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COHOMOLOGY OF TORUS MANIFOLD BUNDLES

JYOTI DASGUPTA, BIVAS KHAN, AND V. UMA

Abstract. Let X be a 2n-dimensional torus manifold with a locally standard T ∼=
(

S1
)

n

action whose orbit space is a homology polytope. Smooth complete complex toric varieties and
quasitoric manifolds are examples of torus manifolds. Consider a principal T -bundle p : E → B

and let π : E(X) → B be the associated torus manifold bundle. We give a presentation of the
singular cohomology ring of E(X) as a H∗(B)-algebra and the topological K-ring of E(X) as
a K∗(B)-algebra with generators and relations. These generalize the results in [17] and [19]
when the base B = pt. These also extend the results in [20], obtained in the case of a smooth
projective toric variety, to any smooth complete toric variety.

1. Introduction

A torus manifold is a 2n-dimensional manifold acted upon effectively by an n-dimensional com-
pact torus with non-empty fixed point set. Smooth complete complex toric varieties and quasitoric
manifolds are examples of torus manifolds. The notion of torus manifolds was introduced by A.
Hattori and M. Masuda in [14]. In [17] M. Masuda and T. Panov studied relationships between
the cohomological properties of torus manifolds and the combinatorics of their orbit spaces. The
topological K-ring of the torus manifolds with locally standard action and orbit space a homology
polotope was described by P. Sankaran in [19].

Let p : E → B be a principal bundle with fibre and structure group the complex algebraic torus
T ∼= (C∗)n over a topological space B. For a smooth projective T-toric variety X , consider the
toric bundle π : E(X) → B, where E(X) = E ×TX , π([e, x]) = p(e). In [20], the authors describe
the singular cohomology ring of E(X) as a H∗(B)-algebra. Furthermore, when B is compact
Hausdorff, they describe the topological K-ring of E(X) as a K∗(B)-algebra.

In this paper we consider p : E → B to be a principal bundle with fibre and structure group
the compact torus T ∼=

(
S1
)n
. We assume that B has the homotopy type of a finite CW complex

so that H∗(B) and K∗(B) are finitely generated abelian groups. Without loss of generality, we
further assume that B is compact and Hausdorff. Let X be a 2n-dimensional torus manifold with
a locally standard action of T such that the orbit space Q := X/T is a homology polytope. We
call the associated bundle π : E(X) → B a torus manifold bundle, where E(X) = E ×T X . In
Theorem 3.3 we give a presentation of the singular cohomology ring of E(X) as a H∗(B)-algebra.
A presentation of the topological K-ring K∗(E(X)) as a K∗(B)-algebra is obtained in Theorem
4.7. As an application, we describe the cohomology ring and K-ring of toric bundles for a smooth
complete toric variety in Corollary 5.2 extending the results in [20].

The method of proof for Theorem 3.3 exploits the known presentation of the cohomology ring
[17, Corollary 7.8] when the base B is a point. Applying the Leray-Hirsch theorem in cohomology
we first prove that H∗(E(X)) is a free module over H∗(B) of rank χ(X). Then we construct
a surjective H∗(B)-algebra homomorphism from R(B, (Q,Λ)) (see Definition 3.1) to H∗(E(X)).
Here Λ denotes the characteristic map of the torus manifold (see Section 2). To verify that this
algebra homomorphism is injective, we recall from [17] that the equivariant cohomology ring which
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is isomorphic to the face ring of Q, is a free H∗(BT )-module of rank χ(X), where BT denotes the
classifying space of principal T -bundles. We then canonically extend the scalars of the face ring to
H∗(B) and use that it is a finitely generated abelian group to conclude injectivity.

Similarly, the method of proof for Theorem 4.7 exploits the known presentation of the topological
K-ring [19, Theorem 5.3] when the base B is a point. Applying the Leray-Hirsch theorem in K-
theory we first prove that K∗(E(X)) is a free module overK∗(B) of rank χ(X). Then we construct
a surjective K∗(B)-algebra homomorphism from R(B, (Q,Λ)) (see Definition 4.5) to K∗(E(X)).
Let M := Hom(T, S1) denote the character lattice of T and RT := Z[χu : u ∈ M ] the ring of
finite dimensional complex representations of T . In Proposition 4.4 we show that the K-theoretic
face ring of Q denoted by K(Q) (see Definition 4.1) is a free RT -module of rank χ(X), using
methods similar to [24] and [3] in the setting of smooth toric varieties. We then canonically extend
the scalars of K(Q) to K∗(B) and use that it is a finitely generated abelian group to conclude
injectivity. In the case of a smooth complete toric variety, the K-theoretic face ring is in fact
isomorphic to the algebraic T-equivariant K-ring [24, Theorem 6.4]. The authors believe that the
topological equivariant K-ring of any T -torus manifold is isomorphic to the K-theoretic face ring
but could not find it in literature. We prove this statement for a quasitoric manifold in a parallel
work [7].

In Section 6 we consider a torus manifold X with a locally standard action of T such that X/T
is not necessarily a homology polytope but only a face-acyclic nice manifold with corners (see
Section 2 for the definition). The equivariant cohomology ring as well as the ordinary cohomology
ring of X have been described by Masuda and Panov in [17, Theorem 7.7, Corollary 7.8]. Let
E(X) −→ B be the bundle with fiber X associated to the principal T -bundle over a topological
space B which is of the homotopy type of a finite CW complex. We generalize [17, Corollary
7.8] to give a presentation H∗(E(X)) as a H∗(B)-algebra in Theorem 6.1. Similar to Theorem
3.3 we prove this by using the Leray-Hirsch theorem and the known presentation of H∗

T (X) as a
H∗(BT )-algebra [17, Theorem 7.7]. We finally conjecture a similar presentation for K∗(E(X)) as
a K∗(B)-algebra. We note that difficulties arise in extending the result to this setting especially
because the cohomology ring H∗(X) is not generated in degree 2.
Acknowledgements: The authors are grateful to Prof. P. Sankaran for drawing our attention to
this problem and for his valuable comments on the initial versions of this manuscript. The first and
the second author thank the Council of Scientific and Industrial Research (CSIR) for their financial
support. The authors wish to thank the unknown referee for a careful reading of the manuscript
and for very valuable comments and suggestions which led to improving the text. The final section
has been added taking into account the referee’s suggestions. The extension of Theorem 3.3 to
Theorem 6.1 was also suggested by Prof. M. Masuda in a prior email correspondence. We are
grateful to him for this.

2. Notation and Preliminaries

We recall some notation and preliminaries from [17] and [19].

2.1. Torus manifolds. Let T ∼=
(
S1
)n

denote the compact n-dimensional torus. A 2n-dimensional
closed connected orientable smooth manifold X with an effective smooth action of T such that the
fixed point set XT is non-empty, is called a torus manifold. Since X is compact it follows that
XT is finite (see [18, Section 3.4], [5, Section 7.4]). A codimension-two connected submanifold is
called a characteristic submanifold of X if it is pointwise fixed by a circle subgroup of T . Since X
is compact, there are finitely many characteristic submanifolds, which we denote by V1, . . . , Vd. It
can be shown that each Vi is orientable. We say that X is omnioriented, if an orientation is fixed
for X and for every characteristic submanifold Vi. We fix an omniorientation of X .
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The T -action on the torus manifold X is said to be locally standard if it has a covering by T -
invariant open sets U such that U is weakly equivariantly diffeomorphic to an open subset U ′ ⊂ Cn

invariant under the standard T -action on Cn. The latter means that there is an automorphism
θ : T → T and a diffeomorphism g : U → U ′ such that g(ty) = θ(t)g(y) for all t ∈ T , y ∈ U .
Let Q := X/T be the orbit space and let Υ : X → Q be the projection map. If X is locally
standard, then Q becomes a nice manifold with corners (see [17, Section 5.1 p. 724] [5, Definition
7.1.3]). We denote by Qi the image of Vi under Υ for i = 1, . . . , d; these are the facets or the
codimension one faces of Q. A codimension-k preface is defined to be a non-empty intersection
of k facets for k = 1, . . . , n. The connected components of prefaces are called faces. We regard
Q itself as a face of codimension zero. We say that Q is face-acyclic if all its faces are acyclic
i.e. H̃i(F ) = 0, for every i, for each face F of Q. We say that Q is a homology polytope, if Q is
face-acyclic and all its prefaces are faces. This is equivalent to saying that Q is acyclic and all its
prefaces are acyclic (in particular, connected). In this case the intersection of r facets Qi1 , . . . , Qir

is a codimension r face F of Q. Equivalently non-empty intersections of characteristic submanifolds
are connected submanifolds of X . Unless otherwise specified, we shall assume henceforth that X
is a locally standard torus manifold with Q a homology polytope. Note that, H∗(X) is generated
in degree two if and only if X is locally standard and Q is homology polytope (see [17, Theorem
8.3]). For every characteristic submanifold Vi, there is a primitive element vi ∈ Hom (S1, T ) ∼= Zn

determined up to sign, whose image is the circle subgroup fixing Vi pointwise. The sign of vi is
determined by the omniorientation. Define the characteristic map Λ : {Q1, . . . , Qd} → Hom(S1, T ),
such that Λ(Qi) = vi. The local standardness of X implies that the characteristic map Λ satisfies
the following smooth condition: if Qi1 ∩ · · · ∩Qik is non-empty, then Λ(Qi1), . . . ,Λ(Qik) is a part
of a basis for the integral lattice Hom(S1, T ) ∼= Zn. Moreover, under our assumption of local
standardness and Q being a homology polytope, the manifold X is determined up to equivariant
diffeomorphisms by the pair (Q,Λ) (see [17, Lemma 4.5]).

Example 2.1. (1) Let T ∼= (C∗)
n
be the algebraic torus, M = Hom (T,C∗) ∼= Hom (T, S1)

be the character lattice, and let N = Hom (M,Z) be the dual lattice. Consider the smooth
complete T-toric variety X = X(∆) corresponding to a fan ∆ in NR := N⊗ZR

∼= Rn under
the action of the torus T. The orbit space of X under the action of the compact torus T (⊂
T) is the manifold with cornersX≥, which is formed by gluing (Uσ)≥ = Homsg(σ

∨∩M,R≥)

(see [10, Section 4.1]). For each ρ ∈ ∆(1), let vρ ∈ Hom (S1, T ) = N be the primitive ray
generator of ρ. The characteristic submanifolds are given by the divisors Dρ for ρ ∈ ∆(1),
these are fixed by the circle subgroups Image(vρ). In this case the characteristic map Λ is
given by sending (Dρ)≥0 to vρ. Since H∗(X) is generated in degree two by [6, Theorem
10.8], X≥ is a homology polytope.

(2) Another class of examples are quasitoric manifolds introduced by Davis and
Januszkiewicz in [9]. By definition a quasitoric manifold is locally standard under the
T -action and the orbit space is a simple convex polytope and hence a homology polytope.

Remark 2.2. In [22], the author has constructed smooth complete toric varieties of complex
dimension ≥ 4 whose orbit spaces by the action of the compact torus are not homeomorphic to
simple polytopes (as manifolds with corners). These provide the first known examples of smooth
complete toric varieties that are not quasitoric manifolds.

The following lemma is an equivariant version of [19, Lemma 5.1] and [23, Proposition 2.1].

Lemma 2.3. Let X be a locally standard torus manifold with orbit space X/T = Q. For each i,
1 ≤ i ≤ d, there exists a T -equivariant complex line bundle Li such that c1(Li) = [Vi] ∈ H2(X),
where [Vi] denotes the cohomology class dual to Vi and each Li admits an equivariant section
si : X → Li which vanishes precisely along Vi.
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Proof: Set V = Vi and recall that V is a closed T - invariant codimension 2 submanifold of X .
Since T is a compact Lie group we can assume that X is endowed with a T -invariant Riemannian
metric (see [4, Chapter VI, Theorem 2.1]). Let ν denote the normal bundle to V in X . We have the
decomposition T (V )⊕ ν = T (X) |V . Since V is T -invariant, T (V ) and T (X) |V are T -equivariant
vector bundles. Moreover, since the Riemannian metric is also T -invariant, ν = T (V )⊥ ⊆ T (X) |V
is naturally a T -equivariant real vector bundle. Furthermore, we see that ν is a canonically oriented
real 2-plane bundle since T (V ) and T (X) |V are oriented by the choice of the omniorientation. Thus
ν admits a reduction of structure group to SO(2,R) ∼= S1 giving ν the structure of a complex line
bundle. Since T is a connected Lie group and ν is T -equivariant, T preserves the orientation under
the linear action on the fibre. (Fixing an oriented basis for the R-vector space νx, for every x ∈ V ,
t 7→ ψt ∈ Hom(νx, νtx) defines a continuous map from T to SO(2,R) ⊆ O(2,R).) This implies that
T preserves the complex structure on the fibre, making ν a T -equivariant complex line bundle.

Now (by [4, Chapter VI, Theorem 2.2]) V has a closed invariant tubular neighbourhood denoted
by D which is equivariantly diffeomorphic to the disk bundle associated to the normal bundle ν.
The restriction of the equivariant diffeomorphism to the zero section of ν is the inclusion of V in
D ⊂ X . We denote by ̟ : D → V the projection map of the disk bundle. The complex line bundle
̟∗(ν) admits an equivariant section s : D → ̟∗(ν) which vanishes precisely along V . Consider
the trivial complex line bundle E := (X \ int D)×C on (X \ int D), with the canonical T -action on
(X \ int D) and the trivial T -action on the fibre C. Consider the equivariant bundle isomorphism
η : E |∂D→ ̟∗(ν) |∂D given by (x, λ) 7→ λs(x), for all x ∈ ∂D. Now using clutching of bundles (see
[16, Theorem 3.2]), glueing E |∂D along ̟∗(ν) |∂D using the equivariant identification η we get an
equivariant line bundle, say L on X . Note that L admits an equivariant section s̃ (which restricts
to s on D and x 7→ (x, 1) on (X \ int D)) that vanishes precisely along V . Hence c1(L) = [V ] and
this completes the proof. �

Remark 2.4. Let p′ : ET → BT be the universal principal T -bundle with the associated bundle
π′ : ET ×T X → BT . For a T -equivariant line bundle q : L → X , we obtain the line bundle
ET ×T L on ET ×T X with the projection [e, l] 7→ [e, q(l)]. If L has a T -invariant section s which
vanishes precisely along V ⊆ X , we obtain a section s̃ of ET ×T L, defined by [e, x] 7→ [e, s(x)].
Thus s̃ vanishes precisely along ET ×T V ⊆ ET ×T X . It follows that cT1 (L) = c1(ET ×T L) =
[ET ×T V ] := [V ]T .

Remark 2.5. Note that in Lemma 2.3 we do not assume that Q is a homology polytope or even
face-acyclic. It holds when Q is simply a nice manifold with corners.

Remark 2.6. Throughout this text by H∗( ) we shall always mean cohomology ring with Z-
coefficients unless specified otherwise.

2.2. Cohomology ring and K-ring of torus manifolds. We now recall the presentation of the
cohomology ring and K-ring of torus manifolds from [17] and [19].

Theorem 2.7. ([17, Corollary 7.8], [19, Proposition 5.2]) Let I be the ideal in Z[x1, . . . , xd] gen-
erated by the elements:

(i) xi1 · · ·xir whenever Vi1 ∩ · · · ∩ Vir = ∅,

(ii)
∑

1≤i≤d

〈u, vi〉xi where u ∈ Hom(T, S1).

We have an isomorphism of Z-algebras
Z[x1, . . . , xd]

I

∼
→ H∗(X) which maps xi to c1(Li) = [Vi] ∈

H2(X) for 1 ≤ i ≤ d. Furthermore, by [17, Equation (5.2), Section 7.2], H∗(X) is a free abelian
group of rank χ(X) =| XT |= m. Here m equals the number of vertices of Q.
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Theorem 2.8. [19, Theorem 5.3] Let J ′ be the ideal in Z[x1, . . . , xd] generated by the following
elements:

(i) xi1 · · ·xir , whenever Vi1 ∩ · · · ∩ Vir = ∅,

(ii)
∏

{1≤i≤d:〈u,vi〉>0}

(1− xi)
〈u,vi〉 −

∏

{1≤j≤d:〈u,vj〉<0}

(1 − xj)
−〈u,vj〉 for u ∈ Hom(T, S1).

We have an isomorphism of Z-algebras
Z[x1, . . . , xd]

J ′

∼
→ K∗(X) which maps xi to 1−[Li], 1 ≤ i ≤ d.

Furthermore, K∗(X) is a free abelian group of rank equal to χ(X) = m (see [19, Remark 3.2]).

Remark 2.9. Let J the ideal in Z[y±1
1 , . . . , y±1

d ] generated by the following elements:

(i)
∏

1≤j≤r

(
1− yij

)
, whenever Vi1 ∩ · · · ∩ Vir = ∅,

(ii)
∏

1≤i≤d

y
〈u,vi〉
i for u ∈ Hom(T, S1).

In Theorem 2.8, by making the transformation yi = 1 − xi, 1 ≤ i ≤ d we get the following

alternative presentation
Z[y±1

1 , . . . , y±1
d ]

J
for K∗(X) which sends yi to [Li], 1 ≤ i ≤ d (see [19,

Remark 4.2]).

3. Cohomology ring of torus manifold bundles

Let p : E → B be a principal bundle with fibre and structure group the compact torus T over a
topological space B. Then one has the associated fibre bundle π : E(X) → B with fibre the torus
manifold X , where E(X) := E×T X , and π([e, x]) = p(e). For u ∈ Hom (T, S1), let Cu denote the
corresponding 1-dimensional T -representation. One has a T -line bundle ξu on B whose total space
is E ×T Cu. For the T -equivariant complex line bundle Li from Lemma 2.3, let E(Li) := E ×T Li

denote the associated line bundle on E(X).

Definition 3.1. Let R(B, (Q,Λ)) denote the ring
H∗(B)[x1, . . . , xd]

I
where the ideal I is generated

by the following elements:

(i) xi1 · · ·xir , whenever Qi1 ∩ · · · ∩Qir = ∅,

(ii)

d∑

i=1

〈u, vi〉xi − c1(ξu) for u ∈ Hom(T, S1).

Recall that the face ring Z[Q] of the homology polytope Q is defined to be
Z[x1, . . . , xd]

I1
where

the ideal I1 is generated by elements of the form

xi1 · · ·xir , whenever Qi1 ∩ · · · ∩Qir = ∅. (3.1)

For h(x1, . . . , xd) ∈ Z[x1, . . . , xd] ⊆ H∗(B)[x1, . . . , xd] we shall denote by h̄(x1, . . . , xd) its class

in Z[Q] and by ¯̄h(x1, . . . , xd) its class in R(B, (Q,Λ)).
We have a canonical H∗(BT )-algebra structure on Z[Q] given by the ring homomorphism

H∗(BT ) → Z[Q] which maps u to

d∑

i=1

〈u, vi〉x̄i. A canonicalH∗(B)-module structure onH∗(B)⊗H∗(BT )

Z[Q] is obtained by extending scalars to H∗(B) via the homomorphism H∗(BT ) → H∗(B) that
sends u to c1(ξu).

Lemma 3.2. We have an isomorphism R(B, (Q,Λ)) ∼= H∗(B) ⊗H∗(BT ) Z[Q] of H∗(B)-modules.
In particular, R(B, (Q,Λ)) is a free H∗(B)-module of rank m.
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Proof: Define α : H∗(B)[x1, . . . , xd] → H∗(B)⊗H∗(BT )Z[Q] by sending xi 7→ 1⊗ x̄i and b 7→ b⊗1
for b ∈ H∗(B). Clearly the generators of I listed in (i) of Definition 3.1 map to zero under α. Now

α(

d∑

i=1

〈u, vi〉xi − c1(ξu)) = 1⊗
d∑

i=1

〈u, vi〉x̄i − c1(ξu)⊗ 1 = 1⊗ u · 1− u · 1⊗ 1

which is zero in H∗(B) ⊗H∗(BT ) Z[Q]. Hence α induces a well defined H∗(B)-module homomor-
phism ᾱ : R(B, (Q,Λ)) → H∗(B)⊗H∗(BT ) Z[Q].

We define β : H∗(B)⊗ZZ[Q] → R(B, (Q,Λ)) by b⊗ h̄(x1, . . . , xd) 7→ b¯̄h(x1, . . . , xd), for b ∈ H∗(B)
and h̄(x1, . . . , xd) ∈ Z[Q]. Clearly this is well defined. Now

β(1 ⊗ u · 1− u · 1⊗ 1) =
d∑

i=1

〈u, vi〉 ¯̄xi − c1(ξu)

which is zero in R(B, (Q,Λ)). Hence β induces a map β̄ : H∗(B) ⊗H∗(BT ) Z[Q] → R(B, (Q,Λ)).

Noting that ᾱ and β̄ are inverses of each other proves the first assertion. Now Z[Q] is free H∗(BT )-
module of rank m by [17, Theorem 7.7, Lemma 2.1], which proves the second assertion. �

The following is the main theorem of this section.

Theorem 3.3. Let B have the homotopy type of a finite CW complex. The map Φ : R(B, (Q,Λ)) →
H∗(E(X)) which sends xi to c1(E(Li)) is an isomorphism of H∗(B)-algebras.

Proof: Suppose that Qi1 ∩ · · · ∩Qir = ∅, which implies Vi1 ∩ · · · ∩ Vir = ∅. So by Lemma 2.3, the
bundle Li1 ⊕ · · · ⊕ Lir has a nowhere vanishing T -equivariant section. Hence by Remark 2.4, the
bundle E(Li1)⊕ · · · ⊕ E(Lir ) admits a nowhere vanishing section. This shows that

c1(E(Li1) · · · c1(E(Lir )) = 0 (3.2)

in H2r(E(X)). Hence the elements listed in (i) of Definition 3.1 map to zero under Φ.
Let Lu be the trivial line bundle X × Cu on X . Consider the associated line bundle ξ′u :=

ET ×T Cu on BT . Note that ET ×T Lu is isomorphic to the pullback π′∗(ξ′u) where π′ is as in
Remark 2.4. By the naturality of Chern classes

cT1 (Lu) := c1(ET ×T Lu) = π′∗(c1(ξ
′
u)). (3.3)

By [17, Proposition 3.3],

π′∗(c1(ξ
′
u)) =

d∑

i=1

〈u, vi〉[Vi]T (3.4)

and by Remark 2.4,

cT1

(
d∏

i=1

L
〈u,vi〉
i

)
=

d∑

i=1

〈u, vi〉[Vi]T (3.5)

in H2
T (X). Now, (3.3), (3.4) and (3.5) together imply cT1 (

d∏

i=1

L
〈u,vi〉
i ) = cT1 (Lu). This in turn implies

that Lu
∼=

d∏

i=1

L
〈u,vi〉
i as T -equivariant line bundles by [11, Theorem C.47]. Thus

π∗(ξu) ∼= E(Lu) ∼=

d∏

i=1

E(Li)
〈u,vi〉. (3.6)
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Taking first Chern classes on both sides of (3.6) we get

d∑

i=1

〈u, vi〉c1(E(Li)) = c1(π
∗(ξu)). (3.7)

This implies that the generators of I listed in (ii) of Definition 3.1 map to zero under Φ, hence it
is a well-defined ring homomorphism.

By Theorem 2.7, there exist pi(x1, . . . , xd) ∈ Z[x1, . . . , xd], 1 ≤ i ≤ m such that

pi := pi(c1(L1), . . . , c1(Ld)) : 1 ≤ i ≤ m

form a Z-basis of H∗(X). Consider

Pi := pi(c1(E(L1)), . . . , c1(E(Ld))) : 1 ≤ i ≤ m

in H∗(E(X)). Since E(Li)|X = Li, it follows that Pj |X= pj . Since Hk(X) is free for all k,
by the Leray-Hirsch theorem, (see [12, Theorem 4D.1)]) H∗(E(X)) is a free H∗(B)-module with
P1, . . . , Pm as a basis. Moreover, since Φ(xi) = c1(E(Li)), each Pi has a preimage under Φ. Hence
by Lemma 3.2, Φ is a surjective H∗(B)-module map between two free H∗(B)-modules of the
same rank. Furthermore, since H∗(B) is a finitely generated abelian group, it follows that Φ is a
surjective map from a finitely generated abelian group to itself, and hence an isomorphism. (More
generally, a surjective morphism from a finitely generated module over a Noetherian commutative
ring to itself is an isomorphism (see [2, Chapter 6, Exercise 1.(i)])). �

4. K-ring of torus manifold bundles

Definition 4.1. The K-theoretic face ring of the homology polytope Q is defined to be K(Q) :=
Z[y±1

1 , . . . , y±1
d ]

J1
where J1 is the ideal generated by elements of the form

(1− yi1) · · · (1− yir) , whenever Qi1 ∩ · · · ∩Qir = ∅. (4.1)

We show that K(Q) is a free RT -module in Proposition 4.4. We first set up the notation. Recall
that vi ∈ Hom (S1, T ) determines the circle subgroup of T fixing Vi for i = 1, . . . , d. Let V denote
the set of vertices of Q and let a ∈ V . Write a = Qi1 ∩ · · · ∩Qin as an intersection of facets. Then
by [17, Proposition 3.3], the elements vi1 , . . . , vin form a basis of Hom (S1, T ). We set

RTa := Z[χ±ui1 , . . . , χ±uin ]

where ui1 , . . . , uin denotes the dual basis of vi1 , . . . , vin . For any b ∈ V , denote by a ∨ b the
minimal face of Q containing both a and b. If a ∨ b = Q, set RTa∨b = Z and the projection
map RTa → RTa∨b to be the augmentation map. Otherwise when a ∨ b is a proper face, write
a ∨ b = Qi1 ∩ · · · ∩Qil and set

RTa∨b := Z[
M

〈vi1 , . . . , vil〉
⊥
] = Z[χ±ui1 , . . . , χ±uil ].

Then we have the canonical projection map RTa → RTa∨b given by χuij 7→ χuij for j = 1, . . . , l
and χuij 7→ 1 for j = l + 1, . . . , n.

The following lemma is analogous to [24, Theorem 6.4] in the setting of torus manifolds. We
prove it along similar lines.

Lemma 4.2. There is an inclusion of rings

φ̄ : K(Q) →֒
∏

a∈V

RTa.
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The image consists of elements of the form (ra) ∈
∏

a∈V

RTa, where for any two distinct a, b ∈ V,

the restriction of ra and rb to RTa∨b coincide.

Proof: Define the map φ : Z[y±1
1 , . . . , y±1

d ] →
∏

a∈V

RTa given by yi 7→ ri := (ria) where

ria =

{
1 if a /∈ Qi

χui if a ∈ Qi

SetW = {(ra) ∈
∏

a∈V

RTa : ra |a∨b= rb |a∨b, for all a 6= b ∈ V}. Note thatW is a subring of
∏

a∈V

RTa.

Let a, b ∈ V be distinct. If a ∨ b = Q, then there is nothing to prove. Otherwise write
a ∨ b = Qi1 ∩ · · · ∩Qil , where a = Qi1 ∩ · · · ∩Qin and b = Qi1 ∩ · · · ∩Qil ∩Qjl+1

∩ · · · ∩Qjn . Now
consider the following cases:

(1) a, b /∈ Qi: Then ria = 1 = rib, hence ra |a∨b= rb |a∨b.
(2) a /∈ Qi and b ∈ Qi: Then ria = 1 and rib = χui . Note that under the restriction map

RTb → RTa∨b, χ
ui 7→ 1, since ui ∈ 〈vi1 , . . . , vil〉

⊥. Hence we are done in this case.
(3) a, b ∈ Qi: Then ria |a∨b= χui = rib |a∨b and under the respective projection they map to

the same image since i ∈ {i1, . . . , il}.

This proves that ri ∈ W for 1 ≤ i ≤ d. We show that elements of W can be written as Laurent
polynomials in ri’s. Set

V = {a1, . . . , am}

and let α = (αai
) ∈ W . Let a1 = Qi1 ∩ · · · ∩ Qin , then αa1

∈ RTa1
= Z[χ±ui1 , . . . , χ±uin ] and

hence we can find a Laurent polynomial p1(yi1 , . . . , yin) such that p1(ri1 , . . . , rin)a1
= αa1

. Let
α1 := α− p1(ri1 , . . . , rin). Then we see that α1a1

= 0.
Now let a2 = Qi1∩· · ·∩Qil∩Qjl+1

∩· · ·∩Qjn such that a1∨a2 = Qi1∩· · ·∩Qil . Similarly as above
there is a Laurent polynomial p2(yi1 , . . . , yil , yjl+1

, . . . , yjn) such that p2(ri1 , . . . , ril , rjl+1
, . . . , rjn)a2

=
α1a2

. Note that

p2(ri1 , . . . , ril , rjl+1
, . . . , rjn)a1

= p2(χ
ui1 , . . . , χuil , 1, . . . , 1)

whose projection to RTa1∨a2
remains unchanged, i.e.

p2(ri1 , . . . , ril , rjl+1
, . . . , rjn)a1

= p2(ri1 , . . . , ril , rjl+1
, . . . , rjn)a1

|a1∨a2
. (4.2)

Since α1 ∈ W , α1a2
|a1∨a2

= α1a1
|a1∨a2

= 0. Moreover, p2(ri1 , . . . , ril , rjl+1
, . . . , rjn) ∈ W

implies

p2(ri1 , . . . , ril , rjl+1
, . . . , rjn)a1

|a1∨a2
= p2(ri1 , . . . , ril , rjl+1

, . . . , rjn)a2
|a1∨a2

= α1a2
|a1∨a2

= 0.

Now, (4.2) implies

p2(ri1 , . . . , ril , rjl+1
, . . . , rjn)a1

= 0.

Letting α2 := α1 − p2(ri1 , . . . , ril , rjl+1
, . . . , rjn), we have α2a1

= 0 = α2a2
. Repeating this process

for a3, . . . , am, where ak = Qk1
∩ · · · ∩ Qkn

for k = 1, . . . ,m, we get that αma1
= αma2

= · · · =

αmam
= 0, for αm = α −

∑m
k=1 pk(rk1

, . . . , rkn
). Thus αm = 0, so that α is in the image of φ.

Since α ∈ W was arbitrary, φ is surjective. It remains to show that ker(φ) = J1.
For a ∈ V , consider the map φa : Z[y±1

1 , . . . , y±1
d ] → RTa which sends yi 7→ ria for 1 ≤ i ≤ d. We

see that ker(φa) = Ja := 〈yj −1 : a /∈ Qj〉 and clearly ker(φ) = ∩a∈VJa. Then ∩a∈VJa = J1 follows

from [24, Lemma 6.5]. Hence we get the induced ring homomorphism φ̄ : K(Q)
∼
→W →֒

∏

a∈V

RTa

as required. �
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Note that one has a monomorphism of rings RT
ι
→ K(Q) defined by χu 7→

∏

1≤i≤d

y
〈u,vi〉
i , u ∈

Hom(T, S1) =M , which gives an RT -algebra structure on K(Q).
Moreover, for every ak = Qk1

∩ · · · ∩ Qkn
, in V , we have the isomorphism ζk : Z[M ] =

RT → RTak
which maps χu 7→

n∏

j=1

χ〈u,vkj 〉ukj for 1 ≤ k ≤ m. Thus

m∏

k=1

ζk identifies (RT )m

with
∏

a∈V

RTa =

m∏

k=1

RTak
. Now, (RT )m has a canonical RT -algebra structure via the diagonal

embedding δ. Hence ζ = (

m∏

k=1

ζk) ◦ δ : RT −→
m∏

k=1

RTak
which maps χu 7→ (

n∏

j=1

χ〈u,vkj 〉ukj ) gives

the canonical RT -algebra structure on
∏

a∈V

RTa.

Corollary 4.3. The inclusion of rings φ̄ in Lemma 4.2 is a monomorphism of RT -algebras.

Proof: The proof follows readily since it can be seen that φ̄ ◦ ι = ζ. �

Proposition 4.4. K(Q) is a free RT -module of rank χ(X).

Proof: We see that K(Q) is isomorphic to a localization of Z[Q] by a similar argument as
in the proof of [3, Theorem 2.3]. Explicitly, we see that there is an ring isomorphism Z[Q] ∼=

Z[y1, . . . , yd]

J1 ∩ Z[y1, . . . , yd]
which sends xi to yi − 1. This remains an isomorphism if we localize at the

respective multiplicative systems SI = {(xi + 1)k}k∈N and SJ = {yki }k∈N:

S−1
I Z[Q] ∼= S−1

J

Z[y1, . . . , yd]

J1 ∩ Z[y1, . . . , yd]
= K(Q)

Now Z[Q] is Cohen-Macaulay by [17, Lemma 8.2], hence K(Q) is also Cohen-Macaulay. Note that
K(Q) is a finite RT -module since it is a submodule of a Noetherian module

∏
a∈V RTa ≃ RTm by

Lemma 4.2. Hence ι : RT ⊆ K(Q) is an integral extension. Since RT is an integrally closed domain
and K(Q) is a torsion free RT -module, by the Going Down Theorem ([15, Corollary 2.2.8]), for
any maximal ideal M of K(Q) which contracts to the maximal ideal m of RT , ht m = ht M. Then
by [3, Lemma 2.4], K(Q) is a projective RT -module. Moreover, since RT is a Laurent polynimial
ring, K(Q) is in fact a free RT -module. Now note that the presentation of K∗(X) in [19, Theorem
5.3] and Remark 2.9, implies that

K∗(X) ∼=
Z[y±1

1 , . . . , y±1
d ]

J
∼= Z⊗RT K(Q)

where the extension of scalars to Z is via the augmentation homomorphism RT
ǫ
→ Z. On the other

hand it is also known that K∗(X) is a free abelian group of rank χ(X). Hence the proposition
follows. �

Definition 4.5. Let R(B, (Q,Λ)) :=
K∗(B)[y±1

1 , . . . , y±1
d ]

J
where the ideal J is generated by the

following elements:

(i) (1− yi1) · · · (1− yir ), whenever Qi1 ∩ · · · ∩Qir = ∅,

(ii)
∏

1≤i≤d

y
〈u,vi〉
i − [ξu] for u ∈ Hom(T, S1).
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Consider the ring K∗(B)⊗RT K(Q) obtained from the RT -algebra K(Q) by extending scalars to
K∗(B) via the homomorphism RT → K∗(B) which maps χu 7→ [ξu]. In particular, by Proposition
4.4, K∗(B)⊗RT K(Q) is a free K∗(B)-module of rank χ(X) = m.

Lemma 4.6. We have an isomorphism R(B, (Q,Λ)) ∼= K∗(B) ⊗RT K(Q) as K∗(B)-modules. In
particular, R(B, (Q,Λ)) is a free K∗(B)-module of rank χ(X).

The proof is similar to the proof of Lemma 3.2.

Theorem 4.7. Let B has the homotopy type of a finite CW complex. Then we have an isomor-
phism Ψ : R(B, (Q,Λ))

∼
→ K∗(E(X)) of K∗(B)-modules, which maps yi 7→ [E(Li)].

Suppose that Qi1 ∩· · ·∩Qir = ∅. Recall from the proof of the Theorem 3.3, the bundle E(Li1)⊕
· · ·⊕E(Lir ) admits a nowhere vanishing section. Then applying γr-operation, we obtain γr([Li1 ⊕

· · ·⊕Lir ]−r) = (−1)rcr(Li1⊕· · ·⊕Lir) = 0. Also note that γr([Li1 ⊕ · · · ⊕ Lir ]− r) =
∏

1≤j≤r

(
[Lij ]− 1

)
.

This shows that the elements listed in (i) of Definition 4.5 map to zero under Ψ.

Note that, we have π∗(ξu) ∼= E(Lu) ∼=

d∏

i=1

E(Li)
〈u,vi〉 from the proof of Theorem 3.3. This

implies that the generators of J listed in (ii) of Definition 4.5 map to zero under Ψ.
The surjectivity of Ψ follows from the same argument as in the proof of Theorem 3.3, using a

version of the Leray-Hirsch theorem in the setting of K-theory (see [13, Theorem 2.25]).
Then using Lemma 4.6, similar arguments as in the proof of Theorem 3.3 show that Ψ is an

isomorphism. �

5. Some applications

As an illustration of the above results, we derive both the cohomology and K-ring of E(X),
where X = X(∆) is a smooth complete toric variety (see Example 2.1).

Definition 5.1. For a smooth complete fan ∆ we define the following rings.

(1) Let R(H∗(B),∆) denote the ring
H∗(B)[X1, . . . , Xd]

I
where the ideal I is generated by

the following elements:
(i) Xi1 · · ·Xir , whenever ρi1 , . . . , ρir do not generate a cone in ∆,

(ii)
d∑

i=1

〈u, vi〉Xi − c1(ξu) for u ∈ Hom(T, S1).

(2) Let R(K∗(B),∆) denote the ring
K∗(B)[Y ±1

1 , . . . , Y ±1
d ]

J
where the ideal J is generated

by the following elements:
(i) (1− Yi1 ) · · · (1 − Yir ), whenever ρi1 , . . . , ρir do not generate a cone in ∆,

(ii)
∏

1≤i≤d

Y
〈u,vi〉
i − [ξu] for u ∈ Hom(T, S1).

Corollary 5.2. Let X = X(∆) be a smooth complete T ∼= (C∗)n-toric variety. Let p : E → B be
a principal T-bundle, where B has the homotopy type of a finite CW complex.

(1) The cohomology ring of E(X) is isomorphic as an H∗(B)-algebra to R(H∗(B),∆) under
the isomorphism Φ : R(H∗(B),∆) → H∗(E(X)) which sends Xi to c1(E(Li)).

(2) The topological K-ring of E(X) is isomorphic as a K∗(B)-algebra to R(K∗(B),∆) under
the isomorphism Ψ : R(K∗(B),∆) → K∗(E(X)) which sends Yi to [E(Li)].
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Proof: We consider X as a torus manifold with locally standard T ∼= (S1)n action and orbit
space the homology polytope X≥ (see Example 2.1). We then have the principal T -bundle p′ :
E → E/T since T is an admissible subgroup of T (i.e. T → T/T is a principal T -bundle). Note
that E×T X and E×TX are homotopy equivalent, since T = T ×(R≥)

n and (R≥)
n is contractible.

Similarly B and E/T are homotopy equivalent. The assertions (1) and (2) of the corollary now
follow by applying Theorem 3.3 and Theorem 4.7 respectively for the space E ×T X associated to
the principal T -bundle p′ : E → E/T . Note that in the proof of assertion (2) above, Proposition
4.4 is immediate from [24, Theorem 6.9] because the ring K(Q) in Proposition 4.4 is the algebraic
T-equivariant K-ring of X . �

Remark 5.3. Let X be a torus manifold with locally standard action and orbit space a homology
polytope Q whose nerve is a shellable simplicial complex (see [23]), e.g. quasitoric manifolds. Then
Theorem 3.3 (respectively, Theorem 4.7) can be proved for for B any topological space (respectively,
B compact Hausdorff topological space) using [20, Lemma 2.1, Lemma 2.2]. In particular, this
gives a relative version of [23, Theorem 1.3] and a generalization of [21, Theorem 1.2].

6. Torus manifold bundles when X/T is not a homology polytope

In the preceeding sections we considered torus manifolds X defined in Section 2.1 with the
additional assumption that X/T = Q is a homology polytope. This ensured that the cohomology
ring H∗(X) was generated by the degree 2 classes corresponding to the fundamental classes [Vi] of
the characteristic submanifolds (see Theorem 2.7).

In this section we shall consider a torus manifold X with a locally standard action of T as defined
in Section 2.1, with the exception that X/T = Q is not assumed to be a homology polytope but
only face acyclic. In particular, we do not assume that the prefaces are connected. Since Q is
face acyclic the cohomology ring of X satisfies the property that Hodd(X) = 0 (see [5, Theorem
7.4.46]), which in particular also implies by the universal coefficient theorem that H∗(X) is torsion
free and hence free of rank χ(X). Moreover, [17, Corollary 7.8] gives an explicit presentation of
the ring H∗(X).

Let p : E −→ B be a principal T -bundle and let E(X) := E ×T X be the associated torus
manifold bundle. Let B be a topological space having the homotopy type of a finite CW complex.

We then have the following theorem which gives a presentation ofH∗(E(X)) as aH∗(B)-algebra.

Theorem 6.1. Let I be the ideal in the ring R := H∗(B)[xF : F a face of Q] generated by the
following relations:

(i) xGxH − xG∨H

∑

E∈G∩H

xE ;

(ii)
d∑

i=1

〈u, vi〉xQi
− c1(ξu) for u ∈ Hom(T, S1) where Qi are the facets of Q, vi = Λ(Qi) is

the primitive vector in Hom(S1, T ) ≃ Z
n which determines the circle subgroup of T fixing the

characteristic submanifold Vi for 1 ≤ i ≤ d, and ξu = E ×T Cu is the line bundle on B associated
to the character u ∈M . Since X is omnioriented vi is well defined. (See Section 2 and Section 3).

The map Φ1 : R → H∗(E(X)) which sends xF to [E(VF )] defines an isomorphism of H∗(B)-
algebras from R/I → H∗(E(X)). Here VF denotes the connected T -stable submanifold Υ−1(F ) of
X corresponding to a face F of Q and [E(VF )] denotes the Poincaré dual of E(VF ) := E ×T VF
in H∗(E(X)).

Proof: By [17, Corollary 7.8] it follows that H∗(X) is a free Z-module of rank χ(X) and that
there exists p1, . . . , pm polynomials in Z[xF : F a face of Q] such that pi([VF ]) for 1 ≤ i ≤ m
form a Z-module basis of H∗(X). Since E(VF ) |X= VF for each face F of Q, by the Leray-Hirsch
theorem Pi := pi([E(VF )]) for 1 ≤ i ≤ m form a basis of H∗(E(X)) as an H∗(B)-module.
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Recall from (3.6) that we have the isomorphism of line bundles

d∏

i=1

(E(Li))
〈u,vi〉 ≃ π∗(ξu) over

E(X) (see Lemma 2.3, Remark 2.5 for the definition of the line bundles Li onX). Since c1(E(Li)) =
[E(Vi)] we see that the relation (ii) holds in H∗(E(X)) by (3.7).

Consider the classifying map f : B −→ BT of the principal T -bundleE −→ B. Thus we have the

map f̃ : E(X) −→ ET ×T X over f since E(X) is the pull back of ET ×T X under f . This induces

the canonical maps of cohomology rings f̃∗ : H∗
T (X) −→ H∗(E(X)) over f∗ : H∗(BT ) −→ H∗(B)

giving a commuting square

H∗
T (X)

f̃∗

−→ H∗(E(X))
↑ π′∗ ↑ π∗

H∗(BT )
f∗

−→ H∗(B)

(see Remark 2.4).
Furthermore, the submanifold ET ×T VF of ET ×T X pulls back to the submanifold E(VF ) of

E(X) under f . Thus the class τF := [ET ×T VF ] ∈ H∗
T (X) maps to the class τ ′F := [E(VF )] in the

cohomology ring H∗(E(X)). This in particular implies that the element τGτH − τG∨H

∑

E∈G∩H

τE

maps to τ ′Gτ
′
H − τ ′G∨H

∑

E∈G∩H

τ ′E inH∗(E(X)). However, by [17, Theorem 7.7], τGτH − τG∨H

∑

E∈G∩H

τE =

0 in H∗
T (X). Hence the relation (i) holds in H∗(E(X)). Thus Φ1 induces a well defined map

from R/I −→ H∗(E(X)). On the other hand [17, Theorem 7.7, Corollary 7.8] imply that as
an H∗(BT )-algebra, the ring H∗

T (X) has the presentation R′/I′, where R′ := H∗(BT )[xF :
F a face of Q] and I′ is the ideal in R′ generated by the relations (i) above and the relations

(ii)′
d∑

i=1

〈u, vi〉xQi
−u for u ∈ Hom(T, S1) = H2(BT ). This further implies that R/I is isomorphic

to the ring H∗
T (X)⊗H∗(BT ) H

∗(B) which is a free H∗(B)-module of rank χ(X) as in Lemma 3.2

above. Here H∗(B) is a H∗(BT )-module by the map f∗ which sends u ∈ Hom(T, S1) to the class
c1(ξu) ∈ H∗(B).

Since H∗(B) is a finitely generated abelian group the proof follows by the arguments similar to
the proof of Theorem 3.3. �

Example 6.2. (see [17, Example 3.2, Example 5.8] and [5, Example 7.4.36]) Let X = S4 be the
4-sphere identified with the following subset

{(z1, z2, y) ∈ C
2 × R : |z1|

2 + |z2|
2 + |y|2 = 1}.

Define a T = S1 × S1-action on X given by (t1, t2) · (z1, z2, y) = (t1z1, t2z2, y). The T action on X
is locally standard with X/T homeomorphic to

Q = {(x1, x2, y) ∈ R
3 : x21 + x22 + y2 = 1, x1 ≥ 0, x2 ≥ 0}.

It has 2 characteristic submanifolds z1 = 0 and z2 = 0. The intersection of the two characteristic
submanifolds is disconnected and it is the union of the two T -fixed points (0, 0, 1) and (0, 0,−1).
The circle subgroup of T which fixes {z1 = 0} is given by {(t, 1) : t ∈ S1} which corresponds to
e1 ∈ Hom (S1, T ) ∼= Z2. Similarly the circle subgroup fixing {z2 = 0} is given by {(1, t) : t ∈ S1}
which corresponds to e2 ∈ Hom (S1, T ) ∼= Z2. Here e1, e2 are the standard basis of Z2. Here the
orbit space Q is a 2-ball with two 0-faces denoted by a and b respectively and two 1-faces denoted
by G and H respectively. Thus the orbit space is not a homology polytope, but is a face-acyclic
manifold with corners.
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Let B = CP1 and E −→ B denote the principal T -bundle associated to the direct sum of the
line bundles O ⊕O(1) where O denotes the trivial line bundle and O(1) denotes the tautological
line bundle on CP1. Consider the associated S4 bundle E(S4) over B. By Theorem 6.1, H∗(E(S4))
has the presentation R/I where R = H∗(CP1)[xG, xH , xa, xb] with xa and xb are of degree 2 and
xG and xH are of degree 4 and I is the ideal in R generated by the following two relations (i)
xG · xH − xa − xb; xaxb (ii) xG − c1(O) = xG − 0 = xG; xH − c1(O(1)).

6.1. K-ring of a torus manifold bundle. Since Hodd(X) = 0 the Atiyah Hirzebruch spectral
sequence with Ep,q

2 = Hp(X ;Kq(pt)) collapses at the E2 term and converges to Kp+q(X) (see [1,
p. 208 ]). Moreover, since H∗(X) is free abelian of rank χ(X) by [1, p. 209] we have Kr(X) = 0
when r is odd and Kr(X) ≃ Zm when r is even. Here m = χ(X) is also equal to the number of
vertices of Q. In particular, K0(X) is free abelian of rank m.

Let E −→ B be a principal T -bundle and E(X) := E ×T X the associated bundle over a base
B having the homotopy type of a finite CW complex.

Let S := K∗(B)[xF : F a face of Q] and J denote the ideal in S defined by the following
relations:

(i) xGxH − xG∨H

∑

E∈G∩H

xE ;

(ii)
∏

i:〈u,vi〉>0

(1− xQi
)〈u,vi〉 − [ξu]

∏

i:〈u,vi〉<0

(1 − xQi
)−〈u,vi〉 for u ∈ Hom(T, S1).

We have the following conjecture on K∗(E(X)) as a K∗(B)-algebra. When B = pt this shall
give a presentation of the K-ring of X which will generalize Sankaran’s result stated in Theorem
2.8. For arbitrary B this shall generalize our Theorem 4.7 proved above.

Conjecture 6.3. The ring K∗(E(X)) is a free K∗(B) module of rankm = χ(X) and is isomorphic
to S/J.

Remark 6.4. The difficulty in this case is because the cohomology is not generated in degree 2
(see [17, Example 4.10]), we cannot find canonical complex line bundles whose classes generate the
K-ring as in [19, Section 3].

On the other hand it may be useful to define the analogue of the K-theoretic face ring K′(Q)
when Q is a nice manifold with corners so that when Q is a homology polytope it agrees with K(Q)
(see Definition 4.1). One can then check whether K′(Q) has the structure of a free RT -module of
rank m generalizing the Proposition 4.4 above.

Consider the fibration E(X) −→ B where X is as above. When B is a path connected, finite-
dimensional CW-complex then by [8, Theorem 9.22], there exists a cohomology spectral sequence
with Ep,q

2 = Hp(B,Kq(X)) ⇒ Kp+q(E(X)). Since Kq(X) = 0 for q odd this spectral sequence
collapses at the E2 term. We wonder if this gives enough information to deduce the structure of
K∗(E(X)) as a K∗(B)-module.
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