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Abstract: Recently, Semenova [12] considered a derivative free iterative method for nonlinear ill-posed oper-
ator equations with a monotone operator. In this paper, a modified form of Semenova’s method is considered
providing simple convergence analysis under more realistic nonlinearity assumptions. The paper also pro-
vides a stopping rule for the iteration based on an a priori choice of the regularization parameter and also
under the adaptive procedure considered by Pereverzev and Schock [11].
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1 Introduction

In this paper, we consider the problem of approximately solving the operator equation
F(x) =y, (1.1)
where F : D(F) ¢ X — X is a monotone operator, i.e.,
(F(v)-F(w),v-w) >0 forallv,w e D(F),

which is, in general, nonlinear, X is a real Hilbert space and y € X. We denote the inner product and the
corresponding norm in X by (-, -) and || - || respectively, and B(x, r) denotes the closed ball in X with center
x € X and radius r > 0.

It is assumed that (1.1) has a solution, namely x', and that the data y is known only approximately, say y%
such that

ly-yl<é
for some error level § > 0. Equation (1.1) is, in general, ill-posed, in the sense that a small perturbation in
the data can cause large deviations in the solution. Thus, for obtaining stable approximations for the solu-
tion x" from noisy data y?, some regularization method has to be employed. As the operator F is monotone,
aregularization method which has been widely used in the literature is the Lavrentiev regularization method
(see [6, 8, 14, 15]). In this method the regularized approximation x? is obtained by solving the operator equa-
tion
F(x) + a(x - xo) = y°, (1.2)

where xg is an initial guess of xT, say ||xo — x| < ro for some ry > 0.
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It is known that equation (1.2) has a unique solution for every right-hand side provided F is Fréchet
differentiable in some open ball centered at x' contained in D(F) and x, belongs to that open ball (cf. [2,
Theorem 11.2] or [14, Theorem 1.1]). However, the nonlinearity of the operator involved in (1.2) can cause
difficulties in solving them numerically.

Another alternative is to consider iterative procedures along with stopping rules to obtain approximations
to x. Such procedures are available in the literature. However, in all such procedures, the iterations involve
the Fréchet derivative of the operator F (see, e.g., [1, 5, 7]). In [12], Semenova considered a derivative-free
iterative method,

Xg+1,a = Xrﬁz,a - y[F(Xg,a) + (X(Xi’a - Xo) - yé] (1.3)
for fixed a, 6 by assuming that F is Lipschitz continuous with Lipschitz constant R and with y satisfying
(1 2a
O<y< mln{a, T R2 },
and also an additional nonlinearity condition (see [12, Assumption 3]) on the Fréchet derivative F’ involving
the unknown solution x*. The convergence of the iterates in (1.3) to the solution x4 of (1.2) is proved by
showing it to be a Cauchy sequence by using contraction mapping arguments.

The purpose of this paper is to consider the iterative procedure (1.3), but with a y independent of the
regularization parameter a and also with a nonlinearity condition on F’ which is independent of the unknown
solution x'. Further, our convergence analysis is also simpler in the sense that it does not make use of the
contraction mapping arguments as in [12].

In a recent paper, Shubha, George and Jidesh [13] have introduced a derivative-free iterative method
which required a simpler nonlinearity condition on F’. However, the convergence analysis in [13] makes use
of a condition on the second Fréchet derivative F''. Moreover, the iterative procedure in [13] itself is a bit more
cumbersome than (1.3) .

The remainder of the paper is organized as follows: In Section 2, we present the method and its error
analysis without specification of any source condition. In Section 3 we consider the error estimates under
a general source condition with an appropriate stopping rule involving a and §. In the final section, Sec-
tion 4, we present an a priori choice of the parameter a and also an adaptive strategy based on the balancing
principle considered in Pereverzev and Schock [11].

2 The method and the convergence analysis

Taking
r>2(ro+1) withrg:=[x" - xol,

we assume that the following conditions hold:
(i) B(xo,r) < D(F),
(ii) F has self-adjoint Fréchet derivatives F' (x) for every x € B(xo, 1),
(iii) there exists Bo > 0 such that
IF'(x)| < Bo forall x € B(xo, 1).

Let xg € D(F) be the unique solution (1.2) for every § € (0, d] and « € [8, a) for some positive constants a, d
with d < a. In particular, by taking y? = y, there is a unique x, € D(F) such that

F(xq) + a(xq — x0) = y. (2.1)
The method: Let 6 € (0,d] and a € [8, a). As in [12], we consider the sequence {xf,’a} defined iteratively by
Xfl+1,a = Xg,a - B[F(Xg,a) + a(xg,a - XO) - y(i]’ (2'2)
where 1
xg’a =Xxo and f:= Bora

We observe that if {x} ,} converges as n — oo, then the limit is x3, the solution of (1.2).
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We shall make use of the following known result (see [14]). For the sake of completion of the exposition,
we provide its proof as well.

Lemma 2.1. Let x, and x5 be as in equations (2.1) and (1.2), respectively. Then,

2
Ixe = xT1% < (xo = xT, xo = xTy,  Ix§ = xall <

E-
In particular,
6
Ixt = xS < IIxt = xqll + > Ix" = xall < Ix" = xoll.
Proof. Sincey = F(x"), we have
F(xq) + a(xq - Xo) = F(x"),

so that
F(xq) = F(X") + a(xq — x0) = 0,
i.e.,
F(xq) - F(x™) + alxgq = x7) = alxo — x1).
Hence,

(F(xq) = F(XT), xq = X7y + a{xq — X, xq = xTy = a{xo — xT, xq — xT).
By monotonicity of F, we have (F(x,) — F(x"), x4 — x') > 0. Thus, we obtain,
lxa = x> < (x0 = xT, xq = xT).
Next, we observe that
FOQ) = F(xa) + a(xg — xa) = y* - .

Hence,
(FOB) = F(xa), x5 = Xa) + (xS = xg, X§ = Xa) = (¥® =y, X = xq).

Again, using the monotonicity of F, we have
allxg = xall® < (¥° = ¥, X§ = Xa) < 8lx§ ~ Xall.
Thus,
W~ xal < .
The particular cases are obvious from the previous estimates. O

Remark 2.2. In Section 3, under a source condition on x™ — xy, we obtain an estimate for ||x§ —xT|. Then,
using an appropriate choice of the parameter a := a;, we obtain the convergence x3 — x" as well as an esti-
mate for [|xJ, - x'].

Theorem 2.3. For each 6 € (0,d] and a € [8, a) the sequence {x‘fl,a} is in B(xo, r) and it converges to xg as

n — oo. Further,

1%, o - %3l < xqP,

where qq :=1 - PBaand k > ro + 1 with  := 1/(Bo + a).

Proof. Clearly, xg « = Xo € B(xo, r). Also, by Lemma 2.1, we have
5 5 6
Ixo — xgll < lIxo — xall + lIXa — xgll < 7o + P <rp+1l<r.

Hence, xg € B(xop, r). By the fundamental theorem of integration, we have

1
F(x)-F(u) = “F’(u +t(x—uw)dt|(x —u)
0
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whenever x and u are in a ball contained in D(F). We show iteratively that xg’ « € B(xo, 1), that the operator
1
A, = JF'(xg +t(x5 o - x)) at
0

is a well-defined positive self-adjoint operator and that

Ix8,1 o = X3l < (1 = Ba)lIxS, o — x4l
forn=0,1,2,...,which will complete the proof since || xo — xg|| <r.
Formally, we have
XG0~ X6 = x5 o — X8 — BIF(xh o) — FO) + a(x , - x3)].
Since
1
F(x ) - F(x3) = J F'(xG + t(x5 o — x0)) (x5 o — x3) dt,
0
we have
) 5 _ ) )
Xn+l,a = Xa = (I - B(An + )](Xy 0 = Xg)- (2.3)

Now let n = 0. We have already seen that ||xg — xgll < rso that xg € B(xg, r) and A is a well-defined positive
self-adjoint operator with || Aol < Bo.
Next assume that for some n > 0 we have xﬁ, « € B(xo, 1) and A, is a well-defined positive self-adjoint
operator with [|A,|| < Bo. Then from (2.3), we have
IxG,1.0 = X301 < I = B(An + aD) O] o - XD

n+l,a

Since A, is a positive self-adjoint operator, we have (cf. [9])

II - B(An +aDll = ||Sl||15|<[(1 - Ba)I - BAylx, x)| = Ifllllgl(l - Ba) - B(Anx, x)|,

and since ||Ay|| < Bo foralln €e Nand 8 = 1/(Bo + a), we have
0 < B{Anx, x) < BlAnll < BBo < 1~ Ba
for all a € (0, a). Therefore,

Il -B(An +aD| <1-Ba.

Thus,
B 5 s 5 s 5
"Xn+1,a —Xgll < "I_ﬁ(An + a)””Xn,a =Xl < (1 _ﬁa)"Xn,a — Xgll.
Hence,
5 5 5 6
1X41,0 = Xell < X0 = Xxgll < 10 + S STo+ 1
and
[Xpi1,q = Xoll < [Xpy1,q = Xall + 1Xq = Xoll < 2lIX0 = Xgll < 2(ro + 1) < 7.

Thus, xﬁﬂ,a € B(xop, r). Also, for 0 < t < 1, we have

"[Xg + t(Xg+1,a - Xz)] - XON = "(Xg - Xo) + t(Xfl+1,tX - Xz)ll <2(ro+1)<r.

Hence, Ay, is a well-defined positive self-adjoint operator with [|Ap+1| < Bo- This completes the proof. [
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Theorem 2.4. Let§ € (0, d], a € (8, a] withd < a.Let x5 and x4 be as in equations (1.2) and (2.1), respectively,
and for each § € (0, d] and a € [8, a) let the sequence {xfl,a} be defined as in (2.2). Let

Ng,s := min{n € N : aq} < 6}.
Then,

8
||Xna,5+1,a

6
—xM) = t_ 2
Xt = e+ 1)(le xall+a),
where x > rg + 1.

Proof. By Lemma 2.1 and Theorem 2.3, we have

5 B B B 6
IXps.q = X'l = 1X g 5+1,a = Xall + 1Xgq = Xall + lIXa = X' = xqj + i Ixa = x|l
Now for n = ny,s we have g} < §/a. Thus, we obtain the required estimate in the theorem. O

3 Error bounds under source conditions

For obtaining an estimate for | x" — x,|| we have to impose some nonlinearity conditions on F and assume that
Xo — x" belongs to some source set. For this purpose, we use the following two assumptions. The first one is
a simplified form of the standard nonlinear assumptions in the literature, whereas the second one regarding
the source condition is exactly the same considered earlier (cf. [7, 8]). These conditions are also assumed in
the paper [13].

Assumption 3.1. There exists a constant ko > 0 such that for every x € B(xp, r) and v € X there exists an
element ®(x, xo, v) € X such that

[F'(x) - F'(x0)]v = F'(x0)®@(x, X0, V)

and
D(x, x0, V)l < kollvIlix — Xoll

for all x, v € B(xg, r).

Assumption 3.2. There exists a continuous and strictly monotonically increasing function
(3 (O’ aO] - (0’ OO)

with ag = ||[F'(xo)| satisfying the following conditions:
(i) limyo @A) =0,
(ii) supsso “/{”fi) < @(a)forall A € (0, ag],

(iii) there exists v € X with |Jv| < 1 such that

Xo = x" = p(F' (xo))v.

The proof of the following theorem is given in [13] with less details. For the sake of completeness of the
presentation, we give the details of the proof here as well.

Theorem 3.3. For§ € (0,d), a € (8, a] withd < a let x5 and x4 be as in equations (1.2) and (2.1), respectively,
and let Assumptions 3.1 and 3.2 be satisfied. Then,

lIxa = x| < korollxa = x'll + @(a).
Proof. Since F(xg) + a(xq — xo) = y and y = F(x"), we have
F(xq) = F(x") + a(xq - x) = a(xo - xT). (3.1)
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But, by the fundamental theorem of integration,
F(xq) = F(x") = Ma(xq - x"),
where My := jol F'(x" + t(x4 — x")) dt. Note that, by Lemma 2.1, we have
Ix + t(xq —x") = xoll < 2rg < 1.

Thus, xT + t(xq — x") € B(xo, r) so that M, is a well-defined positive self-adjoint operator. Let us rewrite equa-
tion (3.1) as
F'(x0)(xa = x") + a(xq — XT) = (F'(x0) = Ma)(Xq — X") + a(x0 - x™).

Then, by Assumption 3.1, we have
Xo = x" = (F'(x0) + al) " [(F' (x0) = Ma)(xq — X) + a(xo — xT)]
1

= (F'(x0) + aD) ™ F' (x0) J O(x" + t(xq — xT), X0, (xq — x7)) dt + a(F'(xo) + aD)™(xo — xT).
0

Since F’(xo) is a positive self-adjoint operator, we have
ICF' (x0) + aD) ™" F' (xo)|l < 1,

and by Assumption 3.2, we have

! — ! — ! A
[a(F' (x0) + al) " (xo — xM)| = |a(F (x0) + al) ™ (F' (xo))V|| < IV sup j(pT(a) < o(a).

Also, Assumption 3.1 yields
[0t + txa = xT), x0, (xa = xN)|| < kolxa = xTI|x" + t(xa = xT) = x0]-
Since [|xq — x| < |Ixo — xT||, we have
X"+ txa = xT) = x0| < || (x" = x0) + e[ (xa = x0) + (X0 = x1)]|

<||(1 - )(x" - x0) + t(xa — Xo)|

< Ix" = xoll.
Thus, we obtain

Ixa = XTIl < korollxa — x|l + @(a). O

Now Theorems 2.4 and 3.3 lead to the following theorem.

Theorem 3.4. Let 6 € (0,d], a € (8, al withd < a, and let Assumptions 3.1 and 3.2 be satisfied. Assume further
that q := koro < 1. Let
Ng,s := min{n € N : agj < 6}. (3.2)

Then, 5
I, 1.0~ X' = E( () + ), (3.3)

1

where C = min{x + 1, 1o} withx > 10 + 1.

In order to choose the regularization parameter a, one may use an a priori choice by requiring
ap(a) =06

or the adaptive method considered in [11] by Pereverzev and Schock which has been further investigated in
various papers including [4, 10].
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4 Parameter choice and stopping rules

4.1 Apriorirule

Note that, given §, the quantity ¢(a) + g in (3.3) is least if a satisfies the equation
ap(a) = 4.
Now using the function ¥(A) := Ap~1(A), 0 < A < ao, we have

agp(a) = P(p(a)),

so that as := @~ (1~1(0)) satisfies
asp(ag) =6

and

a% = ¢(as) = Pp1(8).

Hence from Theorem 3.4 we obtain the following theorem.

Theorem 4.1. Let6 € (0,d], a € (8, a]l withd < a, and let Assumptions 3.1 and 3.2 be satisfied. Assume further
that q := koro < 1. Let as = @1 (p~1(8)), where Y(A) := Ap~1(A) for 0 < A < ap and

ns := min{n € N : asqy, < 6}.

Then
x5, o — X'l < 2Cp1(8),

1

where C = min{x + 1, Tt withk > 1o + 1.

4.2 Adaptive scheme and stopping rule

We modify the procedure of Pereverzev and Schock [11] slightly to suit the present context as has been done
in [3, 4, 10, 13].

Letag >6andfori=1,...,Nleta; := yiao with p > 1. Then we have ap < a3 < --- < ay. For given a, §
let ng 5 be as in (3.2). For notational convenience, let us denote

5 5 .
Ni = Ng;,5, X{ = Xp, ai» i=0,1,...,N.

We assume that

{i tp(a;) < aﬁl} +0 and max{i tp(ag) < g} <N.

Now, we can state the following known result (see [4]) on the choice of regularization parameter.

Theorem 4.2. Let
k := max{i I -0 < 460%, j=0,1,2,..., i},
with C = min{k + 1, ﬁ}. Then,
Ix" = xPll < 6Cuyp™ ().

As per Theorem 4.2 , the choice of the regularization parameter involves the following steps:
(1) Seti=0.

(2) Choose n; := min{n : a;qy, < 6}.

(3) Solve xf = xgbai by using iteration (2.2).
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(4) If

=6 . .
||x;5—x].5||>4C—, j<i,
@;

then take k = i — 1 and return xy.
(5) Elseseti=i+1and go to (2).
Next, we present an academic example which satisfies Assumption 3.1.

Example 4.3. Consider a nonlinear operator equation F : L?[0, 1] — L?[0, 1] defined by F(u) := (arctan(u))3.
Since u — (arctan(u))? is increasing on R, we have

((arctan(u))® - (arctan(v))’, u -v) 20 forallu,v € L?[0, 1],
i.e., F is monotone. The Fréchet derivative of F is

2
Fluw = 3(arctan(u))
1+ u?

If u(x) vanishes on a set of positive Lebesgue measure, then F'(u) is not boundedly invertible. If u € C[0, 1]
vanishes even at one point xq, then F'(u) is not boundedly invertible in L2[0, 1].
Note that
F'(u)w = F'(u0)G(u, uo)w,
where
1+u} (arctan(u))?
1 + u? (arctan(ugp))?’

G(u, up) =
Further, for ug # 0, we have
[F'(u) - F'(uo)lw = F'(u0)[G(u, uo) - I'w

and

(1 + u?)((arctan(u))? - (arctan(uo))?) - (arctan(ug))?(u? - u?)
l1Gu, uo) - Nw]| < |2 ( T riarcon ()u))2 |
1+ fJuol?
~ (1 + |ul?)l(arctan(uo))? |

1+ fJuol?

~ (1 + Jul®l(arctan(uo))?|

2

l(arctan(u))® - (arctan(uo))*[llwl + lu® — uglliwll

1
1+ [lull?

[larctan(u) + arctan(ug)||

x [|arctan(u) — arctan(uo)l|[wl + llu + uollllu — uollllwll

1
1+ lul?

B [ 2 max{|larctan(u)||, |arctan(uo)||}

+ 2max{flal, luol}|lIwlliit - uoll.
| (arctan(uo))?|l { }]

The last but one step follows from the inequality

l[ull - lluoll

larctan(u) — arctan(ug)|| < 5 -
1+ luoll

Thus, Assumption 3.1 is satisfied.
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