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[1] Precipitation and dissolution reactions in fractures alter apertures, which in turn affects

their ﬂow and transport properties. We consider aperture alteration by precipitation in a
‘‘gradient-reaction’’ regime where ﬂuids are close to chemical equilibrium with a mineral
everywhere, but precipitation is driven by solubility gradients. Monte Carlo simulations on
computer-generated aperture ﬁelds suggest that the most important feature of fracture
alteration by precipitation is the formation of elongated precipitate bodies perpendicular to
the mean ﬂow direction. The simulation results provide a basis for a proposed upscaling
relationship between mean aperture and the effective transmissivity tensor, incorporating a
critical aperture at which the transmissivity decreases steeply.
Citation: Chaudhuri, A., H. Rajaram, and H. Viswanathan (2012), Fracture alteration by precipitation resulting from thermal
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1.

Introduction

[2] The transmissivity of fractured rock masses is often
dominated by fractures. Alteration of fracture aperture and
transmissivity by dissolution and precipitation reactions is relevant in the context of several geological processes and the
long-term behavior of geothermal energy [Jing et al., 2002],
nuclear waste storage [Dobson et al., 2003], and subsurface
carbon sequestration systems [Shao et al., 2010]. One important regime of reactive fracture alteration is the ‘‘gradient
reaction’’ regime [Phillips, 1991], wherein dissolution and
precipitation occur due to ﬂow across solubility gradients, often induced by temperature gradients. In this technical note
we consider the relationship between mean aperture and
effective transmissivity of rough-walled (variable-aperture)
fractures during precipitation in gradient reaction regimes. For
silica and quartz, whose solubility increases with temperature
(below 340 C), precipitation will occur if the temperature
decreases along a ﬂow path, (e.g., in the far ﬁeld region of a
heat generating nuclear waste repository [Langmuir, 1987]).
For minerals whose solubility decreases with temperature,
such as calcite, precipitation will occur if the temperature
increases along a ﬂow path [e.g., Bächler and Kohl, 2005].
[3] The simple parallel-plate model leads to cubic dependence between aperture and transmissivity, and has
been used to represent the inﬂuence of dissolution/precipitation in gradient reaction regimes [Nimblett and Ruppel,

2003]. However, experimental studies of precipitation
under gradient-reaction conditions have shown that permeability decreases substantially even for small amounts of precipitation [e.g., Vaughan, 1985]. Verma and Pruess [1988]
explained this behavior based on a model of fractures in series, invoking the clogging of narrow fracture apertures.
They showed that clogging of narrow fracture apertures
produces a steeper reduction in transmissivity than predicted by the parallel-plate model. In experiments involving kinetic precipitation in fractures, Singurindy and
Berkowitz [2005] observed that transmissivity decreased at
a faster rate in rough-walled fractures than in smoothwalled fractures. The numerical simulations of Chaudhuri
et al. [2008] demonstrated that in variable-aperture fractures, precipitation in gradient reaction regimes leads to the
formation of elongate precipitate bands perpendicular to
the ﬂow direction, resulting in a steep reduction of transmissivity with mean fracture aperture. In this technical note
we show that the formation of elongation precipitation
bands is an inherent feature of the behavior in variable
aperture fractures across a broad range of initial fracture
geometries. We also propose a simple form for the upscaled
relationship between mean fracture aperture and effective
transmissivity that produces the steep reduction in effective
transmissivity observed in numerical simulations.
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Computational Approach

[4] Aperture alteration can be described using quasisteady-state ﬂow and transport equations due to the large
ratio between the mineral mass density and aqueous solubility [Ortoleva et al., 1987; Chaudhuri et al., 2008]. In
gradient reaction regimes, the kinetics of precipitation reactions are relatively fast; thus ﬂuid concentrations are
assumed to be at the solubility limit (Cs) and precipitation
is driven by reduction in solubility along a ﬂow path. Under

W01601

1 of 5

W01601

CHAUDHURI ET AL.: TECHNICAL NOTE

these conditions, aperture alteration can be described by
the following equations [Chaudhuri et al. 2008]:
!r

@b
¼ q  rCs ;
@t

(1a)

where
q¼

b3 g
rh:
12

(1b)

[5] In (1a), bðx; zÞ is the aperture, with x and z denoting
coordinates in the fracture plane; qðx; zÞ is the ﬂuid ﬂux,
given by the local cubic law in (1b), where g is the gravitational constant,  is the kinematic viscosity of water and
hðx; zÞ denotes the head ﬁeld; !r denotes the number of
moles of the precipitating mineral per unit volume of rock.
In (1a) the dissolved mineral mass ﬂux is assumed to be
advection dominated (see Chaudhuri et al. [2008] for a justiﬁcation). The ﬂuid mass balance equation is given by
r  q¼r 

 3

b g

rh ¼ 0:
12

(2)

In a variable-aperture fracture there are spatial variations in
b and hence in q as a result of which there are spatial variations in the aperture alteration rate (@b=@t). As the aperture
ﬁeld evolves due to precipitation, the ﬂuid ﬂux ﬁeld is further altered. Elongated precipitation bands perpendicular to
mean ﬂow result from this feedback. We consider fractures
subject to a constant mean hydraulic gradient along any
direction (z, not to be confused with vertical) with periodic
boundary conditions on the lateral edges parallel to the mean
hydraulic gradient. The solubility gradient is oriented along
the ﬂow direction and assumed to be constant in space and
time, corresponding to a conductive heat transfer regime.
Evolution of fracture aperture by precipitation was simulated
in a square domain of size (L  L) discretized with 1024 
1024 grid points, and involves recalculation of the head and
ﬂux ﬁelds from (2) with (1b), explicitly coupled to aperture
alteration (1a).

3.

W01601

The streamlines in the ﬁgure illustrate the ﬂux variations
resulting from the low-transmissivity lenses. In rows containing lenses there is a higher ﬂux in the space between lowaperture lenses due to ﬂow diversion. As a result, the highest
precipitation rates occur in these spaces between low-aperture
lenses. Thus each row of low-aperture lenses becomes an
elongated low-aperture band which can be identiﬁed as a
dark patch in Figure 1b. Due to formation of these elongated
bands the overall transmissivity of the fracture approaches
zero, reducing the ﬂux transmitted by the fracture. Thus the
aperture reduction rate also reduces and approaches zero.
However, the aperture reduction rate between rows of initial
low transmissivity lenses is always lower because the ﬂux is
smaller, and apertures remain larger in these regions. As the
effective transmissivity approaches zero, the ﬂux to these
regions is also reduced and at some stage the aperture in these
regions does not decrease further. Thus, the mean aperture
approaches a constant nonzero value, while the effective
transmissivity approaches zero. This is an important feature
of the mean aperture versus effective transmissivity relationship that is not captured by the cubic dependence implicit in
parallel-plate fracture models. We show below that similar
behavior arises in random aperture ﬁelds.
[8] The effective transmissivity of variable-aperture
fractures depends on the degree of aperture2 variability
(quantiﬁed by the coefﬁcient of variation 20 =b0 of the initial aperture ﬁeld, where b0 and 20 represent the initial
mean and variance of the aperture ﬁeld) and correlation

Results and Discussion

[6] The formation of elongated precipitate bodies is
explained by the dependence of the precipitation rate on the
magnitude and direction of the ﬂux in a gradient reaction
system. As the ﬂow gets diverted around a low-transmissivity
obstacle, the ﬂow rate is high in the streamline that is just
outside the obstacle. However, in the portion of the streamline where the ﬂux vector is perpendicular to the temperature/solubility gradient, little precipitation occurs. As the
streamline straightens out at the lateral edges of the obstacle,
the ﬂux becomes aligned with the solubility gradient and
results in large precipitation rates. The precipitation rate in
this streamline is higher than in adjacent streamlines that are
ﬂowing through higher-transmissible regions, because it carries a larger ﬂux. Thus, there is more precipitation at the lateral edges of a low-transmissivity obstacle and it grows
preferentially in a direction perpendicular to the mean ﬂux.
[7] We illustrate this mechanism in an idealized variableaperture fracture, with a regular array of low aperture
lenses oriented perpendicular to mean ﬂow (and solubility
gradient). These lenses appear as dark patches in Figure 1a.

Figure 1. Aperture alteration and barrier formation in an
initial aperture ﬁeld with a regular array of low-aperture
patches. (a) Initial and (b) late-time aperture ﬁelds with
streamlines.
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structure (quantiﬁed by the correlation functions and correlation lengths x and z in the x and z directions) [Gelhar,
1993; Zimmerman and Bodvarsson, 1996]. Our numerical
simulations demonstrate the inﬂuence of the above measures of aperture variability on the pattern formation due to
precipitation. Although fractal/power law spectral density
functions have been proposed for fracture surfaces, observations suggest a low-wave number cutoff, below which
power law behavior is not observed for aperture spectra
[e.g., Brown, 1995]. A review paper by Molz et al. [2005]
also notes that power law behavior is seldom observed over
a range greater than about two decades in wave number
space. Power law spectra with low wave number cutoffs
are essentially stationary random ﬁelds. Lanaro [2005] also
demonstrated that the standard deviation of measured fracture aperture ﬁelds becomes constant above a threshold
length scale. We thus used a stationary random ﬁeld model
for the fracture aperture ﬁeld. Speciﬁcally, the following
2-D Gaussian hole type spectral density function was used
for the initial aperture ﬁeld:
Sbb ðk; 0Þ ¼

 2 2

20 x z 2 2
k  þ kz2 2z
;
ðkx x þ kz2 2z Þexp  x x
2
4

(3)

Three different spatial correlation structures of the initial
aperture ﬁeld (as shown in Figure 2) were considered (L is
the domain size): (a) isotropic x ¼ 0:01L and z ¼ 0:01L,
(b) longitudinal anisotropic x ¼ 0:01L and z ¼ 0:05L,
and (c) transverse anisotropic x ¼ 0:05L and z ¼ 0:01L.

W01601

We performed simulations of 100 realizations for each case
2
with different 20 =b0 for the three different initial correlation
structures. Random ﬁeld realizations were generated using a
Fast Fourier Transform (FFT) spectral method. Results are
presented in dimensionless form below. With the initial
aperture-integrated mean ﬂux denoted as q0, a dimensionless
time can be deﬁned as tq0 = ðLb0 Þ. Figures 2a2–2c2 show the
dimensionless aperture ﬁeld b=b0 (from a single realization)
at a large dimensionless time tq0 =ðLb0 Þ  105 for the three
different cases. In all cases, elongated bands of low aperture
form perpendicular to the ﬂow. It is noteworthy that the
elongate barriers perpendicular to ﬂow form even when the
aperture ﬁeld has a longer correlation length in the direction
of mean ﬂow and solubility gradient. Eventually a few isolated dominant barriers form in all cases, similar to the
behavior noted by Chaudhuri et al. [2008]. Due to the formation of elongated barriers, the effective transmissivity
approaches zero in all cases, even though the mean aperture
approaches a constant nonzero value. As noted above, the
mean aperture approaches a constant value because ﬂow is
diverted around some large-aperture regions, and these
regions thus remain unaltered (compare upper and lower ﬁgures in Figure 2, e.g., b1 and b2).
[9] The time-evolving ensemble-averaged effective
transmissivity is plotted against the time-evolving mean
aperture during fracture alteration in Figures 3a–3c in terms
of logðTeff =Teff ðt ¼ 0ÞÞ versus logðb=b0 Þ. The behavior in

Figure 2. Initial (top) and late-time (bottom) aperture ﬁelds for different initial aperture correlation
structures. (a1, a2) Isotropic with (x =L ¼ z =L ¼ 0:01); (b1, b2) longitudinally anisotropic with
x =L ¼ 0:01; z =L ¼ 0:05; and (c1, c2) transversely anisotropic with x =L ¼ 0:05; z =L ¼ 0:01. The
mean ﬂow is along the z direction. All cases show the formation of barriers perpendicular to mean ﬂow.
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Figure 3. Time evolution of effective transmissivity and mean aperture during precipitation for (a) isotropic, (b) longitudinally anisotropic, and (c) transversely anisotropic initial aperture ﬁelds with different
b =b0 . The effective transmissivity-mean aperture relationship is plotted as a function of ðb  bc Þ=
ðb0  bc Þ in (d). The dark line in (a), (b), and (c) shows the cubic relationship in a parallel-plate fracture.
parallel-plate fractures is also shown for reference. For all
three cases we observe a steep decline in effective transmissivity at a critical value of bc =b0 (mean values of bc =b0
are reported in Table 1). The critical value of bc =b0 varies
2
with 20 =b0 and the initial correlation structure (i.e., x =z ).
2
2
For 20 =b0 ¼ 0:1, bc =b0 is smaller than for 20 =b0 ¼ 0:25
and 0.5 (which are not very different). The decrease in the
2
bc =b0 with 20 =b0 makes sense, as bc =b0 is zero for the par2
allel-plate case. For a ﬁxed 20 =b0 , bc =b0 increases systematically as the anisotropy ratio x =z increases (Figure 3,
Table 1). This behavior results because larger regions of
the fracture experience low rates of fracture alteration, as
the ﬂux deviates away from the direction of the solubility
gradient to get around the initially elongated low-transmissivity regions. The spread covered by realizations for each
2
case are shown with an error bar. For very small 20 =b0 , the
spread is tight so that the mean behavior is distinguishable
2
from other cases. However for moderate to large 20 =b0 , the
spreads overlap, suggesting that the systematic variation of
2
bc =b0 with 20 =b0 may not predict the behavior in individual
realizations accurately.

[10] The simulation results suggest that the steep reduction of effective transmissivity at some critical value of
bc =b0 is a universal and important feature of the behavior
during precipitation in variable-aperture fractures, which
should be incorporated in upscaled relationships between
effective transmissivity and mean aperture in large-scale
models. In Figure 3d we plot the time-evolving Teff =Teff ð0Þ
versus ðb  bc Þ=ðb0  bc Þ for all simulated cases. The collapse of the curves for the different cases suggests an effective transmissivity-mean aperture relation of the form
Teff
¼
Teff ðt ¼ 0Þ



b  bc
b0  bc

n

(4)

;

where n  3. This relationship is also valid for parallelplate fractures as bc ¼ 0 for this case. The variation of
Table 1. Dimensionless Critical Aperture bc =b0 for Various
Cases
2

2

2

Correlation

20 =b0 ¼ 0:1

20 =b0 ¼ 0:25

20 =b0 ¼ 0:5

x =L ¼ 0:01; z =L ¼ 0:01
x =L ¼ 0:01; z =L ¼ 0:05
x =L ¼ 0:05; z =L ¼ 0:01

0.22
0.11
0.35

0.33
0.19
0.45

0.31
0.21
0.39
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bc =b0 across the different cases from Table 1 is approximately between 0.1 (low initial aperture variance, longer
correlation parallel to mean ﬂow and solubility gradient)
and 0.4 (higher initial aperture variance, longer correlation
perpendicular to mean ﬂow and solubility gradient). The
upscaled relationship (4) is empirically derived from the
simulation results. Although effective transmissivity-mean
aperture relationships have been derived from stochastic
analysis incorporating the inﬂuence of aperture variability
[Zimmerman and Bodvarsson, 1996; Gelhar, 1993], these
analyses are typically valid for small aperture variance and
restricted forms of the aperture probability density function.
Reproducing the behavior indicated by (4) using a stochastic
perturbation analysis is an interesting and challenging problem for future research, particularly due to unusually skewed
late-time aperture pdfs revealed in the numerical simulations
(also see Figure 7 in Chaudhuri et al. [2008]).

4.

Conclusions

[11] For fracture alteration by precipitation in gradientreaction regimes, a steep reduction in effective transmissivity at a critical value of the mean aperture (bc =b0 ) seems to
be the most important and universal feature that should be
represented in upscaled effective transmissivity versus
mean aperture relationships. A simple relationship of the
form (4) appears to satisfactorily represent behavior across
a wide range of initial aperture statistics. The parameter
(bc =b0 ) in (4) varies systematically between 0.1 and 0.4
depending on the initial correlation anisotropy, which may
be approximately related to the stress state during fracturing (e.g., tensile versus shear fractures produce different
degrees and types of anisotropy, [Auradou et al., 2005;
Mallikamas and Rajaram, 2005]). Thus (4) may be used to
represent the reduction in fracture transmissivity in models
of enhanced geothermal and CO2 injection systems, with
prescribed values of (bc =b0 ) based on estimates of the initial mean aperture, aperture variance, and stress state during fracturing. For fractures with high degree of aperture
2
variability (e.g., 20 =b0 > 0:25), there is considerable variation in (bc =b0 ) between individual realizations, which
implies some uncertainty in the assignment of (bc =b0 ) values for applications. Although our analysis pertains to a
gradient-reaction regime, experimental studies under more
complex chemical conditions with kinetic precipitation [e.g.,
Singurindy and Berkowitz, 2005] also suggest a similar rapid
decrease in transmissivity of variable-aperture fractures.
Establishment of a theoretical basis for (4), improved understanding of the factors controlling (bc =b0 ), investigation of
the behavior in networks with varying orientations, and
extensions to more complex systems with kinetic precipitation are important problems for future research.
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