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LEFT TRANSLATES OF A SQUARE INTEGRABLE FUNCTION
ON THE HEISENBERG GROUP

R. RADHA f AND SASWATA ADHIKARI

ABSTRACT. The aim of this paper is to study some properties of left translates of
a square integrable function on the Heisenberg group. First, a necessary and suf-
ficient condition for the existence of the canonical dual to a function ¢ € L?(R?")
is obtained in the case of twisted shift-invariant spaces. Further, characterizations
of £?-linear independence and the Hilbertian property of the twisted translates of
a function ¢ € L?(R?") are obtained. Later these results are shown in the case of
the Heisenberg group.

1. INTRODUCTION

A closed subspace V' C L?(R) is called shift-invariant if f € V = 7.f € V for
any k € Z. Characterizations of shift-invariant spaces in terms of range functions
were studied on R™ by Bownik in [3]. These types of characterization problems were
obtained for locally compact abelian groups in [4, 9] and for non-abelian compact
groups in [12]. In [I], the authors introduced bracket map on the polarized Heisen-
berg group H7, using the group Fourier transform and obtained characterizations
of orthonormal system, frames and Riesz basis consisting of left translates of ¢ in
L2(Hgol) in terms of the bracket map. In [6], Currey et al generalized some re-
sults of [3] to shift-invariant spaces associated with a class of nilpotent Lie groups.
The concept of the bracket map has been generalized in [2] to include any non-
abelian discrete group I' using its unitary representations and L' space over the
non-commutative measurable space vNa(I"), which is the compact dual of I' whose
underlying space is a group von Neumann algebra. Using this bracket map, charac-
terizations of orthonormal basis, Riesz basis, frames were obtained for shift-invariant
spaces in a Hilbert space H given by the action of a non-abelian countable discrete
group T'. In [I3]|, Luef provided a connection between the construction of projec-
tions in non-commutative tori and the construction of tight Gabor frames for L?(R).
Recently, the authors obtained characterizations of orthonormal system, Bessel se-
quence, frame and Riesz basis of twisted shift-invariant spaces in terms of the kernel
of the Weyl transform in [I0]. Similar characterizations are obtained in the shift-
invariant spaces associated with a countably many mutually orthogonal generators
on the Heisenberg group in [11].
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Hernandez et al have provided a necessary and sufficient condition for the existence
of the canonical dual to a function ¢ € L*(R) in [8]. Further, characterizations of
¢*-linear independence and the Hilbertian property of {7x¢ : k € Z} were obtained
in terms of the Fourier transform. The aim of this paper is to obtain similar type of
results on the Heisenberg group in terms of the group Fourier transform. In order to
obtain our results on the Heisenberg group, we first prove all these results in twisted
shift-invariant spaces on R?*". Since L!(H") is a non-commutative group under
convolution and L!'(C") is a non-commutative group under twisted convolution, in
order to obtain analogous results, as in the Euclidean case (as per [§]), we make use
of a condition called “condition C". This condition roughly means that a non-trivial,
non-central translate of p € L?(H") yields a periodizing (operator valued) sequence
on the Fourier transform side that is orthogonal to that of ¢. As mentioned earlier,
we first prove the results in the case of a twisted shift-invariant space on R?*"* and
then extend to a shift-invariant space on H".

The Heisenberg group H" is a nilpotent Lie group whose underlying manifold
is R™ x R™ x R, where the group operation is defined by (z,y,t)(z/,vy',t') = (x +

1
oy +yt+t+ é(x'.y — y'.x)) and the Haar measure is the Lebesgue measure

dzdydt on R™ x R™ x R. Now it is clear that {(2k,l,m) : k,l € Z",m € Z} is a
discrete subgroup of H". By Stone-von Neumann theorem, every infinite dimensional
irreducible unitary representation on the Heisenberg group is unitarily equivalent to
the representation 7y, A € R*, where 7, is defined by

(@, y, 1) p(€) = ETNTNEE TV (e ),

where ¢ € L?*(R™). In order to study shift-invariant spaces on H", we need to make
use of the representation theory of H". The group Fourier transform on H" is defined
to be

f()\) :/f(a:,y,t)m(a:,y,t)d:cdydt

for f € L'(H"). More explicitly, f(A) is the bounded operator acting on L?*(R™)

~ ~

(ie., f(A) € B(L*(R"))) given by f(A)¢ = /f(x,y,t)ﬂA(:p,y,t)cpdxdydt, where the

H»
integral is a Bochner integral taking values in the Hilbert space L*(R™) . Further,

~

1M < 11|z .-
Define fA(z,y) = / f(z,y,t)e*™ dt to be the inverse Fourier transform of f in the
R

t-variable. Thus f(A) = [ fz,y)m(2,y,0)dzdy. One can write f()\) = Wi(fY),

R
where W, (f) is given by

wwﬂ:/?mwm@@mmw,
R2n
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for f € L'(R*").

In many problems on H", an important technique is to take the partial Fourier
transform in the t-variable to reduce the study to the case of R?". In particular, for
f,g € L*(H"), the convolution of f and g on H" is defined to be

(f # g)(2.1) = / F((2 1), 5) V)g(w, s)dwds,

This group convolution on H” can be reduced to R?" as a non-standard convolution,
known as twisted convolution. For f, g € L'(R*"), the twisted convolution of f and
g is defined to be

(fxm@%=/f@—wMWEmM”Ww

If we define f#(z,t) = e 2™ f(z), then one can show that f# x g# = (f x g)".

Further, for f,g € L*(H"), one has m(A) = f()\):q\()\), A € R*, as in the case of
Euclidean Fourier transform. This leads to W (f x g) = W(f)W (g), where

LWﬁzjfwww@wmw,

called the Weyl transform of f € L*(R*?), by taking A = 1 in Wy (f) and by writing
7T(ZL‘, y) = 77—1(1‘7 Y, 0)

Thus in order to study shift-invariant spaces on H", we consider the twisted shift-
invariant spaces on R?". Let .Z be a discrete subgroup of the Heisenberg group H"
such that H"/.# is compact. In other words, .Z is a lattice in H". For ¢ € L*(H"),
the principal shift-invariant space, V' (¢), is defined to be span{ L,y : | € £}, where
Lip(X) = p(I7'.X), X € H". However, for the sake of computational convenience
the standard lattice {(2k,l,m) : k,l € Z™,m € Z} is taken in place of .Z. Hence for
¢ € L*(H"), V() is taken to be the closed linear span of the collection { Lok m)¢ :
k,l € Z",m € Z}. In order to study the left translations on the Heisenberg group,
we consider the twisted translations on R**. For ¢ € L*(R*"), (k,l) € Z*", we define
the twisted translation of ¢, denoted by T('fkl)(p, as

T(tk7l)g0($‘, y) = eﬂi(x.l—y.k)sp(x - ka Yy — l)7 ("L‘a y) € Rzn'

Using this definition, the twisted shift-invariant space of ¢, denoted by V(yp), is
defined to be the closed linear span of {7, ¢ : (k,1) € R*"} in L*(R*").

We shall now mention a few more properties of Weyl transform and group Fourier
transform on H", which will be used in the sequel. The Weyl transform of a function
f € L*(R*) can be explicitly written as

W(e() = | fla,y)e™ @&+ y)dady, p € L(R"), z =z +iy,
R2n

which maps L!(R?") into the space of bounded operators on L?(R"), denoted by
B(L*(R™)). The Weyl transform W (f) is an integral operator with kernel K (&,n)
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given by
[ = ge s
R?’L

This map W can be uniquely extended to a bijection from the class of tempered
distributions S’(R?") onto the space of continuous linear maps from S(R™) into
S'(R™). If f € L*(R*), then W(f) € By(L*(R"™)), the space of Hilbert-Schmidt
operators on R™. For f, g € L*(R*"), we have

(W), W (g))s, = (f, 9) rareny = (Ky, Kg) r2(gen). (1.1)

The group Fourier transform is an isometric isomorphism of L*(H") onto L*(R*, By;
dp) , where By denotes the space of Hilbert-Schmidt operators on L*(R"™) and
du(X) = |M\|"d\. For f,g € L*(H"), we have

(h9) = [T AN = [V Walg D Adx (12)
R R
We refer to Thangavelu [I5] for further details on H".

The paper is organized as follows. In section 2, we provide required definitions
and statement of some results which are available in the literature. In section 3,
we study the canonical dual to a function in twisted shift-invariant spaces on R?".
In section 4, we obtain characterization for the twisted translates in L?(R?") to be
(*-linearly independent. In section 5, we provide characterization for the twisted
translates to be Hilbertian. In this case, we show that there exists ¢ € L*(R?") such
that {T(tk’l)gé : (k,1) € Z*} is Besselian. In section 6, we obtain these results on the
Heisenberg group.

2. PRELIMINARIES
Let H be a separable Hilbert space.

Definition 2.1. A sequence {fy : k € Z} in H is called a Bessel sequence for H if
there exists a constant B > 0 such that

STUL P < BIfI? Vf e

kEZ

Definition 2.2. A sequence {fy : k € Z} in H is called a frame for H if there exist
two constants A, B > 0 such that

AP <YK f)? < BIFIP, VfeH.
keZ

Definition 2.3. A sequence {fy : k € Z} in H is said to be (*-linearly dependent if

there exists a non-zero sequence {cy} € (*(Z) such that > cfr, = 0. If the sequence
keZ

{ci} is mot (*-linearly dependent, then it is said to be (*-linearly independent.

For a study of of frames we refer to [5] and [7].
We shall make use of the following definitions and results which were given in [10].
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Lemma 2.1. Let ¢ € L?*(R?*"). Then the kernel of the Weyl transform of T(tw)cp
satisfies the following relation.

(k l)‘P(g 77) =e" ) kK (§+l 77) (2'1)

Definition 2.4. For ¢ € L*(R®"), the function w,, is defined as follows.

w) = Y [ IKele+mon)dn, ¢ R

mEZ"Rn

Definition 2.5. A function ¢ € L?*(R?*") is said to satisfy “condition C” if

Z/K (E+mn)Ky(§+m+1,n)dy=0ae &cT" forallleZ"\ {0}

mEZ"Rn

Theorem 2.1. [10] If {T} ¢ : (k,1) € Z*"} is a Bessel sequence in L*(R*") with
bound B, then w,(§) < B a.e. £ € T". Conversely, suppose wy(§) < B a.e.
¢ € T™. If, in addition ¢ satisfies condition C, then {T} et (k1) € Z*"} is a
Bessel sequence in L*(R*™) with bound B.

Let ¢ € L?(R?*") be such that ¢ satisfies condition C. Suppose A’(p) = span{T(tk’l)go

. (k,1) € 2"} and Vi(p) = At(p). Consider f € Al(p)ie, f= > ey Tl iy e
(K 1)eF
where JF is a finite set. Define p(§) = {p, ()}, _,. for & € T", where p,(§) =

ch/ l/67ri(2£+l,)'k,' Define Jcp(f) =p. In particular, taking f = T(tk ), one has
54 ’ )

J@(T{,CJ)@)(g) = (...,0,...,0,emkRe2mkE o 0,...) (2.2)
with e™-ke2™k-¢ in the [th position a.e. & € T™.
Proposition 2.1. [10] The map J, initially defined on A'(p) can be extended to an
isometric isomorphism between V*'(p) and L*(T", (*(Z"), w,).

Moreover, it was proved that f e Vi(p ) if and only if

rezn
where p(€) = {9, &)}y and p € LT, B(Z7), ).
The following equation (24 appears in the proof of Theorem 3.5 in [10].
Lemma 2.2. Let {c, , : (k,1) € Z*"} be a finite sequence and ¢ € L*(R*") be such
that ¢ satisfies condition C’ Then

ZCTM

(k1)eF

ﬂil.ke27rik.£

w (©de,  (24)

k.l

LQ(RQn
where F denotes a finite set.

Now, we shall give some definitions and results which are also given in [IT].
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Definition 2.6. For ¢ € L*(H") and (k,1) € Z*", the function GY, is defined as
follows.
GEN) = B0+, Ly gk g A+ 117 Ae (0,1, (25)
reZ

In fact, originally in [11], the function Gy, was defined in terms of the kernel of
W,. Later it was shown that G}, turns out to be (Z.35).

Definition 2.7. A function ¢ € L*(H") is said to satisfy “condition C” if G} /(X) = 0
ae. A€ (0,1], ¥ (k1) € Z2"\ {(0,0)}.

Remark 2.1. In order to show that a function ¢ € L*(H") satisfies condition C,
it is enough to show that all the Fourier coefficients of Gf’l vanish when (k,1) €

727\ {(0,0)}. But

1

Gf,z(m) = /Gf,z()‘)e_zmm)\d)‘ = (¢, L(Qk,l,m)(p>L2(Hn)' (2.6)
0

Thus it is enough to show that (@, L =0, Vm € Z, whenever (k,1) # (0,0).

(2k,l,m)g0>

Examples 2.1. We shall first provide some examples of functions in L*(H) which
satisfy condition C.

1. Let o(z,y,t) = X[o,z}(x)x[o,u(y)h(t)’ where h is an arbitrary function in
L*(R). Then

1
Ly (@:9:) = ol = 2k,y = 1t —m + o (2ky — 21))
z

= Xo2(@ = 2k)x (Y = DAt —m +ky — 52)

[
X[Qk’%“](:p)x[l,lﬂ} (y)h(t —m + k‘y _ §x)

Since for (k,1) # (0,0),[0,2]x[0,1] ) [2k, 2k+2] x [I, 1+1] = 0, it follows that
(e, L(%,l,m)@ =0, Vm € Z. Then from [2.6), we get G} ;(m) =0, Vm € Z
whenever (k,1) # (0,0). Thus ¢ satisfies condition C.

In [11], we have proved the theorem that {L(zklm)go : (k,I,m) € Z*"*1} is
an orthonormal system in L*(H") if and only if G§,(A) = 1 a.e. A € (0,1]

and ¢ satisfies condition C. Thus it is meaningful to give an example of a

function ¢ which satisfies condition C but {L(Zk’l’m)cp : (k,l,m) € Z*"T1} is

not an orthonormal system. This is illustrated in Example 2 and Example

3.
2. We take h(t) = et t € R, in Example 1. For this function h, the correspond-
ing ¢ satisfies (i, L(07071)<p) # 0. Hence {L k) P (k,l,m) € Z**t'} does

not form an orthonormal system in L?(H).
3. Instead of e™**, one can take e ! or in general any h € L*(R) for which

fh h(t — 1)dt # 0. Then (¢, L 001)% ) #0.
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4. Let ¢(z,y,t) = f(x)g(y)h(t), where supp f()supp 7, W= 0, V k+#0and
supp g(\supp 1,9 =0, V1 #0, h € L*(R). Then the same proof discussed
in Example 1 can be used to show that ¢ satisfies condition C. Again as an
example, we can take

1
e ©(2-2) O<xr<?2
€T = ? )
/(@) { 0, otherwise,

and

1
e =0-2) 0<z <1,
0, otherwise,

and h(t) = e ¥, t € R.
Now we shall provide examples of functions in L*(H), which do not satisfy
condition C.
5. Let ¢(x,y,t) = X[o,3}<x)x[o,1}<y)h<t)’ where h is an arbitrary function in

L*(R). Then it can be shown that

(¢, (200 // h(t + y)dtdy.

Choose h in such a way that the above integral is non-zero. For example, we
can take h(t) = sinct, t € R. Then

1
Sinmy

(. Ly g.0)#) = / o >0,
0

Thus from (26), we have G7,(0) # 0, showing that ¢ does not satisfy
condition C. 7
6. More generally, let p(z,y,t) = f(x)g(y)h(t), where the value of both the in-
tegrals [ f(z)f(z — 2)dx and ff lg(y)|*h(t)h(t + y)dtdy are non-zero. Since
R

(¢, L(27070)<p) # 0, ¢ does not satlsfy condition C. For example, we can take
f(z)=el 2 R, h(t) = sinct, t € R and
o) _{#1, y€2n,2n+1], n=0,1,2,...,

0, otherwise.

Remark 2.2. Let m =0 in (2.6). Then we have
1

/Gf,l()\)d)\ = <()07 L(2k7l70)90> < 00,
0

which shows that the function G (), defined in (23), is finite a.e. A € (0, 1].

The following theorem is a consequence of Theorem 4.1 in [I1]. For its proof, we
refer to [11].
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Theorem 2.2. ]f{L(% . (k,l,m) € Z*"'} is a Bessel sequence in L*(H") with
bound B, then G§y(\) < B a.e. X € (0,1]. Conversely, suppose G§y(A) < B a.e.
A € (0,1]. If, in addition ¢ satisfies condition C, then {L k,l,m) € Z*"*1}

is a Bessel sequence in L*(H") with bound B.

@k m) P (

Let ¢ € L*(H") be such that ¢ satisfies condition C. Suppose A(p) = span
{Lipyme © (klm) € ZP"1}. Then V(p) = A(p). Let f € Alp) ie., f =

> ck,J,’m,L(%,J,m,)go, where F is a finite set. Define p(\) = {pk,’l,()\)}(k,vl,) for

(k' 1/ ;m/)eF
A € (0,1], where

pk:’,l’()\) = ch/’l/’m/€2ﬂ—im/>\' (27>

m/

Define Jso<f) = p.

Proposition 2.2. The map Jw initially defined on A(p) can be extended to an
isometric isomorphism between V() and L*((0,1], 0*(Z*"), G§ ).

(The above result has been proved for a more general case in [I1]. However, for
the sake of completeness, we provide the proof here.)
Proof. Let f € A(p). Then
FA) = Z o 1 L o 1, PA)

(k"1 /) EF

— E c e?wim’)\L - ()\)
k'l m! (Qk’,l’,O)(‘O

G /
k' m

= Zpk/,l/(A)L(2k/,l’,0)gp()\)’ (28)

KU

using @7) and () = {p,,, ()},

Conversely let p(A) = {p,, l,()\)}(k/ Ner where p,, ,(A) is given by [2.7). Define
f= " l,%,)efCk’,l',m’L(2k’7l’,m’)(p' Then f € A(p). Thus we see that there is a one

to one correspondence between A(p) and the collection of functions of the form p.
Further, we have

2

IA1* =

Z Ck/,l/,me(zkf,z/,m/)w
(K. m"\eF

1
o 2mim/ A
S [
m, b b

kU

ZGSO()\)d)\. (2.9)
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In fact,
2
’ Z Ck',z',m'L(zkf,l/,m/)‘p
(k' ' ;m!)eF L2(Hn)
2
— / Z Chr 1t (zk’ ", ,)QO(A) IA*dA
KU m Bs
; 2
~ [ S L) ey
o rez Wy Bs
| 2
— 2mim’ - n
- X E (S s s
o reZ kY ' Bs
= 2mim/ A n
—/zz(zmu Vet el e
reZ kU
27mm A
! /Z Z <<Z et © )L(Qk u0¥ (A7),
T€L (ky,l1)# (K5, l5)
27m'm’)\ - n
(ch;,’ )L(Qké,lé,o) ()‘+T)>BQ‘)‘+7" dA, (2.10)
using (L2)). Now, using (2.5]) and the fact that ||L 2.0 o(A )|| ||(,5()\)||82’ Vikic

Z™, the first term on the right hand side of ([?:II]]) becomes

/ZZZWHMA

re?Z k'\'" m’!

||L(2k/ v O)SO(A + T) ||82 |>\ + 7n|nd)\

- / S| S| S IEO I, A+ ol
0 kY m! reZz
L 2

B / 2| 2 ™| GO (2.11)
0 kU m/

The second term on the right hand side of (210 is

E E e27ri(m’1 —mb)A
k’l,lll, ké,lé, !

(k1,1 #(KS l/)ml,m2

X Z <2kavz;, P+ 1), Ly, A+ 1)) [N+ 7["dX =0,

reZ
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as ¢ satisfies condition C. Thus (2.9) follows from (Z.I0) and (2I1]). Then, using
2.7), we have

1 1
17 =3 [ 100 OEGENAN = [ 160 o Gy ()
KU 0

2
= ||P||L2((o,1]7z2(z2n),(;g0)-

Hence J(ip) is an isometry. Using density argument this isometry can be extended
to the whole of V(¢). Moreover from (2.8)), we have f € V(¢) if and only if

f(A) - Z pk",l’()\)L(Zk",l’,O)SO(A)’ (212)
K lezn
where p(\) = {pk’,l’<)\)}(k’,l’)ez2" and p € L*((0,1], 2(Z*"), G ). O

The following definitions and results are in accordance with [§].

Definition 2.8. An element ¢ € H is said to be a canonical dual to the system
{f, ke Ztif(f,p) = 0,0 Vk€Z. Incase if f, is generated from a single
function f by some transformation, then ¢ is called a canonical dual to f.
Definition 2.9. A sequence {f, : k € Z} in H is said to be Besselian if Y c, f, is
keZ

convergent implies {c, } € (*(Z).

Definition 2.10. A sequence {f, : k € Z} in H is said to be Hilbertian if {c, } €
(*(Z) implies kgzckfk converges.

Lemma 2.3. Suppose a measurable non-negative function s on T" satisfies sm €
LY(T™), whenever m € L'(T"), then s € L>=(T™).

The following theorem is in accordance with Remark 2.3 of [14].

Theorem 2.3. For every measurable subset A C T" with A(A) > 0, A(A°) > 0,
there exists non-zero f € L*(T") such that

(1) supp f C A;
(2) there exists M > 0 such that HSn(f)HLoo(Tn) < M for alln € N, where S _(f)
denotes the nth partial sum of the Fourier series of f.

3. CANONICAL DUAL IN TWISTED SHIFT-INVARIANT SPACES

The following theorem gives a necessary and sufficient condition for the existence
of the canonical dual to ¢ in L?(R?*") under condition C. We recall Definition
Accordingly, we say that a function ¢ € L?(R?") is said to be a canonical dual to a
function ¢ in L?(R?") if (T(tkl)cﬁ, ) = 5(1@,1)7(070) holds for every k,l € Z™.

Theorem 3.1. Let ¢ € L*(R*") be such that ¢ satisfies condition C. Then there
exists a canonical dual ¢ to ¢ that belongs to V() if and only if w%o e LY(Tm).

. . _ 1
Moreover, in this case, K¢(§,n) = —ww(g)Kv(f,n).
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4. NON-REDUNDANCY PROPERTY OF TWISTED TRANSLATES IN L?(R*")
In the following theorem, we shall show that under condition C, the condition
ww(f ) >0 a.e. £ € T" is sufficient for the collection consisting of twisted translates
of ¢ € L*(R*") to be non-redundant.

Theorem 4.1. Let ¢ € L*(R*") be such that ¢ satisfies condition C. Suppose
w (§) >0 a.e. £ €T, Then {T(y ¢ (k1) € 7"} s (2~ linearly independent.

In the following theorem, we shall prove that the converse of the above theorem
becomes true without using condition C but under an additional assumption that
{The: (k1) € Z*"} is a Bessel sequence.

Theorem 4.2. Suppose {1, ¢ : (k,1) € Z*"} is a Bessel sequence with bound B
that is (*-linearly independent. Then w (f) >0 a.e £eTm.

Now we shall prove the converse of Theorem ELT] without assuming that {77, N
(k,1) € Z*"} is a Bessel sequence in Theorem @
Theorem 4.3. Let 0 # ¢ € L*(R*™). If {Tf ¢ : (k1) € Z°"} is (-linearly
independent, then w¢(§) >0 ae €T,

5. TWISTED TRANSLATES AS BESSELIAN AND HILBERTIAN SEQUENCES IN
L2(R2n)
In this section, we shall obtain the characterization for the collection {T(tk ne
(k,l) € Z*"} to be Hilbertian. Towards this, we have the following theorem.

Theorem 5.1. Let @ € L?(R?*™) be such that ¢ satisfies condition C. Assume that
w% € LY(T"). If{T{, ¢ : (k1) € Z°"} is Hilbertian, then Hw¢||oo < 00

Now we shall prove the converse of Theorem [G.11

Theorem 5.2. Let o € L*(R*") be such that ¢ satisfies condition C and w%o €
LY(T™). Assume that lw I, < oo. Then {T4, e+ (k1) € Z°"} is Hilbertian.

Combining Theorem [5.1], Theorem [5.21and by taking B = ngp”OO in Theorem 2.1]
we get the following theorem.
Theorem 5.3. Let o € L*(R*") be such that ¢ satisfies condition C and w%p €
LY(T™). Then the following are equivalent.
(a) {T(, e« (k1) € Z*"} is Hilbertian.
) Jlu I < .
(c) {T{k71)<p : (k,1) € Z*} is a Bessel sequence.

Theorem 5.4. Let o € L*(R*™) be such that ¢ satisfies condition C and w%p €

LY(T™). If any one of the equivalent conditions of Theorem s true, then there
exists ¢ € Vi(yp), canonical dual to ¢ such that {T} ? (k1) € Z*"} is Besselian.
Moreover, if {T(tw : (k,1) € Z*"} is Besselian and if for each 1 € V(o) there

exists a sequence {c,_ } such that ¢ = > ¢, T(tkl @, then ||w%p||OO < 0
’ k,lezn
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6. RESULTS ON THE HEISENBERG GROUP

The following theorem provides a necessary and sufficient condition for the exis-
tence of the canonical dual to a function ¢ € L*(H") under condition C. We recall
Definition 2.8l Correspondingly, we say that a function ¢ € L?(H") is said to be a
canonical dual to a function ¢ in L?(H") if (L ) holds for

every k,l € Z",m € Z.

Theorem 6.1. Let ¢ € L*(H") be such that ¢ satisfies condition C. Then there
exists a canonical dual ¢ to ¢ that belongs to V() if and only if z— € L*(0,1].
0,0

(2k,l,m)¢’ p) = 5(k,l,m),(0,0,0

Moreover, in this case, p(\) = G%(A)@()\)
0,0

Theorem 6.2. Let ¢ € L*(H") be such that ¢ satisfies condition C. If Gf 4(X) > 0
a.e. X € (0,1], then {L(%lm)go : (k,1,m) € Z*"*1} is (2-linearly independent.

In the following, we state the converse of the above theorem without proof. The
proof will be similar to the proof of Theorem [4.3]

Theorem 6.3. Let 0 # ¢ € L*(H"). Assume that {L(%lm)@ :(
C*-linearly independent. Then G§o(X) >0 a.e. X € (0,1].

As in the case of twisted translation, by taking B = [|G{l|__ in Theorem 2.2] we
can show the following theorem.

k,l,m) € Z* '} is

Theorem 6.4. Let ¢ € L*(H") be such that ¢ satisfies condition C and z— €
0,0

LY(0,1]. Then the following are equivalent.
(a) {L(lem)cp : (k,1,m) € Z*"*'} is Hilbertian.
(b) G2l < oo.
(c) {L(%lm)(p : (k,1,m) € Z*"*1} is a Bessel sequence.

Theorem 6.5. Let o € L*(H") be such that ¢ satisfies condition C and G%p €
0,0

LY0,1]. If any of the equivalent conditions of the above theorem holds, then there
exists ¢ € V(p) such that {L(%,l’m)cﬁ : (k,1,m) € Z**1} is Besselian.

Moreover, if {L(lem)go . (k,l,m) € Z*"*'} is Besselian and if for each ¢ €

V(g), there exists a sequence {ckl’m} such that ¥ = " )EEIZ%H Ck,z,m[’(zk,z,m)% then

eIl < oo.
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