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The oscillation responses and the associated wake structures of three rotating tandem cylinders,
mounted on elastic supports in both the streamwise (x-) and transverse (y-) directions, are numerically
studied. Finite element computations are carried out at Reynolds number Re = 150, where the flow is
two-dimensional (2-D), and at Re = 2000 (3-D flow), varying the reduced velocity (U ∗ ) in the range
U ∗ = 2–14. Each cylinder is placed at a distance of 5 diameters (5D) from its immediate neighbor.
In the two-dimensional flow, the upstream and the second downstream cylinders are rotated at the
rotation rate (α) of 1, while for the first downstream cylinder, α = 0, 0.5, and 1 are employed. In
the 3-D computations, α = 1 is considered for the three bodies. It is observed that at Re = 150, all
the cylinders exhibit three distinct lock-in modes, namely, modes I, II, and III. Depending on the
rotation configuration, 2S, P + S, and 2P shedding patterns appear in the wake of upstream cylinder,
while the downstream cylinders shed 2S, P, P + S, 2P, and T + P modes of primary vortices. In
the 3-D flow (at Re = 2000), the upstream cylinder exhibits a bell-shaped profile in the variation of
amplitude response as a function of U ∗ . Oscillation responses of the two downstream bodies appear in
three distinct regions. During high amplitude oscillations, the upstream cylinder sheds the 2P mode of
primary vortices, while in the near wakes of the two downstream bodies, small and incoherent primary
vortical structures form due to the presence of three-dimensional instability. Low and high amplitude
responses are associated with weak and strong 3-D flow instabilities, respectively. Published by AIP
Publishing. https://doi.org/10.1063/1.5051773
I. INTRODUCTION

Vortex-induced vibration (VIV) of multiple cylinders has
a lot of practical importance in several engineering applications such as off-shore oil drilling, heat exchangers, and tall
chimneys. When one or more cylinders are placed downstream
of another body, due to the interaction with the upstream
vortices, the oscillation response of the downstream body
exhibits different phenomena compared to those of an isolated cylinder, as discussed by Zdravkovich,1,2 Chen,3 and
Sumner 4 in their review articles. It is well known that a
freely oscillating isolated cylinder exhibits synchronized oscillations, when the vibration frequency (f 3 ) locks-in with the
primary vortex shedding frequency (f ) and is equal to the natural frequency (fN ) of the structure.5 Various nondimensional
parameters used in this paper are defined as follows: Reynolds
number—Re = ρUD/µ, primary shedding frequency—St
= fD/U, reduced vibration frequency—F√
3 = f 3 D/U, damping
coefficient—ξ = c/cc (where cc = 2 km), mass ratio—
m∗ = 4m/(π ρD2 ), reduced velocity—U ∗ = U/(fN D), drag
coefficient—Cd = Drag/( 21 ρU 2 LD), lift coefficient—Cl =
Lift/( 21 ρU 2 LD), streamwise amplitude—A∗x = x/D, transverse amplitude—A∗y = y/D, and rotation rate—α = ωD/(2U),
where ρ, U, m, D, L, c, k, and ω represent the fluid density, freestream velocity, mass of the cylinder, diameter of the
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cylinder, length of the cylinder, damping coefficient, spring
constant, and angular velocity of the cylinder, respectively.
In the case of a single cylinder, for Re < 500, the oscillation response exhibits two distinct modes in the lock-in region,
namely, initial and lower.6,7 In higher Re [∼O(104 )] flows, the
upper mode was also observed by Khalak and Williamson8–10
and Govardhan and Williamson.49 However, unlike in the
isolated cylinder, synchronization is not observed in the oscillation response of a downstream body, which interacts with
the wake of its upstream object. For Re ∼ O(104 ), Bokaian
and Geoola,11 Huera-Hover and Triantafyllou,12 Assi et al.,13
Huera-Huarte and Gharib,14 Huera-Huarte and Bearman,15
and Assi16,17 observed a galloping response of a downstream cylinder, where the maximum amplitude monotonically
increases as the reduced velocity (U ∗ ) is increased up to its
highest value considered. Galloping is generally observed
when the symmetry in the flow past a bluff-body is broken, resulting in an asymmetric pressure distribution around
the body.18 In the galloping response of a freely mounted
body, the lock-in mechanism between the vibrations, primary vortex shedding, and the structural frequency is never
observed. Galloping response is led by a flow instability that
results in the low amplitude oscillations at low frequency and
intermittent bursts into high amplitudes, which increase with
increase in U ∗ .19 For two circular cylinders, Zdravkovich2
identified proximity interference, wake interference, and the
combination of both, depending on the gap between the bodies. Zdravkovich2 observed that for the downstream body,
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synchronization with its vortex shedding causes high amplitude oscillations, whereas the interaction with the upstream
wake results in sustainability of its high amplitude response
up to high reduced velocities. This coupled excitation leads to
wake-galloping. To further understand the galloping response,
Assi et al.20 experimented with the gaps between two tandem
cylinders ranging from 4D to 20D. They observed that since
the shortest gap is 4D, the upstream cylinder sheds vortices
in the gap and hence exhibits oscillation behavior similar to
that of an isolated cylinder. For shorter gaps considered, the
downstream cylinder experiences galloping due to the wake
interference. Therefore, they named the response of the downstream body wake-induced vibrations. As the gap is increased
to 20D, the downstream body behaves like an isolated cylinder. Mittal and Kumar 21 and Prasanth and Mittal22 also found
that the dynamic response of the upstream cylinder resembles that of a single cylinder, for the streamwise gap of 5.5D
between two cylinders. However, due to the wake interference,
the downstream body undergoes flutter.
In contrast to the galloping response observed in the past,
Papaioannou et al.23 noticed that for a streamwise gap in
the range of 2.5D–5D, the downstream cylinder exhibits an
oscillation response that increases to certain maximum amplitude with increase in U ∗ and then decreases as U ∗ is further
increased in the Re = 160 flow. The amplitude response profile
obtained in their numerical simulations clearly indicates that
there may be initial and lower lock-in-like branches, similar
to the oscillation response of an isolated cylinder observed
by Prasanth and Mittal.7 Carmo et al.,24 Wang et al.,25 Han
et al.,26 and Mysa et al.27 also observed that at low Re, the
downstream cylinder exhibits certain increasing and decreasing trends in the variation of the amplitude response with Re
or U ∗ .
Similar to the dynamic behavior of a downstream cylinder placed in the wake of its upstream body, Stansby and
Rainey28 and Yogeswaran and Mittal29 reported the galloping
response in the vortex-induced vibrations of a rotating isolated cylinder. They did not observe lock-in oscillations for
a rotating body. On the other hand, Bourguet and Jacono18,30
found that a rotating cylinder, freely oscillating in either the
transverse or streamwise direction at Re = 100, exhibits a bell
shaped profile in the variation of the amplitude response with
reduced velocity. They noticed that when the rotating cylinder
freely oscillates in only one direction (i.e., with one degree
of freedom), the body undergoes synchronization between
the oscillations and the vortex shedding. Zhao et al.,31 via
numerical studies of an isolated rotating cylinder at Re = 150
and for 1 ≤ U ∗ ≤ 13, showed that the body exhibits lock-in
oscillations. They observed different profiles in the amplitude’s variation with U ∗ , as the cylinder rotates at α = 0.5
and 1. Recently, in different studies, Munir et al.32 and Zhao
et al.33 also observed synchronized oscillation responses for
isolated rotating cylinders at Re = 500 and 1349 ≤ Re ≤ 8624,
respectively.
The vibrations of rotating cylinders are associated with
various wake patterns depending on the rotation rate and the
reduced velocity. Zhao et al.31 found that the high amplitude
oscillation response of the isolated rotating cylinder at Re = 150
accompanies the P + S primary shedding mode, in which a pair
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of opposite signed vortices and a single vortex are shed per one
vibration cycle (refer Williamson and Roshko34 ). Bourguet
and Jacono18,30 observed the 2S pattern (two single vortices
are released in one oscillation cycle) for a rotating cylinder at
low reduced velocities in the Re = 100 flow. However, for high
rotation rates and high U ∗ , Bourguet and Jacono18,30 found
P + S as well as T + S (one triplet and one single vortex) for
transverse oscillations. In the case of a rotating cylinder vibrating in the streamwise direction only, Bourguet and Jacono30
observed that the wake is characterized by T + P (one triplet
and one pair) and Q + P (a quartet and a pair) modes of vortex
shedding, as the cylinder rotates at α ≥ 2.75, for Re = 100 and
U ∗ ≥ 18.
The topic of flow-induced oscillations of multiple rotating cylinders plays an important role in off-shore oil drilling,
where a number of rotating rigs are mounted in either tandem,
staggered, or in both the configurations. When the cylinders are
placed in the tandem arrangement, each downstream cylinder
exhibits different oscillation characteristics compared to any of
its upstream bodies. Due to this aspect, the oscillation behavior of the cylinder and the associated wake structures appear
more and more complex, as one goes downstream. However, it
is practically difficult to study the oscillations of a large number
of tandem cylinders via numerical simulations. In the present
work, we investigated the dynamic behavior of the downstream
rotating cylinders and their effect on the oscillations of the
upstream rotating body, placing only three identical bodies in
the tandem configuration. All the cylinders are mounted on
elastic supports in both the streamwise (x-) and the transverse
(y-) directions. It is well known that vortex shedding from the
upstream cylinder takes place for the streamwise gaps above
4D between the bodies.2 Prasanth and Mittal22 and Behara
et al.35 observed that due to the vortex shedding in the gap, the
upstream body in the tandem and staggered configurations of
non-rotating cylinders exhibits the oscillation response similar
to that of an isolated cylinder.
In the present simulations, we primarily seek to study the
effect of interaction with the upstream vortices on the dynamic
behavior of the downstream cylinders. Therefore, the cylinders are placed in a line with a regular streamwise gap of 5
diameters (5D). Finite element computations are performed
in two- and three-dimensions at Re = 150 and Re = 2000,
respectively. Reduced mass (m∗ ) of 2 and the zero damping
are considered to allow the body to oscillate at high amplitudes. It will be interesting to see how a rotating downstream
cylinder affects the dynamic behavior of the upstream cylinder in the tandem arrangement. To study this aspect in detail,
in the present investigations, numerical experiments are carried out for three configurations of the rotation rates (α) of the
cylinders as follows: 1, 0, 1; 1, 0.5, 1; 1, 1, 1. Unlike the galloping response observed in the past by Stansby and Rainey28
and Yogeswaran and Mittal29 for the isolated rotating cylinder, in the present work, we found that all the cylinders exhibit
distinct lock-in modes of the oscillation response, where the
body’s vibration frequency matches the frequency of primary
vortex shedding in the two-dimensional flow (Re = 150). Similarly at Re = 2000, where the flow is three-dimensional, we
observed three distinct oscillation response regions for the two
downstream cylinders. In this paper, we shall discuss the
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associated wake structures in detail for both the Reynolds
numbers.
II. COMPUTATIONAL DETAILS, CONVERGENCE,
AND VALIDATION STUDIES

The incompressible Navier-Stokes equations, which
govern the fluid flow, are solved via the Streamline
Upwind/Pressure Stabilization Petrov Galerkin (SUPG/PSPG)
formulation in space and time. For more details of this formulation, the reader is referred to Tezduyar et al.36–38 The
motion of the cylinder is modeled by the dynamic equations
shown in the work of Behara et al.35 Mesh is updated for
the new positions of the moving cylinders at each nonlinear iteration of the flow governing equation system employing the mesh moving technique proposed by Johnson and
Tezduyar.39 The resulting system of algebraic equations are
solved using the GMRES technique,40 providing diagonal preconditioners. For the abovementioned formulation, a parallel
code is developed on a distributed memory parallel computing machine, loaded with MPI (Message Passing Interface)
libraries and Intel compilers. Details of the parallelization are
reported by Behara and Mittal.41 Dynamic domain partitioning
is carried out employing ParMETIS, which was developed by
Karypis.42
A. Finite element mesh

Figure 1 shows the schematics of three tandem cylinders mounted on elastic supports and the three-dimensional
computational domain, while the finite element mesh over the
full domain and the close-up view of a cylinder are presented
in Fig. 2. In Fig. 2(a), the boundary conditions employed in
the computational domain are shown. All the cylinders are of
equal diameter (D). The domain spans on the xy-plane, and
the freestream flow is in the x-direction, as shown in Fig. 2(a).
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In this paper, the three cylinders are referred to as cyl-A, cyl-B,
and cyl-C [see Fig. 1(a)]. The center of the upstream cylinder
(cyl-A) is placed at x = 0, y = 0. Each downstream cylinder
(cyl-B, cyl-C) is placed at a distance of 5D from its immediate
upstream neighbor. In Fig. 2(a), L U and L D , respectively, represent the distances of the upstream and downstream boundaries
from the origin (0, 0) and H is height of the domain. The
finite element mesh is made up of triangular elements and
consists of two parts: a structured part close to each cylinder
and an unstructured mesh generated via Delaunay’s triangulation technique in the rest of the domain, as seen in Fig. 2.
This 2-D mesh is extruded into the z-direction (perpendicular to the plane of the paper) to obtain the 3-D domain, as
shown in Fig. 1(b). L z represents the span of the domain in the
z-direction.
B. Boundary conditions

On the upstream boundary, uniform flow (u1 = U) in
the x-direction is specified, as shown in Fig. 2(a). In the 3-D
domain, uniform flow is employed on the surface ADHE [see
Fig. 1(b)]. The downstream boundaries in both 2-D and 3-D
(surface BCGF) domains are left stress free. Slip wall condition, in which the normal component of velocity and the
tangential stress are zeroes, is employed on both the top and
bottom boundaries [ABFE and DCGH in Fig. 1(b)]. In the 3-D
domain, the slip-wall condition is provided on the two lateral
walls (ABCD and EFGH) as well. On the surfaces of cylinders, instantaneous velocities of the respective bodies, as they
rotate in the clockwise direction at certain rotation rate (α) and
move in the x- and y-directions, are provided [see Fig. 1(a)]. In
the present study, three rotation configurations are considered
as follows—RC1: for cyl-A, α A = 1, for cyl-B, α B = 0, and
for cyl-C, α C = 1; RC2: α A = 1, α B = 0.5, and α C = 1; RC3:
α A = 1, α B = 1, and α C = 1.

FIG. 1. Schematics of (a) three tandem cylinders
mounted on elastic supports in the streamwise (x-)
and transverse (y-) directions and (b) three-dimensional
(3-D) computational domain. Each cylinder is placed at
the gap of 5 diameters (5D) from its immediate upstream
neighbor. The upstream cylinder and the two downstream
cylinders are referred to as cyl-A, cyl-B, and cyl-C,
respectively. The cylinders rotate in the clockwise direction in three different configurations—RC1: αA = 1, αB
= 0, αC = 1; RC2: αA = 1, αB = 0.5, αC = 1; RC3:
αA = 1, αB = 1, αC = 1. In the 3-D domain, only one
cylinder is shown for simplicity. L z is the span of the
domain in the z-direction.
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FIG. 2. Finite element mesh: (a) full domain and (b)
close-up view of a cylinder. Boundary conditions are
shown in (a).

C. Convergence study

In order to evaluate the effect of the size of finite element mesh on the flow characteristics and oscillation response
of the cylinders, we experimented with different meshes.
Simulations are performed at U ∗ = 5, where all cylinders
exhibit high amplitude oscillations, as they rotate at α = 1.
Table I presents the summary of the results at Re = 150,
where the flow is two-dimensional. The number of nodes and
elements of meshes M1, M2, and M3, employed in the simulations, are shown in the caption of Table I. For meshes M1
and M2, dimensions of the domain are as follows: L U = 8D,
L D = 50D, and H = 25D. As it is evident from the number of
nodes and elements, M2 has double the size of M1. For mesh
M3, L U = 16D, L D = 80D, and H = 100D. From Table I, it can be
TABLE I. Vortex-induced vibrations of three tandem rotating cylinders
(Re = 150, U ∗ = 5, m∗ = 2, ξ = 0, and α = 1): Comparison of rms values
of nondimensional amplitudes of streamwise (A∗x,rms ) and transverse (A∗y,rms )
oscillations, rms values of drag (C d ,rms ) and lift coefficients (C l ,rms ), and the
frequency ratio (f3 /fN ) obtained for three meshes. The number of nodes and
elements of M1: 31 544, 62 760; M2: 64 885, 129 350; M3: 45 822, 91 222.
Mesh
M1
M2
M3
M1
M2
M3
M1
M2
M3

Cylinder

A∗x,rms

A∗y,rms

C d ,rms

C l ,rms

f3 /fN

cyl-A
cyl-A
cyl-A
cyl-B
cyl-B
cyl-B
cyl-C
cyl-C
cyl-C

0.517
0.521
0.502
0.545
0.548
0.526
0.565
0.573
0.551

0.672
0.671
0.661
0.522
0.527
0.509
0.490
0.496
0.482

1.617
1.624
1.567
1.668
1.674
1.657
1.723
1.739
1.701

2.057
2.058
2.051
1.600
1.601
1.582
1.504
1.533
1.498

0.635
0.635
0.635
0.635
0.635
0.635
0.635
0.635
0.635

observed that the values of various parameters obtained by all
the meshes are agreeing well with each other. This study confirms that the mesh M1 will suffice for all the two-dimensional
computations.
Mesh resolution study on the flow and oscillation characteristics at Re = 2000 and U ∗ = 5 is carried out employing two
different sizes of the 3-D mesh, namely, 3DM1 and 3DM2.
The number of nodes and elements of these meshes are specified in the caption of Table II, which presents the comparison
of various parameters obtained using these meshes. The span
of L z = 2.5D is considered. From Table II, one can notice that
the results predicted by the two meshes are matching well with
each other. It is well known that the wake of a circular cylinder is characterized by 3-D instabilities for Re ≥ 200, namely,
mode-A and mode-B. Streamwise vortical structures having
the spanwise wavelength of 3D–4D appear in the wake due
to the presence of mode-A instability at Re ∼ 200–240.43,44
TABLE II. Vortex-induced vibrations of three tandem rotating cylinders
(Re = 2000, U ∗ = 5, m∗ = 2, ξ = 0, and α = 1): Comparison of rms values
of nondimensional amplitudes of streamwise (A∗x,rms ) and transverse (A∗y,rms )
oscillations, rms values of drag (C d ,rms ) and lift coefficients (C l ,rms ), and the
frequency ratio (f3 /fN ) obtained for the two 3-D meshes. The number of nodes
and elements of 3DM1: 820 144, 1 569 000; 3DM2: 1 687 010, 3 233 750.
Mesh

Cylinder

A∗x,rms

A∗y,rms

C d ,rms

C l ,rms

f3 /fN

3DM1
3DM2
3DM1
3DM2
3DM1
3DM2

cyl-A
cyl-A
cyl-B
cyl-B
cyl-C
cyl-C

0.353
0.341
0.458
0.448
0.388
0.363

0.755
0.731
0.612
0.597
0.486
0.477

1.172
1.154
1.309
1.278
1.107
1.089

2.244
2.018
1.753
1.731
1.371
1.343

0.655
0.653
0.655
0.653
0.655
0.653
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FIG. 3. Time histories of the nondimensional transverse displacement
(y/D) for (a) the upstream cylinder
(cyl-A) and (b) the second downstream
cylinder (cyl-C) at Re = 2000 and U ∗ = 5.
Time histories are compared between
the spans 2.5D and 4D in RC3, which
is defined in the caption of Fig. 1.

On the other hand, mode-B flow structures form in the near
wake of the cylinder with the spanwise wavelength of 0.8D–
1D. The flow at Re = 2000, which is considered in the present
work, is associated with the mode-B-like instability. Therefore, to study the effect of the cylinders’ span on their vibration
response in three-dimensional flow, we carried out flow simulations for L z = 2.5D (using mesh 3DM1) and L z = 4D at
Re = 2000, U ∗ = 5, and the rotation rate α = 1. The 3-D
domain having the span of 4D consists of 1 293 304 nodes
and 2 510 400 pentahedral elements. Figure 3 shows the comparison between the time histories of transverse oscillations
obtained for both the spans. From this figure, it can be seen
that the oscillation response in the span-2.5D case is consistent
with that obtained for L z = 4D. Hence, we considered the mesh
3DM1, with the span of 2.5D in the present three-dimensional
simulations. The effect of the time step is also investigated
considering ∆t = 0.01 and 0.05. We observed that the difference between the two cases is less than 1%. Therefore, we
employed ∆t = 0.05 for all the computations.

called the Magnus effect, which is well studied in the past
by several researchers.45–47 Bourguet and Jacono18 and Wong
et al.48 observed that due to the Magnus effect, the rotating
cylinder’s mean oscillation position moves further away from
its non-oscillating location with increase in reduced velocity (U ∗ ). In the present study, the same trend is observed in
the variation of mean transverse displacement (ȳ/D) with U ∗
for the three cylinders, which is presented in Fig. 6. All the
rotating cylinders exhibit small variation in their ȳ/D–U ∗ relation for U ∗ ≤ 5.5 and thereafter the slope of the ȳ/D–U ∗ curve
increases rapidly, as can be seen in Fig. 6. Later in this paper,
it will be shown that for U ∗ ≤ 5.5, oscillation amplitudes
of the cylinders gradually increase from near zero to higher
values.
The mean location of the oscillating first downstream
cylinder (cyl-B) appears as a strong function of its rotation
rate (α B ). In RC1, since the cylinder does not rotate, its mean
location remains close to the ȳ/D = 0 line (initial location) for
most part of the U ∗ considered, as shown in Fig. 6(a). However,

D. Validation of the method

For validating the finite element formulation, employed
in the present study, the maximum amplitude of the upstream
cylinder is compared with the results reported by Zhao et al.31
in Fig. 4. Zhao et al.31 performed numerical simulations for
an isolated cylinder of m∗ = 2 that rotates at α = 1 in the
Re = 150 flow. From Fig. 4, one can notice that the normalized maximum amplitudes obtained in the present study are
in good agreement with those obtained in the studies of Zhao
et al.31 Figure 5 presents the instantaneous vorticity picture for
an isolated cylinder at U ∗ = 5, where the body exhibits high
amplitude oscillations. This picture confirms that, consistent
with the observations of Zhao et al.,31 in the present simulations also the P + S mode of vortex shedding is predicted for
high amplitude oscillations.
III. MAGNUS EFFECT

A rotating cylinder experiences non-zero lift due to the
asymmetric pressure distribution around its surface. The flow
is accelerated on the leeward side by the rotation of the body,
creating a low pressure region. On the windward side, due
to early separation from the surface moving in the opposite direction to the freestream, the flow decelerates leading
to the formation high pressure. The net pressure force acts
on the body towards the leeward side. This phenomenon is

FIG. 4. Variation of the normalized maximum amplitudes with U ∗ obtained
in the present work and those reported by Zhao et al.31 for an isolated cylinder
of m∗ = 2, rotating at α = 1. Re = 150 and ξ = 0 are considered in both the
studies.
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FIG. 5. Instantaneous vorticity field, depicting the P + S mode of shedding
at Re = 150 and U ∗ = 5 for an isolated cylinder, rotating at α = 1.

around U ∗ = 6, its ȳ/D slightly departs from the initial location.
We observed that asymmetric vortex shedding causes this offset in the mean oscillation position of cyl-B. This phenomenon
is elaborated in Sec. IV E. Figures 6(b) and 6(c) demonstrate
that with increase in α B , cyl-B’s mean location ȳ/D increases.
As the downstream cylinders interact with the upstream vortices, the offset in ȳ/D for each downstream cylinder appears
lower than those of its upstream bodies. This aspect is evident
from Figs. 6(a) and 6(b) for cyl-A and cyl-C, which rotate at
α = 1 (in RC1 and RC2), and for the three cylinders in Fig. 6(c)
(RC3). Recall that in RC3, all the cylinders rotate at the same
rotation rate (α = 1). Therefore, one can conclude that the
Magnus effect is moderated on the downstream bodies due to
their interaction with the wake, particularly for U ∗ ≥ 6.
IV. OSCILLATION RESPONSES AND WAKE
STRUCTURES AT Re = 150
A. Response of the upstream cylinder

Figure 7 shows the variation of rms values of normalized
amplitude in the streamwise (A∗x,rms ) and transverse (A∗y,rms )
directions with reduced velocity (U ∗ ) for the upstream cylinder
(cyl-A). Also shown is the frequency ratio (f 3 /fN ) as a function
of U ∗ . From this figure, it can be observed that the oscillation
response of cyl-A remains same in all three rotation configurations (RC1, RC2, and RC3), indicating that the upstream
cylinder is largely unaffected by the presence of downstream
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bodies for the streamwise gap of 5D between cyl-A and cyl-B.
Recall that the rotation rate of cyl-A (α A ) is 1 in all the rotation
configurations.
The oscillation response of cyl-A exhibits three distinct modes, in which the vibration frequency matches the
frequency of vortex shedding. This phenomenon is discussed
in detail later in this section. In Fig. 7, it can be observed that
at the beginning of modes I (U ∗ < 5.6) and III (7.8 < U ∗ ≤ 9),
the amplitude monotonously increases to the respective peaks.
The modes I and III are separated by the low amplitude mode
II (5.6 ≤ U ∗ ≤ 6.8) response region. In mode II, the lower value
of A∗y,rms remains almost the same for the entire corresponding range of U ∗ . The transition of the mode I regime to the
mode II regime is characterized by a sudden downward jump
in the amplitude response, whereas the amplitude gradually
increases in the transition between modes II and III. It is found
that the first transition is accompanied by a sudden change in
the vortex shedding pattern in the wake of cyl-A, and in the
second transition there is a gradual energy transfer in the shedding frequency. These aspects will be elaborated later in this
section. The nearly constant f 3 /fN values in modes I and III
[see Fig. 7(c)] reveal that the oscillation frequency of cyl-A
locks-in at a certain fraction of fN . In mode II, f 3 /fN increases
with U ∗ and attains unity, suggesting that cyl-A undergoes
synchronized oscillations. Therefore, one can conclude that
all three modes of the oscillation response constitute the lockin regime of cyl-A. However, between modes II and III, there
exists a narrow transition region (TR), where cyl-A does not
exhibit lock-in oscillations. More details of this aspect will
be discussed later in this subsection. From Fig. 7, it is interesting to notice that though the vibration frequency (f 3 ) of
cyl-A closely follows the structure’s natural frequency (fN )
in mode II compared to what is seen in the other modes, the
body exhibits lower amplitude oscillations. The reason for this
aspect is not known. The observed trends of cyl-A’s oscillation response are in good agreement with those of an isolated
cylinder rotating at α = 1 in the Re = 150 flow, reported by
Zhao et al.31

FIG. 6. Variation of the normalized mean transverse displacement (ȳ/D) of the rotating cylinders with U ∗ for the
three rotation configurations. The horizontal line represents the initial location of the non-oscillating cylinders.
(a) RC1. (b) RC2. (c) RC3.
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FIG. 8. Transverse vibration frequency (F3 ) spectra of the upstream cylinder
(cyl-A) at U ∗ = 5 (representative of the mode I lock-in regime), U ∗ = 6.6
(mode II), U ∗ = 7.2 and 7.5 (transition from mode II to mode III), and U ∗ = 8.6
(mode III).

FIG. 7. Variation of the rms value of nondimensional amplitudes of (a)
streamwise (A∗x,rms ) and (b) transverse (A∗y,rms ) oscillations and (c) frequency
ratio (f3 /fN ) with reduced velocity (U ∗ ) for the upstream cylinder (cyl-A) at
Re = 150. RC1, RC2, and RC3 are defined in the caption of Fig. 1. Modes,
I, II, and III mark distinct lock-in oscillation regimes, where wake-body synchronization occurs. TR represents the transition region between modes II and
III. Dashed lines demarcate the lock-in modes.

From Figs. 7(a) and 7(b), it can be observed that in the transition of cyl-A’s oscillation response from the mode I regime
to the mode II regime, the amplitude suddenly jumps to lower
values, while the transition region (TR) between modes II and
III is characterized by a gradual increase in the amplitude
response. On the other hand, the frequency ratio (f 3 /fN ) [see
Fig. 7(c)] exhibits a gradual change in the first transition and
a downward jump at the second one (TR). Here, the vibration frequency (f 3 ) is obtained by employing the Fast Fourier
Transform (FFT) on the time history of transverse displacement. When multiple peaks appear in the frequency spectrum,
the frequency corresponding to the highest peak is considered the fundamental vibration frequency (f 3 ). However, this
method of computing f 3 does not provide clear details of the
body’s oscillations.
In order to further elaborate the cyl-A’s oscillation
response, its transverse vibration frequency spectra are shown

in Fig. 8 for various values of U ∗ . In this figure, it can be
observed that at U ∗ = 5, one primary peak and one secondary peak appear, even though the frequency spectrum is
smooth. Here, the spectrum is said to be smooth as there are no
other significant peaks found expect the two mentioned above,
characterizing the periodic oscillations of cyl-A in the mode
I regime. However, the appearance of the two peaks indicates
that cyl-A exhibits low frequency modulation. In Sec. IV B,
we shall show that this frequency modulation is related to the
asymmetric primary vortex shedding. At U ∗ = 6.6, which is in
the mode II region, the body vibrates at low amplitudes (see
Fig. 7). These vibrations are found to be slightly nonperiodic
due to which the U ∗ = 6.6 frequency spectrum does not appear
to be smooth, though the spectrum is characterized by a single
major peak, as seen in Fig. 8. In this figure, one can notice
that as the reduced velocity is increased to U ∗ = 7.2, which is
at the beginning of transition between modes II and III (TR
in Fig. 7), cyl-A’s oscillation response exhibits low frequency
modulation, as two peaks (f1 and f2 ) appear in the spectrum,
with f1 being the fundamental frequency. During this transition, as U ∗ is further increased, there occurs a gradual energy
transfer from the fundamental frequency (f1 ) to the secondary
frequency (f2 ). This phenomenon is also associated with the
gradual increase in the amplitude response, from mode II to
mode III, as shown in Fig. 7. At U ∗ = 8.6, cyl-A undergoes
periodic oscillations, corresponding to mode III, at a frequency
represented by the peak f2 . Like mode I, in mode III also, the
appearance of two peaks is associated with the asymmetric primary vortex shedding, which we discuss in detail in Sec. IV B.
From the above discussion, it can be inferred that though
there appears a sudden downward jump in the f 3 /fN –U ∗ plot
at the transition from mode II to mode III, this transition is
indeed associated with gradual energy transfer in the fundamental vibration frequency, as f 3 /fN shifts from the higher to
the lower path [see Fig. 7(c)]. This phenomenon is not observed
at the beginning of the mode I region though cyl-A’s amplitude
gradually increases as seen in Fig. 7.
Figure 9 presents the representative trajectories of cyl-A
in all three lock-in modes, as well as in the transition region.
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FIG. 10. Instantaneous vorticity pictures depicting the P + S shedding pattern
at (a) U ∗ = 5 (mode I) and the 2S at (b) U ∗ = 6.6 (mode II) for the upstream
cylinder (cyl-A).

FIG. 9. Trajectories of the upstream cylinder (cyl-A) on the xy-plane at (a)
U ∗ = 5 (mode I), (b) U ∗ = 6.6 (mode II), (c) U ∗ = 7.5 (transition from mode
II to mode III), and (d) U ∗ = 8.6 (mode III). The clockwise rotating cylinder
traverses along these paths in the anti-clockwise direction.

In modes I and III, the cylinder exhibits orbital motion as
shown in Figs. 9(a) and 9(d), respectively. However, in mode II,
where cyl-A oscillates at low amplitudes, it moves along multiple inclined narrow elliptic paths [see Fig. 9(b)]. The regular
shaped orbital trajectories observed in modes I and III indicate
that the body vibrates periodically at the same frequency in the
streamwise (x-) and transverse (y-) directions. This aspect is
different from the dynamic behavior of a non-rotating cylinder, which traverses in a path similar to the structure of the
number 8, as the body oscillates in the streamwise direction at
double the frequency of its transverse vibrations.5 However,
these observations are in line with the phase diagrams of the
drag (C d ) and lift (C l ) coefficients, reported by Mittal and
Kumar.46 They showed that when a non-oscillating cylinder
rotates at α = 1 in the Re = 200 flow, the asymmetric vortex shedding results in the appearance of an orbital shape in
the C d –C l phase plot. On the other hand, for a non-rotating
cylinder, as the positive and negative vortices of equal strength
are shed from the upper and lower surfaces of the body symmetrically, C d has the double the frequency of C l . Therefore,
when the cylinder does not rotate, the C d –C l phase plot resembles the structure of the number 8. Similar to the observations
of Mittal and Kumar,46 in Sec. IV B, we shall show that the
orbital shaped trajectories are associated with the asymmetric
vortex shedding. As the rotating cyl-A’s oscillation response
transitions from the mode II regime to the mode III lock-in
regime, cyl-A traverses along a path that closely resembles the
structure of the number 8, as shown in Fig. 9(c). However, its
downstream lobe is significantly larger than the upstream one,
indicating that the vortex shedding is not as symmetric as it is
found in the wake of a non-rotating cylinder.
B. Wake of the upstream cylinder

Figure 10 shows the instantaneous vorticity pictures at
U ∗ = 5 and U ∗ = 6.6, which are representatives of the oscillation modes I and II, respectively, for cyl-A. It is well known

that unlike the non-rotating cylinder, which sheds symmetric
vortices in both the halves, the shedding pattern is asymmetric
in the case of a rotating cylinder. Mittal and Kumar 46 observed
that as the cylinder rotates in the Re = 200 flow, the primary
vortices become asymmetric in strength as well as the location
of release from the body. Zhao et al.31 found that as an isolated cylinder rotates at α = 1, the shedding is symmetric with
the appearance of the 2S mode in the wake, while the body
oscillates at lower amplitudes. However, the high amplitude
response is accompanied by the P + S shedding pattern, which
is asymmetric. In line with the observations of Zhao et al.,31
the present simulations predict the P + S configuration during
high amplitude oscillations of mode I and the 2S shedding pattern in the low amplitude mode II, as can be seen in Fig. 10.
Here, it is noteworthy that the sudden downward jump in the
amplitude response (refer to Fig. 7), observed at the transition
from mode I to mode II, is associated with the instant change
in the shedding mode from P + S to 2S. The mode III response
regime is associated with the 2P shedding mode, as shown in
Fig. 11, which presents the flow snapshots during one oscillation cycle at U ∗ = 8.6. This 2P vortex shedding is asymmetric,
as both the pairs of vortices are released only in the upper side
of the wake. We surmise that this asymmetric primary shedding is the characteristic phenomenon of a rotating cylinder at
high reduced velocities, which is accompanied with the body’s
motion in orbital trajectories. Here, it is worth mentioning that
the shedding of the 2P mode is in contrast to the observation
of the P + S shedding pattern by Zhao et al.31 at U ∗ = 8.6
for an isolated rotating cylinder. Wong et al.48 noticed the 2P
shedding mode for a single rotating cylinder at α ≤ 0.5 and 6.5
≤ α ≤ 9.5 when undergoing oscillations. For moderate rotation rates (1.25 ≤ α ≤ 2.25), Wong et al.48 found the P + S
mode.
Figure 12 shows the primary shedding frequency (St)
spectra of cyl-A for different reduced velocities. Note that the
primary peaks in Figs. 8 and 12 indicate the equal fundamental frequencies at certain U ∗ , confirming that the cylinder is
subjected to wake-body synchronization in the lock-in modes.
At U ∗ = 5, the appearance of a smooth spectrum suggests that
the primary shedding is periodic in mode I. Here, the spectrum is said to be smooth as it shows only two peaks, which
represent the primary and secondary frequencies. The appearance of two peaks is consistent with the asymmetric P + S
shedding pattern observed at U ∗ = 5. Also, this phenomenon
is in-line with the two oscillation frequencies observed at this
U ∗ in Fig. 8. In mode II, cyl-A sheds vortices of the 2S pattern
at multiple frequencies, as can be inferred from the spectrum at U ∗ = 6.6 in Fig. 12. However, in this mode, the body
exhibits low amplitude oscillations (see Fig. 7) with a slight
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FIG. 11. (A) Variation of the transverse displacement (y)
with time for the upstream cylinder (cyl-A) at U ∗ = 8.6
(mode III). (a)-(f) show the snapshots of vorticity at the
time instants marked by (a)-(f) in (A). Vortex pairs, P1
and P2 , constitute the 2P shedding pattern in the wake of
cyl-A.

nonperiodicity, as characterized by a moderately undulated F3
spectrum (refer Fig. 8). In the transition region (TR in Fig. 7)
between modes II and III, the shedding frequency is lower than
the body’s oscillation frequency. This aspect is evident from
the spectra at U ∗ = 7.2 and U ∗ = 7.5 in Figs. 8 and 12. This
phenomenon indicates that as the energy transfers between
two frequencies in the region [TR (see Fig. 7) as shown in
Fig. 8], cyl-A does not experience the wake-body synchronization. At U ∗ = 8.6 (mode III region), cyl-A exhibits a periodic
oscillation response, shedding periodic primary vortices of the
2P mode with the primary shedding frequency being equal
to its oscillation frequency, as its spectra in Figs. 8 and 12
indicate.
C. Phase between vortex force and transverse
amplitude for the upstream cylinder

In several studies,49,50,7 it is observed that for a nonrotating cylinder, the phase between the fluid force and the
body’s displacement jumps to 180◦ as the frequency ratio
becomes f ∗ ≥ 1. In the case of a rotating cylinder also, this

FIG. 12. Primary shedding frequency (St) spectra of the upstream cylinder
(cyl-A) at U ∗ = 5 (mode I), U ∗ = 6.6 (mode II), U ∗ = 7.2 and 7.5 (transition
from mode II to mode III), and U ∗ = 8.6 (mode III).

relation between the phase jump and the frequency ratio is
observed by Bourguet and Jacono.18 In the present study,
to understand the phase between the vortex force and the
transverse displacement of the rotating cylinders, the coefficient of vortex force (C vortex ) is computed using the coefficients
of lift (C l ) and the potential force, employing the method proposed by Govardhan and Williamson.49 The phase difference
is obtained using Hilbert transform, presented by Khalak and
Williamson.10
Figure 13 shows the phase (φ) between the vortex force
and the cyl-A’s transverse displacement as a function of U ∗ .
Also shown is the A∗y,rms −U ∗ plot, for reference. From this figure, it is evident that cyl-A exhibits transverse oscillations in
phase with the vortex force up to the end of the mode I lock-in
regime (for U ∗ ≤ 5.8). In the mode II oscillation regime, a gradual change in the phase occurs from a low value to nearly 180◦ ,
as seen in Fig. 13. As the oscillation response transitions from
mode II to mode III, a gradual decrease in phase is noticed.
Like the case of mode I, in mode III also, the body undergoes
largely in-phase oscillations. As the oscillation response goes
out of the lock-in region for U ∗ ≥ 9.2, again the oscillations
become anti-phase with the vortex force, as shown in Fig. 13.
Figures 7(c) and 13 reveal that consistent with the observations
of Bourguet and Jacono, cyl-A exhibits anti-phase oscillations
whenever f 3 /fN ∼ 1. However, the exact analytical relation
between the 180◦ jump in phase and f 3 /fN = 1 proposed by

FIG. 13. Variation of phase (φ in degrees) (blue squares) between the vortex
force and transverse displacement with respect to U ∗ for cyl-A. The A∗y,rms −U ∗
plot is shown for reference.
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Bourguet and Jacono18 is not clearly established in the case of
rotating cyl-A.
D. Response of the first downstream cylinder

Figures 14 and 15 show the variation of A∗rms and f 3 /fN
with U ∗ , respectively, corresponding to all the rotation configurations, for the first downstream cylinder (cyl-B). Note that
the rotation rate of cyl-B (α B ) in RC1, RC2, and RC3 is 0,
0.5, and 1, respectively. The apparent differences between the
amplitude profiles corresponding to the three rotation configurations in Fig. 14 indicate that the cyl-B’s oscillation response
is a strong function of α B . Also, the A∗y,rms − U ∗ variation
appears in three distinct lock-in modes I, II, and III for all the
rotation configurations. Like cyl-A’s response, in the case of
the first downstream body also, the lock-in regime is characterized by the wake-body synchronization, though f 3 /fN is not
close to 1 in certain regions of U ∗ (see Fig. 15). The lock-in
modes of cyl-B’s oscillation response span over the same U ∗

FIG. 14. Distinct lock-in modes (I, II, and III), where wake-body synchronization occurs, appearing in the A∗x,rms and A∗y,rms − U ∗ relations for the first
downstream cylinder (cyl-B) at Re = 150 in three rotation configurations (a)
RC1, (b) RC2, and (c) RC3, which are defined in the caption of Fig. 1.

FIG. 15. Variation of the frequency ratio (f3 /fN ) with reduced velocity U ∗ at
Re = 150 for cyl-B in three rotation configurations (RC1, RC2, and RC3).

ranges as those of cyl-A (refer Figs. 7 and 14), except for the
mode III region, which includes the U ∗ range of the transition
region (TR) of cyl-A. From Fig. 14(a), one can notice that
for α B = 0 (in RC1), cyl-B oscillates at higher amplitudes in
the transverse direction than the streamwise amplitudes. Figure 14(b) shows that as cyl-B rotates at α B = 0.5 (in RC2),
its A∗x,rms becomes higher than the corresponding values of the
RC1 case and eventually appears nearly equal to A∗y,rms for
α B = 1 [for RC3 in Fig. 14(c)]. For the non-rotating (in RC1)
cyl-B, the transition from mode I to mode II is marked by an
upward jump in A∗y,rms , as seen in Fig. 14(a). This transition is
associated with a change in the wake structure, which will be
discussed in detail in Sec. IV E.
It can be observed from Fig. 15 that the frequency (f 3 ) of
cyl-B locks-in with a fraction of fN in mode I for all the rotation
configurations. In modes II and III, f 3 /fN corresponding to
RC1 increases with U ∗ and crosses the f 3 /fN = 1 line; however,
it stays close to unity. This phenomenon indicates that cyl-B
exhibits an oscillation response synchronized with the springmass system in modes II and III for α B = 0. In the mode II
regime (5.8 ≤ U ∗ ≤ 7.2) corresponding to RC2, f 3 /fN follows
the upper path like the RC1 case initially, but jumps to a lower
path, remains in that lower path for 6.6 ≤ U ∗ ≤ 6.8, and jumps
back to the upper path at U ∗ = 7. This kind of variation of
f 3 /fN in the mode II regime is accompanied by the changes in
cyl-B’s wake structure (details are discussed in Sec. IV E). In
the mode III region of RC2, cyl-B’s frequency ratio follows
the same path as that of the RC1 case. In contrast to the cases
of RC1 and RC2, in RC3 (α B = 1), the vibration frequency
(f 3 ) remains locked-in at a certain fraction of fN for all the
modes, as shown in Fig. 15. However, like what is seen for
cyl-A, the f 3 /fN –U ∗ plot does not provide clear details of the
oscillation response of the cyl-B also, as the body is found
to exhibit multiple frequencies. Therefore, it is imperative to
study the time histories of cyl-B’s transverse oscillations and
the corresponding frequency spectra, which are presented in
Figs. 16 and 17, respectively.
From Fig. 16(a), it can be observed that since cyl-B does
not rotate in RC1, it oscillates around a mean transverse position, which is close to the initial position of the non-oscillating
body (ȳ/D = 0 in Fig. 6). However, there is a slight offset in
its mean position at U ∗ = 6.6, as is evident from the time history shown in Fig. 16(b) and from the corresponding ȳ/D–U ∗
plot [see Fig. 6(a)]. We noticed that this offset is caused by
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FIG. 16. Time histories of transverse
displacement of cyl-B at U ∗ = 5
(representative of mode I oscillation
response), U ∗ = 6.6 (mode II), and U ∗
= 8.6 (mode III) for the three rotation
configurations. The three lock-in oscillation modes are shown in Fig. 14. (a)
RC1. (b) RC2. (c) RC3.

the asymmetric vortex shedding, which will be explained in
Sec. IV E. As cyl-B interacts with the vortices shed by the
upstream body (cyl-A), it largely exhibits the transverse oscillations at varied amplitudes and multiple frequencies for most
part of the U ∗ considered, as can be seen in Figs. 16 and 17. In
the U ∗ = 5 case (mode I), for α B = 0, cyl-B oscillates at lower
amplitudes at multiple frequencies. However, as α B increases
in the mode I region, the amplitude response increases and the
transverse oscillations become more periodic, as shown in the
first column of Fig. 16. Therefore, the corresponding frequency
spectra are dominated by single peaks in RC2 and RC3 [see
Fig. 17(a)]. In mode II, cyl-B’s oscillation behavior is characterized by a beat-like phenomenon in RC1, while with the raise
in α B , the body exhibits increasingly nonperiodic oscillations
(see the second column in Fig. 16). This aspect is evident from

Fig. 17(b). From this figure, one can notice that in RC1, the f 3
spectrum shows the fundamental frequency, represented by the
highest peak, and its subharmonics (smaller peaks). The frequency spectra in RC2 and RC3 suggest that cyl-B’s oscillation
response exhibits modulations between different frequencies,
which are lower as well as higher than the corresponding fundamental frequency. The third column in Figs. 16 and 17(c)
show that in the mode III oscillation regime, cyl-B undergoes low frequency modulations exhibiting subharmonics for
RC1, largely nonperiodic oscillations at multiple frequencies in RC2. In RC3, the body experiences superharmonics
along with increased periodicity in its transverse oscillation
response.
The frequency spectra, shown in Fig. 17, are well correlated with the cylinder’s trajectories, which are shown at

FIG. 17. Transverse vibration frequency (F3 ) spectra of cyl-B at (a) U ∗
= 5 (mode I), (b) U ∗ = 6.6 (mode II),
and (c) U ∗ = 8.6 (mode III).
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FIG. 18. Trajectories of cyl-B on the
xy-plane at (a) U ∗ = 5 (mode I), (b) U ∗
= 6.6 (mode II), and (c) U ∗ = 8.6 (mode
III).

various U ∗ in Fig. 18. From this figure, one can notice that for
any rotation configuration (i.e., in any column of Fig. 18), the
shape of the trajectory at each U ∗ is different from the trajectory at any other U ∗ . This aspect confirms that cyl-B indeed
exhibits three distinct modes of the oscillation response in all
the rotation configurations (RC1, RC2, and RC3). In the first
column of Fig. 18, it can be observed that the non-rotating (in
RC1) cyl-B traverses along different paths on the xy-plane.
This aspect results in the appearance of multiple peaks in
the frequency spectrum at U ∗ = 5 corresponding to RC1 in
Fig. 17(a). As discussed earlier, in mode I, the cyl-B’s oscillation response becomes increasingly periodic in RC2 and RC3
[refer Fig. 17(a)]. This phenomenon reflects in the trajectories as well. From Fig. 18(a), one can notice that in RC2 and
RC3, cyl-B moves along regular shaped orbits. In the mode
II regime corresponding to RC1, as the non-rotating cyl-B’s
oscillation frequency exhibits subharmonics [see Fig. 17(b)],
the body traverses in orbits of almost the same shape, but
of different sizes, as can be seen in Fig. 18(b). However,
with the increase in α B , cyl-B moves along different paths
for any given U ∗ in mode II. From Fig. 18(b), it can clearly
be noticed that at U ∗ = 6.6, the cylinder exhibits trajectories in the combination of the structure of the number 8 and
orbital shapes. This phenomenon explains the appearance of
multiple frequencies in the spectra shown for RC2 and RC3
in Fig. 17(b). In mode III also, the oscillation response of
cyl-B is characterized by the combination of different shapes
of trajectories in RC1 and RC2, as shown in Fig. 18(c). At
U ∗ = 8.6 corresponding to RC3, cyl-B traverses along regular shaped paths, with slight variations in their dimensions.

Therefore, the frequency spectrum in Fig. 17(c) appears
smoother in RC3 than in the RC1 and RC2 cases and also
exhibits superharmonics.
E. Wake of the first downstream cylinder

It is well known that the wake of a downstream cylinder is
characterized by the complex interaction of upstream vortices
with those shed by the body. Due to this interaction, the wake
pattern for the downstream cylinder appears completely different from those of its upstream bodies. Wang et al.25 and Han
et al.26 observed several distinct patterns like 2S, P + S, and
2P in the wake of a non-rotating and oscillating downstream
cylinder, even for low Re. As the upstream and the downstream
cylinders rotate and oscillate, the flow becomes more complex
to be characterized. In the present simulations, it is observed
that cyl-B sheds primary vortices in different modes as one
varies its rotation rate (for α B = 0, 0.5, and 1). The shedding
pattern also changes with oscillation mode for any given α B . In
this paper, for brevity, we discuss the primary shedding found
in the wakes of cyl-B and cyl-C for certain response modes in
RC1 only, while the vortex types observed in all the oscillation
modes and for all the rotation configurations are presented in
Table III.
In Fig. 16(a), we noticed that cyl-B oscillates at low amplitudes during mode I corresponding to RC1. It is observed that
this oscillation response is accompanied by the 2S mode of
primary shedding (not shown), which is largely symmetric.
This symmetry results in the mean transverse position closely
matching the initial position (ȳ/D = 0) of the non-oscillating
cyl-B in the mode I regime, as shown in Fig. 6(a). Recall that,
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TABLE III. Primary shedding patterns observed in the wakes of upstream
(cyl-A), and the two downstream (cyl-B and cyl-C) cylinders for three
lock-in oscillation modes (modes I-III) corresponding to the three rotation
configurations (RC1, RC2, and RC3).
Mode I

RC1
RC2
RC3

P+S
P+S
P+S

RC1
RC2
RC3

2S
2S
2S

RC1
RC2
RC3

2P
2P
2P

Mode II
cyl-A
2S
2S
2S
cyl-B
P
P/P + S
P+S
cyl-C
2P
2P
2P

Mode III

2P
2P
2P
2P
2P
2P
2P/T + P
2P/T + P
2P/T + P

as U ∗ increases to the mode II regime, a sudden upward jump
in the amplitude response occurs [see Fig. 14(a)]. At this transition, the shedding pattern is found to become asymmetric.
Figure 19 shows the flow snapshots for one oscillation cycle of
cyl-B at U ∗ = 6.6 in RC1. From this figure, it can be observed
that the cylinder sheds the P pattern, in which a pair of alternate vortices are released together from one side of the body.
Here, the wake of cyl-B appears rather complex, as a pair of
upstream vortices (referred to as U in Fig. 19) passes past the
body in the middle of the P mode of shedding. If this vortex pair is also considered shed by cyl-B, one would call it
the 2P shedding mode. However, depending on the timing of
the approach, the upstream vortex pair either interacts with
the body or evades it. In either case, it is observed that the
body sheds the P mode of vortices. Also, it is interesting to
notice that shedding of the P pattern takes place only on the
upper side of the wake. This shedding mode is similar to the

one observed by Seyed-Aghazadeh and Modarres-Sadeghi51
in the wake of an isolated cylinder rotating at α = 1.8 for
U ∗ = 5.2. The asymmetry in shedding causes a slight offset
in the mean transverse position of cyl-B at U ∗ = 6.6 (mode II
regime), as seen in Figs. 6(a) and 16(b). In the rotation configuration RC2, cyl-B’s wake is characterized by the 2S shedding
pattern in the mode I oscillation regime. Recall that cyl-B’s
f 3 /fN –U ∗ profile in the mode II region corresponding to RC2
exhibits upper and lower paths (see Fig. 15). It is observed
that the upper path is accompanied by the asymmetric P mode
of vortex shedding, which is similar to the shedding pattern
shown in Fig. 19, while in the lower path, cyl-B sheds the P + S
mode (not shown). For the complete list of shedding modes of
cyl-B, refer Table III.
In the mode III regime, the high amplitude oscillation
response of cyl-B is accompanied by the 2P shedding mode
for all three rotation rotates (α B = 0, 0.5, and 1). This aspect
indicates that the rotation rate does not influence the wake pattern in the mode III region. Figure 20 presents the sequence
of instant vorticity pictures during two different oscillation
cycles at U ∗ = 8.6, which represents the mode III oscillation regime corresponding to RC1. In this figure, the variation
of transverse displacement (y) with time is shown for a certain number of cycles to observe the flow patterns, as the
body oscillates at different amplitudes. From this figure, it
is obvious that cyl-B sheds the 2P mode of vortices consistently at all times, irrespective of the amplitude. Also, the
shedding appears more symmetric than what is seen in the
mode II regime. Therefore, cyl-B’s mean oscillation position remains close to the ȳ/D = 0 line for higher U ∗ in
Fig. 6(a).
F. Response of the second downstream cylinder

The variations of rms values of the amplitude response
and f 3 /fN with U ∗ are shown for cyl-C in Figs. 21 and 22,
respectively. From these figures, it can be observed that like

FIG. 19. (A) Variation of the transverse displacement (y)
with time for cyl-B at U ∗ = 6.6 (mode II) corresponding
to RC1 (αB = 0). (a)-(f) show the snapshots of vorticity at
the time instants marked by (a)-(f) in (A). The P shedding
mode and a pair of upstream vortices (U) are seen in the
wake of cyl-B.
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FIG. 20. (A) Variation of the transverse displacement (y)
with time for cyl-B at U ∗ = 8.6 (mode III) corresponding
to RC1 (αB = 0). (a)-(l) show the snapshots of vorticity
at the time instants marked by (a)-(l) in (A). Vortex pairs,
P1 and P2 , constitute the 2P shedding mode in the wake
of cyl-B.

cyl-A and cyl-B, the second downstream cylinder also exhibits
three lock-in modes of oscillation response. Similar to the
cyl-B’s dynamic behavior (refer Fig. 14) in the mode I region,
there is a rapid increase in A∗x,rms and A∗y,rms for cyl-C as well
(see Fig. 21). In Fig. 21, it can also be noticed that the cylinder exhibits higher amplitude oscillations in mode III than
the amplitudes in mode II for all three rotation configurations
(RC1, RC2, and RC3). The effect of rotation rate (α B ) of cylB on the oscillation response of cyl-C does not appear to be
considerable in mode I. Therefore, mode-I’s segments of the
A∗rms −U ∗ profile in all three rotation configurations are similar,
as shown in Fig. 21. The obvious difference in A∗rms −U ∗ curves
corresponding to modes II and III for RC1, RC2, and RC3
suggests that for U ∗ > 5.5, the oscillation response of cyl-C
is significantly affected by the cyl-B’s rotation rate. Figure 22
shows that for all the rotation configurations, f 3 /fN locks-in
at a certain value below the f 3 /fN = 1 line, indicating that
cyl-C never attains the synchronization with the spring-mass
system.
The trajectories of cyl-C in different oscillation modes
are presented in Fig. 23, while Fig. 24 shows the corresponding transverse frequency (F3 ) spectra. The second downstream
cylinder oscillates along orbital paths in the lock-in regime
for all the rotation configurations, as shown in Fig. 23. Similar to cyl-A and cyl-B, for cyl-C also the trajectories appear
in different shapes at different U ∗ , confirming the existence
of distinct lock-in modes in the cyl-C’s oscillation response.
In the mode I oscillation regime corresponding to all three

rotation configurations, cyl-C traverses along nearly regular
orbits, as is evident from Fig. 23(a). This figure shows that at
U ∗ = 5 in RC1, cyl-C moves along orbits of two significantly different sizes periodically, leading to the appearance of two peaks with low energy on either side of the
fundamental frequency in Fig. 24(a). Here, one can infer
that the body experiences sub- and superharmonics in the
mode I regime of RC1. For the other two rotation configurations in the U ∗ = 5 case, the dimensions of orbits slightly
change in time. Due to this phenomenon, the F3 spectra
in RC2 and RC3 [see Fig. 24(a)] are characterized by single peaks, which represent the corresponding fundamental
oscillation frequencies. From the above discussion, one can
conclude that with the increase in the rotation rate of cyl-B
(α B ) in mode I, cyl-C’s oscillation response becomes more
periodic.
In the mode II regimes of RC1 and RC2, cyl-C traverses
through different shaped trajectories at a given U ∗ , as can
be seen in Fig. 23(b). The combination of such trajectories
leads to the appearance of multiple peaks in the F3 spectra
corresponding to RC1 and RC2 [see Fig. 24(b)]. However, at
U ∗ = 6.6 in RC3, cyl-C moves along orbits of a certain
shape, but of different sizes. As a result, the related frequency spectrum in RC3 is characterized by the dominant
fundamental frequency, with two low energy peaks representing the cyl-C’s subharmonics [refer Fig. 24(b)]. As
the body exhibits high amplitude oscillation response corresponding to the mode III regime, it traverses along paths
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cyl-B’s mode III oscillation response, as can be noticed in
Fig. 24(c).
G. Wake of the second downstream cylinder

The wake of the second downstream cylinder is characterized by the interaction of vortices shed by its two upstream
bodies with its own vortices. Due to this interaction, cyl-C
exhibits higher amplitude oscillations in all the modes, compared to those of cyl-A and cyl-B, as noticed in Subsection
IV F. This interaction also renders more complexity to the
cyl-C’s wake structures. In the mode I and mode II regimes,
the body sheds the 2P mode of vortices. Figure 25 presents
the sequence flow snapshots for approximately one oscillation
cycle of cyl-C, depicting the 2P shedding mode at U ∗ = 6.6
(mode II) corresponding to RC1. Figures 26 and 27 show the
wake structures at U ∗ = 8.6, which lies in the mode III region
of RC1. In the mode III regime, cyl-C exhibits oscillations at
different amplitudes as shown in Fig. 26(A). From Fig. 26,
it can be observed that during the low amplitude oscillation
cycle, cyl-C sheds the 2P mode of vortices. On the other hand,
as the body oscillates at high amplitudes, its wake is associated with the T + P shedding mode. The T + P pattern consists
of a triplet and a pair of vortices, as shown in Fig. 27. The
same shedding modes are observed for cyl-C in the other rotation configurations also. Note that the summary of shedding
modes is shown in Table III. Bourguet and Jacono30 observed
T + P and Q + P (one quartet and a pair) modes in the case
of a single rotating and oscillating cylinder for higher rotation rates (α ≥ 2.75), whereas in the present study, cyl-C is
found to shed the primary vortices in the T + P pattern at
α C = 1. Therefore, one can infer that the appearance of the
T + P mode is possible at such a low rotation rate due to
the cyl-C’s interaction with the wakes of its two upstream
cylinders.
FIG. 21. Distinct lock-in modes (I, II, and III) appearing in the relations of
A∗x,rms , and A∗y,rms −U ∗ for cyl-C at Re = 150 corresponding to the three rotation
configurations (a) RC1, (b) RC2, and (c) RC3, which are defined in the caption
of Fig. 1. Dashed lines demarcate the lock-in modes.

resembling the structure of the number 8 as well as orbital
shapes for any given rotation configuration, as shown in
Fig. 23(c). Therefore, multiple frequencies appear in the

FIG. 22. Variation of the frequency ratio (f3 /fN ) with U ∗ at Re = 150 for
cyl-C in the three rotation configurations (RC1, RC2, and RC3).

H. Phase between vortex force and transverse
amplitude for the downstream cylinders

The variation of phase (φ) between the vortex force and
the transverse displacement with U ∗ for the two downstream
cylinders is presented in Fig. 28. The first column in this figure
reveals that the φ–U ∗ relation changes with rotation rate for
cyl-B. As the body does not rotate in RC1, the phase jumps by
nearly 180◦ at the beginning of the mode II region (U ∗ ≥ 6),
as shown in Fig. 28(a). From Figs. 28(b) and 28(c), it can
be observed that the phase change for cyl-B occurs at higher
U ∗ in RC2 and RC3. The phase exhibits a gradual increase
in the mode II (6 ≤ U ∗ ≤ 7.8) region corresponding to RC2,
whereas in RC3, the phase jump occurs at the beginning of the
mode III response. This behavior is in line with the variation
of f 3 /fN with U ∗ in Fig. 15. From this figure, it is evident that
cyl-B’s frequency ratio in RC1 and RC2 moves close to the
f 3 /fN = 1 line in the mode II region and eventually crosses it. In
RC3, as cyl-B’s oscillation frequency is less than the natural
frequency of the structure, the body undergoes in-phase oscillations throughout the lock-in regime, as seen in Fig. 28(c). In
the case of cyl-C, we observed in Fig. 22 that the frequency
ratio never reaches close the f 3 /fN = 1 line. Consistent with
this aspect, cyl-C exhibits oscillations in phase with the vortex

113604-16

Behara, Ravikanth, and Chandra

Phys. Fluids 30, 113604 (2018)

FIG. 23. Trajectories of cyl-C on the
xy-plane at (a) U ∗ = 5 (mode I), (b) U ∗
= 6.6 (mode II), and (c) U ∗ = 8.6 (mode
III).

force throughout the lock-in regime for all the rotation configurations, as seen in the second column of Fig. 28. However, like
the case of cyl-A, the relation between the phase change and
the frequency ratio does not hold for the rotating downstream
bodies also.
V. EFFECT OF MASS-DAMPING PARAMETER
AT Re = 150

In the past, it was well established by few researchers
that the mass-damping (m∗ ξ) parameter exhibits a significant

influence on the maximum amplitude of bodies undergoing
vortex-induced vibration. Brika and Laneville6 showed that
a non-rotating isolated cylinder’s amplitude response is characterized by only two branches, initial and lower, for high
values of m∗ ξ. On the other hand, Khalak and Williamson10
observed that as m∗ ξ decreases, the maximum oscillation
amplitude increases. Khalak and Williamson10 reported that
for low m∗ ξ, there exists an upper response branch in addition
to the initial and lower branches. In the present study, ξ = 0
is considered to allow the cylinders to oscillate at maximum
amplitudes. However, it is interesting to study the dynamic

FIG. 24. Transverse vibration frequency (F3 ) spectra of cyl-C at (a) U ∗ =
5 (mode I), (b) U ∗ = 6.6 (mode II), and
(c) U ∗ = 8.6 (mode III).
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FIG. 25. (A) Variation of the transverse displacement (y)
with time for cyl-C at U ∗ = 6.6 (mode II) corresponding
to RC1 (αB = 0). (a)-(f) show the snapshots of vorticity
at the time instants marked by (a)-(f) in (A). P1 and P2
constitute the 2P shedding mode in the wake of cyl-C.

behavior of the rotating tandem cylinders for non-zero m∗ ξ.
We carried out simulations employing m∗ ξ = 0.1 and 0.3
to understand the effect of external damping on the oscillations and wake structures at U ∗ = 8.8 (mode III region)
corresponding to RC3.
Figure 29 shows the time histories of nondimensional
transverse displacement (y/D) for m∗ ξ = 0, 0.1, and 0.3. The
fully evolved flow field and cylinders’ locations of the U ∗ = 8.8
and m∗ ξ = 0 cases were provided as the initial condition
in the simulation of all three cases. It can be observed that

when m∗ ξ is increased to 0.1, the amplitudes of all the cylinders become slightly lower than those of the m∗ ξ = 0 case.
This trend is expected as the external damping reduces the
amplitude. However, the dynamic behavior of the cylinders
remains the same as that of the zero damping case. This aspect
is clearly evident in Fig. 30, which presents the corresponding oscillation frequency (F3 ) spectra. In this figure, one can
notice that the frequency spectra of cyl-A and cyl-C are similar in the cases of m∗ ξ = 0 and 0.1, while cyl-B’s spectrum
shows that the two peaks in the m∗ ξ = 0.1 case match those

FIG. 26. (A) Variation of the transverse displacement (y)
with time for cyl-C at U ∗ = 8.6 (mode III) corresponding
to RC1 (αB = 0). (a)-(i) show the snapshots of vorticity
at the time instants marked by (a)-(i) in (A), depicting the
2P shedding mode in the wake of cyl-C.
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FIG. 27. (A) Variation of the transverse displacement (y)
with time for cyl-C at U ∗ = 8.6 (mode III) corresponding
to RC1 (αB = 0). (a)-(i) show the snapshots of vorticity
at the time instants marked by (a)-(i) in (A), depicting the
T + P shedding mode in the wake of cyl-C. Vortices T1 ,
T2 , and T3 constitute the triplet T.

FIG. 28. Variation of phase (φ in
degrees) (blue squares) between the vortex force and transverse displacement
with respect to U ∗ for the two downstream cylinders (cyl-B and cyl-C) in the
three rotation configurations (a) RC1,
(b) RC2, and (c) RC3. Corresponding A∗y,rms − U ∗ plots are shown for
reference.
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FIG. 29. Time histories of nondimensional transverse displacement corresponding to RC3 at U ∗ = 8.8 (mode III)
for mass-damping parameter m∗ ξ = 0,
0.1, and 0.3. Fully evolved flow field
and cylinders’ locations, obtained for
U ∗ = 8.8 and m∗ ξ = 0, are provided as
the initial conditions for all three cases.
(a) cyl-A. (b) cyl-B. (c) cyl-C.

of the m∗ ξ = 0 case, as seen in Fig. 30(b). As observed in
Sec. IV, at this reduced velocity (U ∗ = 8.8), the oscillation
responses of all the cylinders are in the mode III regime for
m∗ ξ = 0. It can be inferred that even when m∗ ξ is increased
to 0.1, the cylinders exhibit mode III oscillations. On the
other hand, for m∗ ξ = 0.3, all three cylinders exhibit different
dynamic behavior than the m∗ ξ = 0 and 0.1 cases, with significant decrease in the amplitude of each body (see Fig. 29).
Also, the cylinders undergo more periodic oscillations. Therefore, the frequency spectra for m∗ ξ = 0.3 appear smooth and
show different fundamental frequencies and harmonics than
those for the lower m∗ ξ, as can be seen in Fig. 30.
The difference in the oscillation behavior between the
m∗ ξ = 0 and m∗ ξ = 0.3 cases can be seen in the trajectories

as well, which are presented in Fig. 31. The high amplitude
orbital motion of cyl-A seen in the m∗ ξ = 0 case turns into an
inclined straight line-like path for m∗ ξ = 0.3. For high massdamping parameter, the downstream cylinders exhibit certain
closed loop trajectories, which reflect the periodicity in their
oscillation responses. As the bodies oscillate at significantly
lower amplitudes in the m∗ ξ = 0.3 case, it is observed that
all three cylinders shed the 2S mode of vortices (not shown).
The above observations suggest that unlike for m∗ ξ = 0.1, for
m∗ ξ as high as 0.3, the oscillation responses of the cylinders
depart away from the typical mode III regime. Further research
is needed to understand the effect of m∗ ξ on the oscillation
response of the three tandem rotating cylinders over a wide
range of U ∗ .

FIG. 30. Transverse vibration frequency (F3 ) spectra of the three
cylinders corresponding to RC3 at
U ∗ = 8.8 (mode III) for various
mass-damping (m∗ ξ) parameters. (a)
cyl-A. (b) cyl-B. (c) cyl-C.
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FIG. 31. Trajectories of the three cylinders at U ∗ = 8.8 corresponding to RC3,
for mass-damping parameters m∗ ξ = 0 and m∗ ξ = 0.3. (a) cyl-A. (b) cyl-B.
(c) cyl-C.

VI. VIBRATION RESPONSE AND WAKE
STRUCTURES AT Re = 2000

In order to understand the dynamic behavior of the rotating cylinders at higher Re, where the flow is three-dimensional,
we performed 3-D simulations at Re = 2000 for 3 ≤ U ∗ ≤ 14.
In this study, we considered only the rotation configuration
RC3. Recall that the span of the cylinders is 2.5D, which
is sufficient for the three-dimensional instabilities to develop
in the Re = 2000 flow. It is observed that all the cylinders
exhibit different responses compared to the corresponding
oscillation behavior at Re = 150, where the flow is twodimensional.

Phys. Fluids 30, 113604 (2018)

FIG. 32. Variation of A∗x,rms and A∗y,rms with U ∗ for all the three tandem rotating cylinders (cyl-A, cyl-B, and cyl-C) in RC3, at Re = 2000. R1 , R2 , and
R3 represent distinct amplitude response regions, which are demarcated by
the dashed lines, for cyl-B and cyl-C. RC3 is defined in the caption of Fig. 1.
Regions R2 and R3 are characterized by the plateaus appearing in the f3 /fN –U ∗
relation (see Fig. 33).

The two downstream cylinders undergo high amplitude
oscillations for a larger range of U ∗ , compared to cyl-A (see
Fig. 32). For cyl-B and cyl-C, the amplitude increases monotonically for U ∗ ≤ 5, and so does the related vibration frequency (f 3 /fN ). This region is referred to as R1 in Fig. 32.
From this figure, one can clearly see that for 5.5 ≤ U ∗ ≤ 7,
the slope of the amplitude response curve is different from the

A. Amplitude response

Figure 32 shows the variation of A∗x,rms and A∗y,rms with U ∗ ,
while Fig. 33 presents the f 3 /fN –U ∗ relation for Re = 2000. As
seen in these figures, cyl-A’s amplitude response exhibits a
bell-shaped profile in the A∗rms − U ∗ plots. The peak amplitude
occurs at U ∗ = 5.5. The normalized vibration frequency (f 3 /fN )
never reaches unity, as can be seen in Fig. 33. From Fig. 34,
which shows the spectra of vibration (F3 ) and primary shedding (St) frequencies, it is evident that in the high amplitude
response regime of U ∗ , the wake-body synchronization exists.
This dynamic behavior at Re = 2000 is apparently different
from the cyl-A’s oscillation response in the Re = 150 flow,
where the body exhibits three distinct lock-in modes (refer
Fig. 7).

FIG. 33. Frequency ratio (f3 /fN ) as a function of U ∗ for all three cylinders at
Re = 2000. Meanings of R1 , R2 , and R3 are provided in the caption of Fig. 32.
Regions R2 and R3 are associated with plateaus in the f3 /fN –U ∗ profile. The
upward arrow shows the jump in f3 /fN from R2 to R3 .
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FIG. 34. Spectra of primary shedding frequency (St) and the transverse vibration frequency (F3 ) for (a) cyl-A and (b) cyl-B in the Re = 2000 flow at
U ∗ = 5.5.

U ∗ ≤ 5 case in both the streamwise and transverse oscillations. In the range of U ∗ = 5.5–7, the f 3 /fN –U ∗ plot exhibits
a plateau for the two downstream cylinders, as can be seen
in Fig. 33. In this region, although f 3 /fN < 1, the vibration
frequency (F3 ) matches the frequency (St) of primary vortex
shedding for the downstream cylinders, as shown in Fig. 34(b).
This phenomenon indicates that there exists a certain lock-in
regime for 5.5 ≤ U ∗ ≤ 7 in the dynamic responses of cyl-B and
cyl-C. This region is marked as R2 in Figs. 32 and 33. With
the increase in reduced velocity, the amplitudes of both the
downstream cylinders reach their respective peaks at U ∗ = 7
and decrease gradually, as shown in Fig. 32. From Fig. 33, it
is interesting to observe that f 3 /fN jumps from a lower value
at U ∗ = 7 to a higher value at U ∗ = 7.5. This aspect marks
the end of the region R2 and the beginning of another oscillation regime R3 . From Figs. 32 and 33, one can notice that
for the downstream bodies, there are significant differences in
the amplitude response and the vibration frequency between
the regions R2 and R3 , confirming that there indeed exist two
distinct response regimes, which may be considered lock-in
regions as the wake-body synchronization occurs. However,
the vibration frequency is always a fraction of the natural frequency of the spring-mass system. As can be seen in Fig. 33,
f 3 /fN never attains unity. This aspect confirms that at high Re,
the cylinders, rotating with α = 1, do not experience oscillations synchronized with the natural frequency of the structure
for any of the U ∗ values considered.
B. Vortex shedding

In the Re = 2000 flow, as the cylinders rotate at α = 1, the
primary shedding takes place in smaller vortical structures,
unlike coherent vortices observed at Re = 150 (refer Sec. IV),
where the flow is two-dimensional. It is well known that as
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the 3-D instability becomes stronger in the flow for Re > 200,
Karman vortices lose their spanwise coherence and therefore
split into small scale flow structures.43
It is observed that the upstream cylinder (cyl-A) sheds
the 2S mode of primary vortices in the Re = 2000 flow as
the body undergoes low amplitude oscillations, whereas its
high amplitude response is associated with the 2P shedding
pattern. Figure 35 shows the instantaneous spanwise vorticity
(ωz ) pictures on the 2-D section at Re = 2000 and U ∗ = 5.5,
where all three cylinders undergo high amplitude oscillations
(see Fig. 32). Here, ωz is span-averaged. These snapshots are
captured while cyl-A is close to the successive mean transverse
positions corresponding to one vibration cycle. In Fig. 35(a),
cyl-A reaches the mean position, moving down from the top
peak, while in Fig. 35(b), the body arrives at the mean location, traversing up from its bottom peak. From this figure, one
can clearly notice that as cyl-A exhibits high amplitude oscillations at U ∗ = 5.5, the 2P mode of vortex shedding takes
place. It is worth mentioning here that the appearance of the
2P shedding pattern is consistent with the 2P mode found by
Govardhan and Williamson at Re ∼ 2000–4000 for an isolated
non-rotating cylinder during its high amplitude oscillations
corresponding to the upper and lower response modes. In the
present study, the flow, being three-dimensional, appears in
small scaled spanwise vortices. Around the downstream cylinders, these vortices break further into smaller structures, as can
be seen in Fig. 35.
Figures 36 and 37 show the streamwise vortices (ωx ) at
U ∗ = 3.5 and U ∗ = 5.5, respectively. Note that at U ∗ = 3.5,
all the cylinders exhibit low amplitude vibrations, while at
U ∗ = 5.5, the bodies oscillate at high amplitudes (refer Fig. 32).
From Figs. 36 and 37, it is obvious that dense streamwise flow
structures appear in the domain for U ∗ = 5.5 compared to the
U ∗ = 3.5 case. We examined the streamwise vorticity snapshots at several time instants and U ∗ values and found that
this difference in ωx between high and low amplitude cases
consistently exists. This phenomenon suggests that the oscillation amplitude shows a significant influence on the threedimensional instability. From Fig. 36, it is evident that the 3-D
instability is less active in the far downstream at U ∗ = 3.5
as the cylinders oscillate at low amplitudes. In the U ∗ = 5.5
case (Fig. 37), where the cylinders exhibit a high amplitude
response, stronger 3-D instability takes place in the flow due
to which the streamwise flow structures appear all through the
downstream.

FIG. 35. Snapshots of spanwise vorticity (ω z ), depicting the 2P mode of vortex shedding from cyl-A at
U ∗ = 5.5 and Re = 2000. ω z is span-averaged. (a) shows
the upstream cylinder (cyl-A) close to its mean transverse
position as it moves down from the upper side and in (b),
cyl-A reaches close to the mean position again, traversing
up from the lower side in the same oscillation cycle.
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FIG. 36. Snapshot of the isosurfaces of streamwise vorticity (ω x ) at U ∗ = 3.5
and Re = 2000. Red and cyan represent ω x = 0.5 and −0.5, respectively. The
low amplitude response of cylinders is associated with weak three-dimensional
instability.

FIG. 37. Snapshot of the isosurfaces of streamwise vorticity (ω x ) at U ∗
= 5.5 and Re = 2000. Red and cyan represent ω x = 0.5 and −0.5, respectively. The high amplitude response of cylinders is associated with strong
three-dimensional instability.

VII. CONCLUSIONS

Vortex-induced vibrations of three identical tandem cylinders, rotating in the clockwise direction and free to oscillate
in both x- and y-directions, are studied at Re = 150 and
Re = 2000, for 2 ≤ U ∗ ≤ 14. Reduced mass of 2 is considered for all the cylinders and the damping is set to zero value.
In the Re = 150 case, cylinders are rotated at three combinations of rotation rates (α): 1, 0, 1; 1, 0.5, 1; 1, 1, 1, while for
Re = 2000, only the last rotation configuration is considered. At Re = 150, the cylinders exhibit three distinct lock-in
oscillation modes, namely, modes I, II, and III, for all the rotation configurations. These modes appear for approximately
U ∗ < 5.6 (mode I), 5.6 ≤ U ∗ ≤ 7.2 (mode II), and 7.2 < U ∗ ≤ 9
(mode III). For the large part of the lock-in regime, the response
of the cylinders is characterized by the wake-body synchronization, while the vibrations seldom exhibit resonance with
the natural frequency of the spring-mass system. The high
amplitude response modes I and III of the upstream cylinder
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are separated by the low amplitude mode II regime. The transition between modes I and II is associated with a sudden
downward jump in the upstream cylinder’s amplitude, while
the transition from mode II to mode III is characterized by
gradual energy transfer in primary shedding frequency. During high amplitude oscillations, P + S and 2P shedding modes
are observed in the wake of the upstream cylinder, while the
body sheds the 2S mode of vortices as it oscillates at low amplitudes. The dynamic behavior of the upstream cylinder and the
associated wake modes, observed in the present study, are in
good qualitative agreement with the numerical results reported
by Zhao et al. for a freely vibrating isolated cylinder, rotating
at α = 1 in the Re = 150 flow.
The rotation rate (α) of the first downstream cylinder is
0, 0.5, and 1 in the three rotation configurations considered.
It is observed that the oscillation response of the first downstream body at Re = 150 is a strong function of α. When the
cylinder does not rotate (α = 0), it undergoes larger amplitude
transverse oscillations than the corresponding amplitudes of
streamwise vibrations. As α increases, the difference between
the amplitudes in both the directions decreases, and at α = 1,
the cylinder oscillates almost at equal amplitudes in the streamwise and transverse directions. Its high amplitude lock-in
response in mode I is associated with the 2S mode of primary shedding, whereas in modes II and III, P, P + S, and 2P
patterns are observed.
In modes I and II, the second downstream body exhibits
certain similarities in the dynamic behavior with the first
downstream cylinder. However, in mode III (i.e., at high U ∗ ),
the second downstream cylinder experiences higher amplitude oscillations and the amplitude response also shows the
increasing trend as U ∗ increases. During the high amplitude
oscillations in modes I and II, the second downstream cylinder
sheds the 2P mode of vortices, while the T + P configuration is
found in mode III. This is the first time that the T + P mode is
observed in the wake of a cylinder that rotates at a low rotation
rate (α = 1) and oscillates with two degrees of freedom.
In all three modes at Re = 150, the dynamic behavior of the
upstream cylinder is characterized by periodic vibrations and
traverses in certain closed orbits on the xy-plane, whereas the
first downstream cylinder undergoes periodic oscillations in
mode I for α = 0.5 and 1. With this exception for the first downstream cylinder, both the downstream bodies undergo oscillations at multiple frequencies for the entire lock-in regime, as
the bodies move along a combined set of paths of different
shapes: the structure of the number 8 and orbits. The upstream
cylinder exhibits in-phase transverse oscillations with the vortex force during its high amplitude response, and the phase is
found to be close to 180◦ in the low amplitude oscillations.
For the first downstream cylinder, its transverse oscillations
and the vortex force go out of phase at the beginning of mode
II, when the body does not rotate. With the increase in the rotation rate, the phase shift for the first downstream body moves
to higher reduced velocity. The second downstream cylinder undergoes in-phase oscillations throughout the lock-in
regime.
At Re = 2000, where the flow is characterized by a threedimensional instability, all three rotating cylinders exhibit
different amplitude responses compared to the Re = 150
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(2-D flow) case. A bell-shaped amplitude response appears
for the upstream cylinder in the streamwise and transverse
directions, with the peak amplitude occurring at U ∗ = 5.5. The
body’s oscillation response never achieves the synchronization
with the spring-mass system. For the high amplitude vibrations of the upstream cylinder, its wake is associated with the
2P mode of primary vortex shedding. In the case of the downstream cylinders also, the amplitude response increases up to
its peak for U ∗ ≤ 7 and then decreases as U ∗ is increased further. Their amplitude responses can be categorized into three
distinct regions (namely, R1 , R2 , and R3 ) in U ∗ , where wakebody synchronization is observed. The regions R2 and R3 are
characterized by the plateaus, appearing in the variation of
f 3 /fN with U ∗ . Like the upstream cylinder, downstream bodies
also do not attain synchronization with the natural frequency of
the spring-mass system for any U ∗ considered. In the Re = 2000
flow, the high amplitude oscillation response causes high activity in terms of the occurrence of 3-D instability throughout
the wake. As the rotating cylinders vibrate at low amplitude,
few 3-D flow structures appear in the far downstream, indicating that the 3-D instability is weaker than that in high
amplitude response cases. The three-dimensional instability
leads to the formation of less coherent Karman vortices in the
wake.
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