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1. Introduction

Free functions can be traced back to the work of Taylor [27,28] and generalize formal power series which
appear in the study of finite automata [26]. More recently they have been of interest for their connections with
free probability and engineering systems theory, see for instance, [34,33,32,7,14,16,1,22,23,21,24,20,2-4,6].

This article provides a conceptually different proof of a result in [2] of a sufficient condition for the
existence of a factorization b = ac, for free functions a, b and a free contractive-valued function ¢ on a free
domain determined by free polynomials. In the classical context, this is the problem of Leech. See [17]. As
a consquence of our main result, the Toeplitz Corona Theorem of [2] is obtained. For more on the Corona
and the Toeplitz-Corona problems, see [2,9,10,18,19,25,29,31,12.5,8,30].

All Hilbert spaces considered in this article are complex and separable. Let C"*" denote the set of
n x n complex matrices and C4 denote graded set ((C"*")9),, where (C"*")? is the set of d-tuples
X = (X1,...,X4) of n x n matrices. Observe that the graded set CZ is closed with respect to direct sums
and unitary conjugations.
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More generally, a non-commutative set L = (L£(n)), is a graded set where £(n) C (C"*")? such that for
X € L(m), Y € L(n) and a unitary matrix U € C"™*™,

i) XY =X18Y,,...,Xg80Yy) € L(m+n); and
(i) U*XU = (U*X1U, ..., U*XqU) € L(m).

Tt is to be noted that a non-commutative set is defined using property (i) only, in [16].

Let B(H,&) denote the set of bounded operators from the Hilbert space H to the Hilbert space £. We
will use the notation B(#H) for B(H,H).

A B(H, &)-valued non-commutative function defined on the non-commutative set £ is a function such
that for X € L(m), Y € L(n),

(i) f(X) e BH®C™ ERC™M).
(i) f(X@Y)=f(X)® f(Y).
(iii) f(STIXS) = (Ie¢ ® S™Hf(X)(Iy ® S) whenever S € C™*™ is invertible and S~*XS € L(m).

We will say that such a function is bounded if sup,,cy £y < 00, where E;, = supx () [|f(X)]|. Henceforth
we will use the abbreviation “nc” for “non-commutative”.

A typical example of an nc function is a free polynomial in the d non-commuting variables x1,..., x4,
which is defined as follows.

Let F4 be the semigroup of words formed using the d-symbols z1, ..., 24 and the empty word @ denote
the identity element of Fy. A B(C*)-valued free polynomial in the non-commuting variables x1,...,xq is

a finite formal sum of the form »_ - p,w, where p,, € B(C*). For w = z;,xj, ..., , the evaluation
of pat X € (C™™)4, is given by p(X) = Y wer, Pw @ XY € B(C* @ C™), where X* = X;, X, ... Xj,..
For 0 € (C™*™)? p(0) := py ® I,. It is easy to see that p is a B(CF)-valued nc function defined on the nc
set C2..

Let € and 6 be B(C¥)-valued free polynomials in zy,...,z4 and let K denote the graded set (K(n)),,
where

K(n) = {X € (C™™)? : J¢ > 0 such that e(X)e(X)* — §(X)6(X)* = (I @ In)}. (1)

Observe that the graded set K = (K(n)),, is an nc set. Throughout this article, we will consider this nc set
with the additional assumption that 0 € K(1). Our main result is the following.

Proposition 1. Let &1, €2, E3 be Hilbert spaces and suppose that a and b are bounded B(E2,E3) and B(&1,E3)
valued ne-functions on K. There exists a B(E1, E2) valued ne-function f such that, for alln and X € K(n),

(i) [F(X)I <1; and
(ii) a(X)f(X) = b(X),

if there exists a B({? ® CF,&3)-valued nc function h defined on K such that
a(T)a(R)" = b(T)b(R)" = MT)[Lz @ (e(T)e(R)* — 6(T)0(R)")|h(R)" (2)
foralln € N and R,T € K(n).

A key ingredient in the proof is the existence of a left-invariant Haar probability measure on the compact
group of unitary matrices in C™*".
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Observe that if € = I1(), where ) € F, is the empty word, then K is the domain G5 = (Gs(n)) considered
in [2], where

Gs(n) = {X = (X1,...,Xq) : |6(X)]| <1} c (C™)9, (3)

with the additional assumption that 0 € Gs(1). The following theorem for the domain G5 has been proved
in [2].

Theorem 1. Let &1, E, E3 be finite-dimensional Hilbert spaces and suppose that a and b are bounded B(Es, E3)
and B(&1,E3) valued ne-functions on K = Gs. The following are equivalent.

(i) There exists a B(£* ® CF, E3) valued ne-function h defined on K such that
a(T)a(R)" = b(T)b(R)" = M(T)[Lz @ ((Ix ® In) — 6(T)6(R)")]h(R)*

foralln € N and R, T € K(n).

(i) There exists a bounded B(E1,Es) wvalued ne-function f such that ||f(X)| <1 and o(X)f(X) = b(X),
foralln € N and X € K(n).

(7i7) a(X)a(X)* —b(X)b(X)* = 0 for alln € N and X € K(n).

It is immediate that a proof of the implication (i) = (i¢) of Theorem 1, follows from Proposition 1
by taking € = I(). Thus the proof given here of Proposition 1, exploiting the Haar measure, provides an
alternate and conceptually different proof of (i) = (i) than the one given in [2].

The article is organized as follows. Section 2 contains some preliminary lemmas that will be used in the
sequel. Section 3 contains the proofs of Proposition 1 (the main result of this article) and Theorem 1. The
article ends with the Toeplitz-Corona theorem of [2] for the nc domain K = G5 with 0 € K(1).

2. Preliminaries

Lemma 1. Let X, Y be separable Hilbert spaces and W € B(X @ C*, Y @C™). If W = (Iy @ V)W (Ix @ V)
for all unitaries V€ C**™ then there exists an operator W € B(X,)) such that W =W ® I,,.

Proof. The result is an embodiment of the fact that the only n x n matrices which commute with all n x n
matrices are multiples of the identity. Since (Iy @ V)W = W(Ix ® V) for every unitary V € C™**", it follows
that

(Iy @ X)W = W(lx @ X) (4)

for every X € C™"*". Let {e1,...,e,} denote an orthonormal basis for C" and let E; = e;e; denote the
resulting matrix units. Write W = )" W, ;, ® Ej ;, for operators Wj ; : X — ). Choosing, for 1 < a, f <n,
the matrix X = eyef, from Eq. (4) it follows that

Z Ws i ® eqe), = Z Wia® ejes.
- .

J

Hence, Wg = 0 for k # 3, W o = 0 for j # « and W, o = W3z and the result follows by taking
W=Wgye O
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Lemma 2. Let H be a Hilbert space and suppose A, B € B(H). If AA* — BB* > cI for some ¢ > 0, then
there exists a unique E € B(H) such that B* = E*A* and |[E*|| < 1. Moreover, if H is finite dimensional,
then E is unique and |[E*| < 1.

Proof. The Douglas lemma [11] implies the existence of a contraction F such that B = AE assuming
only that AA* — BB* = 0. Since the hypotheses imply that AA* > ¢ is invertible, in the case that H is
finite dimensional, it follows that A is invertible and £ = A~'B is uniquely determined. Moreover, since
A(I — EE*)A* = cI and A is invertible, F is a strict contraction. O

3. The proofs

Let G = {U € C"*™ : U*U = I}. It is well known that G is a compact group with respect to
multiplication. Hence there exists a unique left-invariant Haar measure 2(™ on G(™) such that h(")(G) = 1
and

/ F(U)dR™ (17) = / FVU)AR™ (1), (5)

G(n) Gn)

for all continuous functions f : G™ — C and U,V € G™. For more details see [9].
Recall the nc set K defined in (1) and the assumption that 0 € K(1).

Proof of Proposition 1. Fix n € N. For all R,T € K(n), rearranging (2) yields,

a(T)a(R)* + h(T)[I= ® 6(T)5(R)*]h(R)*

= W(T)[Iz @ e(T)e(R)*|A(R)" + b(T)b(R)". (6)
Consider the closed subspaces:
D) = span { {(Iez © z((];))?h(R)*} xr:r€e€&&RC", Re K(n)} ,
R = span { {(Iez @ Z((?;);)h(R)*} r:xeé&QC" Re IC(n)}

of (22 CF@C") @ (& ®C") and (12 @ CF @ C") @ (& ® C™) respectively.
Let W : D) — R(") be the linear map obtained by extending the map

[(Iﬁ ® ci((ﬁ);)h(R)*} L [(152 ® Z((];);)h(R)*] )

linearly to all of D(™). Tt follows from Eq. (6) that W,, : D™ — R(") is an isometry (and hence the map
is indeed well defined). Since the dimensions of DM and ROV are equal (to infinity), it follows that
W DM — R can be extended to a unitary V(™. Thus

A B0
v = <C<"> D) ) C(PRCPRCM @ (£9C) - (2CheC) e (& 9C)

and satisfies

(G ) (™)
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i.e.

k
3 AW (Ie ® 6(R)*)A(R)" + B™a(R)* = (In @ e(R)*)A(R)", (8)
=1

C™ (12 ® 6(R)*)W(R)* + D™a(R)* = b(R)*. (9)

The rest of the proof will only use the fact that V(™ is a contraction (although it is in fact unitary). Let
U € G™. Observe that U*RU € K(n). Moreover,

(Lez @ §(U"RU)* )R(U"RU)" = (L2 @ I;, @ U") (L2 @ 6(R)")h(R)"(Ie, ® U),
a(U*RU)* = (Ie, ® U*)a(R)* (I, ® U) and
b(U*RU)* = (Ie, ® U*)b(R)*(Ie, ® U).

Thus replacing R in Egs. (8) and (9) by U*RU yields,
A (Ipe @ I, @ U*) (T2 © 6(R) )M(R)* (Ig, @ U)
+ B (I, @ UM a(R)* (Ie, @ U) = (I @ I, ® U*)(Ip2 @ e(R)*)h(R)* (I, @ U), (10)
and
C™(Ipp ® I @ U)(Ip2 @ 5(R)*)(R)* (Ie, ® U)
+ D™ (Ig, @ U")a(R)* (Ie, ® U) = (Ie, ® U*)b(R)*(I¢, @ U). (11)

Multiplying Eq. (10) on the left by (I2 ® I, ® U) and on the right by (I, ® U*) and Eq. (11) on the left
by (Ig, ® U) and on the left by (Ig, @ U*) yields,
(Ip @ I @ U)A™ (Ip ® I, @ U*)(Ip2 @ 6(R)*)h(R)*
+ (Ip x I, @ U)B™ (I, ® U*)a(R)* = (I;> @ e(R)*)h(R)*, (12)

and
(I, @ U)C" (T2 @ I ® U*) (12 @ 5(R)")W(R)"
+ (Ie, @ U)D™ (I, @ U*)a(R)* = b(R)*. (13)
Let A B™ C™ and D™ denote the bounded (in fact, contractive) operators that satisfy
(A g ) = / (AP (I @ I, @ U*)z, (Ip2 @ Iy @ U*)y) dh™ (U)
G(n)

(B™a,b) — / (B™(Is, ® U™)a, (Ipp @ Ty @ U*)b) dh™ (1)
G(n)

(G 2, w) = / (C(Is @ T © U*)2, (Ie, © U*)w) dh™ (U)

G(n)

(D™ g, hy = / (D(Ig, ® U*)g, (Ig, @ U*)h) dh™ (U) (14)

G(n)
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for all z,y,b, 2 € 2RCFRC™; a,g € E20C™; w, h € £ @C™. Moreover, for x € E3C" and y € 2CFeC™,
u€ & RC™and v € & ® C™, it follows from Eqgs. (14), (12) and (13) that

([A™ (1 @ SRy IR(R)" + B a(R) ]z, y)
- / <[(Ip 2 I, @ U)A™ (I @ I @ U*) (L2 ® 5(R)")h(R)*
G(n)
+ (Ip ® I, © U)B™ (Ig, ® U*)a(R) "]z, y> dh™ (1)

_ / (I ® e(R)Y(R)*z, y) dh™ (U)

G(n)
= (I ® e(R)")A(R) z, y) (15)

as well as

- / (iU, © VYO (1 @ 1 & U") (I @ 6(R)" (R
G(n)

= / (b(R)*u,v) dh\™ (U).

G(m)
= (0(R)"u,v) (16)

Egs. (15) and (16) together imply that
AW BON ( (I @ S(R)VR(R) (e @ e(R))R(R)*
(e 5o ) (" “m ) = (" ™)

Aln)  B0)
Also, observe that ( G P is a contraction. Lastly, for V € G, the left invariance property of the

Haar measure h implies that A, B(_ C() and D™ are invariant under conjugation by I ® V and hence

AP = (Ip @ [ @ VYA (Ip @ I, @ V*)
B™ = (Ip @ I, ® V)B™ (Ig, @ V*)
Ct = (Ie, @ V)C (Ip @ I @ V)
D™ = (Ie, @ VD™ (Ig, @ V*).

It follows from Lemma 1 that there exist bounded operators A, B ¢ and D™ such that A =
AWM @1, B =B g1, ¢ =M™ @I, and D™ = D" @ I, where A™ e B(? @ CF), B ¢
B(&,02 @ CF), ¢ € B(1? @ C*, &) and D™ € B(&,,&;). Moreover,

A B
<c(n) D)

) PCHepsb - PeChHog

is a contraction.
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Let H= (> CF) @ & and & = (2 @ C*) @ &. Observe that H @ £ is separable. At this point, it has
been proved that there exists an operator ¥V € B(H, £) such that ||[V|| <1 and

(I MR)?MR)*) B ((1 ® e(R)*)h(R)*> |

a(R) - b(R)" (a7)

VeI, (
Let

0 0
L,= {(V 0) V] €£1and (V® I,) solves (17)} CBH®E).
The argument above implies that L, # () for each n € N. It is also the case that L, is a WOT-closed
subset of the WOT-compact unit ball of B(H @ &). Thus L,, is WOT-compact for each n € N. Moreover
since 0 € K(1), it follows that L, D Ly4+1. By the nested intersection property of compact sets, ﬂ L,

neN
, 0 0 A B\ . i i
is non-empty. Say (V 0) S nrgNLn, where V = (C’ D) with A € B(f? @ C*¥), B € B(&, 0% ® CF),
CeB(?®CF &) and D € B(&,&).
For all n € N and R € K(n), we have,
(AR L)1 @ 6(R)")R(R)* + (B® I,)a(R)" = (I2 ® ¢(R)*)h(R)* (18)
(C @ In)(Ie @ 0(R)")h(R)" + (D @ In)a(R)" = b(R)". (19)

By Lemma 2, for each n € N and R € K(n) there exists a uniquely determined strict contraction
v(R) € B(CkF ® C") such that

Since ||A® I,,]| < 1 and ||[y(R)*|| < 1, rearranging Eq. (18) and using (20) yields,
(I @ e(R)MR) ={Ipp @[}, ® I, — (A I,) (I @ v(R)*)} (B ® I,,)a(R)*. (21)
Using (21) and (20) in (19) yields,

(C® L) @y(R) {lp @l @1y
—(A@ L)Lz @y(R)*)} "N (B @ L) + (D ® I,)]a(R)* = b(R)". (22)
For n € N, R € K(n), define the function f on K by
f(R)=[(C® L)z @y(R)){le I ® I,
— (A0 L) @y(R))} (B L)+ (D& L))" (23)

Thus f is a B(&1, E2)-valued graded function which satisfies a(R) f(R) = b(R). Moreover, for R € K(n) and
S € K(m), since y(R® S) = v(R) & v(S5), it follows that,

F(R®S) =[(C& Intm)Ie @y(R®S) )Lz ® It ® Lnsm
- (A ® In+m)(I€2 ® 'Y(R & S)*)}il(B ® In+m) + (D ® In+m)}*
= f(R) & f(5).

i.e. f preserves direct sums.
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Finally, to show that f is an nc function, suppose R € K(n) and S is an invertible n x n matrix
such that S~!RS € K(n). We need to show that f(S7'RS) = (Ig, ® S71)f(R)(I¢, ® S). Observe that
~v(R)* is uniquely determined by (20), since e(R)* is invertible. From the form of f, it is enough to show
Y(STIRS) = (I, @ S™Hy(R) (I}, ® S). To this end, observe that,

(It ® S*)8(R)* (I ® (§*) ") = 6(S~'RS)*
(STIRS)*e(STIRS)*

(ST'RS)* (I ® S™)e(R)" (I ® (57) ). (24)

v
v

Thus
(I ® S (R) e(R) (I ® (57) 1) = 4(ST'RS)* (I ® S™)e(R)" (I ® (S7) 7).
Since e(R)* (I ® (S*)™") is invertible, taking adjoints, it follows that
(It ® ST (R) (I ® S) = v(ST'RS).
The proof is complete if we show that || f(R)|| < 1 for every n € N and R € K(n). Recall that for all n € N,

Vel - A B):(A®In B®I,

c D Col, Do In) is a contraction. Thus there exist bounded operators P and Q
such that

(77*73 P*Q) _ (Iﬂ@ck@tcn 0 ) _ (A* C*) (A B) = 0. (25)
QP Q°Q 0 Ie,gcn B D*J\C D

For notational convenience, let I'(R) := (I;2 ® v(R)*), A(R) := (I ® Iy ® I, — AT'(R)) and ®(R) :=
A(R)~!. We have f(R)* = D+ CI'(R)®(R)B. Using Eq. (25), for n € N and X € K(n), we have, as in [13],

(Ie, ® In) = f(R)f(R)" = (I, ® I,) = DD — B*®(R)*T(R)*C*D
— D*CT(R)®(R)B — B*®(R)*T'(R)*C*CT(R)®(R)B

— Q*Q + B*B + B*®(R)'T(R)*(A*B + P*Q)
+ (B A+ Q*P)I(R)®(R)B
— B*®(R)*T(R)*(I — A" A — P*P)I(R)®(R)B

=B "®(R)"[A(R)"A(R) + I'(R)"A"A(R) + A(R)"AL'(R)
—L(R)*(I - A" AL (R)|2(R)B
+Q*Q + B*®(R)*T(R)*P*Q + Q*PT(R)®(R)B
+ B*®(R)*T(R)*P*PT(R)®(R)B

= B*®(R)*[I — T'(R)*T(R)]®(R)B
+(Q + PT(R)®(R)B)*(Q + PI'(R)®(R)B)

= 0. O
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Proof of Theorem 1. (i) implies (ii): Follows from Proposition 1, by letting € = I,0.
(ii) implies (iii): Observe that for each n € N and X € K(n),

a(X)a(X)" = b(X)b(X)" = a(X)a(X)" — a(X) f(X) f(X) " a(X)"
(X) (e, ® In = F(X) f(X))a(X)"

0. (26)

1Y

(iii) implies (i): This is the content of Theorem 7.10 in [2]. O

Recall the non-commutative set G5 = (Gs(n)), from (3). The following is the Toeplitz-Corona theorem
of [2] for the non-commutative domain G5 = (Gs(n)) with the assumption that 0 € Gs(1). Observe that
certain well-known non-commutative domains, for example, the non-commutative polydisc, can be realized
as such Gy, for suitable §.

Theorem 2. Let ay,...,ay be bounded C-valued nc-functions defined on Gs and p > 0. If for alln € N
and R € Gs(n), Zle a;(R)a;(R)* = p?l,, then there exist C-valued nc functions gi,...,ge defined on G
such that 2521 a;(R)gi(R) = I,, for each n € N and R € Gs(n). Moreover the B(C,C*) valued nc function
g satisfies ||g(R)|| < % for alln € N and R € Gs(n), where g(R) = e1 @ g1(R) + --- + e, ® g;(R) and
e1,ea,...,ep are the standard unit (column) vectors in C*.

Proof. Letting & = & = C and & = C%, a(R) = ef®a1(R)+- - -+¢; ®as(R) and b(R) = ul, for R € G5(n)
in Theorem 1, the hypothesis becomes a(R)a(R)* —b(R)b(R)* = 0. Theorem 1 now implies that there exists
a B(C,C*) valued nc function f such that ||f(R)|| <1 and

el ®ai(R)+- - +e; @a;(R)|f(R) = ply. (27)
Choose C-valued nc functions fi, ..., f; such that f(R) =e1 ® fi(R)+---e; ® f¢(R). Using this in Eq. (27)
yields,
¢
Zaz(R)fl(R) = ply.
i=1

Taking g; = %fi; i=1,2,...,¢, completes the proof. O
4. Free spectrahedra

Let A denote a linear k x k matrix-valued nc polynomial,

g
Ax) =) Ajzj,
i=1

where the A; are k x k matrices. The corresponding linear pencil is the expression
L(z) = I — A(z) — A(z)™.
A bit of algebra shows that

L(z) = (I — A)(x) (I = A)(2)" — A(z)A(z)". (28)
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Given the linear pencil L(z), define the free (non-commutative) spectrahedron (see [15]) associated with the
linear pencil L(x) by Rr, = (Rn)n, where

Rin=1{X € (C™) . L(X) >0}

If one associates with the linear pencil L(x), the nc polynomials ¢(z) = I, — A(z) and 6(z) = A(z), then it
follows from (28) that the spectrahedron R, is the nc set K = (K(n)),, constructed from nc polynomials €
and d as in Eq. (1). The results of this article apply equally well to such spectrahedra.

Acknowledgments

I would like to thank Prof. Scott McCullough for several discussions and many helpful suggestions. I would
also like to thank the referee for a careful reading of this manuscript and for giving valuable comments which
substantially improved its quality.

References

[1] Gulnara Abduvalieva, Dmitry S. Kaliuzhnyi-Verbovetskyi, Fixed point theorems for noncommutative functions, J. Math.
Anal. Appl. 401 (1) (2013) 436-446.

[2] Jim Agler, John McCarthy, Global holomorphic functions in several non-commuting variables, http://arxiv.org/pdf/
1305.1636v2.pdf.

[3] Jim Agler, John McCarthy, The implicit function theorem and free algebraic sets, arXiv:1404.6032.

[4] Jim Agler, John McCarthy, Pick interpolation for free holomorphic functions, arXiv:1308.3730.

[5] E. Amar, On the Toeplitz corona problem, Publ. Mat. 47 (2) (2003) 489-496.

[6] S. Balasubramanian, S. McCullough, Quasi-convex free polynomials, Proc. Amer. Math. Soc. 142 (2014) 2581-2591.

[7] Joseph A. Ball, Gilbert J. Groenewald, Sanne ter Horst, Bounded real lemma and structured singular value versus di-
agonal scaling: the free noncommutative setting, Multidimens. Syst. Signal Process. (2015), http://dx.doi.org/10.1007/
s11045-014-0300-9, in press.

[8] J.A. Ball, T.T. Trent, Unitary colligations, reproducing kernel Hilbert spaces, and Nevanlinna—Pick interpolation in several
variables, J. Funct. Anal. 157 (1998) 1-61.

[9] L. Carleson, Interpolations by bounded analytic functions and the corona problem, Ann. of Math. (2) 76 (1962) 547-559.

[10] S. Costea, E.T. Sawyer, B.D. Wick, The corona theorem for the Drury—Arveson Hardy space and other holomorphic
Besov—-Sobolev spaces on the unit ball in C", Anal. PDE 4 (4) (2011) 499-550.

[11] R.G. Douglas, On majorization, factorization, and range inclusion of operators on Hilbert space, Proc. Amer. Math. Soc.
17 (1966) 413-415.

[12] R.G. Douglas, J. Sarkar, Some remarks on the Toeplitz corona problem, in: Centre de Recherches Mathématiques CRM
Proceedings and Lecture Notes, vol. 51, 2010, pp. 81-89.

[13] J.W. Helton, A.H. Zemanian, Cascade loading of passive Hilbert ports, STAM J. Appl. Math. 23 (1972) 292-306.

[14] J.W. Helton, I. Klep, S. McCullough, Proper analytic free maps, J. Funct. Anal. 260 (5) (2011) 1476-1490.

[15] J. William Helton, Igor Klep, Scott McCullough, Free convex algebraic geometry, in: G. Blekherman, P. Parrilo, R. Thomas
(Eds.), Semidefinite Optimization and Convex Algebraic Geometry, SIAM, 2012.

[16] Dmitry S. Kaliuzhnyi-Verbovetskyi, Victor Vinnikov, Foundations of Free Noncommutative Function Theory, Mathemat-
ical Surveys and Monographs, vol. 199, Amer. Math. Soc., Providence, 2014.

[17] R.B. Leech, Factorization of analytic functions and operator inequalities, Integral Equations Operator Theory 78 (1) (2014)
71-73.

[18] S.-Y. Li, Corona problem of several complex variables, in: The Madison Symposium on Complex Analysis, Madison, WI,
1991, in: Contemp. Math., vol. 137, Amer. Math. Soc., Providence, RI, 1992, pp. 307-328.

[19] K.-C. Lin, Hp-solutions for the corona problem on the polydisc in Cn, Bull. Sci. Math. (2) 110 (1) (1986) 69-84.

[20] J.E. Pascoe, Ryan Tully-Doyle, Free Pick functions: representations, asymptotic behavior and matrix monotonicity in

several noncommuting variables, arXiv:1309.1791.

1] G. Popescu, Free holomorphic functions on the unit ball of B(H)™ — II, J. Funct. Anal. 241 (2006) 268-333.

2] G. Popescu, Operator theory on noncommutative domains, Mem. Amer. Math. Soc. 205 (964) (2010).

3] G. Popescu, Free holomorphic automorphisms of the unit ball of B(H)", J. Reine Angew. Math. 638 (2010) 119-168.

4] G. Popescu, Noncommutative multivariable operator theory, Integral Equations Operator Theory 75 (1) (2013) 87-133.

5] C.F. Schubert, The corona theorem as an operator theorem, Proc. Amer. Math. Soc. 69 (1) (1978) 73-76.

6] M.P. Schiitzenberger, Sur les relations rationnelles (in French), in: Automata Theory and Formal Languages, Second GI

Conf., Kaiserslautern, 1975, in: Lecture Notes in Comput. Sci., vol. 33, Springer, Berlin, 1975, pp. 209-213.

[27] J.L. Taylor, A general framework for a multi-operator functional calculus, Adv. Math. 9 (1972) 183-252.

[28] J.L. Taylor, Functions of several noncommuting variables, Bull. Amer. Math. Soc. 79 (1973) 1-34.

[29] S. Treil, B.D. Wick, The matrix-valued Hp corona problem in the disk and polydisk, J. Funct. Anal. 226 (1) (2005)
138-172.



S. Balasubramanian / J. Math. Anal. Appl. 428 (2015) 1-11 11

[30] T.T. Trent, Solutions for the H°(D™) corona problem belonging to exp(LTlﬂ)7 in: Recent Advances in Matrix and
Operator Theory, in: Oper. Theory Adv. Appl., vol. 179, Birkh&user, Basel, 2008, pp. 309-328.

[31] T.T. Trent, B.D. Wick, Toeplitz corona theorems for the polydisk and the unit ball, Complex Anal. Oper. Theory 3 (3)
(2009) 729-738.

[32] D. Voiculescu, Free analysis questions. I. Duality transform for the coalgebra of dx.p, Int. Math. Res. Not. IMRN 16
(2004) 793-822.

[33] D.-V. Voiculescu, Free analysis questions II: the Grassmannian completion and the series expansions at the origin, J. Reine
Angew. Math. 645 (2010) 155-236.

[34] D.-V. Voiculescu, K.J. Dykema, A. Nica, Free Random Variables: A Noncommutative Probability Approach to Free
Products with Applications to Random Matrices, Operator Algebras and Harmonic Analysis on Free Groups, CRM
Monograph Series, vol. 1, American Mathematical Society, Providence, RI, 1992, vi+70 pp.



	Toeplitz Corona and the Douglas property for free functions
	1 Introduction
	2 Preliminaries
	3 The proofs
	4 Free spectrahedra
	Acknowledgments
	References


