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Abstract: A novel bi-rotor configuration that uses reaction wheels to control the system
attitude (roll and yaw) is presented in this article. This configuration exploits the fact that
moment of inertia about the axis connection the two rotors (roll axis) is significantly less
compared to moment of inertia about the other two orthogonal axes (pitch and yaw axes).
A detailed mathematical model of the proposed configuration is presented. PD controllers
are used to control the attitude and position of the system. Particle swarm optimization is
used to obtain the controller gains and also to infer the role of actuator dynamics on system
performance. The simulation results for attitude, position command tracking and way-point
trajectory tracking are shown to demonstrate the performance of the proposed configuration.
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1. INTRODUCTION

In the last two decades, development and use of un-
manned aerial vehicles (UAVs) received abundant inter-
est from military, academic and industrial sectors Bouab-
dallah (2004)-Santana (2015). Among the various UAV
configurations, multi-rotors emerged as one of the most
popular UAV platforms owing to its vertical take off land-
ing (VTOL) and hover capabilities. These platforms are
extensively used for military and civilian applications
such as tactical support, surveillance, traffic monitoring,
cinematography, sports coverage, disaster response and
medical assistance Gupte (2012).

Although quad-rotor was, and remained, the center of at-
traction among multi-rotor platforms, other multi-rotor
platforms such as bi-rotors, tri-rotors, hex-rotors etc., are
also developed and studied Escareno (2006)-Christian
(2014), Kulhare (2012). Multi-rotor platforms with more
than four rotors are more reliable in case of motor failures
owing to the actuator redundancy they possess. Whereas,
multi-rotors with less than four rotors are preferred when
high efficiency (less power consumption) is desired, as
it is known that a large single rotor is more efficient
than multiple small rotors with equal net rotor areas
Scott (2013). Thus, bi-rotors are more efficient compared
to other multi-rotor platforms. However, as a bi-rotor is
under actuated, other actuation mechanisms or devices
such as tilt-rotors or wake deflection wanes are necessary
to stabilize and control the attitude of bi-rotors Escareno
(2006)-Christian (2014).

There haven’t been many advances in design and control
of bi-rotor. Few available works in the literature are re-
ferred here. One way to control the attitude of a bi-rotor
is via a tilt rotor mechanism which allows the rotors to be
tilted about the axis connecting the two rotors Escareno
(2006), Goncalves (2013). By providing the rotors with
more than one degree of tilting, the attitude subsystem
can be made over-actuated Farid (2006). Another way

of controlling bi-rotors with tilt rotor mechanism is by
harnessing the pitching moment caused because of gy-
roscopic effects due to rotor angular momentum and tilt
rate of rotors. This mechanism is known as oblique active
tilting (OAT) Christian (2014). In Gress (2007), a bi-rotor
that can be converted to a VTOL aircraft is proposed
that can stabilize hover with the help of wake deflection
using elevators and ailerons. In this paper, we propose
a novel bi-rotor configuration, referred to as BiRW here-
after, that uses reaction wheels (RW) to control roll and
yaw degrees of freedom. The reaction wheels are con-
trolled by DC motors. The counter torque produced by
the DCmotor-RW combination is used to control roll and
yaw of BiRW. Pitch of this bi-rotor is controlled using the
moment generated due to the thrust difference between
the two rotors. BiRW configuration exploits the fact that
the moment of inertia about roll axis is significantly less
compared to yaw and pitch axes and therefore a small
RW would suffice to control roll. We present a detailed
mathematical model of BiRW. We propose to use stan-
dard PD control laws, gains of which are obtained using
particle swarm optimization (PSO) byminimizing the de-
viation of the system performance and stability from de-
sired time domain and frequency domain specifications.
The performance of BiRW with designed controller is
demonstrated in simulations through attitude command
tracking and way-points trajectory tracking.

2. BIRW CONFIGURATION

A schematic of the proposed bi-rotor configuration (BiRW)
is shown in Fig. 1. BiRW actuators consists of two brush-
less DC (BLDC) motors and two DC motors. BLDC
motor-propeller combinations produce thrust and pitch-
ing moment. Cumulative thrust of the two BLDC motor-
propeller combinations is attributed to total thrust pro-
duced by BiRW, whereas differential thrust of this combi-
nation results in pitching moment.
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Each DC motor drives a reaction wheel. The counter
torque produced by DCmotor-RW combination produces
rolling and yawing moments. DC motors and RWs are
chosen such that the counter torques produced by them
are sufficient to control yaw and roll of BiRW. The sim-
plest solution to control roll and yaw using RWs would
be to place each DCmotor-RW combination along each of
roll and yaw axes. Since the moment of inertia about yaw
axis is much larger thanmoment of inertia about roll axis,
to attain similar control effectiveness, the DC motor-RW
along yaw axis would be required to be far larger in size.
Instead, for our configuration, we choose two identical
DC motors and RWs. To attain similar control effective-
ness, we position DCmotor-RW combinations at an angle
with respect to roll axis (refer to Fig.2) such that ratio
of the combined maximum counter torque components
about roll and yaw axes is equal to the ratio of moment of
inertia of the BiRW about these axes.

Fig. 1. BiRW configuration

3. MATHEMATICAL MODEL

In this section, we model the actuators of BiRW, the
forces and moments acting on the bi-rotor, and derive the
equations governing the motion of BiRW. Definitions of
various parameters that appear in the modeling and the
numerical values used in simulations presented in this
paper are given in the appendix. The reader may refer to
the tables in the appendix for explanation of the symbols
used in the equations that follows.

Fig. 2. BiRW description and reference frames

3.1 Reference frames

We choose a body fixed frame xb-yb-zb as shown in Fig.
2. Its origin ‘Ob’ coincides with the center of gravity
of BiRW. The unit vectors along positive xb, yb and zb
directions are ib, jb and kb respectively. Inertial reference

frame is chosen as the Earth fixed frame xe-ye-ze which is
the standard North-East-Down frame as shown in Fig. 2.

3.2 Modeling of actuators

The actuation mechanism of BiRW comprise DC motors
and BLDC motors.

DC motor In our modeling, DC motors are assumed
to have viscous as well as Coulomb friction (a constant
torque opposing rotation). The mathematical model for a
DC motor is given by the following set of equations.
dia
dt

= −Ra

La
ia −

kb
La

Ω +
1
La

ea,
dΩ
dt

=
kt
J
ia −

B
J
Ω −

f

J
sgn(Ω)

(1)
where ea is the applied armature voltage.

BLDC motor An accurate mathematical modeling of
BLDC motor is much more complicated compared to
DC motor modeling owing to its complex construc-
tion. Therefore, an approximate mathematical model for
BLDC motor is given as

dω
dt

= − 1
τm

ω +
kd
τm

e (2)

where, ω is shaft angular speed of BLDC motor and e is
the voltage supplied to integrated switching circuit.

3.3 Modeling forces

We assume that drag force acting on the body is negli-
gible, therefore, we consider only gravitational force and
the thrust produced by rotors.

Table 1. BiRW forces

Description Definition

Force due to
gravity (Fg )

−mg sinθib +mg sinφ cosθjb +mg cosφ cosθkb

Force produced
by rotors (Fp)

−b
∑2

i=1ω
2
i kb

where φ, θ and ψ are roll, pitch and yaw Euler angles
respectively that describe the attitude of BiRW in inertial
frame of reference and g is the acceleration due to gravity.

3.4 Modeling moments

BiRW experiences moment due to counter torques and
gyroscopic effects. These are modeled as follows

Table 2. BiRW moments

Description Definition

Propeller
torque (τd)

(T1 −T2)l jb +
∑2

i=1Qi kb

Reaction wheel
counter torque
(τr)

J
∑2

i=1

[
− dΩi

dt cosγi ib +
dΩi
dt sinγi kb

]

Body gyro-
scopic torque
(τgm)

Jm
∑2

i=1(−1)
iωi

[
− q ib + p jb

]

RW gyroscopic
torque (τgr)

J
∑2

i=1Ωi

[
− q sinγi ib + (p sinγi + r cosγi ) jb −

q cosγi kb
]
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where, p, q and r are body rates along xb, yb and zb re-
spectively. The thrust and counter torque by ith propeller
are Ti = bωi

2, Qi = (−1)idωi
2, i = 1,2.

3.5 Governing equations

The translation and attitude governing equations of
BiRW are given by the standard Newton-Euler rigid body
equations

d(mVb)
dt

+Ωb × (mV b) = Fb,
d(IΩb)
dt

+Ωb × (IΩb) = τb

(3)

where,V b = u ib+v jb+wkb,Ωb = p ib+q jb+r kb, Fb = F g+
Fp, and τb = τd + τr + τgm + τgr.

The forces and moments are modeled in body frame of
reference, where as the position (x, y, z) and attitude
commands to BiRW are provided in Earth frame. Thus,
we use standard Euler angle representation (φ, θ, ψ).

4. CONTROL OF BIRW

4.1 System architecture

Translation, attitude and propulsion are coupled in a
BiRW. The attitude of BiRW is controlled by counter
torques of DC motors and thrust difference between the
rotors. Translation motion is controlled by varying its
attitude and thrust. Thus, BiRW has a cascaded architec-
ture. The translation, attitude and propulsion subsystems
are pictorially represented in Fig. 3.

The translation controller provides desired attitude as
input to attitude controller. The attitude and translation
controller commands the actuators via desired pseudo
inputs as shown in Fig. 3. The output of the actuator
subsystem are pseudo inputs (actual) to attitude and
translation dynamics.

By linearizing and applying Laplace transform to (3)
and substituting the actuator dynamics, we obtain the
attitude and altitude governing equations in frequency
domain as shown below.

∆φ(s) =

(
−Jkt
IxJLa

)
(−ea1 cosγ1 − ea2 cosγ2)

s3 +
(
JRa+LaB

JLa

)
s2 +

(
BRa+ktkb

JLa

)
s

∆θ(s) =
2bω0lkd(e1 − e2)
τmIys3 + Iys2

∆ψ(s) =

(
−Jkt
IzJLa

)
(ea1 sinγ1 + ea2 sinγ2)

s3 +
(
JRa+LaB

JLa

)
s2 +

(
BRa+ktkb

JLa

)
s

∆z(s) = −2bω0lkd(e1 + e2)
τms3 + s2

(4)

From (4), we can define the desired pseudo inputs as



u1d
u2d
u3d
u4d


=



0 0 −cosγ1 −cosγ2
1 −1 0 0
0 0 sinγ1 sinγ2
1 1 0 0





e1
e2
ea1
ea2


(5)

where, u1d, u2d ,u3d and u4d are desired roll, desired
pitch, desired yaw and desired thrust pseudo inputs re-
spectively to actuator subsystem. The desired pseudo in-
puts u1d, u2d and u3d are provided to actuator subsystem
by attitude controller. Whereas, u4d (also referred to as
Td) is provided to actuator subsystem by translation con-
troller. We choose PD controllers to stabilize and control
attitude and translation motion of BiRW.

4.2 Attitude and position control

Attitude control The control laws corresponding to roll,
pitch and yaw degrees of freedom are

u1d = kpφ eφ + kdφ
deφ
dt

, u2d = kpθ eθ + kdθ
deθ
dt

,

u3d = kpψ eψ + kdψ
deψ
dt

(6)

where, eφ , eθ and eψ are attitude errors that is the devia-
tion of actual from desired attitude.

Position control The translation controller commands
the attitude subsystem by demanding required roll and
pitch angles. Whereas, the desired yaw angle is always
zero. Thus, BiRW spatial movement is produced by
rolling, pitching and varying the thrust of rotors. The
control laws corresponding to position are

θd = kpxex + kdx
dex
dt

, φd = kpyey + kdy
dey
dt

Td = kpzez + kdz
dez
dt

(7)

where θd, φd, Td are desired pitch, roll and thrust respec-
tively. In the above equations, ex, ey and ez are translation
errors.

The proportional and derivative gains of the above con-
trol laws decide the stability and performance of BiRW.
Thus, it is important to choose the control gains that
satisfy the user specifications. The control law design will
be performed in the following subsection.

4.3 Control law design algorithm

Designing PD controllers as described above amounts to
choosing appropriate values of tuning parameters kp and
kd. The choice of (kp, kd) should provide desired stabil-
ity and performance. The desired stability is specified
through gain and phase margins. Time domain specifi-
cations are considered as measure for desired system per-
formance. Desired time domain and frequency domain
specifications for translation and attitude subsystems are
given in Table 3. The desired specifications are chosen
such that the attitude subsystem being the inner loop
should be faster compared to the translation subsystem.
In order to choose the appropriate tuning parameters that
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u1d
u2d
u3d
u4d


=



0 0 −cosγ1 −cosγ2
1 −1 0 0
0 0 sinγ1 sinγ2
1 1 0 0





e1
e2
ea1
ea2


(5)

where, u1d, u2d ,u3d and u4d are desired roll, desired
pitch, desired yaw and desired thrust pseudo inputs re-
spectively to actuator subsystem. The desired pseudo in-
puts u1d, u2d and u3d are provided to actuator subsystem
by attitude controller. Whereas, u4d (also referred to as
Td) is provided to actuator subsystem by translation con-
troller. We choose PD controllers to stabilize and control
attitude and translation motion of BiRW.

4.2 Attitude and position control

Attitude control The control laws corresponding to roll,
pitch and yaw degrees of freedom are

u1d = kpφ eφ + kdφ
deφ
dt

, u2d = kpθ eθ + kdθ
deθ
dt

,

u3d = kpψ eψ + kdψ
deψ
dt

(6)

where, eφ , eθ and eψ are attitude errors that is the devia-
tion of actual from desired attitude.

Position control The translation controller commands
the attitude subsystem by demanding required roll and
pitch angles. Whereas, the desired yaw angle is always
zero. Thus, BiRW spatial movement is produced by
rolling, pitching and varying the thrust of rotors. The
control laws corresponding to position are

θd = kpxex + kdx
dex
dt

, φd = kpyey + kdy
dey
dt

Td = kpzez + kdz
dez
dt

(7)

where θd, φd, Td are desired pitch, roll and thrust respec-
tively. In the above equations, ex, ey and ez are translation
errors.

The proportional and derivative gains of the above con-
trol laws decide the stability and performance of BiRW.
Thus, it is important to choose the control gains that
satisfy the user specifications. The control law design will
be performed in the following subsection.

4.3 Control law design algorithm

Designing PD controllers as described above amounts to
choosing appropriate values of tuning parameters kp and
kd. The choice of (kp, kd) should provide desired stabil-
ity and performance. The desired stability is specified
through gain and phase margins. Time domain specifi-
cations are considered as measure for desired system per-
formance. Desired time domain and frequency domain
specifications for translation and attitude subsystems are
given in Table 3. The desired specifications are chosen
such that the attitude subsystem being the inner loop
should be faster compared to the translation subsystem.
In order to choose the appropriate tuning parameters that
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Fig. 3. BiRW system architecture

will result in a controller satisfying desired specifications,
one can perform a brute force search over the kp - kd
plane. To save computational effort, we employ PSO.

PSO is a meta heuristic optimization technique that op-
timizes a cost function through an iterative process. It
starts with a set of particles (solution candidates) scat-
tered in the search domain. Each particle has a cost asso-
ciated with it which is equal to the value of the cost func-
tion evaluated at that point in the search domain where
the particle is. During every iteration step, the particles
move in the search domain according to some law that
takes into account the current cost of the particles and
the best cost that a particle has encountered in previous
iterations. Such a law usually gives a probabilistic guar-
antee that after sufficient number of iterations, all the
particles will converge to a single point which also will
be the global minimum of the cost function Yuhui (1998).

Table 3. Desired specifications

Specification Attitude Translation
Overshoot (osd ) 0 0
Undershoot (usd ) 0 0
Settling time (tsd ) 0.6 sec 3 sec
Rise time (trd ) 0.3 sec 1.5 sec
Gain margin (Gd) ≥ 8dB ≥ 6dB
Phase margin (Pd) ≥ 60◦ ≥ 40◦

We use PSO algorithm to select tuning parameters for PD
controllers for all degrees of freedom.The cost function
used is one that will minimize the difference between
achieved and desired performance.

Γ =
(
us −usd

)2
+
(
os − osd

)2
+
(
ts − tsd

)2
+
(
rs − rsd

)2
+

(
Gd −min(G,Gd)

)2
+
(
Pd −min(P,Pd)

)2 (8)

PSO Algorithm The PSO algorithm employed is given
in Algorithm 1. In order to increase the probability
of achieving global minimum, once the convergence is
achieved, we store the optimal control gains to which the
particles converged and scatter the particles to repeat the
optimization process. Such process of scattering is done
lScatter times. In the end, we consider the minimum cost
of all the scatter iterations.

PSO Results Convergence plot of PSO iterations for roll
controller is shown in Fig. 4. The gain values and corre-

Algorithm 1 PSO algorithm
1: Input: Desired specifications, Open loop transfer

function
2: Output: Gains with least cost for every scatter itera-

tion
3: procedure
4: for k = 1 to lScatter do
5: Initialize nParticle particles with random lo-

cations on kp - kd plane within the given bounds.
6: for j = 1 to mIteration do
7: for i = 1 to nParticle do
8: Evaluate close loop transfer function

using the particle location
(
kp(i), kd(i)

)
.

9: Calculate os, us, ts, tr, G and P from
closed loop transfer function.

10: Evaluate Γ(i) using (37).
11: [lp(i), ld(i)]←− argmin

(
lMin(i),Γ(i)

)

12: lMin(i)←−min
(
lMin(i),Γ(i)

)

13: kp(i) = c1
(
lp(i) − kp(i)

)
+ c2

(
gp − kp(i)

)
+

kp(i)

14: kd(i) = c1
(
ld(i) − kd(i)

)
+ c2

(
gd − kd(i)

)
+

kd(i)
15: end for
16: [gp, gd]←− argmin

(
gMin,min(Γ)

)

17: gMin←−min
(
gMin,min(Γ)

)

18: end for
19: return [gp, gd,gMin] as kth scatter iteration re-

sult
20: end for
21: end procedure

sponding cost for roll and pitch controllers are shown in
Table 4.

The Table 5 shows us the optimal control gains obtained
from PSO algorithm for all degrees of freedom. The cost
for roll degree of freedom is comparatively much lower
than pitch because the desired performance in terms of
rise time and settling time could not be achieved. This
is because the actuator (BLDC motor) that controls the
pitch has lower bandwidth compared to actuator (DC
motor) that controls the roll. The reason for such choice of
actuators is explained in detail in attitude and translation
control simulation results.
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Table 4. Roll and pitch controller gains and
cost from PSO

Scatter
itera-
tion

Roll gains
(kpφ , kdφ )

Cost Pitch control gains
(kpθ , kdθ )

Cost

1 (-44.9, -91.6) 0.4486 (0.93e-5, 0.0575) 6.6319
2 (-44.9, -91.6) 0.4486 (0.47e-5, 0.0550) 6.5154
3 (-32.1, -0.27) 0.61e-3 (0.47e-5, 0.0550) 6.5154
4 (-32.1, -0.27) 0.61e-3 (0.47e-5, 0.0550) 6.5154
5 (-32.1, -0.27) 0.61e-3 (0.47e-5, 0.0550) 6.5154

Table 5. Optimal control gains from PSO al-
gorithm

Control gains Value
(kpφ , kdφ ) (-32.1, -0.271)

(kpθ , kdθ ) (0.47e-5, 0.0550)
(kpψ , kdψ ) (-230.67, -2.02)
(kpx , kdx ) (-0.04, -0.105)
(kpy , kdy ) (0.67, 0.4708)
(kpz , kdz ) (-0.8100, -1.6200)

The reason for which negative values of control gains
obtained from PSO algorithm in Table 5 is purely due to
the choice of convention of reference frames. The simula-
tion results for attitude command tracking and position
command tracking using the optimal control gains shown
in Table 5 is shown in the subsequent subsection.

4.4 Simulation results

Fig. 5. Attitude control

Attitude control BiRW attitude control simulation re-
sults along with actuator inputs are shown in Fig. 5. We
can observe from the plots in Fig. 5, that the roll and yaw
responses obtained are comparatively faster than pitch
response despite the fact that the desired specifications
are same. This is due to difference in actuator time con-
stants. The DC motors chosen are much faster compared
to BLDC motors. In order to have faster pitch response,
we need to choose BLDC motor of higher bandwidth.
However, BLDCmotors with high bandwidth cannot pro-
vide high torque. BLDCmotors with high torque require-
ments needs to be larger in size (more number of coils),
thus larger the rotor inertia and slow speed response
(low bandwidth). Thus, the maximum speed at which the
high bandwidth motors can rotate with propellers on will
reduce, leading to low thrust capabilities.

Fig. 6. Position control

Fig. 7. Way-point tracking

Position control Position control simulation results and
corresponding attitude plots for individual translation
degree of freedom are shown in Fig. 6. The effect of
actuator dynamics is also reflected in position control as
shown in Fig. 6. As the forward motion is controlled by
pitch attitude, forward translation degree of freedom is
slower compared to vertical and side translation degree
of freedom.

Way-point tracking We put together the translation and
attitude subsystems to achieve way-point tracking. We
consider a way point as desired spatial coordinates to be
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command tracking using the optimal control gains shown
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sults along with actuator inputs are shown in Fig. 5. We
can observe from the plots in Fig. 5, that the roll and yaw
responses obtained are comparatively faster than pitch
response despite the fact that the desired specifications
are same. This is due to difference in actuator time con-
stants. The DC motors chosen are much faster compared
to BLDC motors. In order to have faster pitch response,
we need to choose BLDC motor of higher bandwidth.
However, BLDCmotors with high bandwidth cannot pro-
vide high torque. BLDCmotors with high torque require-
ments needs to be larger in size (more number of coils),
thus larger the rotor inertia and slow speed response
(low bandwidth). Thus, the maximum speed at which the
high bandwidth motors can rotate with propellers on will
reduce, leading to low thrust capabilities.

Fig. 6. Position control

Fig. 7. Way-point tracking

Position control Position control simulation results and
corresponding attitude plots for individual translation
degree of freedom are shown in Fig. 6. The effect of
actuator dynamics is also reflected in position control as
shown in Fig. 6. As the forward motion is controlled by
pitch attitude, forward translation degree of freedom is
slower compared to vertical and side translation degree
of freedom.

Way-point tracking We put together the translation and
attitude subsystems to achieve way-point tracking. We
consider a way point as desired spatial coordinates to be
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Fig. 8. Way-point tracking position and orientation plots

tracked incrementally. Once BiRW reaches the way-point
then the next way point is considered as its new desired
position. The way-point tracking task that we consider
for BiRW is to climb 10 meters and traverse corners of
a square of length 10 meters while holding altitude. We
mark a way point is reached if BiRW is within some
neighborhood of the way point as specified by the user.
Fig.7, shows the trajectory of BiRW in spatial coordi-
nates and the corresponding position and attitude plots
are shown in Fig. 8. All the way-points are successfully
tracked in approximately 25 seconds.

5. CONCLUSIONS

In this paper, we presented a novel bi-rotor configuration
BiRW. A detailed modeling of forces and moments to be
used in the 6-DOF model of BiRW are provided. PSO
algorithm was used to compute the control gains for PD
controllers for attitude and translation control so that
the desired specifications are satisfied. The simulation
results illustrates the efficacy of the proposed mechanism
of controlling the attitude using DC motors and reaction
wheels.

APPENDIX

Actuator and system parameters definitions and the nu-
merical values of these parameters that were used in the
simulations presented in this paper are given in Table 4.
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