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1 Introduction

It has been shown [1] that all four-dimensional string vacua with N = 1 spacetime
supersymmetry are associated with new minimal supergravity which is a rather restrictive
form of supergravity. One of the features of this supergravity is the existence of a local U(1)
R-invariance. It is of interest to ask whether this local U(1) invariance is anomalous at the
quantum level. This has been answered in the affirmative [2] but the calculation is extremely
tedious and opaque. Two dimensional (2,0) supergravity has a similar U(1) symmetry and
hence is a good laboratory to study this R-invariance. In this paper, we have studied the
theory of heterotic (2, 0) supergravity and compute the superfield anomaly structure. This is
done by choosing an algebraic gauge where supergraph calculations are simplified. We also
provide a comprehensive discussion on the relevant supercurrents and their conservation laws.
This also provides a framework to study various target space symmetries using techniques
introduced in [3] after suitably generalising to the (2,0) case. Recently a four-dimensional
superspace version of the Green-Schwarz mechanism [4] has been employed in [2] to cancel
the anomaly. As is true about most calculations in four dimensional supergravity, explicit off-
shell calculations are prohibitively complicated. Unlike the four dimensional case, we are able
to make a supergraph calculation of the complete off-shell anomaly. In this paper, we also
study a two dimensional Green-Schwarz mechanism. We first modify the theory by coupling
the Chern-Simons term to a chiral scalar. This is done by modifying the chirality constraint
on the scalar. We find that this not only provides us with the required Chern-Simons term
but also a Green-Schwarz term(albeit with a fixed coefficient). We also introduce a separate
Green-Schwarz term. We find that this cancels the anomaly for an appropriate choice of
couplings for the Chern-Simons and the Green-Schwarz terms. It removes the restriction on
the numbers of chiral scalars and fermions. Since the number of scalars correspond to the

dimension of the target space, this may have some relevance to non-critical strings. This



will be studied elsewhere. Again, this an interesting laboratory to study the superspace
Green-Schwarz mechanism.

The paper is organised as follows. Section 2 deals with (2,0) supergeometry. Sec-
tion 3 gives the super-Weyl transformations. Section 4 discusses supergauge which is an
algebraic(non-derivative) gauge suitable for supergraph calculations. Section 5, we give the
matter Lagrangians and also derive the ghost Lagrangians. In section 6, we study the various
conservation laws for the relevant supercurrents and interpret them. We then make a super-
graph calculation of the one-loop effective action to determine the structure of the anomaly
and find conditions for its cancellation. Finally, in section 7, we present a two dimensional
Green-Schwarz mechanism which is used to cancel the anomaly. We briefly discuss how it

could be related to non-critical strings.

2 (2,0) Supergeometry

In this section we define (2,0) superspace and discuss various aspects of (2,0) supergravity.
The structure group of the superspace is chosen to be SO(1,1)xU(1). The (p,q) superalgebra
is described in appendix B. Superspace is given by zM = (z™, 6! ,0*1) . One introduces
a supervielbien Ey* and the corresponding one-form E4 = dz™ Ey* where A = a, +1, +1
are tangent space indices(See appendix A, [5] and [6] for notation). The one-forms have the

following U(1) weights.

w(E) =0,w(E™) =i, w(Et) = —i (2.1)

We also introduce two Lie-Algebra valued one-form gauge connections ® 54 = dzM®,, 54

and Ag? = dzM Ay p? corresponding to the Lorentz and U(1) groups respectively. Since

both the groups are abelian, it is convenient to write Oy gt = Pyrp? and Ay = Ayep?

where kp? = diag (+1, —1, %, %) and ep? = diag (0,0, +i, —3) Similarly the torsion is defined

by T4 = DE# where D represents the covariant exterior derivative. The curvatures for the



Lorentz and U(1) groups are defined by R = d® and F' = dA respectively. Covariant

derivatives are given by
Vit = 0t + (=)0t + (=) 0P Ay (2.2)

where Q4 is an arbitrary form.

The torsions and curvatures are subject to the following Bianchi identities.

D1t = E"Rp"+ E°Fp"
DR = 0
DF = 0 (2.3)
The supergravity multiplet thus introduced is highly reducible. This reducibility is fixed by

the following choice of torsion constraints [7]. A geometric basis for these torsion constraints

has been provided in [8].

Tog® = —2i6 505
T—i—aa = ,Tozﬂ7 =0

T3" =Tu =0 (2.4)

We solve the Bianchi identities subject to these torsion constraints. The results are

—% R, = F = T+—JFI (2.5)
ViR 1 =0 (2.6)

LR, +iF, = —2iVT, " (2.7)

T "=Ryp=Fop = Rip=1I153=0 (2.8)

where o, 3 = +1,+1 and we have left out the complex conjugate equations. So the inde-
pendent non-vanishing torsion components are T’y _* . All curvatures can be determined in

terms of these components.



Note that, we have not introduced in (2.4) any constraints on the U(1) curvature. This
is unnecessary since the Bianchi identities lead us to restrictions on the curvature. For
example, the choice of Ty 1™ = 0 as a constraint implies through the Bianchi identities
that F1.1 = 0. We would also like to point out that if one works with a structure group
of only the Lorentz group, one finds that certain torsion components can be interpreted as

gauge connections for U(1) group [9]. This is probably a generic feature of (p,q) supergravity.

3 Super-Weyl Transformations

Super-Weyl transformations are those local tangent space transformations on Ep2 | @552

and Ayp” that leave the torsion constraints (2.4) invariant [10] and for which infinitesimally,
SENM® = 1Ey°, (3.1)

where [ is a superfield. For the chosen constraints we find the need to introduce another
superfield h to parametrise these transformations. The infinitesimal super-Weyl transforma-

tions are

SuBr® = 1EyC, (3.2)
SwEn® = Eun® (3 165" + heg®) — iEy 16041, (3.3)
Subri = NaEni0al + Eni®0ul, (3.4)
SwAr = —Ouh+ (% )Ex™ [041,001)l + ExPe5%0,1. (3.5)
where o = +1,4+1. Note that under U(1) transformations
§EMa = EMﬁé“ﬁa)\ (36)
6A, = —0On) (3.7)

where A is the U(1) parameter. It follows that the transformations corresponding to h are

identical to U(1) gauge transformations and will not be regarded as part of the super-Weyl
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transformations. So we obtain the true super-Weyl transformations by setting h = 0 in the

above equations.

SwBM = —IEM 406,767 0,1 Eg", (3.8)
SuEM = —LIEY, (3.9)
Swba = —lda+i0aT0"P0ul b5+ Nadal, (3.10)
dwba = —3 loo+0al, (3.11)
5wAa = _lAa + 5a+ {idaﬁaal Aﬁ - % [a.l,_l, a_;_i]l} , (312)
bwAa = —11A,+¢e, 05l (3.13)

For the (2,0) theory with ungauged U (1), the super-Weyl transformations were parametrised
by a chiral superfield [11]. Here it has become a full unconstrained superfield. Note that
A, | can be set to zero using the highest component of I, the super-Weyl parameter. There
would be no Faddeev-Popov ghosts associated with this gauge fixing since it transforms

algebraically without any derivatives.

4 Super Gauge

In this section we go into a gauge, which we shall refer to as super gauge. This gauge is
convenient for supergraph calculations which we will use for calculating the anomaly. This
gauge is obtained by fixing all algebraic (that is, non derivative) gauge transformations. Since
these are algebraic transformations, there are no Faddeev-Popov ghosts associated with fixing
them. Secondly, we introduce the superconformal gauge. This gauge is of interest because
it can be shown that the anomaly is local in this gauge (see equation (6.41)). It is the
counterpart of the conformal gauge in the bosonic string.

Supergauge:



We first determine the independent components of the vielbein to linear order. Expand
the vielbein as

Ev? =ey? +en® hp? (4.1)

where ej;? is the flat vielbein and compute the torsion and curvature tensors to linear order

in hp?. The torsion constraints as well as the Bianchi identities, then imply that the h 5Ys

are not all independent. We find that the only independent A’s are h_* h 1% hy1 ' and the

complex conjugate h's. All the other variations are determined by the following relations.

bt o= L (D+1h+1++D+1h+1+)+<h+1+1+h+1+i> (4.2)
hy™ = g (Dyhas” +Dyghy”) (4.3)
htt = 3 (Duhy™ = Dih™ + Q) (4.4)
hott = L (Dyht —D_hyy") (4.5)
ha™' = =L Dyhy ™ (4.6)
¢i1 = Dith. —D_hy™ (4.7)
Dihy™ = 0 (4.8)
Dithp™ = =3 ¢ —idy (4.9)

where we have not given the complex conjugate equations.
We now give the transformations of hg?*. We demand that e not transform under any

of the transformations. We obtain to lowest order in hg?,
Shyt = —Dp&t + kL + 0, (4.10)
Shgt = —Dp&*+2i€76,56M" + kgL + 3 &M + 5"\ (4.11)
where &, L, [, and \ are parameters corresoponding to supercoordinate, Lorentz, super-Weyl

and U(1) respectively. We shall reduce the number of independent h's by means of algebraic

gauge fixing. We have that
Shot =2i¢t = D¢t (4.12)
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Then using the £+! transformation, we choose

hioit =0 (4.13)

This is obviously an algebraic gauge choice since no derivatives are involved in the above

transformation law. In order that we preserve this gauge condition, we need

= L (Dyug") (4.14)

Since h,1~ is constrained as in equation (4.8) to be antichiral, we solve for it in terms of

an unconstrained complex superfield V. Let
h+1_ - D+1V_ (415)
hy~ = DV~ (4.16)
Vo = ST 4+dU" (4.17)
where V~ = (V7)* and S~ and U~ are real superfields. We induce an extra gauge degree of
freedom by introducing the prepotential V' ~. This is given by
SV =2K" (4.18)

where D, K~ = 0.
The transformation law for V'~ under supercoordinate transformations is obtained from

that of h,1~ . We obtain

V™ = -6 +2K~ (4.19)

This implies that S~ and U~ transform as
557 = - +(K+K) (4.20)
U~ = i(K-K) (4.21)



Then the £~ transformation can be chosen so that
ST=0 (4.22)
Again, note that this is an algebraic gauge choice. This gauge condition is preserved provided
=K +K) (4.23)

where D, K~ =0 and (K)* = K.

We have that h_~ and (hy, ™ + hyit!) transform as

Sh.~ = —D ¢ —L+1 (4.24)

S(hor™ 4+ haitl) = =Dt + L+1 (4.25)
where we have used equation (4.14) and its complex conjugate equation. This implies that
§(he™ —hy ™ —h ™) =—2L—-D_¢ + D¢t (4.26)

Then we can use of the Lorentz transformations to choose,

he™ = hytt+ bt (4.27)

)y (4.28)
To preserve this gauge condition, we make the following Lorentz transformation,
L=-} (D¢ - Di&) (4.29)

where £~ is restricted to be of the form in equation (4.23). At this point, let us recap the

gauge choices we have made so far. They are

hat =0 (4.30)
5™ =0 (4.31)
ho™ = hat'+ht! (4.32)



This implies that the independent non-vanishing components of the vielbein are h,,*' |

h+1+i , h_" and U~. We shall make further gauge choices to reach supergauge.

The Bianchi identities imply that 1,7 = 0. This implies that

DA =0

We solve for this in terms of a complex prepotential WW.

A+1 - D_;,_lW

W = Q+iR

(4.33)

(4.34)

(4.35)

where () and R are real superfields. The transformation law of W is derived from that of

AL to be
W =X+l

(4.36)

We induce an extra gauge degree of freedom by introducing the prepotential W. This is

given by
oW = —2ic

where D16 = 0. This implies that () and R transform as

0Q = A+i(oc—0)

R = |—(0+0)
Then, using the super-Weyl transformation [, we can choose
R=0

This gauge condition is preserved if

10
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(4.40)
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Similarly, using the U(1) transformation A\, we can choose
Q=0 (4.42)
This implies that
Ay =0 (4.43)
This gauge condition is preserved provided we choose
A= —i(oc—5) (4.44)

We shall refer to the transformations (4.41) and (4.44) parametrised by ¢ as the residual
U(1)-Weyl transformation. Finally, in this algebraic gauge, we are left with three indepen-
dent components of the vielbein. They are h_*, U~ and ¥. We now give their transforma-

tions under the residual supercoordinate transformations.

Sh_t=-D_¢*

U =i(K~ —K™)

0¥ = —3 (D¢ + Dyg™) (4.45)
At this point, we would like to remark that the transformation law for U~ seems to indicate
that U~ can be set to zero by means of an algebraic gauge fixing. This is not true since K~

, but not U~ is constrained. The derivatives in the transformation law are hidden in the

constraints on K ~. This can be shown explicitly by
U™ | gr1pr1 = i04 (K| +K7) (4.46)

This shows that the transformation involves derivatives. Under the residual U(1)-Weyl

transformations, we have that

Sh-T=0
U~ =0
X = (0 +0a) (4.47)

11



It can be shown that the Bianchi identities subject to the torsion constraints implies that

3] is expressible in the following form.
=3 (p+@) (4.48)

where D¢ = 0.

The proof is as follows. As a consequence of the Bianchi identities, we obtain(see equation

(4.9))

Loy +iAy + Dbyt =0 (4.49)

In this gauge, we have
Ay =0 (4.50)
¢+1 - D+1(2 - Z.D_U_> (451)

Substituting for A,; and ¢ into (4.49), we get
Diy(3S4+ L DU +hy™)=0 (4.52)
We solve this equation by introducing an antichiral field ¢ (Dy1¢ = 0). This implies
GX+L DU +hut)=¢ (4.53)
The above equation and its complex conjugate imply

X = 3 (p+9) (4.54)

ha™' = hg™ = DU+ (¢ —¢) (4.55)

where we have used ¥ = hy ™! + h+1+i. This completes the proof.
At this stage we could use the super-Weyl transformations to set ¢ = 0. We shall not do
so since we would like to keep ¢ for calculating the anomaly.

Superconformal Gauge:

12



One can make further gauge choices after reaching the supergauge. These involve deriva-
tive transformations and have non-trivial Faddeev-Popov ghosts associated with them. We
set h_* =0 and U~ = 0 using supercoordinate transformations (4.45). This will be given
in the next section. The only non-zero prepotentials in this gauge is ¢ and its complex

conjugate. This is the superconformal gauge. In this gauge we have

N[

0. = e2 ¥ p_ (4.56)

2 (36—9)
a+1 = e4 D+1 (457)

This can also be reached from the Lorentz-Weyl-U(1) gauge. In the Lorentz-Weyl-U(1)

gauge, we have

0. = e 'D_, (4.58)
1 .

Oy = ez HNHNp (4.59)
1 .

Ay = 2 GTO7N _yp (8 4+ 0A). (4.60)

We set T = 0 using Lorentz transformations. We then use a combination of the U(1) and
super-Weyl to set A,y = 0. This implies that (X + ¢A) should be replaced by a antichiral

superfield ¢ (D,1p = 0). Using the complex conjugate relation, we obtain that

— 3 (p+9) (4.61)

)y
A k-9 (462
Finally, the residual transformations which preserve this gauge are given by

dp=0 (4.63)

where D, 10 = 0. The residual transformations can be identified as follows. 3 (o + )| corre-

sponds to weyl transformations and —2- (0 — )| corresponds to axial U(1) transformations.

This is easily seen from the lowest components of (4.41) and (4.44).

13



5 Matter and Ghost Lagrangians

In this section we give the matter and ghost Lagrangians. We introduce two types of matter,
a complex chiral scalar Z™ and a complex chiral spinor U/ with Lorentz charge —1/2. The

Z"™ are covariantly chiral,

and U’ are covariantly chiral,

V-Hqﬂ_ = 0. (5‘2>

The subscript in W_ refers to the —1/2 Lorentz weight of the chiral spinor. Their Lagrangians

are (see [7] )
S, = i / dzE~' (27N _Z" — Z"N _Z"™) G, (5.3)
Sy = / dzE~" (OLU7) nyy (5.4)
where m,n=1,...,Dand I,J =1,...,N. Also dz = dzdfdt'd0*" and E = sdetEy" . We
shall drop the subscript in W_ for the rest of the discussion.
The pure gravity action cannot be written as an integral over the full superspace. It can

be written as a chiral action which necessitates the introduction of a chiral density. Let € be

the chiral density.
Sgr = /dwd@“eR_H +/dxd9+1eR_+1 (5.5)

The pure gravity action can be written in full superspace in the supergauge. It is given by

Sy = / dzE~'A_. (5.6)

We now derive the ghost Lagrangian. As discussed in the previous section, we do not
need to introduce Faddeev-Popov ghosts in order to reach the supergauge. However to reach

the superconformal gauge from the supergauge, we have to introduce Faddeev-Popov ghosts.
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We have that ( see (4.45))
Sh ot —=—D ¢t

We then use the £ transformation to choose

hot=0

The Jacobian for the transformation is provided by the following Lagrangian.

Sgh1 = /dzb+D_c+

where ¢* is the ghost corresponding to 1. and b, is the antighost.

We have (see (4.45))

U™ =i(K~ —K")
Using this transformation, we can choose

U =0

The Jacobian for the transformation is provided by the following Lagrangian.

Sgh2 = /dzb__(c_ —c)

(5.10)

(5.11)

(5.12)

where ¢~ is the ghost corresponding to K~ and hence satisfies the same constraint as K.

Similarly ¢~ is the ghost corresponding to K~ and hence satisfies the same constraint as

K~. So we have
D_,_iC_ — 0

D_;,_lé_ - 0

(5.13)

(5.14)

It can easily be seen that the above action reduces to the usual ghost Lagrangian for the

bosonic string on eliminating auxiliary fields. The complete ghost Lagrangian is as follows.

Sgh = Sgn1 + Sgn2
= /dz (byD_ct +b__(c” —¢))

15
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The ghosts and antighosts ¢, ¢™, ¢ and b__ have anticommuting statistics. We assume
that the ghost Lagrangian is valid outside the superconformal gauge. This enables us to
calculate the ghost contribution to the anomaly. This is done by replacing flat derivatives
by covariant ones and introducing the superdeterminant into the integration measure. We
also assume that ¢~ is covariantly chiral and ¢~ is covariantly antichiral. Hence, outside of

the superconformal gauge, the ghost action is
5= /dzE—l (boV_c" +b_(c — &) (5.17)

We shall now calculate quantum corrections to the effective action and determine which
transformations are anomalous. We shall then determine the conditions under which the

quantum theory is non-anomalous.

6 One Loop Effective Action

In this section, we present a supergraph calculation of the superdiffecomorphic anomaly.
This will be done by computing the one loop effective action I'.;y and varying it under
supercoordinate transformations. We will be carrying out the calculation in the linearised
approximation defined by

Ey® =ey? +eyn® hp? (6.1)
where ey;4 is the flat vielbein. We will also work in the supergauge defined in section 4. We

find that the superdensity in the linearised approximation is

E~' =1+ Str(hg™) (6.2)
where
Str(hg®) = hyit +h_™ —hyy ™t — byt (6.3)
In the supergauge, we obtain
E7' = 1432
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= 1+3(¢+9) (6.4)

We also have

Oa =Dy —hsPDp (6.5)

where D4 are the flat superspace derivatives.
The matter and ghost fields have to satisfy covariant constraints. We solve for them in

terms of fields which are flat constraints. This is described in appendix C. We obtain

Zm = Zm—iU (D_Z) (6.6)
U= U — iU (D_U)) -1 S U+ 4 (D_U)¥] (6.7)
¢ = ¢ —iU (D_cy)+2Xcyg +i(D_-U)cy (6.8)

where we introduced flat chiral fields Z", W} and ¢;. The expansion for the other fields can
be obtained by taking the complex conjugate of the above equations. ¢, b, and b__ are not
constrained and hence do not have to be expanded in terms of flat fields.

We now substitute equations (6.4), (6.5) and equations (6.6) to (6.8), into the matter and
ghost lagrangians to obtain the linearised coupling to (2,0) supergravity in the supergauge.

We expand the actions as follows

S = S + Sint (6.9)
We obtain
Sz = % dz (Z'D_Z§ — Z{D_Z{") gimn (6.10)
Szint = / dz(3 "D Z' D1 28 + 22U D_Z D_Z3) g, (6.11)
Sgo = / dzUiwdn; ; (6.12)
Swing = 1 / dzU~ (D_ULW] —WiD_w)n;, (6.13)
Sy = / dz (b D_c* +b_(c5 — &) (6.14)
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Sgh int = /th—+ (D+(C+b+) - % (D104 )(Dy1c™) + (D+ib+)(D+1C+)])

- /din‘ (2b__D_(c5 +&) +D_(b__)(cy +&)) (6.15)
where we have rescaled fields b__, b, and ¢* to get rid of the dependence on X in Sgp jnt.
This redefinition makes the ghost Lagrangian U(1)-Weyl invariant . It enables us to derive
conserved currents which are identical to the ones derived by the Noether construction (see

[12, page 490]). The currents are obtained by functionally varying the Lagrangian with

respect to the gravity prepotentials. We define the currents as follows
Sint = /dz (Joh- T+ J X4+ J__U") (6.16)
We find that classically, the currents defined above are given by,

Jip = %DHZ(TDHZSan

+ {D+(c"by) = 5 [(Diabs )(Dyrc™) + (Dyaby ) (D) (6.17)

J =0 (6.18)
J— = 2(D_Zy'D_Z})gmn + i(D_U{0] — U{D_¥{)n;,

— i (2b__D_(¢” + ¢ )+ D_(b__)(c” +¢&)) (6.19)

We obtain the conservation laws for the currents by demanding that the Lagrangian be
invariant under residual supercoordinate transformations (4.45). First, on varying S;,; under

the £ transformation, we obtain
8Sint = — / dz(JyD_&" + 5 J_D.£") (6.20)
which on integrating by parts gives the following conservation law.

D_J,+35DyJ =0 (6.21)

18



On expanding the above equation in components, we obtain three conservation laws.

a_JU(l) + + 8+JU(1) - = 0 (622)
O Jousy + + OpJeusy - =0 (6.23)
3_T++ + 8+T+_ - O (624)

which correspond to the conservation of the U(1), supersymmetry and energy-momentum

tensor respectively. Secondly, under the K~ transformation, we obtain
0Sint = /dz{J_ -3 D_(K™ + K)+J (K —K7)} (6.25)

This does not lead to two conservation laws, one each for K~ and K~ since they are related
by complex conjugation. It also implies that the corresponding conservation can only be
obtained in components. This should be expected since this is the conservation law corre-
sponding to the non-supersymmetric sector. Let 5 = (K~ + K~)|. The & component
gives
% D_J_\eﬂég +D,J |=0 (6.26)
which becomes
0T, +0,T-_=0 (6.27)

This is the conservation of the energy-momentum tensor.
Finally, invariance under residual U(1)-Weyl transformations (4.47) implies that J_ = 0.

This implies that the conservation laws (6.21) and (6.26) can be simplified to

D_J. =0 (6.28)
D.J | =0 (6.29)
We can see that this is true classically. We will show that this is not a symmetry of the

quantum theory except for a specific choice of D and N. The breakdown of super-Weyl

invariance will manifest in the breakdown of the above conservation law.
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We now calculate quantum corrections to the effective action. We now make use of Sy

to calculate the propagators for the various fields. They are

(25 ()27 = P25 g (630
(WT) = T - 2y (6.31)
B2t () = 2Dt - 2) (6.32)
() () = — P 5 ) (6.33)
b2 () = + 2D () (6.34)

where §(z—2') = —0(z—2') (0" =6 ")(f*1 —6+1"). We find that the only non-local terms
in the effective action involve h_* and U~. The graphs of interest are given in figure 1. All
other graphs are local terms. Since we are interested in the non-local part of the one-loop
effective action, we will only deal with the graphs given in figures la-1c. The graphs are
regulated using 't Hooft’s trick [13] where the divergent integrals are made to converge by
an appropriate choice of poles in the propagator. The results are

2-D DD
To;p = (167T >/dz{(%h_+)z>+lh_+}

(2D Zé\;— 26) /dz {(%U‘)DHU_} (6.35)

The effective action is not invariant under the residual supercoordinate transformations
given in equation (4.45) but is invariant under residual U(1)-Weyl transformations(4.47).
This implies that conservation laws (6.21) and (6.26) are no longer valid. Hence there is an
anomaly. We would like to shift the anomaly to the super-Weyl transformations by adding

local counterterms. The most general local counterterms are as follows

—1
Wc.t.:m—ﬂ_ dz { aDy1h-"Di1p

+ [DppDigh "

20



+ YD h-"D_D U
+ €D U D_D,th_*
+ kD2 U™ +vgD* U™ 4+ 1@D_yp} (6.36)

It can be shown that for arbitrary values of D and N, there is no choice of counterterms

that can achieve this objective. However, if D and N satisfy the following equation
D — N +20=0, (6.37)

this is possible. The following choice of coefficients in the counterterms does the job.

o= B=—(D-2)

7= —e=—i(D-2),

k= v=2(D-2)

T =2i(D —2) (6.38)
For this choice of counterterms, the effective action takes the following simple form.

F;ff = Depp+Wes (6.39)

2-D 1
= / dzR_ 1 —R_,1 (6.40)

8T U
where 0= —-2D, D_.

This action is local in the superconformal gauge. It is given by

2D
r,, =
eff 7 16w

dz(eD_¢ + c.c) (6.41)

The above action is invariant under the residual supercoordinate transformations but is
not invariant under the residual U(1)-Weyl transformations (4.47). This implies that J_ is
no longer identically zero. The quantum correction is obtained by functionally varying the

effective action with respect to ¥. We obtain that

(2-D)D_

Jo= =

(6.42)
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For example, this implies in components that the trace of the stress- tensor is given by

2—-D
T+_ — —% (8T>R+_| (643)

The breakdown of U(1)-Weyl invariance is given by

(2—D)
D =— 7 F 44
+J+ smi (6.44)
We obtain U(1)-Weyl invariance provided
D=2and N =22 (6.45)

So the theory is superconformally invariant at the quantum level for the above choices for
D and N. The results are in agreement with those in [14]. It is interesting to note that
this agreement holds inspite of the fact that we have gauged the U(1) unlike in [14]. This is
due to the fact that T, ;™' behaves precisely like A_. This behaviour has been noticed in
the second reference of [7]. On gauging the U(1) field, one finds that the additional torsion
constraint T, 41" = 0 can be imposed.

At this point, we would like to note that the quantum corrections have been obtained in
a gauge (albeit an algebraic one). Is it possible to do so without making any gauge choices?
We find that the presence of too many auxiliary fields (we mean fields that do not occur
in the Wess-Zumino gauge) make it prohibitively complicated to carry out the calculation

without any gauge choices.

7 Green-Schwarz Mechanism

In this section, we present a (superspace) two dimensional Green-Schwarz mechanism. This
is of interest because it will provide an interesting toy model wherein one can do explicit

calculations. This may also have some relevance to non-critical strings as we will see later.
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The role of the antisymmetric tensor is played by a scalar field and the Chern-Simons
term is given by the gauge potential. Let Y be a complex scalar superfield. We introduce

its field strength (which is a one-form) by

H=dY (7.1)
where d is the exterior derivative. We impose the chirality constraint as follows

Hip= (7.2)

The constraint implies that

Hi=V,Y = (7.3)

which implies that Y is a chiral superfield. Similarly, Y* is antichiral. The Bianchi identity

dH = 0 does not give anything new. The action for a scalar field is given by

sv) = =7 / d=E-V(Y'H_ + c.c) (7.4)
= _7“7 dzE~' (Y*V_Y +c.c.) (7.5)

where n = £1.

The (Lorentz) Chern-Simons term is given by
Qcs = ¢ (7.6)

where ¢ is the Lorentz connection. We couple the Chern-Simons term by modifying the field

strength as follows

H=dH + 0Qcs (7.7)

where o is real. The Bianchi identity now gives

dH = oR (7.8)
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We still demand that the modified field strength satisfy the same constraint as before , that
is,

The constraint gives

which implies that Y is no longer chiral. The torsion constraints (2.4) subject to the Bianchi

identities imply that R 7,7 = 0 which in turn implies

Vi1 =0 (7.11)
We solve this by means of the prepotential 7'

o1 =V 1T (7.12)
We can now define a related field Y which is chiral.

Y=Y +oT (7.13)

In the presence of the Chern-Simons term, we modify the action (7.4) by substituting the

modified field strength in the place of the unmodified one.

Ses = _T”’ dzB! (Y*H_+c.c.) (7.14)
- _T”’ dzE~ (Y (V_Y + 0¢_) + c.c.) (7.15)

As stated earlier, Y is not chiral. Hence it is of interest to expand the above action in terms

of Y which is chiral. We obtain

Sos = So[Y] + Zﬁ%/ale_l <17(¢_ —2V_T") + c.c.) + - (7.16)
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where the ellipsis refers to pure gravity terms. Note that this action is not invariant under

Lorentz transformations

oY =0 (7.17)
0T = L (7.18)
where L is the superfield which parametrises the Lorentz transformation . However, as usual

with Chern-Simons terms, we try to vary Y to make it invariant. This is impossible. The

best one can do is to decompose Scg as

Ses = (som il / [V (6 +V_T) —i—c.c.])
+3iza / dz[V (6 — V_T") + c.c] (7.19)

By making Y transform, we can make the first term Lorentz invariant. Now the second term

is not Lorentz invariant. The modified transformation law for ¥ which accomplishes this is
Y =1oL (7.20)

The first term corresponds to the usual CS coupling while the second term is really the
Green-Schwarz term (with a fixed coefficient). This will be obvious from the component
Lagrangian which we give later. Hence these two terms will suffice to cancel the anomaly
as we shall see later. As always, one can also add a Green-Schwarz term with arbitrary

coefficient to the above Lagrangian. It is given by
Ses = ir / Q=B (Y(6 — V_T") + c.c.) (7.21)
We obtain

S = Scsg+ Sas

= So+ m/dz[ff(qs_ +V_T*) +c.cl
+ b / =V (6. — V_T*) + c.c] (7.22)
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where a = (Z22) and b = (22 + 7).

In order to compute the contribution of the above field to the effective action, we expand Y

in terms of a flat chiral Yj, that is

D,iYo=0

We also work in supergauge where (from the complex conjugate of (4.51))
bi1 = DH(ZJ + iD—U_)
This gives us an expression for T
T=(X+:iD_U")
It is of interest to expand the action (7.22) in components. Let

y = 3 (Yo+Yy)

L 0]
The action is given (in supergauge) by

5= / Pa( {a(yd ) - byRe_)}
—az{& [Dy1, Dy1)(6- + D_X)| +id, 2 U|}

—be{g; [Ds1, Dyi)(¢- — D-E)| —i0,2U[}) + -

(7.23)

(7.24)

(7.25)

(7.26)

(7.27)

(7.28)

where the ellipsis refers to terms coming from Sy and the fermionic partners of y and z. As

expected y couples to the Lorentz curvature through the Green-Schwarz term. The other

term involving y is the CS term (after integrating by parts).

There are two non-local contributions to the one-loop effective action from (7.22). One

is the one-loop contribution from Sy which can be trivially obtained from the results of the

previous section. This is possible since the graphs corresponding to Sy are the same as in
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figure (1a) with the Yy fields running through the loop. All one has to do is replace D by
(D+1)in I'css (equation 6.35) in order to include this contribution to the effective action.
The Chern-Simons and Green-Schwarz terms make contributions to the one-loop effective

action by means of tree diagrams given in figure 2. The propagator for Y} is given by

YoV (2)) = 02 (e - ) (7.29)

The contribution of the Chern-Simons and Green-Schwarz terms as given by the above graphs
is

— 2 DD
Las = U@/dz{(%h—ﬂl)ﬂhjr}

n(a—2b)2 / . { (DzlzﬂU_) DHU-} (7.30)

On including all the contributions to the non-local part of the effective action, we obtain

Dot = Legpt+Tas (7.31)
_ ((11—67?> _n(a‘;b) )/dz{(%h—+)l)+lh—+}
((2D+4é\7fr—24) +n(a—25) )/dz{(%U—)DHU—} (7.32)

We repeat the analysis of the last section to make the one-loop effective action to be invari-
ant under residual supercoordinate transformations (4.45) and residual U(1)-Weyl transfor-
mations (4.47). We shall attempt to do so by adding local counterterms as given in equation
(6.36). This is not possible unless, we demand

(D— N +21)

ab=—n——5s

(7.33)

Now, unlike in the previous section D and N are arbitrary. The Green-Schwarz mechanism
makes it possible to cancel the supercoordinate(Lorentz) anomaly without fixing either D

or N. Now by adding local terms we can make I';,; invariant under residual supercoordinate
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transformations. We obtain

(1-D) 1

P = {5 —nla+ 82} [ dsRn R (7.34)

The above action is not invariant under residual U(1)-Weyl transformations (4.47). We can
achieve this by choosing

D =1—8mn(a+b)* (7.35)

So by appropriately choosing a, b, we can make the theory superconformally invariant. The
new couplings imply that D and N are not constrained anymore. What are the implications
of this freedom? First, it can be seen (from the component Lagrangian (7.28)) that for a = 0
corresponds to the linear dilaton coupling proposed by Myers [15] and extended by others
[16]. It can also be seen that for D > 1, that 7 = —1 which implies that Y has a timelike
kinetic energy term. For a,b # 0, as in Myers [15], one expects shifts in the conformal
dimensions of vertex operators involving the superfield Y. The new feature for arbitrary a, b
is that the conformal dimension is different for the left and right handed sectors (that is the
dimension is of the form (h, h’) with h # h'). Its connection to non-critical strings would lie

in being able to give the superfield Y a suitable interpretation. This is being studied.

8 Conclusion

In this paper, we have studied the extended (2,0) heterotic supergravity and obtained the
anomaly structure. We find that the critical dimension 2 and we also need 22 chiral fermions.
This number is not altered by the presence of the gauged U(1). presented a Green-Schwarz
mechanism in two dimensions. Interesting questions are its relevance to non-critical strings
for arbitrary a, b(the coefficients of the Chern-Simons and Green-Schwarz terms). It would
be interesting to study the symmetries of this theory using deformations of the stress-tensor
as in [1]. Finally, it is of interest to know the effect of including non-trivial monopole

configurations to the theory. This is being studied.
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Appendix

A Notation

In flat superspace, the coordinates are 24 where A = (4, —,+1,+1). The flat covariant

derivatives D4 are given by

D, = 04 (A.1)
D_ = 0 (A.2)
D,y = 04+ 0, (A.3)
Dy = 0.1+140 o, (A.4)
Chiral Superfields are defined by
D, iB=0 (A.5)

where B is a generic superfield. Chiral superfields have the following component expansion
B = By + 0t" By, + i+t 0, B, (A.6)

Complex conjugation:

In heterotic superspace, we cannot define hermitian conjugation. We define complex conju-

gation using the following rules.

(ot = g1 (A7)
(Di1)* = —(Ds1) (A.8)
(A B)* = B* A* (A.9)
(DA) = —(A"Dy) (A.10)

where A and B are arbitrary superfields.
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B (p,q) supersymmetry algebra

We are working with in the lightcone coordinates with metric n,_ = —1. P,, are the
generators of translations, Qi and Q! are the generators of supersymmetry. The indices
m,n are vector indices, +, — are spinor indices (in the Majorana-Weyl representation) and
I,J (I',J") count the number of left(right) supersymmetry generators with I,J =1,...,p

(I',J'=1,...,q). The (p,q) super-Poincare algebra [17] is then given by

[P, P = 0 (B.1)
{QL.Q1} = 2P.s" (B.2)
{Q.Q7y = 2pP.§"” (B.3)
{@L.Q’y =0 (B4)
(@ Pn] =0 (B.5)

The supersymmetry algebra is completed by including gauge groups. There exist two
types of groups, those that act trivially on the Q’s and those which act non-trivially on the
Q’s. We will restrict ourselves to the latter groups which will be referred to as R-symmetry

groups. Let R, represent the generators of the group. The algebra now includes

[Raa Rb] = ifabcRc (B6)
[Q{H Ra] — éai@i (B7)
|:QI—I> Ra:| = Ruang{/ (B8)

[Pn, Ry = 0 (B.9)

where f,,° is the structure constant of the group and R (R) is the matrix representation of

T, in the space indexed by I,J (I',J’). By demanding that equations (B.2),(B.3), and (B.4)
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be preserved we find that the following relation has to be satisfied.
5157 oKL 1J
RaLRaK(S =90 (BlO)

The largest possible group which preserves the p x p matrix is O(p). This implies that
the largest possible R-symmetry group is O(p) x O(q), where the group O(p) (O(q)) acts
trivially on the left (right) supersymmetry generators. We would like to emphasise that the
R-symmetry groups are not your usual gauge groups but correspond to an extension of the
structure group from SO(1,1) to SO(1,1) x O(p) x O(q). Specialising to the case of (2,0),
the structure group is then SO(1,1)x O(2).

C Expanding covariantly chiral fields in terms of flat chiral fields :

In this appendix we shall solve for a (generic) covariantly chiral superfield B in terms of a

flat chiral superfield By. Let B have Lorentz charge ‘q’. We express B as follows
B = By + f(By, hz™?) (C.1)
where f satisfies f(By,h =0) =0 and f(By = 0,h) = 0. We have
V,iB=0 (C.2)
Expanding to linear order in hg” and substitute (C.1) , we obtain
Diif —hi®* DBy + q¢,1By =0 (C.3)
We now solve for f as a bilinear in By and h”. We obtain
f(Bo,hg™) =V (D_By) — gh-" By + q(D_V™)By — & hy1" (D41 By) (C.4)
where we have used hy1~ = D 1V~ and ¢ 1 = D,ih_~ — D_h_ ;. This gives

B=By+V (D_By) —qh_ "By +q(D_V")By — & hy1*(Dy1By) (C.5)
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This gives the expansion of a covariantly chiral superfield in terms of a flat chiral superfield
to linear order in hp”*. The above expansion would be modified if the superfield B carries a

U(1) charge.
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Figure Captions

Figure 1: Graphs leading to non-local terms in the one loop effective action.

Figure 2: Graphs obtained from the Chern-Simons and Green-Schwarz terms.
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