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ABSTRACT
A modern gas turbine engine subjects the turbine
rotor blade to severe thermal stress conditions.
Thermal stresses constitute a major part of the state
of stress in the blade. Improved blade design with
optimum weight, long creep life and structural
integrity necessitates more refined thermal stress
analysis. In this work a plane blade profile is
assumed to take the form of a second degree surface
with constant curvatures. The general second degree
polynomial allows all the six static equilibrium
equations to be considered in evaluating the strained
surface. The three dimensional state of stress is
determined considering the lateral deformations of
the blade profile. A numerical procedure is adopted
to solve the non-linear simultaneous equations
arising due to the self equilibrating thermal stress
system. The results are close to that of original
analysis. However, this procedure employs all the
necessary equilibrium conditions and relaxes the
constraints imposed due to the plane surface
assumption to a lower level. The method of analysis
is discussed in this paper.
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Projected areas of an elemental
surfaces on the XY,YZ and XZ
planes respectively
Constants defining the surface
Dynamic modulus of elasticity
Resultant forces due to thermal
stresses along coordinate axes
Shear modulus
Resultant bending moments about
coordinate axes
Number of elements on the profile
Temperature rise at a point above
datum temperature
Displacements in X,Y directions
Fig.(1)
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triangular elemental area Fig.(2)
Coefficient of thermal expansion
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Creep strain
Actual strain
Free strain
The difference between actual and
free
strains
along
X,Y,Z
directions
Slopes of
surface along
X,Y
directions
Curvatures along X,Y directions
Poisson's ratio
Centrifugal stress
Thermal stress components

Zxy, tyz ZxzI

INTRODUCTION
The design of turbine rotor blade in a modern gas
turbine attracts more and more attention because of
the increasing severity of the running conditions,
which arise due to the demand for higher and higher
thrust. This implies increased peripheral velocity of
the blade and increased turbine entry temperature.
Development of super alloys for high temperature
applications and complex cooling methods for the
turbine blades support these increases. The thermal
stresses in the blade add on to the complexity of the
state of stress due to rotation and gas flow.
Therefore, design of blade with optimum weight,
strength and long safe life requires further
refinements in stress analysis. Earlier works in
this field by Halls(1967), Belinger and Suter(1971),
Pollmann(1947) suggest an effective procedure for
the analysis for the case of one dimensional stress
distribution.
THERMAL STRESSES IN THE BLADE
When free thermal expansion is not permitted die
to the constraints of the structure thermal stresses
are induced, even if the rise in temperature is
uniform. Also in a cantilevered blade, which can
freely expand in different directions, a non-uniform
rise in temperatures in different regions causes
thermal stresses.
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A Numerical Three-Dimensional Thermal Stress Analysis
for Cooled Blades

Gz

= E ' (Ep — ET)

(3)

The distribution of thermal stresses forms a self
equilibrating stress system. The constants A,B and C
in the Eq.(2) can be determined using the three
static equilibrium equations viz.,

u

FZ =0.
Mx = 0.
(4)

Improvements in the analysis
Linear elements with triangular cross section
can model the profile more accurately than the
elements with constant square cross section.
Incorporating the different areas of the elements and
rearranging the equilibrium equations, it can be
shown that:
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FIG. 2 BLADE PROFILE
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thermal
A cooled blade experiences high
gradients along the thickness, chord and radial
directions. The thermal stresses in a cooled blade
are functions of the temperature distribution and
the geometry of the profile. The difference between
the free and actual strains in different directions
at a point determine the state of thermal stress at
that point.

By assuming that the plane surface deforms in to a
general second degree surface the actual strain is
represented as:

E P = A +Bx i- CI +D +Ey j..Fxy

If unit thickness is assumed for the surface then the
slopes and curvatures of the surface along X and Y
directions can be respectively expressed as:

ANALYTICAL METHOD
Consider the blade to be made up of a number of
closely packed linear elements such that the assembly
represents the blade configuration. If free strain of
each element is permitted independent of its
neighbouring elements the total free strain would be:

ET

__? +aT +E
g'

= B +ZDx +Fy
G2. C+2Ey+Fk

= 2•D
C

4

(1)

= 2E

(7)

Thus, the assumption caters for the independent
variations of the slope along the coordinate axes. A
synclastic or anticlastic surface with two different
principal curvatures can be conveniently represented.
Thus, the imposed flatness of the deformed surface
can be eliminated. Fortunately, only the six
equilibrium equations are sufficient to determine the
surface as number of constants defining the surface
is also six. Consideration of the equations viz.,

With the assumption, as in the earlier work, which
states the plane sections remain plane, the actual
strain at any point would be

E p = A +B.x

(6)

+C. y(2)

The one dimensional thermal stress at a point is
expressed as
2
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M y = 0.

Fx = 0.
F

= 0.

zxy

N Z = 0.

= G.(aty ay +

a ` 1/ax) I

(8)

along with Eq.(4) completes all the necessary and
sufficient equilibrium conditions to be satisfied by
the internal stress system. The forces and moments
can be summed up over the elements as:

Zxz = G.0 1

Z'y z = G. 9,.

h

h

MX =

(10)
neglecting
the variation of displacements along
the thickness.

(Cr',..AxZ.z +Tyz.Axy.z +

Lateral deformations
O Z Ax
-

y . y -f- tY z - Axz r ) = 0

The
temperature
distribution
also
causes
deformation on the profile in the XY plane. These
are evaluated approximately as follows: A contour
closely around the profile, Fig.(4), is assumed
initially and hence the actual strains in the lateral
directions at different points are determined.

(9)

and so on. The areas A xy , A yz , A yz of an element
are as shown in Fig.(3). Considering unit thickness
of the profile, z represents the displacement in
radial direction which is numerically same as actual
strain Ep.
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FIG.4 LATERAL DEFORMATIONS
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Considering
the variation of temperature along
imagined thin strips in X and Y directions, the free
strains in these directions can be determined. The
assumed contour is smooth, continuous and strain
compatible. It can be a possible one, if it satisfies
all the governing equilibrium equations. It is
considered to be an acceptable one, if it satisfies
also the minimum strain energy criterion. The strain
energy can be determined with all the stress
components using the plane surface assumption. Thus
the strain energies for different possible contours
are worked out and the one with minimum energy is
chosen to be the acceptable contour.
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FIG. 3 PROJECTED AREAS

NUMERICAL SOLUTION TO THE NON-LINEAR EQUATIONS

The three dimensional state of stress, in terms of
the differences between actual and free strains in
the principal directions, can be written as:

Now, determination of thermal stresses boils
down to solving for the six constants in the Eq.(6).
Substituting the evaluated lateral strains, and the
expressions for the stresses in Eq.(9) a set of nonlinear simultaneous equations in these constants are
obtained. Some of these are third degree and others
are second degree equations. Newton's method for
solving these equations is employed. Expanding by
Taylor series and neglecting higher order partial
differential terms

v C E,, + E:) I
and so on e
where E z = Fp - E j . and

3
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Fx = 1 (.AL + rx% Ay + t xy Axz) = o

E

F, (A.--^') = Fx(A,---F'o)+oAa^xC A o - Fo)

aA

+ABaFXCA.---^o) +Oc a Fx(Ao---F0)+
28
ac

av

a_i

aF

(11)
Similarly other equations can be expressed in terms
of d A, (jB etc., which are the corrections to the
initially assumed values of the constants A O , B 0
etc. The 36 partial differential coefficients can be
evaluated using the values of A, B and C obtained
with the analysis with original assumption, for A. ,
B o and C o and taking D o = E 0 = Fo = 0 initially. After
evaluating AA, AB etc., the initial values can be
replaced as A . = A 0 + A A and so on. Iterations with
corrected values of the constants yield converged
values for the constants. The three dimensional state
of stress can now be determined using the second
degree surface.
RESULTS AND DISCUSSIONS
The stress analysis carried out with this method
for a typical blade configuration and cooled blade
metal temperature distribution shows that the peak
tensile stress in the radial direction is 3 % greater
than the peak stress in the original case. The peak
compressive stress is less than that in the earlier
case by 2.5 %. The general stress patterns in the
radial direction in both the cases are similar. The
locations of peak stresses on the profile are close
to each other.The dependency of the parameter E' and
oC on temperature considerably influences the stress
pattern.
Newton's method for solving the non-linear
simultaneous equations yields converging results
provided the initial values are chosen close to the
actual values. The values of the three constants
obtained with the earlier method provide a good
start for the initial values. Convergence of the
values to a satisfactory level is achieved within 10
iterations. The accuracy of the evaluated
distribution of E % and E y has a great impact on the
convergence of the solution. If the chosen lateral
strain pattern does not satisfy the equilibrium
equations to a sufficiently accurate level, the
solution oscillates or even diverges.
Though this is a longer procedure than the
original one, this employs all the six equilibrium
equations which are to be satisfied by the deformed
surface. It also caters for the variations of the
slopes thereby allowing more freedom for the strained
surface. This method provides not only an improved
estimate of stresses in the radial direction but also
an approximate estimate of the other components of
the thermal stress tensor.
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