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road vehicle model using model reference control

S S Parthasarathy and Y G Srinivasa*

Department of Mechanical Engineering, Indian Institute of Technology Madras, Chennai, India

The manuscript was received on 4 August 2004 and was accepted after revision for publication on 15 September 2005.

DOI: 10.1243/095965105X33671

Abstract: The use of skyhook damping for reduction of the vibration in the suspension
systems is well documented. The drawback is that it is not practically feasible to obtain the
equivalent of a reference point in the sky. The alternative method of using a damper between
the sprung mass (the vehicle hull) and the unsprung mass (the wheel assembly) leads to a
deterioration in the performance of the unsprung mass. In this paper a new method is proposed
that tries to overcome the limitation of the practical skyhook damping method by the use of
the model reference control (MRC) method, where the control input is utilized to achieve near-
ideal skyhook sprung mass performance in a practical skyhook damping set-up. The MRC
method is also applied to a quarter-car suspension model, where the control input is used to
achieve the response of a system with damping and stiffness values different from those of the
actual system. This allows for variation of the system constants as dictated by dynamic response
needs. The proposed methods are applied on a typical quarter-car suspension system and the
necessary time and frequency domain simulations are carried out to validate the theoretical

predictions.

Keywords: model reference control, skyhook damping, quarter-car suspension

1 INTRODUCTION

The use of suspension systems in vehicles is to
provide rider comfort, ensure contact with the road
terrain and of course to carry the weight of the
chassis and the riders. Conventional suspension
systems normally used in vehicles consist of a
spring and damper system with fixed dynamic
characteristics, i.e. passive in nature.

Over the years there has been a great increase
in the operational velocity of passenger vehicles
and the demand for better ride comfort. This has led
to the development of active suspension systems
with an additional actuator or a variable damper
element along with the traditional spring and damper
system. The actuator and the variable damper are
controlled by an appropriate control algorithm, which
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is designed to meet the specified design objectives by
supplying a suitable controller force. The key problem
in the implementation of the active suspension
systems has been the design of an appropriate imple-
mentable controller algorithm that can satisfy the
conflicting requirements of achieving driver comfort
as well as better vehicle handling performance. Some
of the widely used controller algorithms are the PID
controller, the full state feedback optimal controller,
the semi-active controller, etc. [1-3].

One of the most popular and implemented con-
trollers in commercial applications is the skyhook
damping concept [4-6]. In the skyhook damping
process a damper is placed between the sprung
mass, i.e. the hull and the rider mass supported by
the chassis, and an imaginary point in the sky. This
is equivalent to the negative feedback of the sprung
mass velocity with appropriate amplification such
that there is no force applied to the unsprung mass
(the wheel and tyre assembly). Such a scheme is
shown to be very effective in controlling the sprung
mass acceleration and is attractive because of its
inherent simplicity from a practical point of view.
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The key issue with the skyhook approach is that it
is not practically implementable, because finding an
imaginary point in the sky for fixing the damper is
not possible. The practical implementation calls for
the use of an actuator between the sprung and the
unsprung masses. However, this leads to deterioration
of the unsprung mass dynamic performance as the
controller force input has to be applied on both

the sprung as well as the unsprung masses. Thus the
dynamic response of the practical skyhook damping
system is considerably worse than that of the ideal
skyhook-based suspension system [4, 5].

In this paper a new method is proposed that
improves the sprung mass performance compared
to the practical skyhook case by using a control force
input in the practical skyhook set-up. The requisite
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controller force input to achieve this objective has
been obtained by application of model reference
control (MRC) theory. The work has been carried out
for a quarter-car model of vehicles that can model
the vertical motion of the sprung mass alone. A
comparison of the time and frequency domains of
the simulations for the different models proves
the superiority of the MRC-based system over the
passive as well as the practical skyhook-based system
responses.

The application of MRC theory is not limited to
that of the practical skyhook case in active suspen-
sion systems. There are many cases in active sus-
pension systems where the design and practical
constraints force the designer to use springs and
dampers that are suboptimal as far as the dynamic

0.05

response is concerned. In such cases it is possible
to adopt an active suspension based on the MRC
concept where the controller can force the system to
behave in an optimal manner. This possibility has
also been explored in this paper, where a passive
suspension with a given damping coeflicient is
forced to behave as a system with a lower damping
coefficient, leading to a better dynamic response.

2 MODEL REFERENCE CONTROL
Model reference control (MRC) operates on the
basic principle of making a given system behave as

a desired system by the application of a suitable
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control force. The desired system is referred to as the
model reference system. The versatility of the MRC
method lies in the fact that the model reference
system does not need to be a practical system, but
can be any ideal mathematical model, and does not
need to be practically feasible [5]. The output of
such a model is compared to that of the actual
system response and the difference error signal is
used to generate the required controller input. A brief
theoretical outline of the MRC method is given
below. Figure 1 shows the block diagram of the model
reference control system.

The plant is considered to be characterized by the
following equation

xX=f(x,u,t)=Ax+ Bu+Dr (1)

where

x = state vector of the plant
u = control vector
f=vector-valued function
A =n x n constant matrix
B = n x r constant matrix
r=road disturbance input
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It is assumed that the model reference system is
given by

It is assumed that the eigenvalues of A, in equation (2)
have negative real parts, ensuring an asymptotically
stable equilibrium state. The error vector e is defined

x.d:Adxd‘i‘BéU:Adxd-i-Bdll-i-Ddr (2) by
where
x4 = state vector of the model e=Xx4—X (3)
A4 =n x n constant matrix
B; = n x r constant matrix From equations (1) and (2)
r=road disturbance input
and e=Xq—X=Agxq+Biv—f(x,ut)
0 = Age+Ayx — f(x,u, t) +Byo (4)
. u
v 1s a vector =
0 The aim of the controller is to ensure that at the
r steady state x = x4 and X = X4 and e =¢é =0. This can
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be achieved by ensuring the Lyapunov stability of
the error equation system. Consider the following
Lyapunov function V and its derivative as given in
the following equations
V(e) =e"Pe
V(e)=é"Pe + e"Pé
=[e" AL+ xTAY — fT(x, u, 1) + v"BS | Pe

+e"P[Age + Ayx — f(x, u, t) + Bjo]

where P is a positive-definite Hermitian or real
symmetric matrix and M, is given by

M, =e"P[Ayx — f(x,u, t) + Bjv] = scalar (6)

It can be seen that the expression for M results in a
scalar quantity.

The Lyapunov stability criterion is satisfied if the
following conditions are satisfied: if AJP + PA;= —Q
is a negative definite matrix and if the control input
u in the expression for M, can be so chosen as to
make the value of M, negative. This will ensure that
the equilibrium state around the point e=0 is
asymptotically stable. The controller input, which

=e"(AYP +PAy)e +2M, would be a solution of an inequality, would force
the plant to behave as the model system in the
(5) dynamic state.
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3 QUARTER-CAR VEHICLE MODEL

The active suspension design calls for choosing
an appropriate model of the vehicle. For the purpose
of making a dynamic evaluation several vehicle
models have been developed. Of these the quarter-
car model is the simplest and most amenable for
intuitive analysis [1, 7]. The quarter-car model of the
suspension is a two degree of freedom (DOF) model,
which models the vertical or the heave motion of the
vehicle alone. As the design goal of most of the active
suspension is to reduce the vertical acceleration, the
quarter-car model is sufficient from the controller
design point of view. Hence the quarter-car system
has been chosen as the vehicle model in the present
study for the MRC design.

The dynamic equations for the quarter-car system
(plant) can be written as follows

X=X (7)
xzzi[K(xs_xﬂ"‘C(x4_x2)+“] (8)
X3=X4 9)

%[Kty(r —x3) — K(x3 —xy) — Clxg— x3) —u]

(10)

In equations (7) to (10) x; refers to the sprung mass
position, x, represents the sprung mass velocity,
X3 represents the unsprung mass position, and x,
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represents the unsprung mass velocity. The road
disturbance input is given by r. The suspension
stiffness, damping constant, and tyre stiffness are
represented by the variables K, C, and K, respectively;
u represents the force developed by the actuator
based on the controller algorithm. For the schematic
shown in Fig. 2 the practical skyhook damping case
is adopted. Hence the controller force is given by

(11)

u= _KskyxZ

where K, refers to the amplification constant used.
In the case of an ideal skyhook system the u term in
the expression for the unsprung mass acceleration

(equation (10)) would not be present. For the MRC-
based system the expression for the value of u is
obtained in the next section.

4 MRC PROBLEM FORMULATION - SKYHOOK
CASE

The formulation of the MRC problem for the quarter-
car case would be carried out within the framework
described in section 2. The equations (7) to (11)
represent the plant dynamic equation as described
in equation (1). The model system equations are
those of the ideal skyhook suspension system. Hence
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they are given as

X14 = X24
Xpa =

M
X34 = X4q

Xga=—
m

1
—[K(X3q — X14) + C(x4q — X2q) + 1]

1
[Kty(r — X34) — K(x39 — X14) — C(x4g — X24)]

The expressions in equations (1) and (2) can be
rewritten as by separating the input vector v to its

(12) control input and road disturbance input components
respectively
(13)
X =Ax + Bu + Dr (16a)
(14)
xd:Adxd+Bdu+Ddr (16b)

In equations (16) u represents the MRC control input
and r the road disturbance input; A; and By, as
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described in equations (16), are given by

0 1 0 0
—K -C K <
M M M M 1
A, = 7
¢ 0 0 0 1 17
K ¢ —-(K+Ky) -C
m m m m
0 0
1 0
Bi=| M| Dy=| o (18)
0 K,
0 m

Following the discussion in equations (5) and (6), the

In equation (20), e represents the error vector for all
four-state variables as defined in equation (3). By

u> Kskyx2< >
Q and P can be chosen as any (4 x 4) positive definite M Vm =M
real symmetric matrix. Hence the expression for V (e) For k; >0, k, <0
can be written as
. u> - skyx2
V(e)=—(q1€7 + q2:65 + 43363 + quaed) + 2M;  (19) M l/m+ /M
where For k; <0, k, >0
M, =Te]qx4[Plaxa U< _Kskyx2< >
X [Agx + Byt + Dgr — f(x, 11, 1)]arx sy <0 (20) M \Vm+1/M

For k, <0, k, <0

4

<Z €iP2i
i=1

4

Z CiPai

equation is obtained
1
—u<01
i=1 m

> |:A41(Ksky-x2 + u):| + <
(21)

In equation (21), e; and p;; refer to the ith element
and the (j, i)th elements of the error matrix e and
the positive definite matrix P respectively. The
above inequality degenerates into a system of four
inequalities based on the sign of (X;_, e;p,) and
(X?_, e;ps;), each giving an upper or lower range
of the value of u. Denoting (X;_, e;p.;) as k, and
(Xi_, e;pa;) as k,, the following expressions for the
value of u are obtained

For k; >0, k,>0

— Ky X2
the Lyapunov stability criteria the expression for M, U< A}y (1 M —1Um
must be negative by the choice of an appropriate u.
Upon simplifying the expression for M, the following (22)
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This expression for the value of u in the different
ranges of k, and k, denotes the solution for the MRC
case that would force the response of a practical The theoretical formulation as presented in the pre-
skyhook-based active suspension system to behave vious section has been tested by the time domain and
like an ideal skyhook-based active suspension system. frequency domain simulations of the passive, practical
As the expression for the control input is in terms of skyhook, ideal skyhook, and the MRC-based con-
inequalities, suitable constant amplification factors troller. The time domain simulation is for the passage
may be chosen after evaluating the dynamic response. of the quarter-car suspension over a sinusoidal
It can be noted from the expression for the controller bump of 5cm radius and the frequency domain
input for the MRC case that it depends only on the simulation is for a band-limited white noise input;
sprung mass velocity like in the skyhook case. Thus these are shown in Figs 3(a) and 3(b) respectively. The
the simplicity of the skyhook controller is preserved sprung mass (M) value is chosen to be 200 kg, the
while ensuring better dynamic performance. unsprung mass (m) value to be 40 kg, the suspension

5 MRC-SKYHOOK CASE: SIMULATION RESULTS
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stiffness (K) value to be 16 000 N/m, the suspension
damping coefficient to be 980 N s/m, and the tyre
stiffness to be 160000 N/m for the purpose of the
simulations. The results are filtered by a lowpass
filter to remove any high-frequency components.
Some of the simulation results are shown below.

It can be seen from Figs 4(a), 5(a), and 6 obtained
from the time domain simulation and Figs 4(b) and
5(b) from the frequency domain simulation that the
sprung mass response is considerably better for the
MRC case as compared to the passive suspension
response. The MRC response is better than the
practical skyhook case, as expected, and tends to that
of the ideal skyhook response.

From Figs 7(a), 8(a), 9(a), and 10(a) of the time
domain simulation and Figs 7(b), 8(b), 9(b), and
10(b) of the frequency domain simulation it can be
seen that the unsprung mass response is worse than
that of the practical skyhook case for the acceleration
and velocity case, while in the suspension travel and
the wheel position cases the response is nearly the
same as that of the ideal and practical skyhook
cases in the time domain. This is expected due to
the unavoidable application of the reaction of the
controller force input on the unsprung mass.

The controller force for the MRC case as compared

to that of the skyhook case is given in Fig. 11 for the
domain case.
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Fig. 16 Unsprung velocity
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6 MRC PROBLEM FORMULATION: VARIABLE
DESIGN CONSTANTS CASE

The MRC-based approach can also be used to make
a given suspension behave as a suspension with
different design constants to achieve a better dynamic
system response. This is important in the case where
practical constraints impose restrictions on the
designer to choose an appropriate damping constant
or spring stiffness. The dynamic equations for the
quarter-car plant are the same as those described in
equations (8) to (11). For the model reference system
the equations would be similar to the following
equations, with only the damping, stiffness values
being different from that of the plant

X14 = Xq (23)
1

Xoq = M[K(xsd_xld) + Cy(X4q — X24)] (24)

X34 = X4q (25)

1
X4q = ;[Kty(r — X3q) — K(X34 — X14) — Cq(X4q — X24)]

(26)

As a representative case only the damping coefficient

where
M, =[e]1xa[Plaxa
X [Adx + Bdll + Ddr—f(x, u, l)](4><4) <0

In equation (28), e represents the error vector for all
four state variables as defined in equation (3). By the
Lyapunov stability criteria the expression for M, must
be negative by the choice of an appropriate u. Upon
simplifying the expression for M, the following
inequality is obtained

- (Z?:l eiD2i)
M

(28)

[(Cq— C)(x3—x4) +u]

4
n (Zi=1 €iDai) (29)
m

[(Ca— O)(x;—x4) —u] <0
In equation (29), e; and pj; refer to the ith element
and the (j, i)th elements of the error matrix e and
the positive definite matrix P respectively. The
above inequality degenerates into a system of four
inequalities based on the signs of the (¥}_, e;p,;) and
the (X;_, e;p,;) terms, which upon solution give the
expressions for the control force input. Denoting
(Xi_, eps1) as ky and (X}, e;pa) as k,, the following
expressions for the value of u are obtained

For k; >0, k,>0

of the model system is chosen to be different from
that of the plant. Following the treatment given in u< <N _ N>< 1 )
section 4 for the ideal-practical skyhook system the M m)\Vm—1/M
expression for V(e) is obtained as For k, >0, k, <0
V(e)= —(qi1€1 + 42265 + q33€3 + qus€q) + 2 M, N N 1
> J— _ —_ E
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For k; <0, k, <0

N NN 1
S\ T )\ UM = Um

For k; <0, k, >0

(N oMy

" M )\ Um+ /m
(30)

In equation (30), N stands for (Cq — C) (x, — x,).
This expression for the value of u in the different
ranges of k, and k, denotes the solution for the

008
008 [

[
0,04 J]I \

0,03

Wheel travel inm

|
002 !: hl

0.04

MRC case that would force the response of a given
suspension system with a damping constant C to
behave like a suspension system with a damping
constant of C4. As the expression for the control
input is in terms of inequalities suitable constant
amplification factors may be chosen after evaluating
the dynamic response. It can be seen from the
expression for the controller input that it depends
only on the velocity variables of the sprung mass
as well as the unsprung mass as only the damping
value of the model system is different from that
of the plant. This calls for a simpler controller than
that of the traditional full state feedback controller,
which calls for the measurement of all the state

variables.

Wheel Travel

MRC
Moded Suspension
- Passive

4 08 0.8

0036 -

0034 -

0032

[— MR
-~ Model suspension

(b)

Frequency in Hz

Fig. 18 Wheel travel

Proc. IMechE Vol. 220 Part I: J. Systems and Control Engineering

108304 © IMechE 2006

Downloaded from pii.sagepub.com at University of Otago Library on March 14, 2015



Design of an active suspension system

107

Farce Input

600
500
400~
300}
200}

100~

Forcein N

100
200 -

300 - i

MRC

L 3

ety 06 0.8

12 14 16 18

Time in sec

Fig. 19 Force input

7 MRC VARIABLE DAMPING CASE: SIMULATION
RESULTS

The theoretical formulation as presented in the pre-
vious section has been tested by the time domain
simulation of the passive, model suspension and the
MRC-based controller. The plant damping, mass,
and stiffness values are kept the same as those given
in section 5. The model suspension is assumed to
have a damping value C; of 4670 N s/m. Some of the
simulation results are shown below.

It can be seen from Figs 12(a), 13(a), and 14 of
the time domain and Figs 12(b) and 13(b) of the
frequency domain that the sprung mass response is
considerably better for the MRC case as compared
to the passive suspension response. The MRC
response is naturally worse than that of the model
suspension results.

From Figs 15(a) to 18(a) of the time domain and
Figs 15(b), 16(b), and 18(b) of the frequency domain
it can be seen that the unsprung mass response is
worse than both the plant as well as the model
suspension. The expression for the controller force
for the MRC case is given in Fig. 19.

8 CONCLUSION

From the simulation results it is observed that the
MRC-based systems provide a better dynamic per-
formance without any increase in the complexity
of the controller or the number of sensors required

for the measurement of the different dynamic vari-
ables. This approach towards the design of active
suspensions can be further pursued for a practical
set-up that could validate the theoretical predictions
and the simulation results.
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APPENDIX

Notation

A Ay n x n constant state matrix

B, B4 n x r constant state matrix

C damping constant (N s/m)

e error vector

e; and pj;; ith element and the (j, i)th elements
of the error matrix e and the positive
definite matrix P respectively

f vector-valued function

TREIAAA

R V-
S

suspension stiffness (N/m)
amplification constant [equation (11)]
tire stiffness (N/m)

unsprung mass (kg)

sprung mass (kg)

positive-definite Hermitian or real
symmetric matrix
positive-definite matrix

road disturbance input

control vector (r-vector)

Lyapunov function

state vector of the plant (n-vector)
first-order differential of vector
x=dx/dt

state vector of the model (n-vector)
first-order differential of vector

Xy =dxg/dt

sprung mass position (m)

sprung mass velocity (m/s)
unsprung mass position (m)
unsprung mass velocity (m/s)
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