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THE SIMPLEX OF TRACIAL QUANTUM SYMMETRIC
STATES

YOANN DABROWSKI*, KENNETH J. DYKEMAT, AND KUNAL MUKHERJEE#

ABSTRACT. We show that the space of tracial quantum symmetric states
of an arbitrary unital C*-algebra is a Choquet simplex and is a face of
the tracial state space of the universal unital C*-algebra free product
of A with itself infinitely many times. We also show that the extreme
points of this simplex are dense, making it the Poulsen simplex when A
is separable and nontrivial. In the course of the proof we characterize
the centers of certain tracial amalgamated free product C*-algebras.

1. INTRODUCTION AND DESCRIPTION OF RESULTS

Quantum exchangeable random variables (namely, random variables whose
distributions are invariant for the natural co-actions of S. Wang’s quantum
permtuation groups [I1]) were characterized by Kostler and Speicher [6] to
be those sequences of identically distributed random variables that are free
with respect to the conditional expectation onto their tail algebra (that is,
free with amalgamation over the tail algebra).

In [4], Dykema, Kostler and Williams considered, for any unital C*-
algebra A, the analogous notion of quantum symmetric states on the uni-
versal unital free product C*-algebra 2 = %°A. The symbols QSS(A)
denote the compact convex set of all quantum symmetric states on 21. The
paper [] contains a convenient characterization of the extreme points of
QSS(A). Also the compact convex set TQSS(A) € QSS(A) of all tracial
quantum symmetric states on 2 was considered, and the extreme points
of TQSS(A) were described. Question 8.8 of [4] asks whether TQSS(A) is
a Choquet simplex (when A has a tracial state, for otherwise TQSS(A) is
empty).

The main result of this note is that TQSS(A) is a Choquet simplex
whose extreme points are dense. Thus, when A is separable and nontrivial,
TQSS(A) is the Poulsen simplex [7], which is the unique metrizable simplex
whose extreme points are dense. In showing this, we also see that TQSS(A)
is a face of the simplex T'S(2l) of all tracial states on 2 and we obtain a
better description of the extreme points of TQSS(A).
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Along the way, we prove some technical results that we neeed and that
may be useful in other contexts. In Section 2] we provide a proof (not
readily found in the literature) of a well known fact that natural condi-
tions are sufficient for an amalgamted free product to have a trace. In
Section [3] we characterize the centers of certain tracial von Neumann alge-
bra free products with amalgamation and we use this to characterize the
set of conditional-expectation-preserving traces of von Neumann algebras.
Section [ is short and consists of a technical result about conditional ex-
pectations. Finally, in Section [B, we prove the main result.
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2. AMALGAMATED FREE PRODUCTS AND TRACIAL AMALGAMATED
FREE PRODUCTS

Let D be a von Neumann algebra, let I be a nonempty set and for every
1 € I let B; be a von Neumann algebra containing D by a unital inclusion
of von Neumann algebras, and suppose E; : B; — D is a normal conditional
expectation with faithful GNS representation. Let

(M, F) = (*p)ic1(Bi, E;)

be the von Neumann algebra amalgamated free product. In the case that
the E; are all faithful, details of this construction were given by Ueda [9],
and he showed that then F' is faithful (see p. 364 of [9]). Alternatively, and
also when the conditional expectations FEj; fail to be faithful but do have
faithful GNS constructions, the free product construction may be performed
by (a) taking the C*-algebra free product (M, Fy) of the (B;, E;) acting
on the free product Hilbert C*-module V', (b) taking any normal, faithful
«-representation 7 of D on a Hilbert space H,, (c) letting M be the strong-
operator-topology closure of the image of the resulting representation of M,
on the Hilbert space V @, H, and (d) letting F' : M — D be compression
by the projection from V ®, H, onto the Hilbert subspace D ®, H,. The
fact that M is independent of the representation 7 follows from that fact
that any two normal faithful representations of D are related by dilation
and compression by a projection in the commutant.

The following result is well known, but since we rely on it, this seems like
a good place to give a brief proof.

Proposition 2.1. Suppose T is a normal trace on D such that for alli € I,
7o FE; is a trace on B;. Then T o F' is a trace on M and s faithful if and
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only if T s faithful. Furthermore, every normal tracial state on M that is
preserved by I arises in this fashion.

Proof. Since every tracial state 7 on M that is preserved by F must equal
Tlp o F, the last assertion of the proposition is clearly true. Moreover,
suppose we know that 7 o F'is a trace; if we assume also that 7 is faithful,
then the GNS representation of 7 o F' will be faithful; since it is a trace, if
follows that 7o F' is itself faithful. Thus, we need only show that 7o F'is a
trace.

Let BY = B; Nker ;. Let m,n € N and let b; € Bf(j) for 1 < j <m and
¢j € By for all 1 < j < n, with i(j) # i(j + 1) and k(j) # k(j +1). If
d € D, then by freeness, we have

F(d(cica ) =0=F((c1---¢cy)d), (1)

so the composition with 7 is also zero. We will show by induction on
min(m,n) that

70 F((bm -+ boby)(cica- - ¢)) =70 F((cica- -+ ¢y)(bm - - - baby)) (2)

and, furthermore, that the above quantity is zero unless m = n and i(j) =
k(j) for all j, in which case it equals

T o Ei(m)(bm Ez'(m—l)(bm—l o 'Ei(z)(bz Ei(l)(blcl) 02) e 'Cm—l) Cm)
=TO Ei(1)(01 Ei(2)(02 e 'Ei(m—l)(cm—lEi(m) (Cmbm) bm—l) e '52) bl)- (3)

This will suffice to prove the lemma, because the span of D and such ele-
ments b; - - - b,, 1s dense in M.
By freeness, we have

F((bm “babr)(creg - - Cn)) = 0i(1),k(1) F((bm s 'b2)Ei(1)(blcl)(C2 e Cn))( )

4

If m =n =1, then () and @) follow from traciality of 7o E;xy : By1y — C.

If min(m,n) = 1 and max(m,n) > 1, then the right-hand-side of () is zero

by (), and by symmetry also F'((cicz -+ ¢n)(by -+ - baby)) = 0, as required.

We may, thus suppose min(m,n) > 1 and i(1) = k(1). Then, using the
induction hypothesis (and noting that Dey C By ,)), we have

7o F((bm .. .b2b1)(CIC2 .. Cn))

= ’i(l),k)(l) T O F((bm e bQ)EZ(l) (blcl)(c2 - Cn))
= 0i(1),k(1)Om,n03(2),k(2) * * * Oi(m) Je(m)
-7 0 Ei(m) (b Eign—1)(bm—1 - - - Ei(2) (b2 L1 (brcr) ¢2) - - - ¢n1) €m)-

If m # norif m = n but i(j) # k(j) for some j, then not only is the
above quantity zero but, by symmetry, also 70 F'((cica -« ¢p) (b - - - baby))
vanishes.

We may, thus, suppose m = n > 1 and i(j) = k(j) for all j. Treating
Ei1y(bic1)cy as an element of By 2. by the induction hypothesis of @), we
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get
70 i) (b Eim—1)(bm-1 - - Ey2) (b2 a1y (bic1) €2) =+ - Cu—1) Cm)
=TO E'(2)( i(1) (5101)02 Ei(B)(CS o 'Ei(m)(cmbm) o '53)52)
= T(E y(bic1) Eio)(ca Eiz)(cs - - Eign) (Cmbm) - - - b3)ba) )
=TO E (5101 1(2)(02 Ei(B)(CB e 'Ei(m)(cm m b3 b2 )
=70 By (c1 Ei2)(c2 Eys) (3 Einy(Cmbpm) - - - b3)b2) by ),

where in the last equality we have used the traciality of 7o Ej). Thus, we
have proved the identity (B and that this quantity equals

T O F((bm cee bgbl)(Clcg . Cn>>
By symmetry, it is equal also to 7o F'((cico -+ ¢p) (b -+ - baby)). O

Of course, the result analogous to Proposition 2.1] for amalgamated free
products of C*-algebras, is true by the same proof.

3. CENTERS OF CERTAIN AMALGAMATED FREE PRODUCTS

Let D C B be a unital inclusion of von Neumann algebras with a normal
conditional expectation F : B — D whose GNS representation is faithful.
Suppose there is a normal, faithful, tracial state 7p on D such that 75 :=
Tp o E is a trace on B. The GNS representation of 75 is an action of B on
the Hilbert space L*(B,75) = L*(B, F) ®p L*(D,7) by multiplication on
the left and, thus, the GNS representation of 75 is faithful. Since 75 is a
trace, it follows that 75 itself is faithful and, hence, E must be faithful.

For an element x of a von Neumann algebra, we will let [x] denote the
range projection of x. Thus, [z] is the orthogonal projection onto the closure
of the range of x, considered as a Hilbert space operator, and it belongs to
the von Neumann algebra generated by x. The notation Z(A) means the
center of A.

Lemma 3.1. With E : B — D and trace 75 as above, let

g =q(E)=\/ {[EWD)] | b€ ker E}.
Then g € DN Z(B), and (1 —q)B = (1 —q)D.
Proof. If b € ker £ and u is a unitary in D then bu € ker E/, and
[E((bu)"(bu)] = [u"E(b"b)u] = u"[E(7b)]u
and we get u*qu = ¢q. Thus, ¢ € Z(D).

If ¢ ¢ Z(B), then there would be a partial isometry v € B so that 0 #
v*v <1 —¢qand vv* < gq. Since ¢ € Z(D) we get E(v) = qE(v)(1 —¢q) =0.
But, since E is faithful, E(v*v) # 0 and [E(v*v)] < 1 — g, contrary to the
definition of ¢. Thus, we must have ¢ € Z(B).

If (1 —¢q)B # (1 —q)D, then there would be b € (1 — ¢)B N ker E with
b # 0. But again, this yields 0 # E(b*b) = (1 — ¢)E(b*b), contrary to the
choice of ¢. Thus, we must have (1 —¢)B = (1 —¢)D. O
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Let
(M, F) = (+p)7°(B, E) (5)
be the von Neumann algebra free product with amalgamation over D of
infinitely many copies of (B, F). Our main goal in this section is to show
that the center of M is contained in D.

Let 7 = 7p o F'. By Proposition 1], 7 is a faithful trace on M.

Let (B;, E;) denote the i-th copy of (B, E) in the construction of M. We
now describe some standard notation for M and related objects. The von
Neumann algebra M is constructed on the Hilbert space L*(M, 1), and we
write M > x +— & € L*(M, 1) for the usual mapping with dense range.
For convenience, we will write the inner product on L?*(M, 7) to be linear
in the second variable and conjugate linear in the first variable. Thus, we
have, for x1, x5 € M,

<[i’1, Zi'g) = T(I’Tl’g).
Then we have L*(M, 1) = L*(M, F) ®p L*(D, 1p), and this is isomorphic
to
D ™) @ J‘CO Xp -+ Qp J—C?k Xp L2(D,7‘D),
k>1

it yeeip>1

G741
where 3¢ is the Hilbert D, D-bimodule L*(B;, E;) & D. We will denote by
A the left action of M on L?(M,7) and by p the anti-multiplicative right
action, p(x) = JA(z*)J, where J is the standard conjugate linear isometry

of L*(M, 1) defined by % — (2*)".
Lemma 3.2. Let N € N, let
mm€LXDm) e @ H, @p--@pH;, @p L*(D, p)

k>1
1<it,..ix<N
70541
and let by, by € Byy1. Let ¢1,¢o,dy,dy € D be such that
CTCQ = EN_H(bTbQ), dgdi = EN_H(beT).

Then

(Ab1)m1; A(b2)m2) = (Aler)m, Alez)ng),

(p(br)m, p(ba)nz) = (p(di)n1, p(d2)ns2)-

Proof. We may without loss of generality assume 7; = #; for some z; €
VV*(U?[:1 B;). Then

(A(b1)m1, A(b2)m) = T(271b1baa) = Tp(F (27b1bo2)).
By freeness, we have
F(27biboxs) = F (2] F(biby)xo) = F(x]cicaxs),
from which we get
(Ab1)11, A(b2)n2) = T(xictcama) = (A(cr)m, A(c2)me).
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Similarly, we have

(p(b1)m1, p(b2)n2) = T(bjw w2by) = T(22b2bTY)
= 7'(352d2d>1k$>1k) = (P(d1)7717 P(dz)ﬂ2>-
]

Theorem 3.3. The center of M lies in D. In particular,
Z(M)=Dn Z(B). (6)

Proof. 1t suffices to show Z(M) C D, for then (@) follows readily.
Let x € Z(M). Let n =2 — F(z)". Then

ne P H @p- @pH, ®p LA(D, 7p).
k>1
i1 yeerip>1
741
For N € N, let ny be the orthogonal projection of 1 onto the subspace
@ H;, @p -+ @p H, @p L*(D, 7p).
k>1
1<i,.ip <N
G570 41
Then 7y converges in L?(M,T) to n as N — oo. Suppose b € BNker E.
Fix N € N and let by denote the copy of b in the copy By € M of B.
Then \(by)nny—1 and p(by)nny—1 are orthogonal to each other, because they
lie in the respective subspaces

P H @K, @p - ®p K, @p LD, 7p), (7)
k>1
1<it, .1, <N-1
1741

@ H;, @p -+ @p Hy, @p Hy @p L*(D, 7p). (8)

k>1
1<y ig <N—1
70541
On the other hand, A\(by)F(x)" and p(by)F(x)" lie in the subspace HQ ®p
L*(D, mp), which is orthogonal to both of the subspaces (@) and (8). Thus,
we have
0= (bNSL’ - LL’bN)A = ()\(bN) — p(bN))i’
= (Abw) = p(bn)) (=1 + F(z)" + (n — nv-1))
and from the orthogonality relations noted above, we get
IAON) v -1 ll3 + [0y ) x5
NIE

< || A )nn—1 — p(bn)nn-1 + (A(bw) — p(bn)) F(z) |5

= [[(A(bw) = p(bw)) (10 = nn-1)II3 (9)

< 4[b|* {ln — nx-l3.
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Consider the elements d; = E(b*b)'/? and dy = E(bb*)'/? of D. By Lemma
B2 we have

[AON)IN-1ll2 = [A(d1)nn-1]]2, [p(bn)nn—1ll2 = [|p(d2)nn 12
and from (@), we get

IA(d)nn—1l5 + lp(do)ny—1l15 < 46|17 1n — na—1]5-
Letting N — oo, we get

Aldr)n = 0 = p(da)n. (10)
Let ¢ = q(E) € DN Z(B) be the projection associated to the conditional
expectation E : B — D as described in Lemma Bl From (I0) and letting
b run through all of ker £, we get \(q)n = p(q)n = 0. This yields ¢(z —
F(x))=0,s0z— F(z) € (1—q)B=(1-¢q)D. But z — F(z) L D, so we
must have x — F'(x) =0 and x € D. O

The aim of the remainder of this section (realized in Corollary B.6], below)
is to characterize the normal traces on a von Neumann subalgebra whose
compositions with a given conditional expectation are traces on the larger
von Neumann algebra. The result is quite natural and is perhaps known.
It may also be possible to prove it directly using state decompositions or
averaging techniques, rather than free products. However, as we get it
from the results above with very little extra effort, it seems worth doing
it here. Furthermore, it is clearly related to the proof of our main result,
Theorem [5.1], and indeed to the improved characterization of extremality
of elements of TQSS(A), though we don’t actually use it in the proof.

Let D C B be a unital inclusion of finite von Neumann algebras with
a faithful conditional expectation E : B — D. Suppose there is a normal
faithful tracial state p on D such that po E is a trace on B. Let

C=2Z(B)ND. (11)

Let (M, F) be the free product of infinitely many copies of (B, E) with
amalgamation over D, as in (). Due to the existence of p, by Proposi-
tion 21l M is a finite von Neumann algebra. Let 1 be the center-valued
trace on M and let [, denote its restriction to D. By Theorem B3] the
center of M is C as in ().

Let a be a permutation of N that has no proper, nonempty, invariant
subsets; thus, a results from the shift on Z after fixing a bijection from N
to Z. Let & be the automorphism of M that permutes the copies of B in
the free product construction (&) according to .

Lemma 3.4. We have n =no &

Proof. Dixmier averaging says that for any © € M, n(z) is the unique
element in the intersection of C and the norm closed convex hull of the
unitary conjugates of x. (See, for example, Section 8.3 of [3]). In symbols,
this is

{n(x)} = C N conv{uzru* | u € U(M)}.
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Since C C D, & leaves every element of C fixed. Thus,

{n(x)} = a({n(x)}) = a(C) N a(conv{uzu* [ u e UM)})
=CNconv{uda(z)u* |ueUM)}) = {n(a(x))}.

Lemma 3.5. We haven=mno F.
Proof. Tt is well known and not difficult to check that for all x € M, the

ergodic averages
n—1
1 .
— ) df)
n
k=0

converge in ||-|[o-norm as n — oo and, thus, also in strong operator topology,
to F'(z). Because the center valued trace is normal, using Lemma B4 we
get

2(F(x) = lm - 3" n(@k(x)) = n(x).
k=0

n—oo N
U

For a von Neumann algebra A/, we let NTS(A) denote the set of normal
tracial states on .

Corollary 3.6. The map

T Tonp (12)
is a bijection from NTS(Z(B) N D) onto
{p e NTS(D) | po E a trace on B}. (13)

Proof. 1t is clear that the map (I2) is injective.

We view B as embedded in M by identification of B with any of the
copies arising in the free product construction (B)). Since, by Lemma B.5]
n=mnokE =nlpok,if r € NTS(C) and p = T7on[p, then poE = 10o(n[yz) =
(Ton)lgis a trace on B. Thus, the map (I2)) goes into the set ([I3]).

To see that it is onto, suppose p belongs to the set (I3). Since M is
a finite von Neumann algebra, by a standard theory (see, for example,
Theorem 8.3.10 of [5]), the map 7+ 7 o7 is a bijection from NTS(C) onto
NTS(M). By Proposition 21l po F' is a normal tracial state on M, so equals
7 on for some 7 € NTS(C). Thus, p=po F|p =T on[p, as required. [

4. THE CONDITIONAL EXPECTATION ONTO THE TAIL ALGEBRA IN AN
AMALGAMATED FREE PRODUCT

For a symmetric state ¢ on the universal free product C*-algebra 2 =
*°A, we let M., denote the von Neumann algebra generated by the image
of 2 under the GNS representation 7, of 2 on L*(2, ) arising from ¢ and

let 2& denote the normal extension of 1 to My, which is the vector state for
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the vector of L?(2, 1)) corresponding to the identity element of 2. The tail
algebra 7, is the von Neumann subalgebra

To= W M(4) € M,
n>1 k>n

where A\, : A — 2 is the embedding onto the k-th copy of A in the universal
free product C*-algebra. Note that the action of the permutation group S,
on 2 by permuting the embedded copies of A results in a ¢-preserving action
of Soo on My; we let F,; denote the fixed point subalgebra of this action
and we always have 7y, C F, (see Lemma 5.1.3 of [4]). By Proposition
5.2.4 of [], if the restriction of 1& to T, has faithful GNS representation
(in particular, if ¢ is faithful on M), then there is a normal, -preserving
conditional expectation Ey : My, — Ty; furthermore, if also the restriction
of d to Fy has faithful GNS representation (in particular, if @E is faithful on
Mw), then 7:p = ]:1/}.

Proposition 4.1. Let D C B be a unital von Neumann subalgebra with
E:B—Da normal, faithful, conditional expectation. Let
(M’F) = (*’D)?o([i E)

be the amalgamated free product of von Neumann algebras. Suppose p is a
normal faithful state on D. Suppose A is a unital C*-algebra and o : A — B
is a unital *-homomorphism. Let 1 = po F o (x°0) : 2 = +®A — C. By
Proposition 3.1 of [4], ¥ € QSS(A). Then My, is canonically identified with
a von Neumann subalgebra ova with the tail algebra T, identified with a
subalgebra of D. Moreover, the normal state U on My, is identified with
the restriction of the state p o F to My, which is faithful, and the normal
conditional expectation Ey : My — Ty is identified with the restriction to

Mw Ofﬁ

Proof. Note that under the hypotheses, p o [ is a faithful state on M (by
Ueda’s result [9], as discussed in Section 2l above). Thus, the GNS Hilbert

space L2(2, 1) is a subspace of LM, po F) and My is realized as the
strong operator topology closure in M of (%3°0) (A) with 1 the restriction
to M, of pof. Now, by examining the free product structure of the Hilbert
space Lz(M ,poO F ), we see that the fixed point subalgebra F, must lie in
D, and since 1) is faithful on My, we have T, = Fy, C D.

We must only show that the conditional expectation Ey; : My, — Ty
equals the restriction to M, of F. Since both of these conditional expec-
tations are normal, it will suffice to show their agreement on elements of
my(2A). For this, we appeal to the construction of the conditional expec-
tation G, found in Theorem 5.1.10 of [4]; since 1& is faithful on My, this
conditional expectation Gy, coincides with the restriction to my () of E.
The *-endomorphism o appearing in the aforementioned construction of G,
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must, by Lemma 5.1.9 of [4], agree with the normal “shift” x-endomorphism

& of M, that sends the i-th copy of B in M to the (i + 1)-st copy (and
which is easily seen to exist, by the construction outlined in Section [I).
Thus, (see Theorem 5.1.10 of [4]),

Ey(x) = WOT- nh_)nolo a"(x)

for all x € m,(2(), and by the structure of the free product Hilbert space
L*(M, po F), we conclude E,(z) = F(x). O

Remark 4.2. In the situation of the previous proposition, by the methods
of Section 7 of [4] (see in particular Theorem 7.3 of [4]) the tail algebra of
1 is equal to the smallest von Neumann subalgebra D, of D that contains

F(o(ay)dio(as) - - dn_r0(ay)) (14)

for every ay,...a, € Aandevery dy,...,d,_1 € Dy. Thus, letting Dy = C1
and for p > 1 letting D, be the von Neumann algebra generated by all
expressions of the form (I4) for a; € A and dy,...,d,—1 € D,_;, we have
that D, equals the von Neumann algebra generated by U;io D,.

5. THE SIMPLEX OF TRACIAL QUANTUM SYMMETRIC STATES

Let A be a unital C*-algebra and let TQSS(A) be the compact, convex
set of tracial, quantum symmetric states on A = *°A. We assume that
A has a tracial state, so that TQSS(A) is nonempty, and we assume that
A #£C.

By Theorem 7.6 of 4], TQSS(A) is in bijection with the set of (equiv-
alence classes of) quintuples (B,D, E,0,p) where E : B — D C B is a
faithful conditional expectation of von Neumann algebras, ¢ : A — B
is an injective, unital *-homomorphism and p is a normal faithul, tracial
state on D such that p o F is a trace on B, and certain minimality con-
ditions are satisfied. These minimality conditions are that B is generated
by DU o(A) and D is the smallest unital von Neumann subalgebra of B
that satisfies E(dyo(ay)d; - - - o(a,)d,) € D whenever n € N, dy,...,d, € D
and ay,...,a, € A. Given a quintuple (B, D, E, 0, p), one constructs the
amalgamated free product von Neumann algebra

(M, F) = (xp)7°(B, E) (15)

of infinitely many copies of (B, E') and one takes the free product *-homo-
morphism *{°c : 2 — M arising from the universal property, sending the
i-th copy of A into the i-th copy of B. The tracial state 1) = po F o (x°0)
on 2 is the tracial quantum symmetric state of A that corresponds to
(B,D, E,o,p) under the bijection refered to above. Then D = T, is the
tail algebra and M = M, is the von Neumann algebra generated by the
GNS representation of 1.

The extreme points of TQSS(A) were characterized in Theorem 8.2 of [4]
as corresponding to the set of quintuples (B, D, F, o, p) so that p is extreme
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among the set R(FE) of tracial states of D so that po E is a trace on B. In
fact, we arrive at a better characterization of the extreme tracial quantum
symmetric states below.

Note that TQSS(A) is a closed convex subset of the tracial state space,
TS(A), of A. The tracial state space of any C*-algebra is known to be a
Choquet simplex (see, for example Theorem 3.1.18 of [§]) and the extreme
points of it are the tracial states that are factor states.

Theorem 5.1. TQSS(A) is a Choquet simplex and is a face of TS(2).
Moreover, for ¢ € TQSS(A) with corresponding quintuple (B,D, E, o, p),
the following are equivalent:

(i) v is an extreme point of TQSS(A)
(i1) ¥ is an extreme point of T'S(A)
(iii) DN Z(B) = CL1.

Proof. The implication (i) = (ii), when proved, will imply that TQSS(A)
is a face of T'S(2() and, thus, a Choquet simplex.

The implication (ii) = (i) is clearly true.

Let (M, F) be as in ([I5). By Theorem B.3] condition (iii) is equiva-
lent to factoriality of M, and this is equivalent to condition (ii). Thus,
conditions (ii) and (iii) are equivalent.

To finish the proof, it will suffice to show (i) = (iii). If (iii) fails to hold,
then D N Z(B) has a projection p equal to neither 0 nor 1. Let t = p(p).
Since p is faithful, we have 0 < ¢t < 1 and we can write p = tpg + (1 — t)p1,
where

po(x) =t"'p(pz),  pu(x) = (1—1)""p((1 - p)a).
Since p lies in D N Z(B), we see that py and p; are distinct normal tracial

states on D and that p; o E' is a trace on B (i = 0,1). Thus, p is not an
extreme point of R(FE), and ¢ is not extreme in TQSS(A). O

In Theorem [5.3] we will use multiplicative free Brownian motion (see [2])
to show that every quantum symetric state is a limit of extreme quantum
symmetric states. This will show that TQSS(A) is the Poulsen simplex,
when A is separable and not a copy of C.

Multiplicative free Brownian motion is the solution (U;);>¢ of the linear
stochastic differential equation

1 t t t

Ui=1-7 / Usds + / idS,Uy = e + / idSse” "2,
2 Jo 0 0

where (S;)¢>0 is an additive free Brownian motion. Then each U, is unitary

(see [1]) and belongs to the von Neumann algebra W*(S;, ¢t > 0), which is

a copy of L(F,). We will need the following lemma.

Lemma 5.2. Let M be a von Neumann algebra with normal, faithful, tra-
cial state T and suppose N C M is a unital von Neumann subalgebra and
(Up)i>0 is a multiplicative free Brownian motion that is free from N with



12 DABROWSKI, DYKEMA, AND MUKHERJEE

respect to 7. Then for every unital C*-subalgebra A C N with dim(A) > 1
and for every t > 0, we have

(Ut*AUt), ﬂ./\/ - Cl

Proof. It (U} AU;)' NN is nontrivial, then it contains a projection p ¢ {0, 1}.
Without loss of generality, we may assume A is a von Neumann subalgebra
of N and, thus, contains a projection ¢ ¢ {0,1}.

From Proposition 9.4 and Remark 8.10 of [I0], the liberation Fisher in-
formation satisfies

e (U AU, : N) < F(Uy) < o0,

for any t > 0, where F' is the Fisher information for unitaries. Thus, from
Remark 9.2(e) of [I0], we have

O (W*(UfqUy) : W*(p)) < o"(U AU : N) < o0.

As a consequence, the assumptions of Lemma 12.5 of [10] are satisfied and,
therefore, U;qU; and p are in general position, i.e.,
UqUuAnp=0 or U(1—-qUA(1—-p)=0, (16)
and
U(1—=qUiAp=0 or UfqU;N(1—p)=0. (17)
But this is not compatible with the assumption that U; qU; and p commute.
For example, if
UrqUyANp=U (1 —q)U, Ap =0,
then
0="UiqUp + U (1 —q)Up = p,
contrary to hypothesis, and similarly if other cases of (I6]) and (I7) hold. O

Theorem 5.3. For every unital C*-algebra A with dim(A) > 1, the extreme
points of TQSS(A) are dense in TQSS(A). Hence, if A is also separable,
then TQSS(A) is the Poulsen simplex.

Proof. If A is separable, then the free product algebra 2 is also separable
and, thus, TQSS(A) is second countable. By Urysohn’s metrization theo-
rem, it is metrizable. Once the density of extreme points is shown, it will
follow that TQSS(A) is the Poulsen simplex (see [7]).

We now show density of extreme points. Let v € TQSS(A) and let
(B,D, E,p,0) be its associated quintuple. We use the notation from the
description at the beginning of this section. In particular, ©» = po F'o(%°0),

and we let i) = p o F denote the normal extension of ¢ to M. Let
(M. 7) = (M, ) % (L(Foo), 7e..)

be the free product of M with a copy of L(F,). Then, since (L(F.,), 77, ) =
*°(L(Foo), o) = % (W*(St, t > 0),7), for the von Neumann algebra of a
free Brownian motion algebra W*(S;,t > 0) = L(F,), letting

(B,n) = (B, po E) x (W*(S,,t > 0),7)
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and letting EN: B — D be the composition of the n-preserving conditional
expectation B — B arising from the free product construction with the
conditional expectation E : B — D, we have that M is isomorphic to the
von Neumann algebra free product with amalgamation,

(M, F) = (xp)(B, E) (18)

and the trace 7 arises as po F.

Letting (Uy)¢>0 be a multiplicative free Brownian motion in W*(Sy, t > 0),
from the free L*> version of the Burkholder-Gundy inequalities (Theorem
3.2.1 of [3]), we have the upper bound

t 1/2
U, — 1| < (1 —e ) +2V2 (/ ||U8||2e_(t_8)ds)
0
= (1 —e ) +2¢/2(1 —et), (19)

which tends to zero as t — 0F.

Let 0y : A — B be the %-homomorphism U,o(-)U;. Then %{°0; is a
«-homomorphism from 2( into M. By freeness with amalgamation (see
Proposition 3.1 of [4]), the state ¢y := po F o (x{°0y) = 7 o (x°0y) is a
quantum symmetric state.

We will show that for every ¢ > 0, ¢, is an extreme point of TQSS(A). By
Proposition @] the tail algebra 7y, of ¢ is a von Neumann subalgebra of D,
and the conditional expectation £, onto the tail algebra is the restriction

of F'. In particular, see Remark for description of generators for D.
Let (By, Dy, Ey, pi, 0¢) denote the quintuple corresponding to the quantum
symmetric state 1;. Then D, = Ty, C D and B, 2 04(A). By Theorem B.1]
showing that v, is an extreme point of TQSS(A) is equivalent to showing
that D, N Z(B;) is trivial. But D; N Z(B;) is contained in D, N (U o (A)U;)'.
By Lemma [5.2] the latter set is trivial, and we have proved that 1 is an
extreme tracial quantum symmetric state.

From the bound ([9), we deduce that for every x € 2, lim;_,o+ ||1:(x) —
Y(x)|| = 0, working first with the case of x in the algebraic free product,
and passing to the general case by norm approximation. 0

Remark 5.4. In contrast, the simplices ZQSS(A) and ZTQSS(A) of central
quantum symmetric states and central tracial quantum symmetric states,
respectively, (see [4]) are Bauer simplices, meaning that their respective sets
of extreme points are closed. This follows from the proof of Theorem 9.2
of [4] and in particular the fact that the map ¢ — *°¢ in equation (35) of [4]
is a homeomorphism from S(A) onto the extreme boundary of ZQSS(A)
and, by restricting to the tracial state space, yields a homeomorphism from
T'S(A) onto the extreme boundary of ZTQSS(A).
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