζhβ Ω2α

+ β3 + iβ2αΩ+ iK2β2αΩ)(1 + 2 iζ0Ω)

∆




(3)

K(ω) =
−iθ αΩ3 (1 + 2 iζ0Ω)

∆Cp
(4)

Here ∆ is the determinant of matrix A.

4. ANALYSIS USING STOCHASTIC THEORY

Consider a stochastic process with input x(t), and output
y(t), then the mean square of the input is given by

< x(t)2 >=

∫ ∞

−∞
Sxxdω =

∫ ∞

−∞
lim

T→∞

X(ω)X∗(ω)

T
dω

(5)

where, Sxx is the power spectral density (PSD) of the
input, x(t). X(ω) is the Fourier transform of the input
variable. (.)∗ represents the complex conjugate.

The Fourier transform of the output (y(t)) represented by
Y (ω) is related to the input using transfer function, H(ω).

Y.Y ∗ = |H(ω)|2X.X∗ (6)

This follows the following relation in time domain.

< y(t)2 > =

∫ ∞

−∞
|H(ω)2|Sxx(ω)dω (7)

Following Eq 5 and Eq 7, we get

Syy(ω) = |H(ω)2|Sxx(ω) (8)

The estimation of mean square value of the primary mass
displacement (< x0

2 >) and mean value of power(< p >)
generated are carried out for two cases (i) where the base
displacement is a white noise processes and (ii) the base
acceleration is a white noise process.

4.1 Case 1: base displacement as white noise

A white noise has a constant PSD. Therefore, the mean
square value of primary mass displacement (< x2

0(t) >)

and mean square value of voltage (< v2(t) >) generated
are given as

< x2
0 > = cω0

∫ ∞

−∞
|H(Ω)|2dΩ (9)

< v2 > = cω0

∫ ∞

−∞
|K(Ω)|2dΩ

and mean value of power is given as

< p > =
cω0

R

∫ ∞

−∞
|K(Ω)|2dΩ (10)

where ’c’ is PSD of base displacement (Sxbxb
). PSD of

primary mass displacement and voltage generated are
given by

Sx0x0
(ω) = |H(Ω)|2Sxbxb

(ω) (11)

Svv(ω) = |K(Ω)|2Sxbxb
(ω) (12)

Since we are interested in the power parameter

Spp(ω) =
Svv(ω)

2

R2
(13)

H(Ω) and K(Ω) are given by Eq 3 and Eq 4 , respectively.

4.2 Case 2: base acceleration as white noise

In many real life cases the host structure may undergo
random acceleration, like in earthquake excitations or
strong wind. It is easier to formulate the problem in
terms of acceleration variables in the forcing function. The
equations in this case are given as

< x2
1 > =

c1
ω3
0

∫ ∞

−∞

|H(Ω)|2
Ω4

dΩ (14)

< v2 > = c1ω0

∫ ∞

−∞
|K(Ω)|2dΩ

and mean value of power is given as

< p > =
c1ω0

R

∫ ∞

−∞
|K(Ω)|2dΩ (15)

where c1 = Sẍbẍb
(ω), hence Sxbxb

(ω) = c1
ω4

The integrals in Eq 9, Eq 10, Eq 14 and Eq 15 are
difficult to have exact solutions. An approximate way to
find solution is given in Roberts and Spanos (1990). The
solution to an integral of the form

Im =

∫ ∞

−∞

Ξm(ω)

∆(ω)∆∗(ω)
dω

where

Ξm(ω) = ζm−1ω
2m−2 + ζm−2ω

2m−4 + . . .+ ζ0

∆(ω) = λm(iω)m + λm−1(iω)
m−1 + . . .+ λ0

is given as

Im =
π

λm

det[N ]

det[D]
(16)

where the numerator and the denominator are given as
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[N ] =




ζm−1 ζm−2 . . . . . . . . . ζ0
−λm λm−2 −λm−4 λm−6 . . . . . .
0 −λm−1 λm−3 −λm−5 . . . . . .
0 λm −λm−2 . . . . . . . . .
...

...
...

. . . . . .
...

0 0 . . . . . . −λ2 λ0




[D] =




λm−1 −λm−3 λm−5 −λm−7 . . . . . .
−λm λm−2 −λm−4 λm−6 . . . . . .
0 −λm−1 λm−3 −λm−5 . . . . . .
0 λm −λm−2 . . . . . . . . .
...

...
...

. . . . . .
...

0 0 . . . . . . −λ2 λ0




5. RESULTS AND DISCUSSIONS

This section discusses the parametric variation in the
power harvested with respect to the mechanical (absorber
damping coefficient, ζh) and electrical parameters (nondi-
mensional time constant, α, nondimensinal coupling coef-
ficient, K). Other parameters that are left constant in the
analysis are

Mass of frame 527.9 Kg
Length 186 mm
Resonant frequency 1.078 Hz
Mass of DVA 17.6 Kg
Damping 1.0 %
Frequency 1.06Hz

5.1 Base Displacement as white noise

The response for the case 1 are shown in Fig. 4 to Fig. 11.
Figure 4 shows the variation of mean power generated w.r.t
the mechanical damping in the DVA. It is observed that
the mean value of power generated increases by reducing
the damping in the absorber. As damping increases the
vibration of the DVA reduces and thereby less power is
generated.

Fig. 4. Variation of mean power harvested w.r.t DVA
damping ζh

From Fig 5 and Fig 6 it can be observed that the mean
value of power generated attains a maximum for particular
values of electrical parameters α and K. Hence by design-
ing these values in the range close to these peaks one can
get maximum returns.

The spectral density plot of power generated from Fig 7
shows that the maximum power generated is when the

Fig. 5. Variation of mean power harvested w.r.t α

Fig. 6. Variation of mean power harvested w.r.t K

Fig. 7. PSD of power harvested

frequency of vibration are close to natural frequency of
the primary mass system. This is obvious as there is more
motion in the primary and the secondary structures near
the resonant frequencies.

Fig 8 shows the variation of the mean square primary
mass displacement. There exists a particular value of
α beyond which increase in α increases the variance
in displacement.This particular α value depends on the
existing damping.Similar information can be obtained
from Fig 9.From Fig 10 we can see that the primary mass
displacemnet is minimum for a particular value of K.

Fig 11 shows that the maximum spectral density of pri-
mary mass displacement is for Ω close to 1, this is true
because maximum displacement is observed near the fre-
quencies close to natural frequency.
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frequency of vibration are close to natural frequency of
the primary mass system. This is obvious as there is more
motion in the primary and the secondary structures near
the resonant frequencies.

Fig 8 shows the variation of the mean square primary
mass displacement. There exists a particular value of
α beyond which increase in α increases the variance
in displacement.This particular α value depends on the
existing damping.Similar information can be obtained
from Fig 9.From Fig 10 we can see that the primary mass
displacemnet is minimum for a particular value of K.

Fig 11 shows that the maximum spectral density of pri-
mary mass displacement is for Ω close to 1, this is true
because maximum displacement is observed near the fre-
quencies close to natural frequency.
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Fig. 8. Variation of mean square primary mass displace-
ment w.r.t α

Fig. 9. Variation of mean square primary mass displace-
ment w.r.t ζh

Fig. 10. Variation of mean square primary mass displace-
ment w.r.t K

Hence by suitably choosing the values of mechanical and
electrical coefficients one can achieve minimum displace-
ment in the primary mass while maximizing the power
harvested.

5.2 Base acceleration as white noise

Variation in the power harvested for the case 2 are shown
from Fig 12 to Fig 16. By observing these plots of variation
of mean power generated one can make similar conclusions
as in the case 1.

Fig. 11. PSD of primary mass displacement

Fig. 12. Variation of mean power harvested w.r.t vs ζh

Fig. 13. Variation of mean power harvested w.r.t α

6. CONCLUSION

It has been shown that the vibrations of structures can
be controlled using the EHDVA when the base excitation
is random. Further it has been shown that the unwanted
vibrations can be used to generate energy. The order of
generated energy increases with the mass of structure.
Hence for sufficiently large bodies , like bridges, EHDVA
can be used to run low power sensor devices and hence can
work autonomously.
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