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Abstract
Evaluation of contact parameters in Hertzian contact from displacement data is studied. Based on complex potential
approach, generic explicit equations for displacement field in the vicinity of the contact zones are presented.
Methodology for evaluating unknown contact parameters and associated rigid body displacements from the whole field
experimental displacement data is implemented using an over-deterministic system of equations in a least squares sense.
Usefulness of this method in dealing different contacting geometries is brought out by analyzing different contacting
situations using digital image correlation.
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Introduction
Contact zones present in the interface of any systems
are crucial as such regions serve in load transfer from
one component to another. Knowledge of the contact
parameters between the contacts is necessary to optimize the design of components in such regions.
Analytical modeling of stress fields by complex potential approach in the vicinity of the contact zones is
available in the literature.1–5 However, the explicit displacement equations available in the literature are only
for the contact interface or along a line of symmetry.1,2
In 2003, Kourkoulis et al.6 have reported an explicit
equation for the displacement fields based on complex
potential approach for contacting situation of a disc
jaw assembly having different predetermined radius of
curvature.
Digital photoelasticity7 has been effectively applied
in obtaining the contact stress parameters from the
whole field principal stress difference data.7–10 Digital
image correlation (DIC) is a whole field optical nondestructive experimental technique to obtain the displacement/strain fields which is gaining prominence in
many engineering applications.11–13 However, attempts
to utilize the whole field displacement data for contact
zone analysis are limited in the literature.6,14 The main
issue with the displacement data is the non-uniqueness

of the displacement field due to rigid body motion.2,3
In this article, the displacement field near contact zone
for Hertzian contact is presented. Then, a methodology
is proposed to evaluate the contact length and rigid
body motions associated with the displacement data
from the experimentally obtained whole field displacements using a nonlinear least squares method.

Whole field displacement near contact
zone
Schematic diagram of the contact zone is shown in
Figure 1. The interface between the contact zones is
assumed to be perfectly smooth and hence, the loading
is assumed to be normal to the contacting interface.
The problem is modeled as a two-dimensional (2D)
plane stress elasticity problem where Muskhelishvili’s3
complex potentials approach is used to simulate the
Hertzian contact field. Complex potential used in
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Kourkoulis et al.6 is particular to a specific
contacting
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
radii, which is given as F(z) = 1=6RA( (a2  z2 ) + iz).
Following the study of Kourkoulis et al.,6 in this
work a generic displacement equation is proposed by
incorporating the relative radius of curvature term (h)
in the Muskhelishvili’s potential (F) which is given as
F(z) =


ﬃ
h pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
(a2  z2 ) + iz
2A

ð1Þ

Here, h refers to the relative curvature between the contacting surface, which is given as


1
1
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Figure 1. Schematic diagram of the contact zone of two discs
in contact.

Here, R1 and R2 are the radius of curvature of the two
contacting bodies. In equation (1), a is semi-contact
length (Figure 1), and z is a complex number defined
as z = x + iy. For similar bodies, A is defined as
A = (k + 1)/(2G) where G is the shear modulus, and
k is the Kolosov’s constant. It is defined as k = (3 2
n)/(1 + n) and k = (3 2 4n) for plane stress and plane
strain situations, respectively, with n as Poisson’s
ratio.
The potential function given in equation (1) can be
used for different contacting situations. The relative
curvature h takes a value of 2/R when both the contacting bodies have same radius R and h = (1/R) if one of
the surfaces has an infinite radius (flat). Furthermore, it
can be seen that on p
setting
R2ﬃ= –1.5R1, equation (1)
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gives F(z) = 1=6RA( (a2  z2 ) + iz) which is same as
given in Kourkoulis et al.6
From the Muskhelishvili’s potential (F), whole field
strains and displacement data can be expressed as2–4



∂u
∂u
 0 (
+i
2G
z) + F(
z) + kF(z)
= ðz  zÞF
∂x
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ð2Þ

z) + T
2G½u + iv = ku(z) + u(
z) + (
z  z)u0 (

ð3Þ

In equations (2) and (3), prime denotes the derivative
and bar represents the complex conjugate. The term T
represents the rigid body motion associated with the
displacement data.3 Here, u(z) is obtained by integrating the Muskhelishvili’s potential (F) once. The displacement is obtained by substituting equation (1) into
equation (3) and by separating the real and imaginary
parts of equation (3), the horizontal (u) and vertical (v)
components of the displacement can be expressed as

2Gvðl, uÞ =
1
h n
ðk + 1Þ l2 cos2u  lðl1 l2 Þ2 cosðu + ðu1 + u2 Þ=2Þ
4A
#
1
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+ ln
4 l2 + l1 l2  2lðl1 l2 Þ12 cosðu  ðu1 + u2 Þ=2Þ
h
io
1
+ 4lsinu lsinu  ðl1 l2 Þ2 sinððu1 + u2 Þ=2Þ
+ x3lcosu + Ty

ð5Þ

With the definitions
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lsinu
l2, 1 = l2 6a2  2lacosu and u2, 1 = arctan
lcosu6a

In equations (4) and (5), x represents the rigid body
rotation term, and Tx and Ty are the rigid body translation terms along x- and y-directions, respectively.
Radial (ur) and tangential (uu) components of the displacement fields from u and v are obtained as
ur = ucosu + vsinu

ð6Þ

uu =  usinu + vcosu

ð7Þ

Substituting equations (4) and (5) into equation (6),
one can see that the radial component of the displacement (ur) is not affected by the rigid body rotation term
(x) as the rotation components get canceled. This
makes it (ur) the right choice of data to be processed
for further analysis.
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Figure 2. Pseudo fringes of radial displacement (M = 40) from (a) analytical data for a = 3, Tx = 0.1, Ty = –0.5 and (b) reconstructed
using the parameters obtained from the nonlinear least squares method with data points echoed back.

Contact parameter evaluation from
displacement data using nonlinear least
squares
In this section, a methodology to extract the unknown
contact length and rigid body translation from the
whole field displacement data is established. Combining
equation (6) and the experimental radial displacement
data, following the study of Ramesh et al.,15 an error
function is defined for the nth data point in the model
domain as
gn = ur (a, Tx , Ty )  uexp
r

ð8Þ

As the error function gn is nonlinear in terms of a,
this needs an iterative procedure of least squares analysis by minimizing the error function. This is done based
on the Taylor series expansion of the error function,
and it can be expressed in terms of gn and correction
factor of the parameters (Da, DTx , DTy ) for ith iteration
as


∂gn
(gn )i =
∂a
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Application of equation (9) to n data points can be
represented in matrix form as
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This set of equations are solved in an overdeterministic approach, and the parameters are then
modified in the i + 1 iteration based on the correction
terms Da, DTx and DTy obtained.
Initially, this methodology is verified for its correctness with analytically generated displacement data with

known values of a, Tx and Ty using equations (4) and
(5). In order to process the displacement data, one has
to collect the positional coordinates and corresponding
displacements from the contact field. In photoelastic
data analysis, it has been established that collecting
data on fringe contours gives improved results for
crack as well as contact stress parameters.16 Following
this, the displacement data are represented as pseudoMoiré contours using the expression 255 cos(ur 3M),
where M is used to control the density of the pseudoMoiré fringes. Value of M is selected such that there
are sufficient number of fringes for data collection.
Displacement field with a = 3 mm, Tx = 0.1 mm and
Ty = –0.5 mm is analytically generated and is shown as
pseudo fringe contours (M = 40) in Figure 2(a). The
displacement data and corresponding positional coordinates are collected from the vicinity of the contact
field and are then processed in a least squares sense.
The values obtained are same as that of the one used
for analytical generation. The contact zone is then
reconstructed (Figure 2(b)) with the results obtained
from least squares analysis and the data used for the
analysis are echoed back on the reconstructed image.
The results obtained from the least squares analysis are
in agreement with the given simulated parameters, and
this indicates the correctness of the implemented
procedure.

Experimental analysis
Experimental setup
The 2D DIC experiments are performed at the interface
of two discs under compressive load. Discs of 60-mm
diameter (h = 2/R) are made with epoxy material having Young’s modulus of E = 3300 MPa and Poisson’s
ratio of n = 0.37. A loading fixture is designed and fabricated for obtaining a normal load between the two
discs. The models are speckled initially by spraying a
matt white paint followed by matt black paint
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Figure 3. (a) Speckled model for reference image and (b) contour plot of the ur displacement obtained from DIC analysis.

Figure 4. Pseudo fringes of radial displacement from (a) experimental results from DIC, (b) reconstructed using the parameters
obtained from the nonlinear least squares method with data points echoed back, (c) contour plot of the ur displacement shown in
(b) and (d) error plot of ur displacement.

randomly over the model. Contact zone of the disc
assembly before the loading, which is used as the reference image, is shown in Figure 3(a). The magnification
of the speckled image is 84 pixel/mm, and about 73%
of the speckles are found to have size less than 4 pixels.
A load of 600 N is applied on the top disc using a

universal tensile testing machine with a loading rate of
5 N/s and the images are captured using GRAS20S4M-C camera (162431224 pixels and 8-bit dynamic
range) with a Tokina 100-mm f/2.8 lens with lightemitting diode (LED) illumination. Deformed speckle
images are then analyzed using a commercial package
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Figure 5. Pseudo fringes of radial displacement from experimental DIC results for (a) h = 1:85=R, (b) h = 2:85=R. Reconstructed
using the parameters obtained from the nonlinear least squares method with data points echoed back for contact zone with (c)
h = 1:85=R and (d) h = 2:85=R.

VIC-2D to obtain the displacement fields in the vicinity of the contact zone. The selection of DIC parameters are problem specific, and here, these are
selected (subset size of 21 pixels with a step size of 5)
such that there is minimum loss in the data near the
contact interfaces with good correlation in the entire
field. Here, only the lower disc is considered, and the
whole field experimental radial displacement (ur)
obtained from the DIC result is shown as a contour
plot in Figure 3(b).

Contact parameter evaluation from experimental
displacement data
Displacement data obtained from DIC result is postprocessed to obtain the contact parameters using nonlinear least squares algorithm. Figure 4(a) shows the
pseudo fringe contours (M = 70) of experimental radial
displacement. From the analysis, the semi-contact
length a is obtained as 1.1 mm, and the rigid body

translations Tx and Ty are obtained as 0.34 and
20.24 mm, respectively.
Figure 4(b) shows the reconstructed pseudo fringe
contour along with the data points echoed back on the
reconstructed radial displacement data obtained from
the analysis. Displacement variation is shown as a
colored contour plot in Figure 4(c). Whole field error
in the displacement obtained between the experimental
and least squares modeling is shown in Figure 4(d). It
is clear from Figure 4(d) that the estimated contact
parameters from the experimental data are able to
model the contact zone accurately. Unlike in the study
of Kourkoulis et al.,6 where a correction of the displacement is required, here, the rigid body terms are also
evaluated as part of the analysis.
As one could see that the displacement equations
(equations (4) and (5)) reported in this study are not
limited to the contact zones having same radius of curvature. To illustrate this, two different cases having different radii of curvatures for contact interface is
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Table 1. Results obtained for different contacting interfaces.
R1

R2

h

Semi-contact
length, a (mm)

Rigid body translation—
x-direction, Tx (mm)

Rigid body translation—
y-direction, Ty (mm)

R
Infinite radius
R

R
0:542R
0:542R

2=R
1:85=R
2:85=R

1.1
1.09
0.79

0.34
0.036
1.18

20.24
20.17
20.33

R = 30 mm; Tx, Ty, R1 and R2 are in mm.

Figure 6. Variation of the radial displacement along x/a at y = –a for experimental and least squares model for three cases of
contacting situations.

considered next. Figure 5(a) and (b) show the experimental pseudo fringe contours obtained using subset
and step sizes of 17 and 5 with M = 35 for h = (1.85/
R) and h = (2.85/R), respectively, where R = 30 mm.
The magnification is of 106 pixel/mm, and 64% of the
speckles are of size less than 4 pixels. These data are
then processed as described in previous sections, and
the reconstructed contours generated from the parameters obtained with data echoed back are shown in
Figure 5(c) and (d). Results obtained from the experimental displacement data for various problems are
consolidated in Table 1.
Variation of the radial displacement estimated from
the least squares method compared with experimental
results from DIC along x/a at y = 2a for various contact zones are shown in Figure 6. An error analysis conducted on the robustness of the nonlinear least squares
algorithm revealed that the displacement data should
have an accuracy better than 0.001 mm to estimate contact parameters within an error of 0.5%. In VIC-2D,
the displacements can have resolution up to 0.00001
times the field of view (FOV). In this study, the FOV
was in the range of 15–19 mm, and the data can be measured with a maximum resolution of 0.00015 mm. In
the case of contact zone measurements, the speckles

should have a good contrast and variation in the intensity with lower speckle sizes even at higher magnifications. In view of the strain gradients in contact zones,
the choice of subset size cannot be of higher values as it
may over smooth the actual displacement data and also
loose data at the boundaries. These factors are problem
dependent, and one has to exercise special care in selecting these parameters appropriately for a given experimental situation.

Closure
Displacement field for contact zones involving nonconformal geometries are presented in a generic sense.
Evaluation of contact zone using the whole field experimental displacement data, where the contact parameters are unknown is implemented. The displacement
data obtained from DIC is post-processed to obtain the
contact length along with the rigid body components of
the displacement field. Three different cases of contact
zones are evaluated, and the proposed method is verified for its usefulness in dealing with a variety of contacting situations by appropriately changing the relative
curvature term h. Since DIC can be done on actual
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components, this methodology will be very useful in
real-life industrial applications.
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