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Abstract. A new two-dimensional panel technique has been developed to solve Laplacian ﬂows,
which eliminates the edge eﬀect present in traditional panel methods. Such a method is very useful for
applications where the velocity induced by the panels is required at arbitrary locations. Particle based
ﬂow solvers are a prime example. The method, however, requires considerably more computational
eﬀort. In this paper the method is modiﬁed to improve computational eﬃciency by adapting the
fast multipole algorithm for the panel method. Signiﬁcant improvement in computational eﬃciency
is obtained while ensuring that the edge eﬀects are eliminated.
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1. Introduction. Panel methods provide an elegant methodology for solving a
class of ﬂows past arbitrarily shaped bodies in both two and three dimensions. The
basic idea is to discretize the body in terms of a singularity distribution on the body
surface, satisfy the necessary boundary conditions, ﬁnd the resulting distribution of
singularity on the surface, and thereby obtain ﬂuid dynamic properties of the ﬂow.
The body geometry is represented in terms of smaller subunits called panels, hence
the name “panel” method. In two dimensions the panels are usually straight lines,
and in three dimensions planar elements are used. The singularities used can be
either sources, doublets, or vortices. Each panel is constructed to have some kind of
singularity distribution. Depending on the accuracy, computational speed and other
factors one can use constant, linear, parabolic, or even higher orders of distribution of
the singularity on each panel. The number of panels that represent the body can also
be varied. The actual singularity distribution is initially unknown, but by enforcing
the boundary conditions on the body, it is possible to solve for them. The boundary
conditions can be represented in terms of the velocity ﬁeld, called the Neumann
condition, or in terms of the potential inside the body, called the Dirichlet condition.
Hess and Smith [8] laid the foundation for the source panel method. The idea of the
vortex panel method is due to Martensen [14] and is extended by Lewis [10]. Katz [9]
gives an excellent, comprehensive overview of panel methods in general (in both two
and three dimensions).
The main advantage of the panel method is that it is relatively easy to formulate
and compute. The panel methods are also “grid free” and represent the geometry as
accurately as possible. Rajan [16] also shows that the vortex based panel methods are
capable of explaining both the kinematic motion of the rigid body and the ﬂuid ﬂow.
Unlike ﬁnite diﬀerence methods panel methods are, however, a little restrictive in
their applicability. Typically panel methods are used to solve Laplacian ﬂows, which
they solve very accurately and eﬃciently. There are techniques to handle compressible ﬂows past thin bodies by using the Prandtl–Glauert transformation and possible
extensions to supersonic ﬂows by taking the domain of dependence and range of
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inﬂuence into consideration. Viscous eﬀects can be included, but only approximately,
as the boundary layer. However, for low speed aerodynamics panel methods are an
excellent choice. There are also an important class of numerical methods where the
accurate solution of Laplace’s equations is of great importance, namely the particle
based vortex blob methods. These methods are capable of accurately simulating the
viscous incompressible ﬂow past arbitrary bodies. They require a fast and accurate
velocity evaluation due to the body at a large number of arbitrarily positioned points.
In [5, 11, 18, 19, 20] diﬀerent panel methods are used to compute the velocity ﬁeld due
to the body. [5] and [18] use a parabolic panel method where the geometry of the body
is discretized into parabolic segments. Others use linear panel methods. The present
work is concerned with panel methods in two-dimensional, incompressible ﬂows.
Traditionally, panel methods have been used to compute aerodynamic loads on
bodies moving in a ﬂuid. Finding the velocity at an arbitrary point in the ﬂow is not
usually the focus of such a computation. In certain applications such a velocity ﬁeld
is important. Commonly used panel methods have severe problems in determining
the velocity ﬁeld in the vicinity of the panel edges. This problem is called the “edge
eﬀect.” Ramachandran, Rajan, and Ramakrishna [17] demonstrate for the case of ﬂat
panels using any kind of singularity distribution, in two dimensions, that this error
increases indeﬁnitely as one approaches the edge of the panel. They also show that
this error is due to the discretization of the body geometry in terms of linear panels
and provide a means to circumvent this problem by using cubic panels to approximate
the body geometry. The equations for such a panel method are also derived. The
problem with this methodology is that it becomes computationally more expensive.
It can be seen in [5] that the computation of the velocity due to the parabolic panels
on the N vortex blobs is almost half as expensive as the computation of the velocity
of the blobs on themselves (which is an O(N log(N )) process). This is so, in spite
of the fact that the number of panels is much smaller than the number of blobs. In
this work the panel method is accelerated by modifying the adaptive fast multipole
method (AFMM) due to Carrier, Greengard, and Rokhlin [4]. The equations for the
application of the FMM to this problem are derived. It is possible to apply Anderson’s
technique [2] directly to the cubic panel method. However, in this study the AFMM
has been used. This is because it is relatively easy to adapt any existing AFMM
when panels are involved, as in the present case. The work also enables for future
comparisons between Anderson’s technique [2] and the AFMM [4] as applied to panels.
In the vicinity of the panel the cubic panel method is used and thus the edge
eﬀect is dealt with. By doing this it is possible to evaluate the velocity very eﬃciently
without sacriﬁcing accuracy.
In what follows the equations derived in [17] are quickly recapitulated and the
accuracy of the method is demonstrated. The AFMM is modiﬁed to suit this problem and the equations governing the multipole and local expansions and their corresponding transfer functions are derived. Some useful and simple modiﬁcations to the
original AFMM that are beneﬁcial to the current problem are proposed. Finally results comparing the original cubic and ﬂat panel methods and the currently developed
accelerated panel technique are presented.
2. The cubic panel method. In [17] the authors choose the singularity distribution to be a linear distribution of vorticity. For simplicity, the complex number
notation is used. For a ﬂat panel (illustrated in Figure 1), γ is the vorticity at any
point on a ﬂat panel and γ1 and γ2 are the values of γ at the ends of the panel.
The velocity at an arbitrary point z in the ﬂuid due to a single panel oriented at an
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Fig. 1. Sketch of a single ﬂat panel in the complex plane.

arbitrary angle to the x-axis can be easily found as
V (z) = u − iv
  


  
z
−i
z −l
γ1
=
(2.1)
+
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−γ2
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+
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e−iθ ,
l
z
√
where z  = (z − z1 )e−iθ , where i = −1.
It is clear from the above equation that the velocity diverges at the end points of
the panel. The eﬀect of this singularity is not nulliﬁed by any of the adjacent panels
due to the linear discretization of the body geometry and the consequent mismatch of
slopes of each adjacent panel. The authors in [17] show that this error can be nulliﬁed
if the body geometry is discretized in terms of cubic panels by matching the slopes of
the adjacent panels. The equation for the panel with chord oriented along the x-axis
is assumed to be η = a1 ζ + a2 ζ 2 + a3 ζ 3 , where ζ and η, respectively, are the x and y
coordinates of the panel surface, as shown in Figure 2. The distribution of vorticity is
assumed to be linear with respect to the chord of the cubic, namely ζ. The vorticity
is distributed on the chord in order to keep the integral tractable. The equation for
the velocity due to such a panel at a point z is given as
 l
(ζ + γk1 )
k

V (z  ) =
(2.2)
dζ,
2πa3 0 ζ 3 + a2 ζ 2 + (a1 −i) ζ + iz
a3
a3
a3
where k = (γ2 − γ1 )/l. The integral in (2.2) is not straightforward to evaluate. In
order to solve it the cubic in the denominator is reduced as follows:
(2.3)

ζ3 +

a2 2 (a1 − i)
iz 
ζ +
ζ+
= (ζ − a)(ζ − b)(ζ − c),
a3
a3
a3
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Fig. 2. Sketch of a single cubic panel having a chord length l in the z  plane.

where a, b, and c are the complex cube roots of the cubic, and these roots can be
computed numerically. The numerical procedure is standard and is given in [15].
Given the roots, one can ﬁnd the velocity ﬁeld due to the panels by performing the
integration using the method of partial fractions. After integration and simpliﬁcation
the velocity due to the cubic panel is obtained as
V (z) =
(2.4)

−γ2
2πa3 l
−

γ1
2πa3 l

a log a−l
b log b−l
c log c−l
a
b
c
+
+
e−iθ
(a − c)(a − b) (b − c)(b − a) (c − a)(c − b)
(l − a) log a−l
(l − b) log b−l
(l − c) log c−l
a
b
c
+
+
(a − c)(a − b)
(b − c)(b − a)
(c − a)(c − b)

e−iθ ,

a1 , a2 , and a3 are the coeﬃcients of the cubic panel representation that depend on
the slopes of the panel at each end point and the chord length, l. It must be noted
that the cube roots involve z implicitly. θ is the angle between the chord of the cubic
panel and the x-axis and, as for the linear panel case, z  = (z − z1 )e−iθ .
The method produces very accurate results [17] when compared to the linear
panel technique and eliminates the edge eﬀect. The error in the computed solution is
deﬁned as follows:

1/2
N
2
|v
−
v
˜
|
i
i
i=1
E=
(2.5)
,
N
2
i=1 |vi |
where vi is the exact velocity, v˜i is the computed velocity, and N is the number of
points over which the error is averaged. The ﬂow past a circular cylinder of unit
radius is considered. The exact solution is compared with that obtained by using 200
ﬂat and cubic panels. A ring of about 1000 points at a distance r from the surface of
the cylinder is considered and the value of E computed. In Figure 3 plots of the error
E versus r for both the ﬂat and cubic panel methods are given. As is evident, the
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Fig. 3. Comparison of the error E versus distance from the surface of a circular cylinder
obtained by using ﬂat and cubic panels. E is computed using (2.5).

cubic panel is at least two orders of magnitude more accurate. Even extremely close
to the surface, the error is relatively small. In the case of the ﬂat panels the error is
much larger and grows without bound as one approaches the edge of the panels.
The problem with the cubic panel method is that for the evaluation of each
velocity, the three roots of a complex cubic equation must be computed. This makes
the method computationally expensive. As mentioned earlier, certain computations
require the velocity ﬁeld due to the body at a large number of arbitrarily positions.
In a sample computation a set of 10000 points is considered and the velocity due to a
400 paneled circle is computed at each of these points by the ﬂat panel technique and
also by the cubic panel method. The cubic panel method is found to be about 4 times
slower. There are two possible ways to make this computationally less intensive. The
ﬁrst is to use the cubic panel technique in the vicinity of each panel and then use
the linear panel method when one is suﬃciently far away from the panel. The notion
of “suﬃcient” clearly depends on the accuracy required. This can at best achieve a
speed equal to that of the linear panel method, which is a factor of around four. This
is not acceptable. The second is to use an advanced method, like the fast summation
techniques, which are used for N body computations.
3. Fast summation techniques. N body simulations require one to evaluate
the eﬀect of N particles on each other. Since this is an O(N 2 ) process, as N becomes
very large, the computation becomes prohibitively expensive. There are a large number of methods developed that reduce the computation to either an O(N log(N )) or
an O(N ) process. The basic idea behind all the schemes is to approximate a cluster
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of particles that is far away into a single computational entity. Some of the relevant articles are mentioned here. The hierarchical solver [3] for force computations,
the particle in cell methods, and the method of local corrections [1] are relatively
older techniques. The methods based on multipole expansions due to Greengard and
Rokhlin [7] and the adaptive FMM due to Carrier, Greengard, and Rokhlin [4] are
probably the most eﬃcient in two dimensions. The adaptation of the FMM using
Poisson’s formula due to Anderson [2] and the FMM based on the Laurent series due
to van Dommelen and Rundensteiner [21] are other FMM based schemes. Lustig,
Rastogi, and Wagner [12] detail a technique that modiﬁes and speeds up the FMM by
telescoping the multipole method by using Chebyshev economization. The method
due to Draghicescu and Draghicescu [6] is based on Taylor expansions. There are
recent advances on the method due to Anderson [2] by Makino [13]. In the following
work, the FMM due to Carrier, Greengard, and Rokhlin [4] is considered due to its
adaptive nature and high eﬃciency. This method is O(N ) and is highly eﬃcient for
arbitrary particle distributions.
The panel method is quite diﬀerent from the N body problem in that for twodimensional ﬂows there usually aren’t a large number of panels as compared to the
typical N body problems. In the case of vortex based ﬂow solvers, the largest number
of particles are the vortex blobs and one has to compute the velocity of the panels
on these particles eﬃciently. If there are M panels and N particles, the number
of computational operations scale as O(M ∗ N ), which is diﬀerent from the O(N 2 )
operations for the particles themselves, since M << N . However, an AFMM-like
technique [4] reduces the O(N 2 ) interaction of the vortex blobs among themselves to
an O(N ) process. Then the computational time of the panel method can be much
larger than the blob velocity computation. In a particular implementation for the
vortex blobs it is seen that the time for computation of the velocity of 10000 vortex
blobs using the AFMM is anywhere between 4.5 to 16 times (depending on the type
of the blob used) less than the time taken to evaluate the velocity of 400 linear panels
on the 10000 particles. Hence, the computational eﬃciency of the panel method needs
to be improved. The AFMM appears very attractive for this purpose. There are ﬁve
important quantities which are to be computable for a cluster of panels, if one is to
perform a fast multipole summation. They are
• direct computation of the velocity ﬁeld;
• evaluation of the multipole expansion about a given center;
• transferring the multipole to a diﬀerent center;
• conversion of the multipole expansion to a local expansion about a center
that converges in a radius around the center;
• transfer the local expansion to another center.
If these operations can be performed, one can use an FMM to greatly speed up
the computation. The above operations are performed depending on the distance of
the point of evaluation to the location of the cluster of particles. This requires a
hierarchical mesh that divides the various regions based on proximity. If the particles
are very close to the point of evaluation, then the computation is performed directly.
If the particles are suﬃciently far away, the multipole representation of those particles
are converted in the region of interest to a local expansion and this is evaluated to give
a velocity/force/potential ﬁeld due to the far away particles. Similar operations are
performed for intermediate particles. For the actual methodology of the FMM with all
the theoretical details the reader is referred to [7] and for the adaptive implementation
to [4].
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4. The fast panel method. The cubic panel equation (2.4) for the velocity
due to a single panel is complicated, involving the point z at which the velocity is
evaluated implicitly in the form of complex cube roots of (2.3). On the other hand the
equation (2.1) due to the linear panels is much easier to handle. This equation will
be considered for the AFMM applied to the panel method. The problem with this
method is that its accuracy is very poor especially in the vicinity of the edge of the
panel. In the present method the edge eﬀect is eliminated by performing the direct
velocity evaluation due to a panel by using the cubic panel equation, (2.4).
For the multipole expansion and other expressions, the equation for the velocity
due to a linear panel, (2.1), is considered. Upon simpliﬁcation this reduces to
(4.1)

V (z) = u − iv =

where A is given as
A = (γ2 − γ1 )
(4.2)



i
A,
2π


(z − z2 )
(z − z1 )
ln(z
−
z
)
−
ln(z
−
z
)
2
1
l
l

+ γ2 ln(z − z2 ) − γ1 ln(z − z1 ) + (γ2 − γ1 ),

where γ2 = γ2 e−iθ , γ1 = γ1 e−iθ , and l = leiθ . The terms z1 , z2 , and θ are as in
Figure 1. This form is very elegant from the perspective of the FMM. The multipole
expansion and other expressions for the terms of the form qi ln(z − zi ) are already
derived by Greengard and Rokhlin [7]. All that is required is to derive similar expressions for the terms of the form qi (z − zi ) ln(z − zi ). With this, the FMM can be
applied to the linear vortex panel method. In the following the required expressions
are derived.
A particle of singularity strength q located at z1 is considered. The “velocity”
that it induces at a point z is given as
V (z) = q(z − z1 ) ln(z − z1 ).

(4.3)

This can be expressed as a multipole expansion about a circle centered at z0 as
follows:
B(z) = q(z − z1 ) ln(z − z1 )


k
∞

1 z 1 − z0
= q(z − z0 − (z1 − z0 )) ln(z − z0 ) −
k z − z0
k=1

k
∞

1 z 1 − z0
= q(z − z0 ) ln(z − z0 ) −
k z − z0
k=1

− q (z1 − z0 ) ln(z − z0 ) −

∞

(z1 − z0 )k+1
k=1

k(z − z0 )k

.

If there are m singularities of strength qi located at positions zi inside a circle of
radius R with center z0 , then the total velocity is found from the above equation as
a simple sum of the various singularities, which after some simpliﬁcation reduces to
B(z) =
(4.4)

m


qi (z − zi ) ln(z − zi )

i=1

= a1 + (a0 (z − z0 ) − d0 ) ln(z − z0 ) +

∞

ak+1 − dk
k=1

(z − z0 )k

,
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where
a0 =

m


qi ,

ak =

i=1

m

−qi
i=1

k

(zi − z0 )k for k > 0

and
d0 =

m


qi (zi − z0 ),

dk =

i=1

m

−qi
i=1

k

(zi − z0 )k+1 for k > 0.

Equation (4.4) is the multipole expansion for a set of m singularities that have a
“velocity” ﬁeld given by (4.3) and are located in a circle centered at z0 .
In order to transfer the multipole expansion about the center z0 to any other
center, (4.4) is expanded to obtain a multipole expansion about the origin, as performed in [4] and [7]. Using this it is easy to generalize the transfer to any center.
Hence, expanding (4.4) about the origin and carrying out simpliﬁcations results in
the following:
(4.5)

B(z) = a1 − a0 z0 + (a0 z − a0 z0 − d0 ) ln z
∞





∞


1
z0l a0 z0
l−1
l−k
+ d0
+
(ak+1 − dk ) +
.
z0
k−1
zl
l l+1
l=1

k=1

This expression governs the transfer of the multipole expansion given by (4.4) and is
the equivalent to the Lemma 2.3 in [7].
Given a multipole expansion about a center one has to be able to convert it to
a local (Taylor) expansion in a circular region of analyticity. Therefore, from (4.4) a
power series representation has to be obtained. (4.4) can be split into two parts. The
ﬁrst part given below can be reduced as

(4.6)

a1 + (a0 (z − z0 ) − d0 ) ln(z − z0 ) = a1 − (a0 z0 + d0 ) ln(−z0 )


1
+ z a0 ln(−z0 ) + (a0 z0 + d0 )
z0




∞
k
1 z
a0 z0
− d0 ,
−
k z0
k−1
k=2

and the second part can be reduced as
∞

ak+1 − dk

(4.7)

k=1

(z − z0 )k

∞

 ak+1 − dk
z
=
(−1)k +
k(−1)k
k
k
z0
z
z
0
0
k=1
k=1

l  


∞ 
∞

z
ak+1 − dk
l+k−1
(−1)k .
+
k
k−1
z0
z
0
l=2
k=1
∞

ak+1 − dk

The right-hand sides of (4.6) and (4.7) are obtained using the result from Lemma
2.4 in [7]. Combining (4.6) and (4.7) and arranging the terms based on powers of z,
we obtain the following power series:
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B(z) = a1 − (a0 z0 + d0 ) ln(−z0 ) +
(4.8)

1
+ z a0 ln(−z0 ) +
z0



∞

ak+1 − dk
k=1

z0k

a0 z0 + d0 +

(−1)k

∞

ak+1 − dk
k=1

z0k


k

k(−1)


l 



∞ 
∞

z
ak+1 − dk
1 a0 z0
l+k−1
k
+
− d0
(−1) −
.
k−1
z0
l l−1
z0k
l=2

k=1

This equation corresponds to the ﬁnal equation in Lemma 2.4 in [7]. The ﬁrst term is
a constant, the second is linear in z, and the third term includes all the higher powers
of z.
The last equation needed for the FMM is the expression that transfers the Taylor’s
series about a center z0 to that about any other center. Since this is nothing but
a transfer of a generic Taylor’s series, Lemma 2.5 in [7] is applicable here and is
reproduced below:


n
n
n



k
(−z0 )k−l
(4.9)
ak (z − z0 )k =
zl
ak
l
k=0

l=0

k=l

With (4.4), (4.5), (4.8), and (4.9) the FMM can be used for a singularity that
has a velocity ﬁeld expressed by (4.3). The reference [7] contains the corresponding
expressions for a singularity that behaves as qi ln(z − zi ). Combining their results
with the ones derived above, it is possible to use the FMM for the velocity due to a
panel that has a linear geometry.
It can be seen from (4.1) and (4.2) that the velocity ﬁeld due to the panels can be
represented as the sum of a set of singularities that are of the form z ln z and ln z that
are placed at the end points, z1 and z2 , of the panels. There are two singularities of
strength (γ2 − γ1 )/l and (γ1 − γ2 )/l of the form z ln z , and two more singularities of
the form ln z with strengths γ2 and −γ1 placed, respectively, at the ends of the panel,
z2 and z1 . Hence for a single panel, it can be easily shown that
(4.10a)
(4.10b)
(4.10c)
(4.10d)

(4.10e)

a0 = 0,
−(γ2 − γ1 )
(z2 − z0 )k − (z1 − z0 )k ,
ak =
kl
d0 = 0,

1 (γ1 − γ2 )
dk =
(z2 − z0 )k+1 − (z1 − z0 )k+1
k
l


k

k
+ γ2 (z2 − z0 ) − γ1 (z1 − z0 ) ,
 
1 (γ2 − γ1 )
ak+1 − dk =
(z2 − z0 )k+1 − (z1 − z0 )k+1
k l (k + 1)


k

k
− γ2 (z2 − z0 ) + γ1 (z1 − z0 ) ,

where k > 0. Since a0 and d0 are zero for a single panel, (4.4), (4.5), and (4.8) simplify
greatly. It is now possible to use the FMM for any number of panels by adding to
the above coeﬃcients, (4.10), the eﬀect of each panel and substituting the result in
(4.4), (4.5), (4.8), and (4.9). In order to numerically solve this, the series expansions
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Fig. 4. Sketch of the colleagues of cell b for an arbitrary distribution of particles. All cells
marked c are the colleagues.

for the multipole method need to be truncated up to some order p depending on the
accuracy desired. In [4], given an accuracy $, the number of terms to be considered
in the multipole expansion is given as p = ln2 $. Since there is a multiplicative factor
of z in the case of a panel, for the same accuracy to be obtained, p must be chosen as
p = 1 + ln2 $.
5. Numerical implementation. Carrier, Greengard, and Rokhlin [4] provide
most of the important details in order to implement the AFMM. They prove the
accuracy of the method and also show that the method is O(N ). In the numerical
implementation of the AFMM, the ﬁrst and most important step is to create a hierarchical mesh that contains all the panels and particles. This is done by using a quad
tree structure. The domain is split up into cells that contain the particles and panels.
Depending on the number of particles and panels in a particular cell, it may be split
into four daughter cells. An unsplit cell is called a childless or leaf cell. A split cell
is either called a parent or a branch. The cell splitting can also be controlled by the
size of the cell. It is useful to deﬁne two kinds of particles in a FMM. Particles that
are responsible for a force, velocity, or potential are called causes. Particles that are
inﬂuenced by these “causes” are called eﬀects. Ordinarily, N body problems involve
the causes alone. In the case of the panel method applied to certain problems like
vortex based ﬂow solvers the number of causes is less (small number of panels) and
the number of eﬀects is very large. This must be carefully handled.
A simple method is proposed to handle diﬀerent number of cause and eﬀect elements eﬃciently. The ﬁrst cell, which contains all the particles and panels, is deﬁned
to be at the level 0. If a cell is at level l cells of the next level l + 1 are obtained by
splitting it into four daughter cells. Consider a cell b at a level l. The colleagues of
cell b are deﬁned as all the cells at the same level l that share either a side or corner
with the cell b. This is illustrated in Figure 4.
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In order to handle both causes and eﬀects eﬃciently, the decision to split the
cell is handled as per the following pseudocode. Here n_cause, n_effect are the
number of cause or eﬀect particles in the particular cell and max_cause, max_effect
are the maximum allowed number of the particle type per cell. The lines with a # are
comments.
if (cell.n_cause > max_cause) and (cell.n_effect > max_effect):
Split the cell into daughter cells.
else if (cell.n_cause <= max_cause) and (cell.n_effect <= max_effect):
# No need to split the cell: it has too few particles
Store the cell as a leaf/childless cell.
else if (cell.n_cause > max_cause):
for each colleague of cell:
if (colleague.n_effect > max_effect):
Split the cell into daughter cells
break
if cell is not split:
Store the cell as a leaf/childless cell.
else:

for each collegue of cell:
if (collegue.n_cause > max_cause):
Split the cell into daughter cells.
break.
if cell is not split:
Store the cell as a leaf/childless cell.

The reasoning behind the algorithm is as follows.
1. If there are a large number of causes and eﬀects in a cell, it would be ineﬃcient
to perform a direct computation. Therefore, the cell needs to be split into
daughter cells.
2. If there are very small number causes and eﬀects in the cell, then it is faster
to perform the computation on the cell directly. Therefore, the cell should be
left alone and stored as a leaf/childless cell.
3. If there are a large number of cause elements but small number of eﬀects in
the cell, b, then the decision to split the cell depends on the nature of its
colleagues. If any of the colleagues, c, of cell b have a large number of eﬀects,
then b should be split. This will reduce the number of direct computations
that have to be performed between the cell b and c. If there are no such
colleague cells, then the cell b can be stored as a leaf/childless cell.
4. Similarly, if there are a large number of eﬀect elements but small number of
causes in the cell b, then it should be split if any of its colleagues c, have a
large number of causes. If there are no such colleague cells, then the cell b
can be stored as a leaf/childless cell.
By splitting the cells based on the above it is possible to eﬃciently handle all the
diﬀerent cases where there are varying numbers of cause and eﬀect particles. Apart
from the cell splitting, the rest of the algorithm closely resembles the original AFMM
[4] due to Carrier, Greengard, and Rokhlin. The only diﬀerence is that small changes
are made in the algorithm to accommodate the passive “eﬀect” particles.
6. Results. The theoretical and algorithmic details have been presented above
and it remains to be seen if the resulting method does indeed improve the computational eﬃciency. The case of ﬂow past a circular cylinder, centered at the origin
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Fig. 5. Hierarchical mesh for the ﬂow past a circular cylinder with 400 panels and 10000 passive
particles for the case 1.

Table 6.1
Comparison of times for cubic, ﬂat, and fast panel methods.
Time taken (seconds)

Cubic panel

Flat panel

Fast panel method

Case 1

43.88

11.18

0.42

Case 2 (wake region)

43.53

10.95

0.12

with a radius of 1 unit, with 400 panels is considered. A set of 10000 uniformly
spaced particles in a square region is considered. The coordinates of two diagonally opposite corners of the region are (−2.0, −2.0) and (2.0, 2.0). This is called
Case 1. The velocity at each of these 10000 points is computed using the cubic
panel method, the linear panel method, and ﬁnally the presently developed fast summation technique. The velocity of the panels on themselves is not computed. In
the above computation the accuracy for the FMM is chosen as $ = 10−6 and the
max_cause and max_effect are chosen as 7 panels and particles, respectively. The
corresponding hierarchical mesh is shown in Figure 5. As is evident from Table 6.1
the fast panel method increases the speed by a signiﬁcant amount. There is a 100
fold increase as compared to the cubic method and a 26 fold increase as compared
to the traditional ﬂat panel method. It is signiﬁcant to note that if the domain
of interest (the region where the particles are distributed) is further away from the
body, a much greater increase is seen. To demonstrate this a square region between
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Fig. 6. Hierarchical mesh for the ﬂow past a circular cylinder with 400 panels and 10000 passive
particles for case 2.

(1.0, −1.0) and (3.0, 1.0) with 10000 uniformly spaced points (case 2), is considered.
This region is in the wake of the cylinder. For case 2 the results are again shown
in Table 6.1. The corresponding mesh is shown in Figure 6. It is clear from Figure 6 that the reﬁnement of the mesh becomes ﬁner as the particles get closer to the
body and coarser as the particles move away from the body. From the results it can
be observed that as one moves away from the body the computation becomes more
eﬃcient (in this case by a factor of 3.5). There is certain to be an upper limit of
eﬃciency gained for a given computation but as is evident from the above results,
more than two orders of magnitude in speed increase are achievable. The parameters
max_cause and max_effect have to be chosen carefully. The minimum cell size must
also be chosen carefully and in this case the minimum length of a cell is two panel
lengths.
The fast panel technique has very signiﬁcant advantages from the perspective of
computational eﬃciency. In the following, the accuracy of the method is compared to
that of the cubic panel technique. The ﬂow past a cylinder is used as a benchmark.
(2.5) is used to compute the error on a ring away from the cylinder. The ring is made
up of around 1000 particles. 200 panels are used for the cylinder. Figure 7 plots the
variation of the error, E, versus the distance of the ring from the surface the cylinder,
r. The computation was performed using a maximum of 7 panels or particles per
cell. The fast panel method is more accurate than the ﬂat panel technique because
(a) the cubic panel method is used to compute the strengths on the panel and (b) in
the vicinity of the panels the cubic panel method is used to ﬁnd the velocity. Figure 8
plots the error E for diﬀerent values of the max_cause parameter, which determines
the maximum number of panels allowed per cell. The larger this parameter the larger
the number of panels that are used to perform the direct computation. From the
ﬁgure it is evident that there is a lower bound for the error in the case of the fast
panel technique. Though increasing max_cause reduces the error in the vicinity of
the cylinder there is no signiﬁcant gain away from the body. On the other hand,
increasing max_cause increases the computational time. Therefore the parameter
must be chosen carefully depending on the accuracy required.
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Fig. 7. Comparison of the error E versus distance from the surface of a circular body obtained
by using the fast panel method, the ﬂat panel method, and the cubic panel method. E is computed
using (2.5).
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Fig. 8. Comparison of the error E versus distance from the surface of a circular body obtained
by using diﬀerent max cause parameters as compared to using only cubic panels.
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7. Conclusions. The AFMM applied to the linear panels greatly improves the
eﬃciency of the velocity computation. The mesh generation criterion that has been
developed here is simple and produces the expected eﬃciency while retaining generality. The expressions derived for the fast panel technique can be readily used in an
existing fast multipole program. The methodology has been shown to eliminate the
edge eﬀect while improving computational eﬃciency considerably. From the results it
is clear that the error of the fast method is larger than the cubic panel method. This
is due to the fact that the ﬂat panel method has been used for the AFMM. The error
can be improved by using the cubic panel technique for the AFMM. This is currently
being pursued.
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