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a b s t r a c t
This work compares interpolation techniques for data reconstruction at the surface in an immersedboundary method. Three different methods of surface pressure reconstruction based on inverse distances
are presented, which are christened as: Inverse Distance Weight (IDW) method, Inverse Distance Weight
at Interpolation Point method (IDW-IP) and Inverse Distance Weight based on Upwinding (IDW-Upwind)
method. Additionally, shear stress at the immersed surface is determined using two approaches: direct interpolation of velocity gradient at the surface using IDW method, and interpolation of velocity at a point
along the surface normal using IDW-IP method. The interpolation methods are veriﬁed against analytic
solutions of ideal ﬂow past a circular cylinder and subsonic-supersonic inviscid ﬂow in a convergentdivergent nozzle, and validated against laminar ﬂow simulations of Mach 0.5 ﬂow past a NACA0012 airfoil, Mach 2.0 ﬂow past a circular cylinder, and Mach 3.0 ﬂow past a 10◦ ramp. The veriﬁcation cases
show that while the pressure values reconstructed at the surface by the three interpolation methods are
very similar for the incompressible ﬂow, the IDW-Upwind method produces the sharpest pressure rise
across the normal shock in the convergent-divergent nozzle. Comparisons of the reconstructed surface
pressure coeﬃcient (Cp ) and skin-friction coeﬃcient (Cf ) with values available from literature or ANSYSFluent simulations conducted as part of the validation study show good match, but indicate that the
reconstructed pressure and shear stress values at the immersed surface has noise, which, however, reduces with grid reﬁnement. Further, the IDW and IDW-Upwind method for pressure reconstruction, and
the gradient reconstruction based method for shear stress calculation are shown to produce less noise
in computed values. Integrated drag and lift values using the reconstructed surface pressure and shear
stress indicate that while the different methods used for pressure reconstruction result in similar values
of aerodynamic loads, the gradient-based shear stress calculations result in more accurate load estimation. Finally, one of the interpolation methods (IDW-Upwind) is used to investigate the variation of the
surface pressure coeﬃcient with time for a NACA0012 airfoil undergoing non-periodic plunge motion in
a Mach 0.2 ﬂow. The computed surface pressure coeﬃcients are correlated with the leading and trailing
edge vortices in the ﬂow ﬁeld.
© 2019 Elsevier Ltd. All rights reserved.

1. Introduction
Immersed-Boundary Methods (IBMs) [1–11] comprise a technique of CFD in which ﬂow past objects can be simulated without the need for the grid to conform to the surface of the object.
This method, as such, decouples grid generation from the geometry
of the body to a considerable extent, and allows the use of Cartesian or simple curvilinear grids. Immersed-boundary methods are
useful for parametric studies [12–14], since they allow the re-use
of the grid for different conﬁgurations of the geometry, for handling complex stationary/moving geometries [7,15–19] and ﬂuidstructure interaction studies [20–22].
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A challenge in this method is the accurate reconstruction of
the pressure and shear stress (or heat ﬂux) at the immersed surface. This becomes especially important if an IBM is to be used for
ﬂuid-structure interaction studies [20–22], for conjugate stress (or
heat transfer) analysis of the immersed structure, or for comparison with experimental surface data. The normal and shear stress
thus obtained at the immersed surface can also be integrated to
compute the lift and drag forces as well as calculate moments. It
is to be noted though that there are means other than the use of
reconstructed data at the immersed surface, to calculate the integrated loads [19]. The distribution of the stresses (or heat ﬂux) on
the immersed surface, however, is not determined in the process
of the load estimation in such cases.
In general, the approach for reconstructing data at the immersed surface will depend on the underlying IBM used. IBMs
can be broadly classiﬁed into two categories based on the type
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of forcing employed: continuous forcing based methods and
discrete forcing based methods. While the former introduces a
forcing term to the Navier–Stokes equations before discretization,
as ﬁrst proposed by Peskin [1], the latter introduces the forcing
after discretization of the Navier–Stokes equations, in the cells
near the immersed boundary (IB), as ﬁrst proposed by Fadlun
[3]. Implementation of discrete forcing IBMs are done typically
by reconstructing the velocity ﬁeld in ﬂuid cells neighbouring
the immersed boundary [7,8,23,24] or solid cells adjacent to the
immersed boundary ([6,25,26]). The latter approach is referred to
as the ghost-cell method.
In the case of continuous forcing IBMs, the discrete delta function used to interpolate the velocity at all the immersed surface
points [1] can also used for the reconstruction of pressure (and
other ﬂow properties) at the immersed surface. However, these
methods are restricted to thin (zero thickness) immersed objects
that do not displace any ﬂuid-volume, as rendered in the continuous forcing IB methods ([1,15,20,27]). It is important to note here
that while the Lagrangian description of the immersed surface is
sharp in this case, the Eulerian solution of the ﬂow in such continuous forcing methods exhibit a diffused or smeared interface.
Beyer & Leveque [28] applied Peskin’s method to solve the 1-D
heat ﬂow between two phases with a forcing term, in which the
interface between two phases was represented as an IB. In this
case, the property from the grid points was interpolated onto a
given IB point by using an interpolation method based on a discrete dirac delta function.

f (α ) = h



f ( x j ) dH ( x j − α )

(1)

employed in the IBM. Speciﬁcally, three different interpolation procedures for reconstruction of pressure, and two methods for the
estimation of shear stress at the IB surface have been used. While
all of the methods use inverse-distance based interpolation in
some form, they differ in detail, and one of the methods, the IDWUpwind, is novel to the best knowledge of the authors.
The outline for the rest of the paper is as follows. The section
Methodology discusses the details of the solver and the interpolation methods. The section Computational Details discusses the
domain, grid details, and ﬂow conditions for the veriﬁcation and
validation test cases. This is followed by the Results and Discussion section, wherein the results from the veriﬁcation, validation
and application studies are presented; the grid-convergence study
for the simulations are also included in this section.
2. Methodology
A short description of the IBM used in this work is presented
in this section. This is followed by more detailed descriptions of
the interpolation methods presented in this work to reconstruct
the data (pressure, shear stress) at the immersed surface and a
brief description of the procedure used for integration of the surface loads. Body-ﬁtted grid simulations have also been performed
using ANSYS-Fluent for the validation cases of laminar ﬂow past
NACA 0012 airfoil and supersonic ﬂow past a circular cylinder. A
density-based steady solver using AUSM scheme for the convective
ﬂuxes, central difference scheme for the viscous ﬂuxes and implicit
time marching is used.

j

where, h is grid spacing, f(xj ) is property at the grid point j, α is
the coordinate of the IB, and, dH is the discrete representation of
the dirac delta function.
In the case of discrete forcing methods, the underlying
immersed-boundary is generally required to have a ﬁnite volume [3,25], and as such, realistic rendition of complex immersed
boundaries, such as a human mannequin [7], and boundary-layer
control devices [8,14,29] among others, can be done. However, the
interpolation techniques have to be carefully constructed in this
case for estimation of the surface properties. This is so, as such
methods employ cell-classiﬁcation for the ﬂuid domain — interior and exterior to the immersed body—based on their position
with reference to the (discretized) IB surface, with the majority
[25,26,30] or all of the internal cells [7,8] having ad-hoc properties.
Hence, the procedure for data interpolation at the IB needs to be
selective in terms of the cells involved in interpolation, as internal
cells having ad-hoc ﬂow properties may not be used.
A cue for solution reconstruction at the immersed surface in
such cases can be taken from the methods used to apply discrete
forcing in cells immediately outside [7,8] or inside (internal cell)
[3,6,25] of the immersed surface. For example, Majumdar et al.
[30] proposed linear interpolation in a triangular domain, bi-linear
interpolation in a rectangular domain, and linear-quadratic interpolation along tangential and wall-normal direction (all of which
are polynomial based); however, this approach may not work in
certain cases. To illustrate, Choi et al. [7] used a power-law based
interpolation in the wall-normal direction for the forcing of the
surface-parallel component of velocity, which can result in inﬁnite values of shear strain rate at the immersed surface, and hence,
cannot be used for estimation of shear stress.
In this work, different interpolation techniques, which use
weights based on inverse distances, have been explored to reconstruct data at the immersed surface. The methods are designed
to be used for any discrete forcing immersed-boundary method,
whether sharp interface type [5,7,8,26] or otherwise [31,32], and
are not dependent on the underlying discrete forcing algorithm

2.1. Immersed-boundary solver
The ﬂow solver, REACTMB [33] is suitable for compressible laminar and turbulent ﬂows with support for the immersed-boundary
method [8]. This solver is a parallel, ﬁnite volume solver for structured grids that uses implicit (Crank–Nicolson scheme for unsteady
simulations and Implicit Euler scheme for steady simulations) temporal integration for marching the Favre-averaged N–S equations
in time. The inviscid ﬂuxes at the cell faces are constructed using the Low Diffusion Flux Splitting scheme (LDFSS) [34] and viscous ﬂuxes are constructed using a central difference type scheme.
The Piece-wise Parabolic Method (PPM) [35] or MUSCL scheme
[36] may be used for higher order extension in space. A local timestepping is used to accelerate the convergence for steady state
problems.
In the immersed-boundary method (of REACTMB) used herein
[7,8], the cells of the grid are classiﬁed into three categories: ﬁeld
cells, band cells, and interior cells. A signed distance function is
used to decide the category of a particular cell [7]. If the distance
function is negative, it is classiﬁed as an interior cell; if the distance function is positive, and at least one of its neighbours is an
interior cell, it is classiﬁed as a band cell. The rest of the cells with
positive distance function are classiﬁed as ﬁeld cells.
The immersed-boundary method uses a discrete forcing, ﬁrst
proposed by Fadlun et al. [3], which is done by suitable reconstruction of the solution in the band cells. To do this, ﬁrst an interpolation point is constructed along the line normal to the surface
point nearest to each band cell. This is done, as it is assumed that
the near-surface (immersed body) properties are functions of the
surface-normal coordinate only. The location of the interpolation
point and its properties are determined by using inverse distance
based interpolation of the position and data of the neighbouring
cells. The wall-parallel component (relative to surface) of the velocity at the band cell is constructed using the interpolation point
data and assuming a power law type distribution along the surface
normal. The wall normal component of velocity is constructed by
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Fig. 1. Schematic of interpolation stencil for IDW method.

Fig. 2. Schematic of interpolation stencil for IDW-IP method.

solving a discrete continuity equation near the surface. A more detailed description of the velocity reconstruction in the band cells
is provided in Ghosh et al. [8]. Temperature in the band cells is
reconstructed using Walz’s formula for compressible boundary layers, and turbulence properties are constructed using law-of-thewall type relations [8]. For determining density at the band cell,
pressure is ﬁrst reconstructed at the interpolation point, and the
value is extrapolated to the band cell; the density is then determined using this pressure, the reconstructed value of temperature
at the band cell, and the equation of state.

ﬁrstly, its location, and secondly, its properties. To determine the
location of the interpolation point, the following relation is used,
as outlined in Choi et al. [7].

2.2. Interpolation methods (Pressure)


Pi /d1,i
PIP = i
i 1/d1,i

The basic premise of the solution reconstruction at the immersed surface involves the construction of a stencil around each
IB point that includes at least one ﬁeld cell. In order to build the
stencil, the nearest cell-centre to the IB point is determined. Subsequently, the neighbouring cells (that share at least one vertex with
the nearest cell) are considered. This is the smallest stencil used
and is of dimension 3 × 3 cells in 2D. In case this stencil does not
include at least one ﬁeld cell, it is expanded by one cell size in all
directions giving rise to a 5 × 5 stencil. This procedure is continued until at least one ﬁeld cell is available in the stencil. Once the
stencil has been ﬁxed, the data at ﬁeld and band cells of the stencil
are used to reconstruct the value at the IB point. The interpolation
techniques, as applied to pressure data, are discussed next.
2.2.1. Inverse distance weight (IDW)
In this method, once the stencil is built, the inverse of the distance (di , in Fig. 1) between the centre of every ﬁeld/band cell (‘A’)
of the stencil and the IB point (‘C’) is used as a weight to determine the value of pressure at the IB point, as given below.


Pi /dim
PIB = PC = i
m
i 1/di

(2)

where i sums over all the ﬁeld and band cells of the stencil.
Different values of m ( > 1) may be chosen to perform this interpolation; the effect of the cells relatively far from the IB point,
on the interpolated value drops as m increases. However, the effect
of the value of m on the results was found not to be very signiﬁcant. Hence, a value of m = 1 has been used in all the applications
of this method.
2.2.2. Inverse distance weight at interpolation point method (IDW-IP)
Interpolation Point (IP) [7] is deﬁned, in this context, as a point,
which lies on the normal (to immersed surface) at the IB point, at
which the properties are interpolated from the surrounding cells,
and subsequently transferred to the IB point. There are two aspects that need to be determined about the interpolation point:


d2,i /d1,i
dIP = i
i 1/d1,i

(3)

Here, d1 is the perpendicular distance from ‘A’ to the normal at the
IB point, and d2 is the projection of the distance from ‘A’ to the
IB point, along the normal at the IB point, as illustrated in Fig. 2.
To determine the value of pressure at the interpolation point, the
following relation is used.

(4)

In this approach, the pressure determined at the interpolation
point is copied to the IB point. This method can also be used for a
higher order reconstruction of pressure at the IB point [7].
2.2.3. Inverse distance weight based on upwinding (IDW-Upwind)
In this method, in addition to the distance, the ﬂow direction relative to the IB and Mach number are considered to determine the interpolation weights. This is a novel approach, to the
best knowledge of the authors, that combines distance and Mach
number to estimate the interpolation weights. The formulation is
adapted from the upwind-biased reconstruction of pressure ﬂux at
cell interfaces in ﬁnite-volume methods proposed by van Leer [37],
which makes use of Mach number based polynomials. In this case,
the surface normal at the IB point is considered as an interface
with information coming from the upstream and downstream directions. The pressure at this interface is then interpolated at the
IB point using Mach number and distance based weights. The interpolated pressure at the IB point is calculated in this case as:


Pi wi
PIB = Pc = i
i wi

(5)

where wi is the weight associated with the ith cell-centre of the
stencil.
The weights wi are given by:

wi =
wi =

(1 + |Mi | )2 (2 − |Mi | )
4di

(1 − |Mi | )2 (2 + |Mi | )
4di

i .rn < 0
, for |Mi | ≤ 1 and V
i .rn > 0
, for |Mi | ≤ 1 and V

1
i .rn < 0
, for |Mi | > 1 and V
di
i .rn > 0
wi = 0, for |Mi | > 1 and V
wi =

(6)

Here the Mach number Mi is based on the component of velocity perpendicular to the normal (Vn ) and the local speed of sound;
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Table 1
Simulation details.
Immersed surface

imax × jmax × kmax

δmin (m)

M

Re

α

NACA0012 airfoil
Circular cylinder
10◦ Ramp
NACA0012 airfoil (plunge)

4512 × 900 × 1
1360 × 980 × 1
1024 × 576 × 1
780 × 1400 × 1

5E−4
4E−3
2E−3
1.0E−3

0.5
2.0
3.0
0.2

5000
300
16800
1000

10
–
–
00

the scalar components of the velocity gradient tensor. The reconstructed velocity gradient at the immersed surface is then used to
determine the viscous stress tensor at the surface.
2.4. Calculation of aerodynamic forces
Fig. 3. Schematic of interpolation stencil for IDW-Upwind method.

also, di is the distance between the ﬁeld/band cell-centre (‘A’) and
the IB point, ‘C’ (In Fig. 3, di = |r|). The sign of the dot product of
the velocity vector at the cell-centre and the vector rn i.e. Vi .rn , is
found in order to determine the orientation of the ﬂow at the cellcentre relative to the normal at the IB point ‘C’. If the dot product
is negative, the local ﬂow is towards the normal; if it is positive,
the local ﬂow is away from the normal. The interpolation weights
are constructed such that they result in higher weights for cellcentres having ﬂow towards the surface normal than those having
ﬂow away from the normal, even when they are at identical distances from the IB point. Thus, the interpolation weights can be
considered as upwind biased, as they are sensitive to the local direction of ﬂow and have greater inﬂuence of the local upstream as
compared to the local downstream.
There may be a situation where all the ﬁeld cells in the stencil
have |Mi | > 1, and the velocity vector at the ﬁeld cell points away
from the normal. In such a case, the weights (wi ) for all the cells
in the stencil would be zero. If this happens, the stencil size is increased to ensure there exists at least one ﬁeld cell with a nonzero weight.
2.3. Interpolation of shear stress

The integrated loads, lift and drag, are obtained using the reconstructed surface values of pressure and shear stress at the IB
points, and the geometry of the line elements, which are line segments connecting two adjacent IB points. The average pressure and
shear stress for each element are determined by simply averaging
the values at its two end nodes or IB points. The unit normal vector to the line segment is then used to determine the orientation of
the pressure force, and the shear stress is considered to act along
the line element. The forces on each element are then summed up
vectorially over the entire IB surface to get the total forces. The net
lift force as such has some contribution from the shear stresses,
and drag is due to both shear stress (skin-friction) and pressure
distribution (form drag).
3. Computational details
The free-stream conditions and grid sizes for the different simulations - except the veriﬁcation cases, which did not include any
ﬂow simulation, are listed in Table 1. The grid sizes listed here
are arrived at from grid resolution studies that are discussed in
Section 4. The number of points rendering the IB in all cases is decided such that the cells intersected by the IB contain at least 3–4
IB points.
3.1. Veriﬁcation

Two different approaches are used to determine the shear stress
at the immersed surface; these are described in the following paragraphs.
2.3.1. Velocity reconstruction at IP using IDW-IP
In order to determine shear stress at an IB point, the ﬂuid veIP in Fig. 2)
locity is ﬁrst reconstructed at the interpolation point (V
IP perpendicular to
using the IDW-IP method. The component of V
τ ) is
the normal, and hence parallel to the immersed surface (V
then determined, and the shear stress at the IB point is calculated
as,

τw = μw

|Vτ |
dIP

(7)

where, μw is the dynamic viscosity and dIP is given by Eq. (3). The
method adopted here is simplistic and is expected to under predict
the shear stress at the surface. This is because the shear stress calculation, as given in Eq. (7), implicitly assumes a linear variation
of wall parallel velocity between the surface and the interpolation
point, which can introduce large errors if the interpolation point
location is not suﬃciently close to the surface.
2.3.2. Velocity gradient reconstruction at surface using IDW
In this case, the velocity gradient is ﬁrst computed in the
cells comprising the interpolation stencil and then reconstructed
at the immersed-boundary point using weights deﬁned by the
IDW method, wherein Eq. (4) is used by replacing pressure with

The aim of this study is to estimate the performance of the
pressure reconstruction methods using exact/analytic solutions and
not results from CFD simulation, such that any errors in the reconstructed surface pressures can be attributed only to the interpolation procedure. The exact pressure values are populated at discrete
locations - cell centres of a Cartesian grid – which are then used to
determine the pressure at the immersed surface using the reconstruction methods outlined in Section 2. The reconstructed values
of pressure are then compared with the exact solution.
3.1.1. Ideal ﬂow past a circular cylinder
For this case an exact solution, derived from potential ﬂow theory, exists, which is used to compare with the reconstructed values
of pressure on the surface of the cylinder. A square domain tessellated using Cartesian grids is used, which contains the immersed
object: the circular cylinder, which is rendered using a cloud of
points. Three grids are used, with each successive reﬁned grid having four times the number of cells as its predecessor.
The error in the estimation of the integrated lift force, which
should actually be zero, is used to estimate the order of accuracy
of the interpolation methods.
3.1.2. Quasi-one-dimensional ﬂow through a convergent-divergent
nozzle
The pressure distribution for a quasi-one-dimensional ﬂow
through a convergent-divergent nozzle is obtained by applying
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Fig. 4. Validation study: Mach 0.5 laminar ﬂow past a NACA0012 airfoil.

Fig. 5. Validation study: Mach 2.0 laminar ﬂow past a circular cylinder.

isentropic relations and normal-shock relations. The plenum pressure is 6894.76 Pa, and the exit pressure is set to 5171.07 Pa. The total temperature of the plenum is 55.56 K. The domain ranges from
x = 0 m to x = 10 m, with the throat situated at x = 5 m. The areas
before and after the throat are given by:

A pre−throat = 1.75 − 0.75cos(π (0.2x − 1.0 ))
A post−throat = 1.75 − 0.25cos(π (0.2x − 1.0 ))
For the aforementioned conditions, there is a stationary normal
shock that forms at x = 7.55 m. This test case is, as such, suitable
for testing the performance of the pressure interpolation methods
in the presence of both smooth variation and discontinuities in
pressure. The center-line of the convergent-divergent nozzle is discretized into equally spaced grid points, where the exact solution
is populated, and IB points, wherein the pressure is to be interpolated. It is ensured that the grid points and IB points are not collocated. The exact solution stored at the grid points is then used to
interpolate the pressure values at the IB points using the pressure
interpolation methods discussed in Section 2.2.
3.2. Validation: Mach 0.5 laminar ﬂow past a NACA0012 airfoil
The domains along with the boundary conditions are shown in
Fig. 4a. Subsonic inﬂow condition (velocity is ﬁxed, pressure is ex-

trapolated) and subsonic outﬂow (velocity is extrapolated, pressure
is ﬁxed) are used at the left and right faces respectively. A symmetry boundary condition is used at the top and bottom faces of the
domain as these are far away ( ≈ 3000 c) from the airfoil surfaces
and the ﬂow can be assumed to be approximately parallel to the
free-stream.
Fig. 4b shows a representative grid for the simulation of ﬂow
past the NACA0012 airfoil. As seen in the ﬁgure, the grid is dense
in the vicinity of the airfoil in order to capture the ﬂow gradients
accurately. For the airfoil simulations, an inner box, which contains
the airfoil, having constant spacing (δmin ) along X and Y directions
is used. The grid stretches out using a tanh function towards the
outer parts of the domain starting from the edges of the inner box.
The leading edge of the airfoil is at origin and the chord length is
unity.
In addition to the IB simulations, a solution on a body-ﬁtted
grid is obtained using ANSYS-Fluent. The simulation was performed on a ﬁne, structured C-grid provided in ‘2nd International
Workshop on High-Order CFD Methods’ [38]. The grid contains
35,840 cells, and is the second ﬁnest grid in the series of grids provided in the workshop, with the C-boundary having the velocityinlet boundary condition and the rest of the boundaries, having
pressure-outlet boundary condition. The Cp and Cf values extracted
from this simulation are used to compare with the corresponding
reconstructed quantities from the IB simulations.
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Fig. 6. Validation study: Mach 3.0 laminar ﬂow past a 10◦ ramp.

Fig. 7. Mach 0.2 laminar ﬂow past a plunging NACA0012 airfoil.
Table 2
Data interpolation at immersed surface: list of parameters.
Pressure reconstruction

Shear stress reconstruction

Method label

IDW
IDW-IP
IDW-Upwind
IDW
IDW-IP
IDW-Upwind

Velocity
Velocity
Velocity
Velocity
Velocity
Velocity

A1
A2
A3
A4
A5
A6

reconstruction at IP
reconstruction at IP
reconstruction at IP
gradient reconstruction at surface
gradient reconstruction at surface
gradient reconstruction at surface

3.3. Validation:Mach 2.0 laminar ﬂow past a circular cylinder
The domain and boundary conditions for this test case is shown
in Fig. 5a. A far-ﬁeld boundary condition is used on all faces except for the left face, wherein a supersonic inﬂow (conditions prescribed) boundary condition is used. In Fig. 5b a dense uniform
mesh embeds the cylinder and stretches out in both X and Y directions towards the domain boundaries. The center of the cylinder
is at (24 m, 20 m) and the diameter is 1 m. A Fluent simulation has
been computed in this case also to generate Cf data for comparison
with the reconstructed Cf from the IB simulation.
3.4. Validation: Mach 3.0 ﬂow past a 10◦ ramp
The domain and boundary conditions for this test case is shown
in Fig. 6a. A supersonic inﬂow condition is used at the left or inlet

face, a symmetry boundary condition is used at the top face and
a supersonic outﬂow boundary condition is used at the right or
exit face. In Fig. 6b a dense uniform mesh embeds the ramp and
stretches out in Y direction. The ramp starts at X = 1.0 m and is
rendered as an IB.
The primary motivation for this test case is to compare the surface pressure coeﬃcients for the different interpolation methods in
the presence of a shock. The comparison is made only with data
available from literature [39] in this case.
3.5. Application: Mach 0.2 ﬂow past a plunging NACA0012 airfoil
Fig. 7a shows the domain used for the simulations. A subsonic inﬂow boundary condition is used in this case with a farﬁeld boundary condition imposed at the other boundaries. The grid
zoomed in near the airfoil shows the presence of an inner box with
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Fig. 8. Veriﬁcation of surface-data interpolation for inviscid, incompressible ﬂow past a circular cylinder.

Fig. 9. Interpolated pressure distribution in a CD nozzle with pressure ratio 0.75.

a dense grid. The inner box is sized in this case to accommodate
the airfoil throughout the plunge motion. The point clouds representing the NACA0012 airfoil at its starting and ending positions
are also shown in Fig. 7b. The chord length and the plunge distance are both equal to 1m. The plunge motion of the airfoil is
given by the following equation [40].

h(t ) = 0.25t 2 (3 − t )

Table 3
Interpolation parameters for grid convergence study.
Immersed surface
Pressure interpolation
Shear stress interpolation
Method Label
Stencil

NACA0012 airfoil/Circular cylinder
IDW-Upwind
Velocity gradient reconstruction at surface
A6
3×3

(8)

where h(t) is the vertical displacement of the airfoil in metres and
t is the time in seconds. The total time for the heaving motion is
2s, during which the airfoil moves up by 1m.
4. Results and discussion
A list of the choices of methods for pressure and shear-stress
reconstruction at the immersed surface used in this work is presented in Table 2. The veriﬁcation test cases are presented ﬁrst, followed by the validation test cases and ﬁnally the application of the
data reconstruction methods for ﬂow past a plunging NACA0012
airfoil is presented. A grid/time-resolution study is also included
here for the test cases. The interpolation parameters (method and
stencil) used for the grid-resolution study is listed in Table 3.
The studies include simulations on three levels of grid, starting from the ﬁnest mesh. The coarse meshes were generated by
removing alternate grid points along the X and Y directions, starting with the ﬁnest mesh. Further, using the calculated Cd values for
the three grids the observed order of convergence [41], p, and exact

value using Richardson extrapolation, Cd,ref , are calculated. In order
to check for solution convergence with grid resolution, Cp and Cf
plots are compared, and the error in Cd , Cd (= Cd − Cd,re f ), is also
determined, as percentage of Cd,ref for the simulations of ﬂow past
NACA0012 airfoil and circular cylinder. For the Mach 3.0 ﬂow past
the ramp, only Cp plots are used for checking grid convergence. It
is to be noted that errors in Cp , Cf and Cd are also a property of
the discrete solution obtained using the immersed-boundary approach and not just the interpolation methods (IDW, IDW-IP, and
IDW-Upwind) used.
4.1. Veriﬁcation
4.1.1. Ideal ﬂow past a circular cylinder
Fig. 8a shows the variation of the coeﬃcient of pressure with
X along the upper surface of the circular cylinder. The results indicate that IDW, IDW-IP, and IDW-Upwind methods have almost
identical predictions of the surface pressure, and that the error in
the prediction increases as one approaches the top of the cylinder
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Fig. 10. Static gauge pressure contours for Mach 0.5 ﬂow past NACA0012 airfoil.

Fig. 11. Grid-convergence study for simulation of Mach 0.5 ﬂow past NACA0012 airfoil.

Fig. 12. Comparison of interpolation pressure reconstruction methods using 3 × 3 stencil for Mach 0.5 ﬂow past NACA0012 airfoil.

(point of minimum pressure). The variation of the integrated lift
force for the three methods are compared in Fig. 8b. As the lift
force should be zero, this also shows the error in the prediction of
the integrated force with grid reﬁnement. It is observed that the
IDW and IDW-Upwind methods have almost identical errors, while
the IDW-IP method has a higher error. The errors reduce with grid
reﬁnement as expected.

4.1.2. Quasi-one-dimensional ﬂow through a convergent-divergent
nozzle
Fig. 9 compares pressure interpolated by each of the three
pressure interpolation methods with the analytic solution, for
three grids with 101, 201 and 401 equally spaced points on the
centre-line; the IB consists of 501 equally spaced points. It is
seen that for all three grids, the IDW-Upwind method captures
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Fig. 13. Comparison shear-stress reconstruction methods using 3 × 3 stencil for Mach 0.5 ﬂow past NACA0012 airfoil.

Fig. 14. Effect of stencil size on surface pressure and skin-friction coeﬃcients for Mach 0.5 ﬂow past NACA0012 airfoil.

Fig. 15. Density contours of Mach 2.0 ﬂow past circular cylinder.

a sharper shock compared to the other two methods. Additionally, it is seen that the noise in the immediate downstream region of the shock has lower peaks in the case of IDW-Upwind
method, as compared to the other two methods. In the regions
of smooth pressure variation, all three methods perform equally
well. It is to be noted that in real ﬂows, such sharp discontinuities in ﬂow variables may not appear on walls due to the presence
of the boundary layers. In such situations, as such, all the three

pressure reconstruction methods are expected to provide similar
results.
4.2. Validation: Subsonic laminar ﬂow past NACA0012 airfoil
Fig. 10 shows the comparison of static pressure contours
between the IB simulation and the ANSYS-Fluent simulation. The
grid for the simulation on ANSYS-Fluent was obtained from the
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Fig. 16. Grid-convergence study for Mach 2 supersonic ﬂow past a circular cylinder.

Fig. 17. Comparison of pressure interpolation methods using 3 × 3 stencil for Mach 2.0 ﬂow past circular cylinder.

Table 4
Comparison of Cl and Cd values for Mach 0.5 ﬂow past NACA0012
airfoil (A1:A6) ; Cl,lit = 1.8273e-2, Cd,lit = 5.531e-2.
Interpolation method

Cl (error)

Cd (error)

A1
A2
A3
A4
A5
A6
ANSYS-Fluent

1.90e-2
1.90e-2
1.90e-2
1.87e-2
1.87e-2
1.87e-2
1.85e-2

5.25e-2 (−5.04%)
5.26e-2 (−4.99%)
5.25e-2 (−5.01%)
5.36e-2 (−3.02%)
5.37e-2 (−2.97%)
5.37e-2 (−2.98%)
5.693e-2 (2.9%)

(4.09%)
(4.03%)
(4.03%)
(2.12%)
(2.06%)
(2.06%)
(1.2%)

Table 5
Comparison of Cl and Cd values for Mach 0.5
ﬂow past NACA0012 airfoil (A1-A6); Cl,lit =
1.8273e-2, Cd,lit = 5.531e-2.
Interpolation

δ error (Cl )

δ error Cd

A1
A2
A3
A4
A5
A6

−0.71%
−0.60%
−0.49%
−0.71%
−0.55%
−0.44%

−1.23%
−1.18%
−1.46%
−0.42%
−0.40%
−0.67%

higher order workshop [38]. The grid for the IB simulation is
listed in Table 1. The contour plots look very similar indicating
that the ﬂow ﬁeld predicted by the two simulations agree qualitatively.

4.2.1. Grid reﬁnement
The Cp and Cf plots for the simulations using the three grids
are shown in Fig. 11. Fig. 11a shows a zoomed in view of Cp
plots wherein it is clear that the Cp predictions on the ﬁnest and
medium grid are very close to each other and approach the results
of the ANSYS-Fluent simulation. Further, the noise in the reconstructed pressure decreases with increase in grid resolution, which
is expected. Similar observations about noise in the reconstructed
values can be made about the Cf plot shown in Fig. 11b. The accuracy of the reconstruction also improves, especially near the leading edge, with grid reﬁnement. Fig. 11c shows the convergence in
the error with grid reﬁnement. The value of Cd calculated using
Richardson’s extrapolation is 5.368 e-02 and the observed order of
convergence, p, in this case is equal to 3.22.
4.2.2. Variation in interpolation method
Fig. 12 shows the Cp plots obtained from the three pressure reconstruction methods (Section 2.2) that use the smallest stencil.
The three methods agree very closely with each other and with
the body ﬁtted grid simulation of ANSYS-Fluent. Fig. 13 plots the
skin-friction coeﬃcient using the two shear-stress reconstruction
methods (Section 2.2.3) for the smallest stencil. It can be observed
that the shear stress reconstruction that makes use of the velocity
interpolation using IDW-IP has more noise than the gradient-based
method. This is possibly due to the inherent smoothing present in
the gradient-based method, as it involves a larger effective stencil
for interpolation of the shear stress. This is so, as the calculation
of the velocity gradients in the cells of the smallest 3 × 3 stencil requires the use of data from the adjacent neighbours, which
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Fig. 18. Comparison of shear-stress reconstruction methods using 3 × 3 stencil for Mach 2.0 ﬂow past circular cylinder.

Fig. 19. Effect of stencil size on surface pressure and skin-friction coeﬃcients for Mach 2.0 ﬂow past a circular cylinder.

and subsequent interpolations using methods A1–A6 are within
5% of the values reported in literature. It is interesting to note
that predictions of both lift and drag coeﬃcients improve with the
use of velocity gradient reconstruction at the surface for the shear
stress calculation. The results indicate that while the accuracy of
the integrated loads are not affected by the choice of pressure reconstruction methods proposed in this work, it is more accurate
with the use of the velocity gradient based approach for the shear
stress reconstruction, for the choice of a 3 × 3 interpolation stencil.

Fig. 20. Cp plot comparison across grids for Mach 3.0 ﬂow past a 10° ramp.

effectively increases the size of the interpolation stencil. The results from both the methods show very good agreement with literature.
Cl and Cd values are also tabulated in Table 4, in which the values in parenthesis denote the error, which is calculated relative to
a reference value obtained from literature [38], and expressed as a
percentage of the reference value. It is observed from Table 4 that
the lift and drag coeﬃcients obtained using the IBM simulation

4.2.3. Variation in stencil size
The effect of having a larger stencil size has a smoothing effect on the surface data in all three cases of pressure interpolation. Fig. 14a shows the comparison of the IDW-Upwind method
for two different stencil sizes: 3 × 3 and 11 × 11. This behaviour
can be explained as follows: physically, the steady state solution at
any point in the domain is dependent on the solution at all other
points in the domain, the ﬂow being steady and subsonic; a larger
interpolation stencil results in more cells affecting the interpolated
value, which captures the physics better and has a smoothing effect. However, this may not be true for ﬂows with shocks in which
case, a larger stencil size may result in more noise in the interpolated data. A similar effect is observed for the shear stress reconstruction methods and is shown here for the case wherein the
velocity gradient is interpolated at the surface in Fig. 14b.
Table 5 compares the values of Cl and Cd computed with
the 3 × 3 and 11 × 11 interpolation stencils. The difference in the
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Fig. 21. Comparison of pressure interpolation methods using 3 × 3 stencil for Mach 3.0 ﬂow past a 10◦ ramp.

Fig. 22. Comparison of Cp using IDW-Upwind, for different stencils.

absolute value of the errors in lift and drag coeﬃcients for the two
cases - corresponding to the two different sized interpolation stencil – is reported here. A negative value is to be read as a reduction in error while a positive value indicates an increase in error.
It is seen from the tabulated values that increasing the stencil, uniformly produces a reduction in the error for both lift and drag coeﬃcients. However, although the lift predictions change by similar
values across all methods of interpolation, the change in drag is
very different for the two different choices of shear stress calculation; the shear stress determination using the velocity reconstruction at the inteprolation point is observed to be more sensitive to
the interpolation stencil in this case. Among the pressure interpolation methods, it is observed that while the IDW method shows
the highest improvement in Cl prediction, the IDW-UP method produces the most improvement in the Cd prediction.
4.3. Validation: supersonic ﬂow past a circular cylinder
The density contour plots of the IB simulation and ANSYSFluent simulation are presented in Fig. 15. The IB simulation is performed on the grid listed in Table 1. Both the plots report the formation of a bow shock and look qualitatively similar although the
gradients appear sharper with the Fluent simulations, especially in
the wake of the cylinder.
4.3.1. Grid reﬁnement
Plots of Cp , generated using IDW-Upwind and Cf , generated
using gradient method, are shown in Fig. 16. The Cp values in

Fig. 23. Temporal convergence study for Mach 0.2 ﬂow past plunging NACA0012
airfoil.

Fig. 16(a) show good convergence, with the medium and ﬁne grids
very closely matching with ANSYS-Fluent data. The convergence in
Cf is relatively poor though, suggesting that use of even more reﬁned grids may be required. However, as the Cp plots show excellent convergence, the ﬁnest grid is used for presenting the comparison with the results from literature and Fluent simulation. It is
observed that the noise in the surface data drops with grid reﬁnement. Fig. 16(c) shows the convergence in the error with grid reﬁnement for method A6. The value of Cd calculated using Richardson’s extrapolation is 1.56 and the observed order of convergence,
p, is 0.7 in this case. A lower order of convergence, p, is observed
in this case compared to Mach 0.5 ﬂow past the NACA0012 airfoil,
which is possibly due to the relatively poor convergence in Cf observed in this case.
4.3.2. Variation in interpolation method
Fig. 17 shows the Cp plots obtained from the three interpolation
methods (Section 2.2) that use the smallest stencil (3 × 3). The
three methods agree very closely with each other, with the bodyﬁtted grid simulation of ANSYS-Fluent and with the data from literature [42]. The same trend was reported in the case of the ﬂow
past the NACA0012 airfoil (Section 4.2).
Fig. 18 compares Cf reconstructed using the shear-stress reconstruction methods (Section 2.2.3), with that from the bodyﬁtted grid simulation in ANSYS-Fluent. As reported in the case
of NACA0012 airfoil (Section 4.2), the shear stress determined using the gradient-based method has less noise compared to that
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Fig. 24. Time history of force coeﬃcients for Mach 0.2 ﬂow past a plunging NACA0012 airfoil.

Table 6
Comparison of Cd values for Mach 2.0 ﬂow past
a circular cylinder (A1:A6);Cd,lit = 1.54.
Interpolation

Cd (error)

A1
A2
A3
A4
A5
A6
ANSYS-Fluent

1.527 (−0.8%)
1.527 (−0.8%)
1.527 (−0.8%)
1.53 (−0.65%)
1.53 (−0.65%)
1.53 (−0.65%)
1.537 (−0.19%)

Table 7
Comparison of Cd values for
Mach 2.0 ﬂow past a circular
cylinder (A1:A6);Cd,lit = 1.54.
Interpolation

δ error Cd

A1
A2
A3
A4
A5
A6

0.19%
0.19%
0.06%
0.52%
0.52%
0.39%

calculated using the velocity reconstruction method. Table 6
presents Cd predicted by methods A1–A6. The errors in all cases
are within 1%, which is excellent. The Cd predictions are slightly
better with the use of the velocity gradient reconstruction method
for shear stress. Further, the Cd values are insensitive to the choice
of pressure reconstruction method. Both these trends were observed in the NACA0012 airfoil case as well. It is interesting to note
that even though the shear stress predictions do not compare very
well with the ANSYS-Fluent predictions, the computed drag coeﬃcients match. This is possibly due to the fact that the major contribution to drag in this case is from pressure, which shows excellent
match with data from literature and ANSYS-Fluent simulations.

case; shear stress reconstruction is not investigated in this case as
the primary objective is to check if the IDW-Upwind method performs better compared to the other pressure interpolation methods as observed in the case of inviscid quasi-1D ﬂow through the
convergent–divergent nozzle presented in Section 4.1.2.

4.3.3. Variation in stencil size
Fig. 19 shows a comparison of Cp obtained using the IDWUpwind method and Cf obtained using velocity gradient reconstruction, for two different interpolation stencil sizes: 3 × 3 and
11 × 11. Larger stencils are, again, seen to smooth the data. Although this being the case, in Fig. 19(b), it is seen that the skinfriction (Cf ) predicted is lower for the larger stencil. The reason for
this behavior could be that the velocity gradients for this speciﬁc
ﬂow case are decaying quickly in the direction away from the surface.
Table 7 reports the increase/decrease of error while using a
11 × 11 stencil as compared to a 3 × 3 stencil. This has been described in Section 4.2.3. Here, we see that in all cases, the error
is higher for the 11 × 11 stencil. In particular, the error growth in
A4–A6 is large, which is consistent with Fig. 19(b) that shows drop
in Cf .

4.4.2. Variation in interpolation method
Fig. 21 compares the Cp data at the ramp for each of the pressure interpolation methods with that from literature. As seen in
the previous validation cases, the three methods perform equally
well. Even though this case has an oblique shock present in the domain, the reconstructed surface pressures using IDW-Upwind are
not any different from those determined using the IDW and IDWIP methods. The reason for this is that the viscous effects in the
boundary layer smear the rise of pressure over a large region of
the wall, as seen in the plots, and the effect of upwinding in the
interpolation of pressure becomes insigniﬁcant.

4.4. Validation: Mach 3.0 ﬂow past a 10◦ ramp:

4.5. Application: Mach 0.2 ﬂow past plunging NACA0012 airfoil

Pressure reconstruction on the surface using the different interpolation methods listed in Section 2.2 are investigated in this

A temporal convergence study was performed for this case using time steps of 1E-3 s and 5E-4 s. Time-histories of Cl and Cd for

4.4.1. Grid reﬁnement
Fig. 20 compares Cp data over the ramp for three grids with
data from literature. It is seen that the medium and ﬁne grids produce solutions which are close to each other. Also, there is noise
in the Cp data of the coarse grid in the downstream region of the
ramp, which reduces with grid reﬁnement.

4.4.3. Variation in stencil size
Increasing the stencil size reduces noise in the Cp data, as seen
in the other validation cases. Fig. 22 shows the Cp plots for this
ﬂow case.
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Fig. 25. Cp distribution (left), vorticity contours (middle), and Cl (right) at different times for Mach 0.2 ﬂow past a NACA0012 plunging airfoil: t/T = 0.0–1.0; US – Upper
Surface, LS – Lower Surface.
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Fig. 25. Continued
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the two different time steps are shown in Fig. 23. It is observed
that the lift and drag coeﬃcients are very close to each other for
the two simulations, which suggests that the solutions are timeconverged. The following results are presented with the ﬁner time
step of 5.0E−4 s.
Time histories of force coeﬃcients plotted in Fig. 24 show that
both Cl and Cd predictions using the IBM simulation compare well
with literature[40], with the lift predictions being relatively more
accurate compared to the drag predictions. Results from simulations using two different grids – 780 × 1400 and 390 × 700
– are shown to check for spurious force oscillations [9]. It is observed that the force coeﬃcients on the coarser grid shows noise
in the computed drag-force coeﬃcient. To get further insight into
the lift generation during the plunge process, the surface distribution of Cp along the airfoil upper and lower surfaces and the vorticity contours in the domain are plotted at the same time instants
in Fig. 25; the lift coeﬃcient at the corresponding instants of time
is also shown. The pressure on the airfoil has been calculated using
the IDW-Upwind interpolation.
At the start of the heaving motion (Fig. 25a) the airfoil generates no lift and the Cp curves for the upper and lower surfaces are
coincident; the vorticity contours also show symmetry about the
airfoil chord. In Fig. 25b the airfoil has started to move up and
a clockwise vortex can be seen to be rolling down at the trailing edge. The Cp plot indicates that negative lift (as lower surface
has lower pressures than upper surface) is generated, which is expected as the airfoil is moving upwards and as such, effectively
has a negative angle of attack. The minimum pressure, near the
leading edge lower surface, drops further at the next time instant
(Fig. 25c), but the overall lift remains similar as the pressure on
the upper surface also drops. The lift decreases further (Fig. 25d)
as the lower surface pressure drops further. A leading edge vortex on the lower surface is observed in the next frame (Fig. 25e),
which results in a sharp drop in the surface pressure around 0.2 c
on the lower surface. The vortex is more prominent in Fig. 25f and
its centre approximately coincides with the stream-wise location
of the pressure trough on the lower surface. The vortex is on the
verge of being shed in the next frame (Fig. 25g), and has moved
away from the airfoil surface. The airfoil is losing negative lift as
its plunge velocity is dropping, and pressures on the lower surface have increased one the whole. At the end of the plunge motion (Fig. 25h), the lower surface pressures are, for the most part,
higher compared to the upper surface pressures which results in a
positive lift.
5. Conclusions
In this work, three methods of pressure interpolation and two
methods of shear stress reconstruction at the immersed surface,
vis-à-vis a discrete-forcing immersed-boundary method, have been
veriﬁed against analytical solution of canonical inviscid ﬂows and
validated against CFD data from literature for laminar ﬂow simulations of Mach 0.5 ﬂow past a NACA0012 airfoil, Mach 2.0 ﬂow past
a circular cylinder and Mach 3.0 ﬂow past a 10◦ ramp. Comparisons
of the interpolation procedures are presented for surface pressure
coeﬃcients, skin friction coeﬃcients and integrated loads, wherein
the effect of stencil size on the interpolation methods is also investigated. In general, predictions of surface pressure and shear stress
improve - resulting in better accuracy and lesser noise – with grid
reﬁnement. Effect of stencil size on the interpolated pressure also
indicates that higher stencil size results in smoother surface pressure and shear stress. However, the effect of stencil size on the accuracy of the integrated loads might vary depending on the ﬂow
problem being considered, and a case-speciﬁc optimal size may
exist. Among the interpolation methods for pressure investigated
in this work, the IDW and IDW-Upwind methods are seen to re-

sult in less noise in the interpolated surface pressure, compared
to the IDW-IP method. Further, the IDW-Upwind method produces
the sharpest pressure rise among the interpolation methods for an
Euler ﬂow with a normal shock, though a similar result is not obtained for a laminar Mach 3.0 ﬂow past a ramp. This suggests that
the additional cost involved in the IDW-Upwind method may not
provide any beneﬁt for viscous ﬂows. Considering the fact that the
IDW-IP method is based on the interpolation procedure used for
the discrete solution forcing, it can be argued that the interpolation strategy used for solution forcing in the neighbourhood of the
IB may not be the most suitable method for reconstruction of the
data at immersed surface in discrete-forcing immersed-boundary
methods. As for the shear stress reconstruction, the gradient-based
method produces less noise compared to the velocity interpolation
method.
Further, although the interpolation methods presented in this
work have been tested on a speciﬁc immersed-boundary solver,
in principle these can be applied to any direct-forcing type
immersed-boundary solver, without much additional programming
effort.
The data-reconstruction method proposed in this work, in conjunction with an immersed-boundary approach, can thus be used
extensively for the prediction of aerodynamic characteristics of
airfoils (including multi-component airfoils, airfoils and with iceaccretion, and airfoils with complicated motion), which can be
used for design of airfoils and related studies for small UAVs. Further, the shear-stress reconstruction at the immersed-surface can
also be used to detect ﬂow-separation and reattachment, which
is useful for ﬂow separation and control related studies. As such,
the work presented is very relevant in making (discrete-forcing)
immersed-boundary methods more useful for airfoil design studies, ﬂow control in airfoils and also, to understand the ﬂuid dynamics involving intricate airfoil motions such as insect ﬂight.
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