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ABSTRACT
We investigate the route to self-excited thermoacoustic instability in a laminar ﬂow multiple ﬂame matrix burner. With an increase in the
equivalence ratio, the thermoacoustic system that is initially quiet (stable operation) transitions to limit cycle oscillations through two distinct
dynamical states, namely, bursting oscillations and mixed mode oscillations. The acoustic pressure oscillations transition from quiescence
to large amplitudes during bursting oscillations. Such high amplitude bursting oscillations that occur well ahead of the onset of limit cycle
oscillations can potentially cause structural damage. The thermoacoustic system exhibits hysteresis. The transition to limit cycle oscillations is
replicated in a phenomenological model containing slow-fast time scales.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5095401

Conﬁned combustion systems are often susceptible to large amplitude pressure oscillations, otherwise known as thermoacoustic
instability. Thermoacoustic instability results from the coupled
interaction between the acoustic ﬁeld and heat release rate oscillations in the combustor. Thermoacoustic instability exposes rocket
and gas turbine engines to increased heat transfer that can overwhelm the thermal protection mechanisms and aﬀect the onboard
navigation system, electronics, payload, and even lead to mission failure. It is important to characterize the route from stable
operation to thermoacoustic instability. Further, a comprehensive understanding of all possible dynamics is necessary to design
appropriate control measures to mitigate thermoacoustic instabilities and to operate the combustor safely in a wider envelope.
Route to thermoacoustic instability can vary according to combustor conﬁguration and operating conditions. Here, we discuss
the route from stable operation to thermoacoustic instability in a
multiple ﬂame combustor. We see that a multiple ﬂame combustor transitions to limit cycle oscillations via a route not reported
before, characterized by the occurrence of bursting and mixed
mode oscillations.
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I. INTRODUCTION
Thermoacoustic instability is a crippling issue in the development and safe operation of thrust-producing devices such as liquid and solid rocket motors, aero-engines, and in power-producing
machines such as land based gas turbine engines.1,2 This phenomenon is a consequence of the positive feedback between the
acoustic pressure oscillations in the combustion chamber and the
heat release rate ﬂuctuations of the ﬂame.3 The violent periodic oscillations generated from the occurrence of thermoacoustic instability
could drastically reduce the lifespan of engine components and possibly lead to partial or total mission failure in the case of rocket
motors.4–6 The severity of the devastating eﬀects of thermoacoustic
instability gained attention with humongous amount of funds spent
on thousands of full-scale tests to mitigate such instabilities faced
in the F-1 rockets.7 Subsequently, there have been many rockets,
aero-engines, and power-producing gas turbines which faced these
issues. Ever since, a plethora of researchers have focused on characterizing the behavior of combustors during thermoacoustic instability and suppress instability using several ad hoc control strategies.
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However, it is vital to understand how a combustion system transitions from stable operation to thermoacoustic instability in order to
prognose the onset of thermoacoustic instability and devise control
mechanisms necessary to mitigate thermoacoustic instability.
Existing literature points out that systems operating under laminar and turbulent ﬂows approach thermoacoustic limit cycle oscillations (LCOs) via diﬀerent routes. For a horizontal Rijke tube under
laminar ﬂow conditions, with a heated wire mesh as the source
of heat, the transition from stable operation to limit cycle oscillations occurs either through a subcritical or supercritical Hopf
bifurcation8–10 depending on the ﬂow rates of the working ﬂuid. In
a Rijke tube with a premixed laminar ﬂame as the heat source, Weng
et al.11 reported the presence of beats characterized by amplitude
modulated periodic oscillations en route to LCO.
Dynamically, the transition to thermoacoustic instability in
laminar systems is viewed as a transition from a ﬁxed point to limit
cycle oscillations. However, in turbulent systems, the stable state cannot be considered as a mere ﬁxed point. The stable operation, also
known as combustion noise, is characterized by aperiodic oscillations. Such aperiodic oscillations are attributed to the background
turbulence and are reported to contain features of high-dimensional
chaos contaminated with noise.12 On the other hand, unstable operation, in general, is composed of large amplitude periodic oscillations
and is popularly known as thermoacoustic instability. Thus, the transition to thermoacoustic instability in turbulent systems should be
viewed as an emergence of order (periodicity) from chaos.13
Gotoda et al.14 showed that the dynamics of a premixed gas
turbine combustor transitions from the state of combustion noise
to periodic oscillations through low dimensional chaotic oscillations with an increase in the equivalence ratio. Thereafter, Nair
et al.15 showed that the transition from stable state to thermoacoustic
instability occurs via intermittency in a turbulent combustor. They
referred to intermittency as an asymptotic state characterized by
the apparently random occurrence of bursts of periodic oscillations
amidst epochs of aperiodic oscillations. Since then, intermittency
has been observed in various liquid and gaseous fuel combustors
despite the diﬀerences in the ﬂame stabilization mechanisms.16–21
Recently, intermittency has also been discovered in the heat release
rate dynamics of a composite propellant.22 The occurrence of intermittency in turbulent thermoacoustic systems has been exploited
to develop precursors to predict the onset of thermoacoustic
oscillations.23–25
There have been studies that investigated the origin of intermittency. Pawar et al.26 analyzed the coupled behavior between acoustics
and reacting ﬂow subsystems using synchronization theory. They
showed that intermittency corresponds to intermittent partial synchronization of acoustic and heat release rate. Further, thermoacoustic instability is shown to be either a phase synchronized state or
a generalized synchronization state. Mondal et al.13 performed spatiotemporal analysis on the coupled interaction between acoustics
and heat release rate. They viewed the transition as an emergence
of order from disorder through a chimera-like state observed during
intermittency wherein there is a simultaneous existence of regions of
disorder and order in the reaction zone. Analyzing the ﬂame dynamics during intermittency, Nair and Sujith27 showed that the ﬂame is
intermittently detached from the ﬂame-holder, thereby reducing the
driving in the system. In a similar study, Unni and Sujith28 found that
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during intermittency, the ﬂame exhibits two marked patterns of oscillations. The ﬂame is oscillating either in an aperiodic manner due to
the underlying turbulence or exhibits a periodic roll-up as a result
of the periodic vortex shedding from the location where the ﬂame
is attached. In short, during the onset of thermoacoustic instability,
laminar systems transit directly from ﬁxed point to limit cycle oscillations and turbulent systems transition from chaotic oscillations to
limit cycle oscillations via intermittency.
Recent studies have shown that post the onset of limit cycle
oscillations, upon further variation of the corresponding parameter, thermoacoustic systems can exhibit other complex dynamical
behaviors. Kabiraj et al.29 showed quasiperiodic, frequency locked,
period-2 and chaotic oscillations in addition to limit cycle oscillations during thermoacoustic instability. Kashinath et al.30 examined
the dynamics during the transition to and during thermoacoustic instability with numerical simulations of a coupled ﬂame and
acoustics model. They concluded that the nonlinear heat release rate
simultaneously aﬀects several acoustic modes leading to ﬂame wrinkling through nonharmonic velocity perturbations. Their ﬁndings
were in agreement with the experimental observations of Vishnu
et al.31 Recently, Guan et al.32 showed the occurrence of period-2 and
period-3 oscillations in an alternative manner in a composite propellant solid rocket motor. A bifurcation analysis performed on a
thermoacoustic engine33 showed that limit cycle oscillations in the
fundamental mode are followed by quasiperiodic and other higher
harmonic modes. An interesting study34 performed on a premixed
ﬂame inside a duct under turbulent ﬂow conditions showed beat
oscillations composed of two beat frequencies and the harmonic of
one of the beat frequencies during thermoacoustic instability. These
beats are reported to be self-sustained by satisfying the Rayleigh
criterion over a cycle of the oscillation even though the instantaneous phase condition within a cycle is not satisﬁed according to the
Rayleigh criterion.3
In stark contrast to all these transition scenarios, we observe
a novel route to thermoacoustic instability in a matrix burner with
several interacting ﬂamelets with a variation in the control parameter. We observe bursting oscillations35–37 featured by the alternating
occurrence of epochs of large amplitude periodic oscillations followed by quiescence during the transition from stable operation
to thermoacoustic instability. Unlike the case of intermittency in
turbulent systems, where the low amplitude ﬂuctuations are aperiodic and have deterministic nature, the quiescent epochs during
bursting oscillations are devoid of any perceivable deterministic signature. During thermoacoustic instability, we detect mixed mode
oscillations (MMOs) characterized by periodic oscillations switching
between mostly two amplitudes prior to attaining limit cycle oscillations. We show that bursting and mixed mode oscillations are the
result of interaction between the slow and fast time scales in the
system.
Bursting has been observed in several systems ranging from
neuronal activities,37,38 electrochemical reactions39 to medicine.40
Knobloch and Koehlis41 reviewed several mechanisms for bursting behavior in hydrodynamic systems. One possible mechanism
for bursts in the event of a Hopf bifurcation from the base state
for systems with a broken D4 symmetry (symmetry group of a
square geometry) was discussed. The nonlinear interaction between
the diﬀerent broken symmetries in the system generate bursts.
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The bursts occurring in shear ﬂows undergoing subcritical transition to turbulence arise out of a diﬀerent mechanism. The turbulence
excited by the ﬁnite amplitude perturbations in shear ﬂows often take
the form of turbulent spots which can move, split, and merge. These
turbulent spots exhibit bursts intermittently. Another mechanism for
bursts pertains to coherent vortices evolving to a spatially disordered
state following the transfer of energy from large to smaller scales.
There have been descriptions of dynamical behaviors in thermoacoustic engines that ﬁt the description of bursting oscillations.
A thermoacoustic engine is another popular system composed of a
working gas ﬂowing through a porous stack placed between the hot
and cold heat exchangers.42 Unlike the thermoacoustic systems discussed so far, the mechanism of acoustic power generation is diﬀerent
in thermoacoustic engines. In a thermoacoustic engine, the high
amplitude pressure oscillations arise due to the temperature gradient
established across the stack. A study performed on a traveling wave
thermoacoustic engine, Lawn and Penelet,42 and Wu et al.43 showed
a periodic process of onset-quenching of oscillations across a range
of heater power prior to sustained LCOs. The pressure oscillations
grow from small to large amplitudes during the onset process and
drops quickly with a sharp decay rate during the quenching process.
The periodic process of onset-quenching starts with the onset at a
high frequency mode, to quenching with a low frequency mode. This
onset-quenching of oscillations terminates with a sustained LCO at a
low frequency mode.
Some studies have reported bursts of oscillations while characterizing the behavior of thermoacoustic engines. For example, Lawn
and Penelet42 and Abduljalil et al.44 reported that during the nonlinear startup process in a looped tube thermoacoustic engine, diﬀerent
transient phenomena such as the “on-oﬀ eﬀect” and “ﬁshbone-like”
bursts are observed for varying mean pressure and input heat power.
However, studies reporting bursts of oscillations do not necessarily
refer to the bursting oscillations described in our study. Similarly,
bursting oscillations are diﬀerent from beats wherein there exists a
periodic amplitude modulation over the underlying periodic oscillations. In contrast, bursting oscillations are composed of regions
of sustained periodic oscillations interspersed between regions of
quiescence, as observed in our system.
The paper is outlined as follows: In Sec. II, we describe the
experimental setup used in this study. In Sec. III, the transition
from stable operation to thermoacoustic instability is characterized,
emphasizing the bursting and the mixed mode oscillations. We follow
up with a bifurcation analysis and conclude this section by presenting a low-order model replicating the features observed in the
experiment. Finally, we summarize the ﬁndings in Sec. IV.
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premixer, a settling chamber, and a burner, which is conﬁned within
a quartz duct of 80 cm length and 5.5 cm diameter. The relative position of the burner within the quartz duct is ﬁxed 38 cm upstream
from the open end of the quartz duct. Dehumidiﬁed air supplied from
a compressor is mixed with liqueﬁed petroleum gas (LPG containing
60% butane and 40% propane) in a premixer stuﬀed with steel wool,
prior to entering the settling chamber. The premixed reactants are
transported from the settling chamber to the burner through a stainless steel tube of 19 mm diameter. The matrix burner consists of 112
injectors of diameter 1 mm each arranged in four concentric annuli
with uniform spacing within each annulus. Through these injectors,
the premixed mixture is issued to the reaction zone. Flame arrestors
are placed at the exits of the settling chamber and the premixer for
preventing ﬂashback.
The ﬂow rates of fuel and air are controlled using mass ﬂow controllers (Alicat Scientiﬁc MCR series) with an uncertainty of ±(0.8%
of reading + 0.2% of full scale). Unsteady pressure ﬂuctuations are
measured using a piezoelectric transducer (PCB103B02 with sensitivity of 217.5 mV/kPa) with an uncertainty of ±0.15 Pa located on
the quartz glass 38 cm upstream from the open end of the duct. A
signal conditioner (PCB Piezotronics 482C05) operated at gain 1:1 is
used to condition the signal from the pressure transducer. The equivalence ratio (φ), which is deﬁned as the ratio of the actual fuel/air
ratio to the stoichiometric fuel/air ratio, is varied between 0.341 ±
0.002 and 0.522 ± 0.003. The corresponding Reynolds number (Re),
which compares the inertial forces to viscous forces, is varied in the
range 1260–1916 with an uncertainty of ±16. A K-type thermocouple is used to measure the temperature close to the burner. The signals
from the pressure transducer are acquired using a 16 bit A/D card
(NI-6343) at a sampling rate of 12 000 Hz. Simultaneously, the temperature data are acquired by another A/D card (Agilent-34970A) at
a sampling rate of 20 Hz.
III. RESULTS
The primary objective is to study the route to thermoacoustic
instability in a multiple ﬂame burner. In order to do that, we vary
the air ﬂow rate from 27.6 SLPM to 18.0 SLPM in steps of 0.1 SLPM,
maintaining the fuel ﬂow rate ﬁxed at 0.6 SLPM to alter the equivalence ratio and observe the changes in the dynamical behavior of
the system. The whole range of air ﬂow rates traversed translate to an
equivalence ratio variation from 0.341 to 0.522. We characterize the
dynamics of combustor by studying the temporal behavior of acoustic
pressure oscillations.

II. EXPERIMENTAL SETUP

A. Route from stable operation to limit cycle
oscillations

Experiments are performed on a laboratory scale premixed
matrix burner housing multiple injectors. The ﬂow through the injectors is in the laminar ﬂow regime. Many practical applications such as
rocket engines, modern gas turbine engines, smelters, etc. involve the
interaction of multiple ﬂames across its burners. With the intention
of characterizing the dynamical behavior in the presence of multiple ﬂames, we built this matrix burner containing many interacting
ﬂamelets. A schematic of the experimental setup with a zoomed-in
illustration of the burner is shown in Fig. 1. The setup consists of a

As we vary the equivalence ratio, we encounter diﬀerent dynamical behaviors in the combustor. In Fig. 2, we show the representative
time series for each kind of dynamical behavior observed. For φ =
0.341, the pressure oscillations [see the inset of Fig. 2(a)] correspond
to a quiescent state with amplitudes comparable to the measurement
noise ﬂoor (10 Pa). We refer to this state of the system as stable operation. When the equivalence ratio is increased, we observe bursts
of periodic oscillations amongst quiescence, alternating in an apparently random manner [Fig. 2(b)]. This dynamical behavior is referred
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FIG. 1. Schematic of the multiple flame matrix burner with details of the burner geometry.

to as bursting oscillations, wherein the signatures of both the stable
operation and unstable operation coexist.
Upon further increase of φ till 0.346, the seemingly random
occurrences of these bursts are more frequent. From φ = 0.347
to 0.522 in Figs. 2(c)–2(f), we observe that the entire time series
of acoustic pressure is completely composed of periodic oscillations. However in Figs. 2(c)–2(e), the amplitude switches from one
level to another. Such oscillations where periodic oscillations shift
between two or more well determined amplitude levels (categorized
as slow and fast amplitudes) are known as mixed mode oscillations
(MMOs).35,45 MMOs have been found in neuronal activites,46 electrochemical reactions,39,47,48 climate models49 to plasma instabilities.50
With further increase in φ till 0.392 [Figs. 2(c)–2(e)], the switching between high and low amplitudes increases until the oscillations
transform to the high amplitude limit cycle (amplitude of around
440 Pa). This high amplitude limit cycle persists until φ reaches 0.522.
This gradual transition from MMOs to a high amplitude limit cycle
with an increase in φ is apparent in Figs. 2(c)–2(f). In summary,
the system that is initially stable transitions to limit cycle oscillations
through two distinct states, namely, bursting oscillations and mixed
mode oscillations.
The spectral evolution of the dynamics of acoustic pressure
oscillations for each dynamical state is shown in a spectrogram (ﬁrst
column) in Fig. 3. We observe that the stable operation does not contain any dominating frequency. We observe a range of frequencies
during the large amplitude epochs of bursting oscillation and during
mixed mode oscillations. Examining the spectrogram, we found that

Chaos 29, 043117 (2019); doi: 10.1063/1.5095401
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the large amplitude portion of the mixed mode oscillation exhibits
a slightly broader range of frequencies between 288 Hz and 370 Hz
when compared to 278 Hz to 330 Hz for small amplitude oscillations.
A similar change in the dominant frequencies during small and large
amplitude oscillations are observed in their corresponding harmonics. We expect this diﬀerence in the frequencies to arise due to the
diﬀerent temperature proﬁles established in the combustor during
large amplitude and small amplitude oscillations. During limit cycle
oscillations, we note a sharp peak at 328 Hz and strong periodic content also in its harmonics. The dominant frequency calculated for the
entire time series for each state is captured by the amplitude spectrum
shown in the second column of Fig. 3.
The corresponding reconstructed phase spaces for the diﬀerent
states of combustor operation are portrayed in the third column of
Fig. 3. We notice a cluster of points during stable operation with no
discernable pattern to the phase space [Fig. 3(a)]. The phase space
is a planar disk-like structure during bursting oscillations [Fig. 3(b)]
superimposed with a similar clutter of points occupying the phase
space volume close to zero amplitude. During mixed mode oscillations [Fig. 3(c)], we observe a similar disk-like structure. However,
the clutter of points around zero amplitude is absent and the trajectory spirals between the low and high amplitude periodic orbits.
Finally during limit cycle oscillations [Fig. 3(d)], we obtain a ring-like
structure.
Several studies have attributed the nonlinear interaction of the
multiple time scales to the occurrence of bursting oscillations and
mixed mode oscillations.35,45 In this study, throughout the transition
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FIG. 2. Time series of acoustic pressure oscillations (p′ ) inside the duct for different equivalence ratios (φ). (a) For φ = 0.341, the system is at a stable state. (b) for
φ = 0.344, the system exhibits bursting oscillations, wherein epochs of periodic oscillations exist amongst the quiescence. (c)–(e) For the range φ = 0.347 to 0.392, the
acoustic pressure oscillations represent mixed mode oscillations. (f) With a further change in φ, a constant large amplitude limit cycle is established.

from stable operation to limit cycle oscillations, the individual
ﬂamelets stabilized above the matrix burner oscillate up and down
within the conﬁnement. This leads to a spatial and temporal variation in the heat release rate oscillations. The corresponding temporal
behavior in the temperature is captured by a K-type thermocouple
placed at the same location as the pressure measurement. The time
series of acoustic pressure oscillations and the corresponding temperature oscillations during the state of bursting oscillations are shown in
Figs. 4(a) and 4(b). We observe that whenever a burst of high amplitude oscillation arises out of quiescence, the temperature drops. The
temperature rises again as soon as the burst of high amplitude oscillation starts to decay to quiescence. Additionally, we observe that
with prolonged burst duration, the temperature keeps dropping to
lower values until the oscillations become quiescent [see the region
enclosed by a green rectangle around 50 s in Figs. 4(a) and 4(b)].

Chaos 29, 043117 (2019); doi: 10.1063/1.5095401
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In summary, this analysis proves the simultaneous coexistence of the
slow-fast time scales in the thermoacoustic system. Hence, we conjecture that the interplay between these two time scales leads to bursting
oscillations and mixed mode oscillations in the system.
B. Bifurcation analysis
Next, we study the bifurcation characteristics of the system to
unravel the hysteresis eﬀects. A dedicated experiment for acquiring
the acoustic pressure oscillations for ﬁner steps of 0.1 SLPM in the
volumetric air ﬂow rate is conducted. The root mean square (rms)
and global maximum of the oscillations are plotted against equivalence ratio, as shown in Fig. 5(a). We note that the values of both the
p′rms and p′max are close to zero during stable operation. During bursting oscillations and mixed mode oscillations, we observe a rise in the
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FIG. 3. Spectrogram showing the power spectrum of the frequencies against time calculated through FFT with a resolution of 2 Hz, amplitude spectrum calculated from FFT
with a resolution of 1 Hz and the phase portraits are plotted in the first, second, and third columns for (a) stable operation, (b) bursting oscillations, (c) mixed mode oscillations,
and (d) limit cycle oscillations, respectively. The spectrogram and the amplitude spectrum are labeled with the same ordinates. The dominating frequency is shown for each
dynamical state in the corresponding amplitude spectrum.

FIG. 4. The time series of (a) acoustic pressure oscillations and (b) temperature oscillations obtained simultaneously for a duration of 60 s during bursting oscillations. We
conjecture that the simultaneous coexistence of slow-fast time scales gives birth to bursting and mixed mode oscillations.
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FIG. 5. (a) Root mean square and absolute maximum of the oscillations against equivalence ratio and (b) bifurcation plot for the local maxima of the acoustic pressure
oscillations are sketched with equivalence ratio as parameter for both forward and reverse directions, as indicated by the blue dashed arrows. The red dashed lines divide
the states of combustor operation: (i) stable operation, (ii) bursting oscillations, and (iii) mixed mode oscillations. We observe hysteresis in both the rms and the maximum of
the acoustic pressure oscillations in both (a) and (b).

magnitudes of both p′rms and p′max . However, the value of p′max is signiﬁcantly higher than p′rms , denoting that the combustor encounters
oscillations having large instantaneous amplitudes well ahead of the
occurrence of limit cycle oscillations. As the mixed mode oscillations
transition to limit cycle oscillations, the magnitudes of p′rms and p′max
saturate to their maxima of 260 Pa and 470 Pa, respectively.
In Fig. 5(b), a bifurcation plot tracking the various local maxima against φ for both the forward and reverse directions is shown.
From Fig. 5(b), we observe that the minimum of the local maxima
gradually increases with the equivalence ratio, while the maximum of
the local maxima stays almost constant during mixed mode oscillations. A distinct hysteresis behavior is observed when the parameter
is traversed in the reverse direction, as seen in Figs. 5(a) and 5(b).
We note that the range of φ in the large amplitude portion is signiﬁcantly higher in the reverse path. A characteristic feature observed
in this system is that during bursting oscillations, the maximum
of acoustic pressure oscillations (also for heat release rate oscillations) is close to the high values attained during large amplitude
limit cycle oscillations. This behavior is in stark contrast compared
to the behaviors seen in some turbulent combustors,15,51 wherein
the maximum instantaneous amplitude of the oscillations gradually
increases from stable operation to thermoacoustic instability with
intermediate values during intermittency. For a spray combustor,
Pawar et al.19 reported higher magnitude of oscillations during intermittency than during thermoacoustic instability. In this study, the
magnitude of the oscillations attains the maximum value of 470 Pa
during bursting oscillations itself. However, unlike the results for
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this spray combustor,19 the amplitude of oscillations during thermoacoustic instability is not lower than the maximum amplitude during
bursting and mixed mode oscillations. The occurrence of high amplitude oscillations during bursting oscillations, if observed in practical
scenarios could be disastrous as the combustor is exposed to large
structural and thermal loads, well before the onset of thermoacoustic
instability and could possibly lead to structural damage.
C. Model
A reduced order phenomenological model is constructed with
the aim of capturing the dynamics observed in experiments. Similar models have been used to replicate other known dynamics of
thermoacoustic systems.52,53 Essentially, the model represents a selfexcited nonlinear oscillator and it displays the diﬀerent dynamical
states during the transition observed in the experiment. Several
studies54–56 have showed the necessity of a slow time scale to obtain
bursting and mixed mode oscillations. For simplicity, a slow time
scale in the form of a low frequency periodic oscillation is used in
addition to the inherent fast acoustic time scale. Further, this model
can be shown to ﬁt into the family of slow-fast equations as explained
in Kuehn.57
The acoustic pressure (η) and the acoustic velocity (η̇) are coupled through the set of governing equations shown in Eqs. (1)–(3).
Equation (1) depicts the evolution of the nonlinear self-excited oscillator modeling the acoustic pressure (η) oscillating at its preferred
frequency (ω). The driving and damping in the system are contained
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FIG. 6. The time series of acoustic pressure fluctuations along with their zoomed insets obtained using the model is shown during (a) stable operation, (b) bursting oscillations,
(c) mixed mode oscillations, and (d) limit cycle oscillations. The values of α = 58, 52, 37, and 5 rad/s, respectively.

in f (η, η̇) occurring in the right hand side of Eq. (1). A low frequency
periodic oscillation of frequency (ωq ) with a coupling strength qa
is coupled to the acoustic velocity rather than to the acoustic pressure as shown in Eq. (2). This is because the slow phenomena such
as hydrodynamics and heat transfer in a thermoacoustic system are
inﬂuenced directly by the acoustic velocity.1 The relation between the
heat release rate term qc and acoustic pressure is given by Eq. (3). The
heat release rate oscillations are modeled as a ﬁfth order polynomial
in η. The coeﬃcients α and β can be varied to alter the damping and
driving in the system, respectively,
η̈ + ω2 η = f (η, η̇) + ξ η̇,

(1)

f (η, η̇) = q̇c − α η̇ − qa sin(ωq t)η̇,

(2)

qc = βη − κ

η5
η3
+γ .
3
5

(3)

Since the slow time scale oscillation (due to heat release or
hydrodynamics) is coupled to the acoustic velocity ﬂuctuation (η̇),
the noise associated must also change in correspondence with η̇.
Hence, we use a multiplicative white noise term as shown in Eq. (1).

Chaos 29, 043117 (2019); doi: 10.1063/1.5095401
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ξ is white noise that follows the autocorrelation hξ ξτ i = Ŵδ(τ ),
where Ŵ is the noise intensity. A suﬃcient amount of noise intensity is used to replicate the experimental dynamics. Prior to using
multiplicative white noise, the model was tested without noise and
with additive white noise. Without noise, the model showed bursting oscillations with equal interburst intervals. Further, even with
additive white noise, interburst intervals are uniform. However, multiplicative noise [as shown in Eq. (1)] is able to replicate the nonuniform interburst intervals during bursting oscillations similar to Fig.
2(b). The system of equations is solved using the stochastic RungeKutta scheme with a step size of 10−4 s. The parametric values are:
ω = 2π × 320 Hz, ωq = 10 Hz, qa = 20 rad/s, β = 50 rad/s, κ = 9,
γ = 0.7, and Ŵ = 3.16.
We capture the transition from stable operation to limit cycle
oscillations with a gradual decrease in the damping coeﬃcient (α) of
the system keeping all other parameters ﬁxed. Physically, the damping of a thermoacoustic system could decrease as a result of the
diﬀerent temperature proﬁles established in the combustor duct during the transition from stable operation to thermoacoustic instability.
The time series of the acoustic pressure (η) along with their zoomedin views obtained for diﬀerent α are shown in Fig. 6. The temporal
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FIG. 7. The amplitude spectrum obtained through FFT and the reconstructed phase portrait during (a) bursting oscillations, (b) mixed mode oscillations, and (c) limit cycle
oscillations.

evolution of η is shown from 6 s onwards, to discard any transient
behavior due to numerical computations.
At α = 58 rad/s [Fig. 6(a)], the model predicts a quiescent
state. As we further decrease α [Fig. 6(b)], the oscillations resemble the combustor dynamics during bursting oscillations, wherein we
observe dynamics alternating between quiescence and high amplitude oscillations in an apparently random manner with unequal
interburst intervals. At α = 37 rad/s [Fig. 6(c)], we obtain mixed
mode oscillations with the dynamics switching between high amplitude and low amplitude periodic oscillations. Finally, for α = 5 rad/s
[Fig. 6(d)], we obtain limit cycle oscillations.
The amplitude spectra realized through FFT and the corresponding phase portraits plotted for a delay of τ = 4 found by
Cao’s method58 are shown in Figs. 7(a)–7(c) for bursting oscillations,
mixed mode oscillations, and limit cycle oscillations, respectively.
The amplitude spectrum during each dynamical state is similar to
the one seen in the experimental data. The corresponding phase portraits also show the familiar disk-like structure without and with a
hole during bursting oscillations [Fig. 7(a)] and mixed mode oscillations [Fig. 7(b)], respectively. Finally, we obtain a ring-like structure
pertaining to limit cycle oscillations [Fig. 7(c)]. In summary, the
model captures the essential features exhibited during the transition
from stable operation to limit cycle oscillations in a thermoacoustic
system.
IV. CONCLUSIONS
The dynamics of a multiple ﬂame matrix burner is studied to
characterize the route from stable operation to limit cycle oscillations, as we increase the equivalence ratio. In this study, we observed
that the transition takes place through a novel route, compared to
the already reported transition scenarios. We obtain bursting oscillations, characterized by alternating portions of high amplitude periodic oscillations followed by quiescent portions during the transition
from stable operation to thermoacoustic instability. With further
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increase in the equivalence ratio, we detect mixed mode oscillations featured by periodic oscillations switching between largely two
amplitude levels. With further change in the control parameter, we
obtain high amplitude limit cycle oscillations. The entire route is
tracked using frequency evolution and phase portraits during each
dynamical state. We observed that bursting oscillations and mixed
mode oscillations display widely diﬀerent amplitude levels across a
range of frequencies. The bifurcation analysis highlighted the occurrence of high amplitude oscillations well before the onset of limit
cycle oscillations. If observed in practical scenarios, this can have disastrous consequences leaving the combustor prone to structural failures. We conjecture that the nonlinear interaction between the slow
temperature oscillations and the fast acoustic oscillations gives birth
to bursting oscillations and mixed mode oscillations. Finally, a simple
phenomenological model incorporating a slow time scale in addition
to the fast acoustic time scale is constructed, which is successful in
replicating the dynamical features observed in experiments.
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