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Early warning signals for critical
transitions in a thermoacoustic
system
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state to another at a critical threshold called the tipping point. The decrease in recovery rate to
equilibrium (critical slowing down) as the system approaches the tipping point can be used to identify
the proximity to a critical transition. Several measures have been adopted to provide early indications
of critical transitions that happen in a variety of complex systems. In this study, we use early warning
indicators to predict subcritical Hopf bifurcation occurring in a thermoacoustic system by analyzing the
observables from experiments and from a theoretical model. We find that the early warning measures
perform as robust indicators in the presence and absence of external noise. Thus, we illustrate the
applicability of these indicators in an engineering system depicting critical transitions.

Many complex systems such as ecosystems, climate systems, financial markets and neurons in the mammalian
cortex exhibit critical transition'~'°. In first order transitions, the transition occurs at the bifurcation points (the so
called tipping points) where the system abruptly shifts from one stable state to another stable state. This state shift
can have undesirable consequences'! ranging from the extinction of species in ecosystems'*!? to sudden crash of
economy in financial markets'*. The undesirable state following a critical transition creates the need to develop
early warning measures to detect the proximity of the system under consideration to a critical point or tipping
point. Early detection of critical transitions has great relevance because it can initiate appropriate management
strategies to prevent a forthcoming catastrophe’®.

Over the years, many early warning measures have been developed to successfully detect critical transitions
observed in complex systems. These early warning measures perform by exploiting the phenomenon of critical
slowing down observed in dynamical systems. Dynamical systems display slow recovery from perturbations in
the vicinity of a tipping point which is known as critical slowing down'®!”. The signature of critical slowing down
can be observed as an increase in variance, lag-1 autocorrelation and conditional heteroskedasticity prior to a
critical transition'>'*18, Scheffer et al.'*, in their pioneering study, proposed a plethora of statistical quantities
such as recovery rate, variance and autocorrelation to forewarn imminent shifts in ecosystems, collapse of finan-
cial markets, and the onset of asthmatic attacks and epileptic seizures. Thereafter, these early warning measures
are extensively used to predict critical transitions in ecological models'®-?°, palaeoclimate records®?, structural
behavior®, medicine?, chemical® and biological systems?>?’.

Critical transitions that occur in many engineering systems result in a huge loss of revenue. One such engi-
neering system is the power generating system where combustion of fossil fuels is the source of power?%. Land
based gas turbine engines, jet engines used for aviation, and rocket engines fall into this category of combustion
dependent power generating systems. In a combustion system, the burning of fuel occurs in an unsteady flow
field. The perturbations in the flow causes fluctuations in the heat release rate which results in the generation
of sound waves. The sound waves get reflected back to the source, if the entire process occurs in a confinement.
These reflected waves modify the heat release rate, forming a feedback loop. A positive feedback could be estab-
lished when the pressure fluctuations due to the sound waves and the heat release rate fluctuations are favorably
phased?. The positive feedback can result in the growth of pressure fluctuations and the system can finally attain
a state of large amplitude periodic oscillations. The transition to oscillatory behavior occurs as a result of the
feedback mechanism that exists between the sound waves and the heat release rate. Hence, combustion sys-
tems that exhibit this transition are termed as thermoacoustic systems. The high amplitude periodic oscillations
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Figure 1. Schematic of the experimental set-up. A blower (Rosemount 3051 SFC) is used to provide the mean
flow and a flow meter is used to measure the flow rate. A DC power supply unit is used to heat the wire mesh.
We acknowledge Mr. Dileesh M., Junior Technician in the Department of Applied Mechanics, Indian Institute
of Technology Madras, for providing the schematic.

established in the system could cause structural damage, reduce performance of the power generating system or
even result in disastrous events such as operational failure of space rockets®. Thus, early detection of the transi-
tion to self-sustained oscillations is critical in a combustion system.

In general, physical systems display complex dynamics which makes it difficult to predict the transitions or
even to describe the nature of the transitions observed in such systems. Therefore, controlled laboratory-scale
experiments are necessary to verify the robustness of the early warning measures in physical systems. In this
study, we employ ingenious laboratory-scale experiments along with a theoretical model to study the effective-
ness of the early warning indicators. This is the first attempt to apply these early warning measures to predict
subcritical Hopf bifurcation in a prototypical thermoacoustic system. The experimental set-up consists of a hori-
zontal duct with a heat source located inside the duct. The experimental system could undergo a transition to
self-sustained pressure oscillations for suitable choice of its control parameters. In addition to experiments, we
use a theoretical model derived from the conservation equations of momentum and energy.

In this study, we identify early warning signals such as increase in variance and conditional heteroskedastic-
ity close to a subcritical Hopf bifurcation. We find that these measures are robust even when the system under
consideration is under the influence of external noise. Many physical systems undergo critical transition from a
non-oscillatory state to an oscillatory state, which can be described via a subcritical Hopf bifurcation. Hence, our
study on the viability of the early warning measures to predict transition in a physical system gains considerable
significance.

Results

Experimental set-up. The experimental set-up consists of a 1 m long duct of 10 cm x 10 cm square
cross-section (Fig. 1). The duct is open to atmosphere at one end. The other end is connected to a rectangular
chamber of size much larger than the cross-section dimensions of the duct. This chamber is referred to as decou-
pler®2. A blower in the suction mode is used to establish the air flow through the duct. The decoupler isolates the
duct from the fluctuations upstream. Thus, the pressure at both the ends of the duct are equal to the ambient
pressure. Therefore, the pressure fluctuations at the boundaries are negligible.

An electrically heated wire mesh located in the upstream half of the duct acts as a source of heat for this
prototypical system, unlike a flame in practical combustion systems. The voltage drop across the mesh and the
current flowing through the mesh are measured to estimate the electrical power supplied to the mesh. We used
loudspeakers to provide external fluctuations in experiments when we studied the robustness of early warning
measures in the presence of noise.

Summary of the model. The theoretical model considered in this study captures the feedback between
the fluctuating heat release rate and the sound waves (pressure and velocity fluctuations). This feedback could be
modified, by varying certain control parameters, resulting in a state shift to large amplitude periodic oscillations.
The formulation of the model is detailed in the Methods section. The following set of equations, derived from the
conservation equations of momentum and energy, describes the temporal evolution of the system??.

dn, 1, 1
E—
3 3 (1

di. 5 )
d_t] =1 d_t] + 2§jwj77j + W n; = —kjm

The model described in equation (1) represents a nonlinear self-excited oscillator and it displays a transition
from a non-oscillatory state to an oscillatory state via subcritical Hopf bifurcation for suitable change in control
parameters. Although the experimental system under study is laminar, aperiodic fluctuations exist in the flow
field. These fluctuations in the flow field arise from the blower. The flow noise generated from the blower does not
completely decay in the decoupler. These small amplitude fluctuations convect downstream giving rise to small
amplitude fluctuations in the flow field. Thus, the base state of the system can be viewed as a laminar flow field
superimposed with the low amplitude fluctuations arising from the blower. We chose additive Gaussian white
noise* to model these background fluctuations in the theoretical model as it captures the dynamics observed in
experiments qualitatively. This qualitative similarity between the experimental results and the theoretical model,

sin jmx ¢
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Figure 2. The bifurcation diagram obtained from experiments. The non-oscillatory state loses its stability

at point A (Hopf point) and the system undergoes a transition from non-oscillatory state to large amplitude
oscillatory state as the parameter K is increased. The system returns to the non-oscillatory state at point C as K
is reduced. We can observe a bistable region ABCD, where the system can remain either in a stable oscillatory
state or in a stable non-oscillatory state. The inset shows, the variation of any measure M with control parameter
4 obtained from the normal form equation associated with subcritical Hopf bifurcation. The stable and unstable
branches are colored blue and red respectively.

when the source of fluctuations is modeled as additive Gaussian white noise, is reported both in the case of a
prototypical thermoacoustic system®* and in the case of an industrial gas turbine combustor®. Once we include

the noise, equation (1) becomes:
/ + uf (t—7) \/7
(2)

dnj dn

E:"f’ o +2§w]77 +w n; = —kjm
where, € represents strength of the additive Gaussian white noise ¢(). The noise term ¢(t) in equation (2) models
both background fluctuations in the flow field and the external fluctuations imposed by the loud speaker. The
sources of both these fluctuations; the fluctuations due to flow noise from the blower and the fluctuations induced
by the loudspeaker; are external to the system. Hence, we use additive noise to model both these fluctuations. The
non-dimensional intensity of background fluctuations and external fluctuations is referred to as 3. The procedure
to obtain (3 is detailed in the Methods section. In order to simulate the experimental conditions, we maintained
the strength of additive Gaussian white noise ¢ in the model such that the non-dimensional noise intensity 3 is
the same as that in the experiments.

sin jmx; + ()

Critical transition associated with a subcritical Hopf bifurcation. A bifurcation analysis was per-
formed in order to characterize the nature of the transition observed in experiments. The control parameter in
this study, the heater power (K), was increased in a quasi-steady manner and the time series of unsteady pressure
pertaining to each value of the parameter was recorded. When K was increased above a threshold value A, the
median of the peak acoustic pressure (P) registered an abrupt increase (see Fig. 2).

In Fig. 2, the abrupt increase in P corresponds to a transition of the system from a non-oscillatory to oscil-
latory state. It is evident from earlier studies that the oscillatory state corresponds to a state of limit cycle oscil-
lations*>**. Once the system reaches the oscillatory state, the parameter K should be reduced to a threshold
value further below A, to bring the system back to the non-oscillatory state. The threshold values at which the
transitions occur are different for the forward path (when K is increased) and for the reverse path (when K is
decreased). This difference in threshold values results in the presence of a bistable regime. The presence of the
bistable regime indicates that the transition to the oscillatory state observed in the experimental system is subcrit-
ical in nature®. The subcritical nature of Hopf bifurcation prompts us to use early warning measures to predict
the occurrence of this transition.

In experiments, we have observed a 5% uncertainty in the value of the Hopf point. The uncertainty arises
because the experimental conditions such as the mean temperature and the speed of sound are not exactly repeat-
able. Thus, in a particular experiment, we can expect the onset of oscillations at any K within the range of approx-
imately 380 =20 W.

Critical slowing down indicators at the onset of critical transition. We calculated variance, lag-1
autocorrelation and also conditional heteroskedasticity of the time series in search for forewarning signals before
the system reaches the state of self-sustained oscillations. Unlike a laboratory experiment where the control
parameter is varied in a quasi-static way, the control parameter must be varied continuously as in the case of real
systems. This prompted us to perform experiments by varying the control parameter in a continuous manner and
capture the time series depicting the continuous transition from non-oscillatory state to oscillatory state. We var-
ied Kby 2W in every 20 s and recorded the corresponding time series of acoustic pressure. A plot that depicts the
change in K with time is included as Supplementary Fig. S3. The metric based methods suggested by Dakos et al."
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Figure 3. Early warning signals for a critical transition associated with a subcritical Hopf bifurcation using
the time series of unsteady pressure obtained from the experiments. (a) Time series depicting transition
from a stable to an alternate stable state where the heater power K is increased by 2 W in every 20 seconds from
330 W to 396 W. The oscillations start to grow at around t = 644s. Plot depicting the change in (b) variance and
(c) lag-1 autocorrelation as the system approaches the critical transition. The lag-1 autocorrelation and variance
are calculated using a moving window of half the size of the time series. The black horizontal arrow represents
the length of the moving window. The thick solid black line indicates the time stamp (#=640s) up to which

the data is used to calculate the early warning measures while the vertical dotted line indicates the time stamp
from which the early warning measures are calculated. We observe a clear increase in variance, well before the
transition, whereas the autocorrelation shows a decrease. Although, we have not added external noise to the
system, the background fluctuations in the system correspond to a non-dimensional noise intensity 5=0.02. A
concurrent increase or decrease in the values of a measure (variance or autocorrelation) is identified as trend.
We have adopted Mann-Kendall test* to calculate the trend.

are adopted to calculate the early warning measures. The time series prior to the transition alone is used for cal-
culating the early warning measures as we require precursors for an impending transition.

In Fig. 3a, the amplitude of the oscillations starts to grow only at around ¢t = 644 s which marks the occurrence
of Hopf bifurcation (at K= 394 W). The effects of critical slowing down, which can be observed just before the
occurrence of the subcritical Hopf bifurcation, will aid in detecting the impending transition. Therefore, we used
the time series up to t=640s to calculate the early warning measures. We can observe a significant increase in the
value of variance well before the transition, which clearly serves as an early warning signal (Fig. 3). However, the
lag-1 autocorrelation decreases before the transition, rendering it as a less effective early warning measure (Fig. 3).

We extended our search for effective early warning measures for predicting a subcritical Hopf bifurcation
also in the theoretical model given by equation (2). We varied the non-dimensional control parameter (k) as a
function of time, given by k=1.667 x 10~* £, and obtained the corresponding time series of unsteady pressure.
Here also, we observed a transition to a state of limit cycle oscillations®®. The lag-1 autocorrelation and variance
were calculated using the same procedure that we followed for the time series obtained from experiments. In
the model, we observe that the values of variance and lag-1 autocorrelation increase well before the transition
(Fig. 4). Lag-1 autocorrelation shows a decreasing trend in experiments while we observe an increasing trend
in the model. In experiments, the system has background aperiodic fluctuations, though we have not added any
external noise in the system. The presence of fluctuations makes autocorrelation a less effective precursor as it is
established that autocorrelation can increase or decrease in the presence of fluctuations®. In order to use autocor-
relation as a precursor, we need to have multiple realizations of the transition, which may not be feasible when it
is applied as an early warning measure in a real time system™. The observations from the model and experiments
make it clear that variance is a more robust early warning measure as compared to lag-1 autocorrelation. Our
observation of variance being a more robust early warning measure than lag-1 autocorrelation is completely in
conformity with Ghanavati et al.*’.

The robustness of the early warning indicators must be tested in the presence of fluctuations as practical
combustion systems work in a turbulent environment. Therefore, we added external noise of non-dimensional
intensity 5=0.2 in the system using loudspeakers*'. Here also, we changed the control parameter by 2 W in every
20s and recorded the time series of unsteady pressure. We observe that lag-1 autocorrelation shows an increasing
trend close to the transition and variance shows a concurrent rise indicating the proximity to a critical transition
(Fig. 5). Our experimental results prove that early warning indicators perform very well even in the presence of
external fluctuations of intensity one order higher than that of the background fluctuations.

We further tested the robustness of early warning signals using the model (equation (2)). In the model, we
applied Gaussian white noise such that the non-dimensional intensity is 0.2 to match the experimental condi-
tions. The value of the Hopf point (k=0.62) does not change since the noise in the model is additive in nature?'.
The parameter k reaches the value of Hopf point only at t=372. We can notice in Fig. 6(a) that the amplitude
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Figure 4. Early warning signals for subcritical Hopf bifurcation using the time series generated from

the model (equation (2)). (a) Time series of acoustic pressure depicting the transition from a stable to an
alternative stable state. The control parameter k is increased as a function of time, given by k=1.667 x 1073,
from 0 to 1. The parameter reaches the Hopf point (k=0.62) at t=2372. Plot depicting the change in (b) variance
and (c) lag-1 autocorrelation as the system approaches the critical transition. We observe increase in variance
and autocorrelation well before the transition. We maintained the value of ¢ such that the non-dimensional
noise intensity is 0.02 to match the experimental conditions. Note that the parameter k and the acoustic pressure
that we calculate from the model are non-dimensional.
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Figure 5. Early warning signals for subcritical Hopf bifurcation in the presence of external fluctuations
using the time series of unsteady pressure acquired from the experiments. (a) Time series of acoustic
pressure depicting transition from a stable to an alternate stable state where the heater power K is varied by
2W in every 20s from 330 W to 394 W. Plot depicting the change in (b) variance and (c) lag-1 autocorrelation
as the system approaches the critical transition. We observe a rise in variance and autocorrelation before the
transition. We have added external noise to the system such that the non-dimensional noise intensity is 5=0.2.

starts to grow much before the Hopf point is reached. Therefore, the transition to limit cycle presented in Fig. 6(a)
represents noise induced tipping in the system. In this case also, we observed a trend similar to that observed in
experiments, where variance and lag-1 autocorrelation increase well before the transition (Fig. 6). Our results
show that the early warning measures perform well in forewarning critical transitions irrespective of the presence
of background and external fluctuations.

We then proceed to calculate conditional heteroskedasticity which was introduced as an early warning indica-
tor by Seekell et al.'®. Conditional heteroskedasticity is indicated by the persistence in the conditional variance of
the error terms. We followed the procedure suggested by Seekel et al.'® to estimate conditional heteroskedasticity
(refer Methods section for details of the procedure). In this procedure, the time series is modeled as an autore-
gressive process and the residuals are obtained. We then estimate the conditional heteroskedasticity by examining
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Figure 6. Early warning signals for subcritical Hopf bifurcation in the presence of high intensity additive
noise using the time series generated from the model (equation (2)). (a) Time series of unsteady pressure
depicting the transition from a stable to an alternate stable state. The control parameter k is increased as a
function of time, given by k=1.667 x 10~ ¢, from 0 to 1. Plot depicting the change in (b) variance and (c) lag-1
autocorrelation as the system approaches the critical transition. We observe a clear increase in variance and
autocorrelation well before the transition. We maintained the value of ¢ such that the non-dimensional noise
intensity is 0.2 to match the experimental conditions.
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Figure 7. The cumulative number of significant Lagrange multiplier test (C) applied to the time series
obtained from the experiments and the model. In (a) to (d) the time series used are same as in Figs 3 to 6,
respectively. The cumulative C increases close to the transition indicating that significant number of tests shows
conditional heteroskedasticity.

the persistence in the conditional variance of the residuals. We adopt conditional heteroskedasticity as an addi-
tional measure along with variance and autocorrelation to early warn the transition.

We consider the time series data used in Figs 3 to 6 to calculate the conditional heteroskedasticity. We identi-
fied the significant number of tests where conditional heteroskedasticity is observed. We find that the cumulative
number of significant tests (denoted by C) for conditional heteroskedasticity, applied to the time series, increases
as the critical transition is approached (Fig. 7). The increase in C for all the cases considered in this study ascer-
tains regime shift in the system's.

Discussion

We find that the critical slowing down indicators, e.g., variance and conditional heteroskedasticity, as early warn-
ing signals are able to predict catastrophic transitions in a physical system. These measures are robust even in the
presence of high intensity noise. In the model, lag-1 autocorrelation shows an increasing trend in the presence
of low and high intensity noise. However, in experiments, lag-1 autocorrelation shows a decreasing trend (in the
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presence of background fluctuations) as the critical point is approached, though it shows an increasing trend in
the presence of external noise imposed by a loud speaker. The lack of robustness of autocorrelation as a precursor
is due to the fact that we are using a single sample path or a single realization®®.

This is the first experimental study where we establish the effectiveness of critical slowing down indicators
in early warning critical transition in a thermoacoustic system. Our findings are highly pertinent as many real
systems exhibit critical transitions. By implementing the early warning measures in systems such as the one
considered in the present study, we can prevent critical transitions in real systems. We wish to emphasize that the
early warning indicators exploit the phenomenon of critical slowing down which happens near any bifurcation.
Therefore, any transition which can be viewed as a bifurcation can be predicted using the early warning measures.

There are certain limitations to the approach we have adopted in this study. The early warning indicators
considered in the current study may fail to detect the regime shifts that occur as a result of rapid change in the
control parameter*?. Apart from this, the early warning measures might not detect transitions induced by a finite
amplitude perturbation in the system. The perturbation can occur at any arbitrary instant of time and can take
the system to the basin of attraction of the stable limit cycle. Tipping in the system as a result of perturbations
is not preceded by critical slowing down. Hence, the early warning indicators discussed in this study might not
detect this transition. We provide an example from our experiments and mathematical model where early warn-
ing measures fail to detect a transition induced by a sudden finite amplitude perturbation (see Supplementary
material).

Methods

Data acquisition. We use piezoelectric transducers (PCB piezotronics, PCB103B02) to record the variation
in acoustic pressure. The sensitivity of the pressure transducer is 217.5 mV/kPa and the resolution is 0.2 Pa. The
output from the pressure transducer is acquired using a data acquisition system (PCI 6221) through a signal
conditioner. The transducer is mounted 325 mm from the end open to the atmosphere. We add external noise to
the system through loud speakers (Ahuja AU 60) mounted on the duct 625 mm from the end open to the atmos-
phere®. The white noise signal is created in LabVIEW software and then input to the loud speakers through an
amplifier. A DC power supply (TDK-Lambda, GEN 8-400) of range 0-8 V and 0-400 A is used to heat the wire
mesh. The wire mesh is made from mild steel. The uncertainty in the heater power is 0.4 W. The accuracy of the
flow meter is 4= 0.1%. The decoupler has dimensions 1200 mm x 450 mm x 450 mm.

Theoretical model. The model is derived from the conservation equations of momentum and energy™.
In the model, we consider a horizontal duct with a concentrated heat source located inside the duct. An average
value of temperature in the duct is adopted to model the sound propagation in the duct. We can write the conser-
vation equations of momentum and energy (in one-dimension) as follows**:

ou __ou P

— + pli— + = =0,
pat p”ax ox (3)
O . 0p , 00 5
' et - = - 1Q,
P +ua% +7Pa& (y—-1Q @

where, v is the ratio of specific heats of air. The quantities with tilde are dimensional. The variables pressure (p),
density (), velocity (%) and heat release rate (Q) are decomposed into mean and fluctuating quantities. For exam-
ple, density is expressed as p = p + p'. The fluctuating quantities are much small compared to the mean. For
instance, the amplitude of the pressure fluctuations is less than 1% of the mean pressure in Rijke tube. It implies
that the propagation of sound waves in the duct can be modeled as a linear phenomenon. Therefore, the linear
terms involving the fluctuating variables alone are retained and higher order terms are neglected. In addition, the
low Mach number approximation** is adopted to obtain the following equations:

_ow | 9p' _

o T ox (5)
31‘5/ _8"11/ -
ol — =(v-1Q.
57 +p = (vy—1Q ©)

The fluctuating heat release rate per unit volume @) is given by the following relation®*:

¢ - 2l D) e, |9 v wd - o) - [2
S/6 3 3 7)

where, A is the heat conductivity of air, Cy is the specific heat at constant volume, Ly, is the effective wire length, p
and T are the mean density and temperature of the flow respectively, T}y is the temperature of the wire, dyy is the
wire diameter and S is the cross-sectional area of the duct. The unsteady heat release rate is a nonlinear function
of the velocity fluctuations at the heater location. The heat release rate responds to the velocity fluctuations after a
delay (7) which is incorporated in equation (7). The physical reason for this delay is the presence of the thermal
and the hydrodynamic boundary layers around the wire. Due to the presence of the boundary layer, the heat

5(F - %)
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release rate from the wire responds to the velocity fluctuations after a delay. The following expression can be used
to estimate the non-dimensional time delay from experiments*.

_ ¢ 0.2d
L ou (8)

where ¢, is the speed of sound, L is the length of the duct, u, is the mean speed of the flow and d is the diameter of
the cylindrical heating wire.

Moreover, a similar delay is expected in our experimental set-up, as we have a mesh type heater (which can be
viewed as an array of cylindrical wires). In a practical combustion system, this delay can be attributed to factors
such as the convective time scale (time taken by the fuel air mixture to travel the distance between the fuel injec-
tion point and the flame location), evaporation time scale, mixing time scale and reaction time scale.

The location of the heat source inside the duct is denoted by % ,. Although the sound propagation is modeled
as a linear phenomenon, the interaction between heat release rate and the sound waves is nonlinear. Therefore,
equations (5) and (6) still represent a nonlinear system of equations as the expression for heat release rate is non-
linear®. Equations (5) and (6) are then expressed in terms of non-dimensional quantities by adopting the follow-
ing scales for non-dimensionalization.

x=%/L, t=rtc/L, u =1u'luy, p'=p"IP, M=uylc, 9)

The quantities with tilde are dimensional. M is the mean flow Mach number and p is the steady state pressure.
The following equations are obtained after non-dimensionalization.
ou'  op
MZE L P,
7 ot 0x (10)

o o ‘1 \F
R VL
o ) o \ E ) B

where,k = (y — 1) %A/mcvwwuo.

The variables that é’o‘{/ern the heat conduction from the wire are encapsulated into a single non-dimensional
parameter denoted by k. In the analyses using the model, k = 2k/yM, is used as the control parameter analogous
to the heater power in experiments. The non-dimensional acoustic pressure and acoustic velocity are represented
by p’ and v’. The acoustic pressure (p’) and the acoustic velocity (') are expressed in terms of the natural spatial
modes of the duct as follows**:

O(x — xf),

11)

N N
M
u=> 1; €O jmx, p=- Lﬁj sin jmx
j=1 j=1 T (12)

Here 5. and i), represent the time varying coefficients of j* natural mode. The expansions for #’ and p’ from
equation (J 12) are substituted into equations (10) and (11) to yield equation (1).
R Clﬁ + ¢, [“1], where ¢, and c, are the damping
2| twy wj
coefficients®*. w;= jm represents the non-dimensional angular frequency of the j" mode. The non-dimensional
frequency w; is obtained by non-dimensionalizing the angular frequency of the j** natural mode of a duct open at

both ends, & i = 27 (jeo/2L). @, is non-dimensionalized with c,/L, where ¢,/L is the travel time of the sound waves

in the duct. The value of the parameters used for computation are N (number of modes) = 10, dt (step size) =0.01,
wy=jm, ¢;=0.1, ¢,=0.06, x;=0.25 and 7=0.2.

The amplitude of fluctuations or the noise level in the system (both in experiments and in the theoret-
ical model) is estimated by measuring the rms amplitude of the acoustic pressure when the system is in the
non-oscillatory state. The noise amplitude (I) is non-dimensionalized by the amplitude of limit cycle attained at
the Hopf point in the absence of external noise (Py).

B=1/P, (13)

The damping in the system is modeled using the term Cj =

Here, (3 is the non-dimensional noise intensity.

Derivation of early warning signals. We performed the statistical analyses using the “Early Warning
Signals Tool Box” (http://www.early-warning-signals.org/). We used the time series up to the impending critical
transition to calculate the early warning indicators. For variance and autocorrelation, we calculated the temporal
trend by estimating the nonparametric Kendall rank correlation (7;)* Kendall’s 7 is a statistical tool used to
measure the association between two measured quantities. Lag-1 autocorrelation is determined by the autocor-
relation function (ACF) given below:

_ E[(P(t) = P,)P(t+1) —P,)]
L o’ ’ (14)
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where, P(t) is the value of the state variable at time ¢, and P,, and o2 are the mean and variance of P(t) within the
time frame considered. Variance is calculated as:

o~ L5 - b,
N& (15)

where N is the number of observations.
We used Lagrange multiplier test to calculate conditional heteroskedasticity®. For this, we fit autoregressive
model of selected order to the time series.

9
P=ay+ > aP_;+¢
t i=11 t—i t (16)

The order is selected according to Akaike information criterion® which is a measure of the relative goodness
of the fit. After fitting of model to the time series, we calculated squared residuals (¢ 12) and regressed them one
time step

é‘tz =0+ Zaiﬁt_iz, (17)

where o and «; represent the regression coefficients. The residuals give the error variance relationship which
shows the properties of conditional heteroskedasticity. We conducted chi square test to compare the values of R
(Lagrange multiplier test statistic) to a x? distribution so as to identify the number of significant tests where con-
ditional heteroskedasticity is observed.

References
1. Lewontin, R. C. The Meaning of Stability (Springfield, VA, 1969).
2. Holling, C. S. Resilience and stability of ecological systems. Ann. Rev. Ecol. Syst. 4, 1-23 (1973).
3. May, R. M. Thresholds and breakpoints in ecosystems with a multiplicity of stable states. Nature 269, 471-477 (1977).
4. Carpenter, S. R, Ludwig, D. & Brock, W. A. Management of eutrophication for lakes subject to potentially irreversible change. Ecol.
Appl. 9,751-771 (1999).
. Jackson, J. B. C. et al. Historical overfishing and the recent collapse of coastal ecosystems. Science 293, 629-637 (2001).
6. K'efi, S. et al. Spatial vegetation patterns and imminent desertification in mediterranean arid ecosystems. Nature 449, 213-217
(2007).
7. Dakos, V. et al. Slowing down as an early warning signal for abrupt climate change. Proc. Natl. Acad. Sci. USA 105, 14308-14312
(2008).
8. May, R. M,, Levin, S. A. & Sugihara, G. Complex systems: Ecology for bankers. Nature 451, 893-895 (2008).
9. Lenton, T. M. et al. Using genie to study a tipping point in the climate system. Philos. Trans. R. Soc. Lond. 367, 871-884 (2009).
10. Battiston, S. et al. Complexity theory and financial regulation. Science 351, 818-819 (2016).
11. Fox, J. M. & Whitesides, G. M. Warning signals for eruptive events in spreading fires. Proc. Natl. Acad. Sci. USA 112, 2378-2383
(2015).
12. Scheffer, M., Carpenter, S., Foley, J. A., Folke, C. & Walker, B. Catastrophic shifts in ecosystems. Nature 413, 591-596 (2001).
13. Drake, J. M. & Griffen, B. Early warning signals of extinction in deteriorating environments. Nature 467, 456-459 (2010).
14. Scheffer, M. et al. Early-warning signals for critical transitions. Nature 461, 53-59 (2009).
15. Levin, P. S. & Mollmann, C. Marine ecosystem regime shifts: challenges and opportunities for ecosystem-based management. Philos.
Trans. R. Soc. B. 370, 20130275 (2015).
16. Scheffer, M. et al. Anticipating critical transitions. Science 338, 344-348 (2012).
17. Tredicce, J. R, Lippi, G. L., Mandel, P,, Charasse, B. & Chevalier, A. Critical slowing down at a bifurcation. Am. J. Phys. 72, 799-809
(2004).
18. Seekell, D. A., Carpenter, S. R. & Pace, M. L. Conditional heteroscedasticity as a leading indicator of ecological regime shifts. Am.
Nat. 178, 442-451 (2011).
19. Dakos, V. et al. Methods for Detecting Early Warnings of Critical Transitions in Time Series Illustrated Using Simulated Ecological
Data. PLoS ONE 7, 41010 (2012).
20. Carpenter, S. R. et al. Early warnings of regime shifts: A whole-ecosystem experiment. Science 332, 1079-1082 (2011).
21. Lenton, T. M., Livina, V. N., Dakos, V., van Nes, E. H. & Scheffer, M. Early warning of climate tipping points from critical slowing
down: comparing methods to improve robustness. Philos. Trans. R. Soc. Lond. A 370, 1185-1204 (2012).
22. Livina, V. N., Vaz Martins, T. M. & Forbes, A. B. Tipping point analysis of atmospheric oxygen concentration. Chaos 25, 036403
(2015).
23. Livina, V., Barton, E. & Forbes, A. Tipping point analysis of the NPL footbridge. JCSHM 4, 91-98 (2014).
24. Trefois, C., Antony, P., Goncalves, J., Skupin, A. & Balling, R. Critical transitions in chronic disease: transferring concepts from
ecology to systems medicine. Curr. Opin. Biotechnol. 34, 48 - 55 (2015).
25. Kramer, J. & Ross, J. Stabilization of unstable states, relaxation, and critical slowing down in a bistable system. J. Chem. Phys. 83,
6234-6241 (1985).
26. Dai, L., Vorselen, D., Korolev, K. S. & Gore, J. Generic indicators for loss of resilience before a tipping point leading to population
collapse. Science 336, 1175-1177 (2012).
27. Meisel, C., Klaus, A., Kuehn, C. & Plenz, D. Critical slowing down governs the transition to neuron spiking. PLoS. Comput. Biol. 11,
€1004097 (2015).
28. McManus, K., Poinsot, T. & Candel, S. A review of active control of combustion instabilities. Prog. Energ. Combust. 19, 1-29 (1993).
29. Lieuwen, T. C. Unsteady Combustor Physics (Cambridge University Press, 2012).
30. Rayleigh, J. W. S. The explanation of certain acoustical phenomena. Nature 18, 319-321(1878).
31. Fisher, S. C. & Rahman, S. A. Remembering the giants: Apollo rocket propulsion development In NASA monographs in Aerospace
History series. (NASA History Division, Washington, DC, 2009).
32. Matveev, K. I. Thermoacoustic instabilities in the Rijke tube: experiments and modeling. Ph.D. thesis, California Institute of
Technology (2011).
33. Balasubramanian, K. & Sujith, R. I. Thermoacoustic instability in a Rijke tube: Non-normality and nonlinearity. Phys. Fluids. 20,
044103 (2008).

1521

SCIENTIFICREPORTS | 6:35310 | DOI: 10.1038/srep35310 9



www.nature.com/scientificreports/

34. Gopalakrishnan, E. A. & Sujith, R. L. Effect of external noise on the hysteresis characteristics of a thermoacoustic system. J. Fluid.
Mech. 776, 334-353 (2015).

35. Noiray, N. & Schuermans, B. Deterministic quantities characterizing noise driven Hopf bifurcations in gas turbine combustors. Intl.
J. Non-Linear Mech. 50, 152-163 (2013).

36. Kuehn, C. A mathematical framework for critical transitions: Bifurcations, fast-slow systems and stochastic dynamics. Physica D.
240, 1020-1035 (2011).

37. Mann, H. B. Non-parametric test against trend, Econometrica. 13, 245-259 (1945).

38. Subramanian, P., Mariappan, S., Sujith, R. I. & Wahi, P. Bifurcation analysis of thermoacoustic instability in a horizontal rijke tube.
Intl. ]. Spray Combust. Dyn. 2, 325-355 (2010).

39. Batt, R. D. et al. Asymmetric response of early warning indicators of phytoplankton transition to and from cycles. Theor. Ecol. 6,
285-293 (2013).

40. Ghanavati, G., Hines, P. D., Lakoba, T. L. & Cotilla-Sanchez, E. Understanding early indicators of critical transitions in power
systems from autocorrelation functions. IEEE Trans. Circuits Syst. 61, 2747-2760 (2014).

41. Bashkirtseva, I, Ryazanova, T. & Ryashko, L. Stochastic bifurcations caused by multiplicative noise in systems with hard excitement
of auto-oscillations. Phy. Rev. E 92, 042908 (2015).

42. Dakos, V., Carpenter, S. R, van Nes, E. H. & Scheffer, M. Resilience indicators: prospects and limitations for early warnings of
regime shifts. Phil. Trans. R. Soc. B 370, 20130263 (2015).

43, Kundu, P. K. & Cohen, I. M. Fluid Mechanics, 3" edition (Academic Press, 2004).

44. Nicoud, F. & Wieczorek, K. About the zero Mach number assumption in the calculation of thermoacoustic instabilities. Intl. J. Spray
Combust. Dyn. 1, 67 (2009).

45. Heckl, M. A. Active control of the noise from a rijke tube. J. Sound. Vib. 124, 117-133 (1988).

46. Lighthill, M. J. The response of laminar skin friction and heat transfer to fluctuations in the stream velocity. Proc. R. Soc. Lond. A
224,1-23 (1954).

47. Sterling, J. D. & Zukowski, E. E. Nonlinear dynamics of laboratory combustor pressure oscillations. Combust. Sci. Technol. 77,
225-238 (1991).

48. Kendall, M. G. Rank correlation methods. (Griffin, 1948).

49. Engle, R. E A general approach to lagrange multiplier model diagnostics. J. Econom. 20, 83-104 (1982).

50. Akaike, H. Information theory and an extension of the maximum likelihood principle. In 2nd International Symposium on
Information Theory (B. N. Petrov and F. Csaki, Budapest: Akadémiai Kiadd, 1973).

Acknowledgements
We would like to thank ONR Global for the financial support (grant number: N62909-14-1-N299). Contract
monitor: Dr. Ramesh Kolar.

Author Contributions
R.LS. conceived the research and designed the experiments. E.A.G. conducted the experiments. E.A.G., Y.S., TJ.,
PS.D. and R.IS. analysed the results. All authors participated in writing the manuscript.

Additional Information
Supplementary information accompanies this paper at http://www.nature.com/srep

Competing financial interests: The authors declare no competing financial interests.

How to cite this article: Gopalakrishnan, E. A. et al. Early warning signals for critical transitions in a
thermoacoustic system. Sci. Rep. 6, 35310; doi: 10.1038/srep35310 (2016).

This work is licensed under a Creative Commons Attribution 4.0 International License. The images

TEE o1 other third party material in this article are included in the article’s Creative Commons license,
unless indicated otherwise in the credit line; if the material is not included under the Creative Commons license,
users will need to obtain permission from the license holder to reproduce the material. To view a copy of this
license, visit http://creativecommons.org/licenses/by/4.0/

© The Author(s) 2016

SCIENTIFICREPORTS | 6:35310 | DOI: 10.1038/srep35310 10


http://www.nature.com/srep
http://creativecommons.org/licenses/by/4.0/

	Early warning signals for critical transitions in a thermoacoustic system
	Introduction
	Results
	Experimental set-up
	Summary of the model
	Critical transition associated with a subcritical Hopf bifurcation
	Critical slowing down indicators at the onset of critical transition

	Discussion
	Methods
	Data acquisition
	Theoretical model
	Derivation of early warning signals

	Additional Information
	Acknowledgements
	References



 
    
       
          application/pdf
          
             
                Early warning signals for critical transitions in a thermoacoustic system
            
         
          
             
                srep ,  (2016). doi:10.1038/srep35310
            
         
          
             
                E. A. Gopalakrishnan
                Yogita Sharma
                Tony John
                Partha Sharathi Dutta
                R. I. Sujith
            
         
          doi:10.1038/srep35310
          
             
                Nature Publishing Group
            
         
          
             
                © 2016 Nature Publishing Group
            
         
      
       
          
      
       
          © 2016 The Author(s)
          10.1038/srep35310
          2045-2322
          
          Nature Publishing Group
          
             
                permissions@nature.com
            
         
          
             
                http://dx.doi.org/10.1038/srep35310
            
         
      
       
          
          
          
             
                doi:10.1038/srep35310
            
         
          
             
                srep ,  (2016). doi:10.1038/srep35310
            
         
          
          
      
       
       
          True
      
   




