Role of spatial patterns in fracture of disordered multiphase materials
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Multi-phase materials, such as composite materials, exhibit multiple competing failure mechanisms during the growth of a macroscopic defect. For the simulation of the overall fracture process
in such materials, we develop a two-phase spring network model that accounts for the architecture
between the different components as well as the respective disorders in their failure characteristics.
In the specific case of a plain weave architecture, we show that any offset between the layers reduces
the delocalization of the stresses at the crack tip and thereby substantially lowers the strength and
fracture toughness of the overall laminate. The avalanche statistics of the broken springs do not
show a distinguishable dependence on the offsets between layers. The power law exponents are
found to be much smaller than that of disordered spring network models in the absence of a crack.
A discussion is developed on the possibility of the avalanche statistics being those near breakdown.
I.

INTRODUCTION

In biological materials, nature’s design exploits the
beneficial aspects of combining different materials and
the spatial patterns between them to develop lightweight
material systems with significantly improved resistance
to fracture [1–3]. Synthetic or engineered composite materials, similarly, have aimed to expand the strength to
weight as well as toughness to weight performances of
available materials. Different spatial patterns, such as
short stiff fiber reinforcements randomly arranged in a
compliant matrix, long fibers unidirectionally arranged,
or in a two- or three-dimensional woven architecture, etc.,
have been developed successfully [4–9]. The more intricate the architecture, the higher the associated complexity of the deformation and in particular, the fracture process, due to several competing failure mechanisms, making predictive modeling significantly more challenging.
For better design and life assessment of heterogeneous
composite materials, in the present study, we develop a
statistical approach to examine some of the factors that
influence the defect tolerance of spatially patterned heterogeneous composite materials.
The effect of heterogeneity on the macroscopic mechanical performance of composite materials, measured in
terms of stiffness, strength, and toughness, has been examined by several researchers in both statistical physics
as well as engineering. Depending on the relevant length
scales of a given system, many different theoretical frameworks have been adopted for analysis, ranging from atomistic simulations for design of materials to continuum
models for design of components and structures [10–15].
Continuum description of composite material typically
involves micro-mechanical modeling of a representative
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volume to arrive at the effective anisotropic elastic and
plastic behavior. The homogenized anisotropic constitutive relations are then combined with a damage initiation and evolution criterion for simulation of progressive
damage [16–18]. While these models have been shown to
accurately describe uniaxial responses in particular directions, the material behavior under multiaxial loading
is, however, not well reproduced. [16–18].
Brittle heterogeneous materials, when subject to mechanical loads, are prone to micro-cracking at multiple
sites. On the application of higher stresses, these microcracks tend to interact and grow, resulting in multiple
events prior to final failure, as evident in the acoustic
emission activity [19, 20]. Such complex fracture processes, which typically occur over large process zones,
are stochastic in nature, and have been investigated comprehensively using lattice-based models for single-phase
systems with disorder. In these lattice-based models,
the continuum is discretized into a collection of interconnected particles, and a simple inter particle interaction is defined to account for the mechanical and fracture
properties of the material [21–23]. The scaling properties
observed in acoustic emission experimental data during
fracture of heterogeneous materials have been of significant interest in the field of statistical physics. Attempts
have been made to interpret the scaling laws of energy
release and fluctuations in temporal statistics via concepts of criticality and phase transitions [19, 22, 24, 25].
Qualitative features of the role of disorder in crack paths,
and macroscopic response have also been investigated in
detail because arbitrarily oriented, multiple crack paths,
typically observed in materials like concrete, particulate
composites, ceramics, cortical bones, etc., are easy to
simulate using lattice-based models [26–31].
Brittle multiphase heterogeneous systems are comparatively less well studied. Investigating the role of elastic
heterogeneity in a two-phase system, studied using a network of hard and soft springs, Urabe et al. [32] showed
the possibility of designing material systems tougher and
stronger than individual components. The two-phase
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network was also utilized in the translaminar fracture
simulation, under mode I and mixed mode, of woven
composites [33]. In these studies, while the relative proportion of hard and soft bonds and their orientations was
maintained to ensure equivalence with the macroscopic
elastic modulus of the composite material, the details
of the meso-structural patterns of the woven reinforcements were ignored, as the heterogeneity was randomly
distributed in the domain.
The role of spatial patterns in fracture of heterogeneous systems was analyzed in a series of investigations
by Buehler and co-workers [34–36]. Spatial patterning
in a two-dimensional heterogeneous spring bead network
was represented by introducing a correlation length in
the spatial distribution of the Young’s moduli modeled
as a Gaussian process, such that any significant variation in the modulus occurs only over the correlation
length. Toughening in the heterogeneous solid with disordered elastic fields was attributed to the “distribution-ofweakness” mechanism, resulting from the observed crack
arrest and stress delocalization [34]. Further, some of
these features could be reproduced in solvable models of
rectangular blocks, rods, and plates [35, 36].
How does the fracture process differ between laminates
that are elastically equivalent but differ in the spatial patterns between their hard and soft phases? Under what
relative fracture properties of the phases does the elastic
heterogeneity result in enhancement of toughness? Do
avalanche statistics depend on spatial patterning? In
this paper, we explore the role of meso-structural patterns by considering a representative system of woven
fiber-reinforced laminate. To incorporate the composite’s
mesoscopic spatial pattern, we develop a multiphase twodimensional computational model using spring networks,
the elastic properties of each phase being estimated using standard homogenization technique and the rule of
mixture. Within the model, we study in detail the dependence of the elastic stress distribution and fracture
properties such as strength, toughness, crack paths, and
avalanche statistics on the spatial patterning of the laminate. In particular, we show that toughness is enhanced
with increased elastic heterogeneity.

II.

MODELING AND SIMULATION

In this section, we develop a two-dimensional model
for the analysis of plain weave laminates. Four steps
are involved. First, the three-dimensional plain weave
laminate is mapped onto a two-dimensional geometric
pattern based on the local volume fraction of the yarns
(Sec. II A). Second, from the two-dimensional geometric pattern, a discrete element model in the form of
a two-dimensional spring network model made up of
bonds of multiple types is constructed (Sec. II B). Third,
a methodology of assigning local elastic parameters to
springs is developed so that the experimentally observed
macroscopic elastic behavior is reproduced (Sec. II C).

FIG. 1. Schematic diagrams of (a) a single lamina or layer
with fibers woven in perpendicular directions, (b) crosssectional view of the lamina, at the sectioning plane (shown
in red [translucent cutting plane] in (a)), (c) a laminate in
which the constituent laminae are stacked randomly, and (d)
cross-sectional view of the laminate at the sectioning plane.

Fourth, the algorithm for simulating the resultant spring
network model using molecular dynamics is discussed
(Sec. II D).

A.

Geometric Modeling

The representative material system being modeled is a
soft matrix embedded with a harder reinforcement with
a plain weave architecture. We focus on the most common reinforcement patterns in which yarns of fibers are
interlaced in a textile-like geometric pattern. A typical
pattern of a single layer or lamina is shown in Fig. 1a.
The pattern consists of two types of fibers: those oriented
in the x-direction denoted as x-fibers and those oriented
in the orthogonal y-direction denoted as y-fibers. When
sectioned in the thickness direction, a well defined geometric pattern emerges where, as shown in Fig. 1b, the
cross-section consists of y-fibers appearing as isolated elliptic regions while the x-fibers are continuous and have
an oscillatory pattern.
Typical composite laminates consist of 6 to 8 such layers in the thickness direction (z-direction), with each
layer having possible offsets in the xy plane (Fig. 1c).
Cross-sections of these laminates have periodically patterned rows that are phase shifted depending on the relative positioning of the layers with respect to the sectioning plane, as shown in Fig. 1d. Note that depending
on the relative positioning of any lamina with respect to
the sectioning plane, the cross-sectional thickness of the
x-fiber may vary from its maximum thickness (first layer
in Fig. 1d) to zero thickness (last layer in Fig. 1d, where
the grey tube is missing).
For a typical single lamina, as well as the laminate,
as shown in Fig. 1, based on the pattern observed in
the given cross-section, the volume fractions of x- and
y-fibers along the section’s length are shown in Fig. 2a-
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(a)

FIG. 3. (a) A representative area element of a single lamina. (b) The corresponding allocation of regions based on the
configuration of x-fibers, y-fibers and matrix.

TABLE I. Criteria for allocating different regions based on the
threshold, φc and the volume fractions of x-fibers and y-fibers
(b)

FIG. 2. Variation of the volume fractions of x-fibers and yfibers at a cross-section of (a) a single lamina and (b) a representative laminate of six layers. The horizontal dotted line
φc is a threshold as defined in Table I.

2b. In the cross-section of a single lamina, the volume
fraction of the y-fibers varies between its maximum at the
center of the elliptic cross-section and zero in the region
between the ellipses as seen in Fig. 2a. Correspondingly,
the x-fibers have a well-defined pattern as well. In a
laminate, as shown in Fig. 2b, the volume fraction of both
y-fibers as well as x-fibers when averaged over the layers
has comparatively less variation between the maximum,
φmax , and minimum, φmin .
A representative area element of a single lamina is
shown in Fig. 3a. It is composed of 4 interconnected
regions: regions which have no fibers (referred as R1 and
represented by the color green [grey] in Fig. 3b), regions
which have fibers only in the x-direction (R2, red [dark
grey]), regions which have fibers only in the y-direction
(R3, yellow [light grey]) and regions which have fibers
in both directions (R4, blue [black]). The distinction
between the fiber-rich regions and the matrix-rich (no
fibers) regions becomes less apparent when several layers
are stacked together in a laminate. For a simplified 2dimensional representation of a laminate, the spatial distribution of volume fraction of fibers can be discretized
by introducing a threshold cut-off φc , such that it is approximated to be composed of fiber-rich and matrix-rich
regions. For the present study, the criteria for allocating
different regions based on the threshold and the volume
fractions of x-fibers and y-fibers, was taken to be as per
the rule in Table I.
Thus, the choice of the threshold volume fraction
would decide whether the laminate behavior is dominated by the matrix-rich (softer) regions or the fiberrich (harder) regions. If φc is chosen to be close to φmin ,
then most of the laminate would be of type R4 (fiber-rich
hard material), while as we increase φc , the percentage
of softer region would increase. Finally, when φc is close

Regions
φ (x-fiber)
Region rich in y-fiber and x-fiber
(R4)
≥ φc
y-fiber rich region (R3)
< φc
x-fiber rich region (R2)
≥ φc
Matrix rich region (R1)
< φc

φ (y-fiber)
≥ φc
≥ φc
< φc
< φc

to φmax , then most of the material would be matrix-rich.
Examples of the decomposition for different choices of φc
are shown in Fig. 4.
We use a threshold φc , primarily to simplify the heterogeneity in elastic as well as fracture properties within
the composite laminate, such that role of the hard and
soft phases in the growth of damage can be differentiated easily. The simplification to a two-phase system
also brings out the comparative differences between the
behavior of spatially patterned two phase networks and
the randomly distributed two phase networks reported in
the existing literature [32, 33]. In simulation of actual experimental data, however, a more continuous variation in
stiffness and fracture properties would probably be desirable. Predictions of such a model would have a stronger
dependence on the lattice size.

(a)

(b)

(c)

FIG. 4. The different regions (R1-R4) when the ratio of the
threshold φc to the average φ (y-fiber) is (a) 0.70, (b) 1.0 and
(c) 1.36. (The color mapping is as in Fig. 3)
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FIG. 6. Different types of springs based on the different regions of the laminate.

FIG. 5. (a) RSNM with a notch or crack. (b) Magnified
view of spring network showing the spring connections. (c)
2-dimensional square lattice-springs connection with neighboring and next neighboring lattice points.

B.

Random spring network model (RSNM)

The geometric pattern consisting of four regions, obtained from the laminate using the procedure in Sec. II A
is now further discretized in space to convert it into a discrete element model. We discretize a rectangular domain
of the laminate using a square lattice of size 105 × 119
with lattice spacing a = 0.5mm, as shown in Fig. 5a.
Each lattice point, representative of an elemental area, is
connected to its nearest and next-nearest neighbors with
linear elastic extensional springs, as shown in Fig. 5b.
The resistance to shear deformation of the spring network is provided by torsional springs that resist changes
to the angle, θijk , subtended between the lattice point
and its two adjacent neighbors, as shown in Fig. 5c. For
simulating fracture, a macroscopic crack is modeled by
deleting the spring connections between the lattice points
at the top and bottom surface of the crack which is located at mid-height whose length is approximately 0.28
times the width of the system.
When the spring network is deformed from its initial
configuration, the total potential energy stored, Φ, has
both extensional component, Φelongation and rotational
component, Φrotation :
Φ = Φelongation + Φrotation ,

where the second sum is over the 8 angles θijk as shown
in Fig. 5c and cijk is the torsional stiffness of the spring
resisting the change of the angle θijk from π/4. Using the
equivalence of strain energy density of the spring network
and that of a linear elastic isotropic continuum [37], the
elastic constants of the continuum, Young’s modulus E
and Poisson’s ratio ν, are related to the local spring constants as [37]:
8k(k + c/a20 )
,
3k + c/a20
k − c/a20
ν=
.
3k + c/a20

E=

In the above RSNM, Poisson’s ratio that can be simulated lie in the range (−1, 1/3).
In the above discussion, the relation between spring
constants and the elastic constants are for a homogeneous material. To extend the RSNM to multi-phase
heterogeneous material, in particular a plain weave laminate, springs connected to neighbors 1,2,3 and 4 of a
lattice point have been assigned as hard or soft springs
based on the region of that location (Fig. 6). The regions which are rich in y-fibers (R3) have hard vertical
and hard left adjacent diagonal springs, while other two
springs are soft, and all others are soft springs. Similarly,
regions which rich in x-fibers (R2) have hard horizontal
and left adjacent diagonal springs while other springs are
soft, matrix rich regions have all soft springs (R1) and regions rich in x- and y-fibers have all hard springs (R4)
respectively.

C.

Φelongation =

i=1 j=1

1
−
−
kij {|→
rj − →
ri | − aij }2 ,
2

(2)

−
−
ri , →
rj are the position vectors of lattice sites i and
where →
j, aij is the initial equilibrium distance between them,
and kij is the elastic stiffness of spring joining i and j.
The rotational component is given by
Φrotation =

N X

X
1
π 2
,
cijk θijk −
2
4
i=1
hijki

(5)

(1)

For a spring network with N lattice points, the extensional energy is
N X
4
X

(4)

(3)

Elastic Modeling

To estimate the elastic behavior of hard and soft
springs, we proceed as follows. The elastic behavior of
hard and soft springs depends on the matrix, the reinforcements, on the choice of the critical threshold φc ,
and the spatial distribution of φ (x-fiber) and φ (y-fiber).
The choice of φc , other than being constrained to be between φmax and φmin of y-fiber, is arbitrary. However,
the macroscopic elastic behavior of the composite cannot depend on the choice of φc . For this purpose, elastic
moduli of hard regions (Eh ), represented by hard springs,
and soft regions (Es ), represented by soft springs, of the
laminate at different φc are calculated using the rule of
mixtures. A given choice of φc decides the fraction f
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TABLE II. Effective material properties for a typical plain
weave laminate (taken from Ref. [38]).

FIG. 7. Schematic diagram showing the discretization of the
laminate into hard (shaded region) and soft phases based on
the choice of threshold, φc for φmin < φc < φmax .

Properties
Ematrix (GPa)
Efibers (GPa)
Elaminate (GPa)
ν (laminate)

Values
3.12
136.5
46.7
0.0654

of the laminate which will be designated as hard. The
fraction f of the laminate for a chosen φc is evaluated as
P
∆wih
P
P
f=
,
(6)
h
∆wi + ∆wis
where ∆wih and ∆wis denote the hard and soft phases respectively as defined in Fig. 7. To ensure effective elastic
behavior of the laminate to be independent of the choice
of φc , the elastic modulus of the laminate, Elaminate , is
then given by the rule of mixtures to be
Elaminate = Eh f + Es (1 − f ),

(7)

We assume that a quadratic dependence well captures
the dependence of Eh and Es on the fraction f :
Eh (f ) = a0 + a1 f + a2 f 2 ,
2

Es (f ) = b0 + b1 f + b2 f .

(8)
(9)

The six constants ai , bi can be determined as follows.
Eq. (7) now expresses Elaminate as a polynomial of degree
three in f . Since Elaminate cannot depend on the choice
of φc (and hence f ), each of the polynomial coefficients,
other than the constant term, must be zero. This gives
b0 = Elaminate , a0 = b0 − b1 , a1 = b1 − b2 , a2 = b2 . Thus,
only two constants need to be determined. It is easy to
check that the solution is consistent with the constraint
that when f = 0, i.e. φc = φmax , then Es = Elaminate .
Likewise for the constraint when f = 1, i.e. φc = φmin ,
then Eh = Elaminate .
Two more conditions obeyed by the constraint may be
obtained by examining the limits f → 0, and f → 1 more
closely. As the volume fraction φ of the y-fibers vary in
space, the local elastic modulus of the laminate, using
the rule of mixtures, varies between its maximum and
minimum values as
Emax = φmax Efibers + (1 − φmax )Ematrix ,
Emin = φmin Efibers + (1 − φmin )Ematrix .

(10)
(11)

When φc → φmin , i.e. f → 1, the material represented
by soft regions corresponds to the laminate part that has
fibers at φmin . This implies that
Es (f = 1) = Emin .

(12)

Applying the same argument to the limit φc → φmax , i.e.
f → 0, we obtain
Eh (f = 0) = Emax .

(13)

FIG. 8. Elastic moduli of hard region, Eh , and soft region,
Es , as a function of the threshold φc [see Eqs. (8) and (9)].
Eh and Es satisfy the constraint that Elaminate is constant for
any choice of φc . Inset: The ratio Eh /Es has a maximum at
φc = hφi (of y-fiber).

Eqs. (12) and (13) provide us with the two extra conditions that allow us to determine the constants ai , bi .
Thus, Eh and Es are determined in terms of Efibers ,
Ematrix , and Elaminate .
We assume that both hard and soft regions have the
same Poisson’s ratio ν. This, in turn, allows us to determine the values of the spring constants k and c for both
hard and soft springs using Eqs. (4) and (5). The numerical values for the elastic constants are taken to be the
same as reported for a typical plain weave laminate (for
example, see Ref. [38]). These are tabulated in Table II.
The solution from the above quadratic interpolation of
Eh and Es at different φc for representative laminate is
plotted in Fig. 8. That this scheme works well and reproduces the elastic response correctly can be seen from the
macroscopic stress-strain curves shown later [see Fig. 17].

D.

Simulation procedure

The lattice points have two translational degrees of
freedom. To simulate mode I fracture, lattice points at
the top edge of the domain was given upward displace-
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III.
A.

FIG. 9. A schematic diagram of the loading condition. The
left bottom corner is pinned while the other lattice points on
the bottom corner can only displace in the horizontal direction.

ment while those at the bottom edge was restricted to
translate only in the x-direction (see Fig. 9). In the simulation, the total macroscopic strain of 0.1 was applied
incrementally in 400 steps. In each step, the top row of
lattice particles were displaced as per the macroscopic
strain. The resulting deformation of the spring network
was evaluated iteratively. In the iterative procedure, the
equation of motion
−
d→
ri
→
−
−
ai = −∇→
,
ri Φ − γ
dt

(14)

−
where →
ai is the acceleration of lattice site i, γ = 0.25, is
the damping coefficient which drives the system to equilibrium and the mass has been set to 1, is integrated
using the velocity-verlet algorithm:
→
−
−
−
ri (t + ∆t) = →
ri (t)(2 − γ∆t) − →
ri (t − ∆t)(1 − γ∆t)
→
−
bond
2
+a
(∆t) ,
(15)
i

for each incremental time step, ∆t ≈ 10−2 γ −1 . We note
that strains are applied quasistatically. The dissipiation
term in Eq. (14) is to ensure relaxation to equilibrium.
The time step in these numerical integration is taken to
be much smaller than 1/γ to ensure time step independence.
Critical strain and stress approach are used for failure
analysis, i.e., spring breaks if strain/stress in the respective spring becomes greater than the critical strain/stress
value. If a spring breaks, the system is again brought into
equilibrium until no further spring breakage occurs. To
speed up computation, we implement a parallelized version of the algorithm.

RESULTS

Elastic properties

We first study the effects of the choice of the cut-off
threshold, φc , and heterogeneity arising from the mesostructure of the laminate on the elastic stress distribution in the presence of a pre-existing crack. To study
the effects of the choice of φc , we characterize the spatial stress distribution in a representative laminate, in
which the offsets in the x- and y-directions between layers are randomly chosen, for three choices of φc , namely
φc /hφi = 0.70, 1.0, 1.36. The contours of the stress σyy in
the y-direction (when the crack is in the x-direction) are
shown in Fig. 10 for a fixed macroscopic strain. These
contours were obtained from the discrete displacement
field using two-dimensional linear interpolation based on
the moving least square method, as discussed in Ref. [39].
In this method, the value of displacement at an arbitrary
location, Pi (shown in Fig. 11) is computed from the
weighted least square fit of the displacements of the lattice sites contained in a circular region Ri encircling Pi .
The point Pi is then moved over the entire surface. In
Fig. 10a, the stress distribution is shown for the homogeneous case. This refers to the case when the Young’s
modulus is equal to the effective modulus of the laminate,
and is constant throughout the domain such that the system has discrete translational symmetry. The stress pattern seen resembles the standard pattern that is observed
in a homogeneous system with a crack, for example, see
Ref. [40]. When heterogeneity is introduced [see Fig. 10b10d], the stresses no longer have a smooth transition from
highly intensified stresses near the crack tip to far-field
lower stresses. Rather, the stress contours exhibit discontinuous behavior. Also, the highly stressed zones close
to the crack tip, seen in the homogeneous case, become
delocalized when heterogeneity is introduced. When the
stress patterns are compared with the hard and soft bond
distributions, as shown in Fig. 4, it is evident that the
hard and soft regions are distinguishable as they develop
significantly different stresses.
The sharpest contrast between neighboring regions
nearer to crack tip is observed when φc is chosen to be
hφi. Increasing or decreasing φc away from the mean
reduces the contrast and the contours are closer to the
homogeneous continuous patterns. These differences are
quantified in terms of the stress normal to the plane of
the initial crack ahead of the crack tip, as seen in Fig. 12.
Ahead of the crack tip, in the homogeneous solution,
the opening stress decays rapidly in a smooth manner.
In the heterogeneous combinations, the maximum deviations from the homogeneous solution are seen when
φc = hφi, which is a consequence of Eh /Es being the
highest for a given Eeff . As the threshold is increased,
even though the hard phase develops significantly higher
stresses, there are fewer locations that belong to the hard
phase and the stresses in the softer phase are, thus, closer
to the homogeneous solution. The same effect is also seen
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(a)

(b)

FIG. 12. The variation of the stress σyy with distance ahead of
the crack tip (r) for different choices of the cut-off threshold.
The data are for a laminate whose offsets between layers are
randomly chosen. The results for the homogeneous model are
shown for comparison.
(c)

(d)

FIG. 10. The spatial distribution of the stress σyy for a laminate whose layers are offset from each other in the xy-plane by
a random amount. The macroscopic strain is the same in all
the panels which correspond to different cut-off thresholds φc .
(a) Homogeneous model. (b) φc = 0.7hφi. (c) φc = 1.0hφi.
(d) φc = 1.36hφi. The data are for a single realization.

FIG. 11. A schematic diagram illustrating the moving least
square method approximation to determine displacement of
Pi based on the weighted least square fit of the displacements
of the lattice sites (shown by crosses) in a circular region Ri
encircling Pi . Another example is shown for point Pi+1 .

for low threshold as very few locations now belong to the
softer phase. In the absence of any compelling reason
to choose otherwise, as well as to enhance the effects of
heterogeneity, we will consider φc = hφi in the remainder
of the paper.
For the same effective elastic modulus, the relative offset between the layers can also have a strong effect on

the spatial distribution of the volume fractions of x- and
y-fibers as well as its maximum and minimum limits. To
establish the role of relative offset in comparison to the
homogeneous material, we consider two extreme configurations which we call as zero offset and staggered offset
configurations. In the zero offset configuration, the fibers
are perfectly aligned across the thickness, as shown in
Fig. 13a, such that, along the length of the laminate, the
fiber volume fraction varies from maxima to zero (similar to a lamina). In the staggered offset configuration,
each adjacent layer has an offset of exactly half the wavelength of the undulation in both x- and y-directions, as
shown in Fig. 13b, resulting in fiber volume fraction having double the frequency of the undulations. Contours of
the opening stress field σyy are presented in Fig. 14 for
different types of laminate configurations in comparison
to that for a homogeneous material. In the zero-offset
configuration shown in Fig. 14b, meso-structure patterns
dominate the stress distribution, accompanied by significant delocalization of the high stresses near the crack tip.
However, in the staggered configuration, in Fig. 14c, even
though the stress distribution has patterns of the heterogeneity, contour shapes are much closer to the homogeneous model. Higher disorder in the elastic field, as seen
in the case of the zero-offset configuration contributes to
its observed increase in strength and toughness, as we
will see later.
The distribution of σyy , for the different configurations
considered, is presented in Fig. 15. The single peak observed in the homogeneous case corresponds to the lattice
points in the region away from the crack tip. On the introduction of heterogeneity, two peaks form as the strains
are compatible in the neighborhood but two different material behavior result in differences in the σyy . In the zero
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(a)

(b)

FIG. 13. Cross-sectional view of the two extreme configurations of the laminate. The panels correspond to mesostructures with (a) zero offset between layers and (b) staggered offset between layers.

FIG. 15. Distribution of stress σyy of lattice points for homogeneous system and system when heterogeneity is included.
All the data correspond to the same macroscopic strain for
single realization.
(a)

(b)

(c)

FIG. 14. The spatial distribution of the stress σyy for fixed
cut-off φc = hφi and different laminate configurations. The
macroscopic strain is the same in all the panels which correspond to (a) homogeneous model (b) zero offset mesostructure and(c) staggered offset meso-structure. The data
are for a single realization.

offset configuration, the ratio between the elastic moduli
of the two phases is largest, and thus the peaks are furthest away from each other, leading to higher stresses for
a larger number of lattice points, whereas, in staggered
offset, peaks are much closer. For random-offset configuration, we find that the peaks are in between (not plotted
for the sake of clarity).

B.

Fracture properties

We now study the effect of elastic heterogeneity, inherent in the laminates, on the fracture behavior. In
the existing studies of fracture behavior of heterogeneous

materials using network models, two main simplifications
have been adopted in relation to the failure criteria for
inter-particle interaction: a common threshold failure
strain [34] or a common failure threshold stress [32], as
shown in Fig. 16. Since both elastic and failure properties of the springs affect the macroscopic response significantly, in the present work, we employ both the criteria
to establish a comprehensive understanding of the role of
spatial patterns in heterogeneity on its fracture process.
In a common stress threshold criteria, we choose failure
criteria for the bonds to be such that for all springs, the
stress threshold, σ ∗ , is taken to be the same, as shown in
Fig. 16a. This results in softer bonds requiring the highest energy for failure while harder bonds require the least,
and the bonds of the effective homogeneous medium require energy in between. For a common strain threshold
criteria, as the failure strain threshold is taken to be the
same (= ǫ∗ ) for all phases, softer bonds require, thus, the
least energy for failure compared to the harder bonds, as
evident in Fig. 16b. We do simulations for laminates with
zero and staggered offsets, and for comparison, we also
simulate fracture response of an effective homogeneous
laminate.
In addition to the elastic heterogeneity, we also account
for the inherent disorder in the fracture properties, arising from microscopic variations and defects, by assigning
the failure threshold strain for each spring independently
from a Gaussian distribution with mean at σ ∗ /E or ǫ∗
as shown in Fig. 16 and a standard deviation taken to be
within the range of zero to 10% in all the simulations of
fracture. To show that the comparative responses of the
three laminate meso-structures differ from each other, depending on the type of failure criteria chosen, we take an
initial crack of length a0 = 0.28w and perform 25 realizations each for 3 different meso-structures: effective ho-
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(b)

(a)
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(d)

FIG. 16. The stress-strain diagram for springs depicting their
failure criteria based on (a) common stress threshold and (b)
common strain threshold.

(a)

(b)

FIG. 17. The force-displacement curve of laminates with different configuration for a crack of length a0 = 0.28w. The
disorder in the failure threshold corresponds to standard deviation 5% of the mean. The panels correspond to data for (a)
common stress threshold and (b) common strain threshold.

mogeneous, zero offset and staggered offset. We assume
the disorder in the failure strain threshold to have a standard deviation of 5% of the mean. We choose the failure
strain threshold for the effective homogeneous laminate
arbitrarily to be ǫ∗ = 0.025. From the responses based
on a common failure stress threshold shown in Fig. 17a,
the staggered configuation has a response very similar to
the homogeneous case, while the configuration with zero
offset exhibits significantly enhanced strength. The area
under the response curve, a measure of the material’s
toughness, is also highest for the zero offset configuration.
Even though the meso-structure with zero-offset exhibits toughening in both the common stress and strain
threshold criteria, there are differences in dissipative
mechanisms when considering the relative contribution
of hard bonds and soft bonds towards the total energy
that is dissipated during crack growth. The number of
extensional springs failing during crack growth is primarily driven by the energy costs involved. In the common stress threshold criterion, since the soft bonds are
tougher, fewer soft bonds break compared to hard bonds.
This is true for both zero-shift as well as staggered configuration, as is evident from Fig. 18a and 18b. Similarly,
the common strain threshold criterion implies the harder
bonds are tougher resulting in fewer hard bonds breaking

FIG. 18. The cumulative number of broken or failed bonds
with increasing displacement. The panels (a) and (c) are for
the zero-offset meso-structure while the panels (b) and (d) are
for the staggered offset meso-structure. The panels (a) and
(b) correspond to a common stress threshold failure criteria
while the panels (c) and (d) correspond to a common constant
strain threshold criteria.

compared to soft bonds, as can be seen for both mesostructures in Fig. 18c and 18d, respectively. However, for
both the criteria, the total number of failed springs are
higher for the zero-shift configuration than the effective
homogeneous counterpart, as seen in Fig. 18a and 18c,
resulting in its enhanced toughness.
The spatial location of the broken bonds is shown in
Fig. 19 for representative realizations of zero-offset and
staggered offset meso-structures for both common stress
as well as strain threshold failure criteria. The broken
hard, soft, and unbroken bonds are shown in orange
[grey], black [black] and light green [light grey] colors respectively. The crack path is most tortuous for zero-offset
configuration with a common stress failure threshold, as
can be seen in Fig. 19a. This is because the crack preferably avoids breaking soft bonds as they cost larger energy.
It is also observed that a few hard bonds that are not directly connected to the crack path also fail. Thus, the
damage is spread over a larger area, presumably resulting in higher toughness. The crack path for zero-offset
configuration for a common strain failure criterion has
a comparatively less tortuous path, though as expected,
there is a clear preference for breakage of softer bonds
(see Fig. 19c). Also, all the broken bonds are connected
to the main crack. On the other hand, the staggered configuration, for both choices of failure criteria, exhibits a
very localized path of the propagating crack along the
initial crack plane, as shown in Figs. 19b and 19d. This
is because Eh /Es is closer to unity and the differentiation
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FIG. 19. The final geometry of the crack for different mesostructures and failure criteria. The orange [grey], black [black]
and light green [light grey] colors represent broken hard, soft,
and unbroken bonds respectively. The panels (a) and (c) are
for the zero-offset meso-structure while the panels (b) and
(d) are for the staggered offset meso-structure. The panels
(a) and (b) correspond to a common stress threshold failure
criterion while the panels (c) and (d) correspond to a common
constant strain threshold criterion.

between soft and hard bonds is minimal.
To gain an insight into the role of disorder in failure
threshold on fracture for different laminate configurations
with their inherent elastic heterogeneity, we simulate the
fracture response for a range of disorder by varying the
standard deviation of the Gaussian distribution for failure threshold from 0% - 10%. When the hard and soft
phase have a common stress threshold, the zero-offset
configuration develops the highest strength as well as
toughness for the entire range of disorder considered, as
seen in Fig. 20a-20d. With slightest increase in disorder, strength of the elastically homogeneous solid drops
sharply and is nearly a constant thereafter. The effect of
increasing disorder has a marginal effect on the strength
of staggered configuration and, except for very low disorder, the failure threshold the strength is very close to
the effective elastically homogeneous laminate.
We now study the effect of elastic heterogeneity and
the failure threshold criteria on the critical stress intensity factor or fracture toughness KIc . As per the linear
elastic fracture theory, the failure stress σmax depends on
the crack length a0 as
1
2
σmax

=

β 2 a0
2 ,
KIc

(16)

where the geometric correction factor β for a given height
to width ratio of the specimen geometry is known [41]. In
presence of a fracture process zone, it has been proposed
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(d)

FIG. 20. Effect of disorder in failure criteria on the peak
force and fracture toughness of laminate. The different panels
correspond to (a), (b): common stress threshold criterion and
(c), (d): common strain threshold criterion. The data are for
a crack of length a0 = 0.28w, and have been averaged over 25
realizations (50 for homogeneous).

that Eq. (16) is modified to
1
2
σmax

=

β 2 (a0 + ξ)
,
2
KIc

(17)

where ξ is another additional length length scale [42–44].
In presence of strong disorder, it has been argued that
the crack length a0 in Eq. (17) is dependent also on the
disorder [45, 46]. In our simulation, the disorder is small,
with damage limited to near crack, and we will therefore
compare our data with Eq. (17). To confirm the linear
2
relation between 1/σmax
and a0 , as well as to measure
KIc , we simulate the fracture response at 5% standard
deviation in failure strength for a range of initial crack
lengths, a0 , as shown in Fig. 21. It is evident that, in
2
our simulations, 1/σmax
is linearly proportional to a0 for
different elastic heterogeneities as well as different failure
threshold criteria. Interestingly, for the constant stress
failure threshold [see Fig. 21a], we find that KIc is larger
for zero-offset laminate than the homogeneous or staggered laminate, thus increasing fracture toughness. For
a common strain threshold failure criterion [see Fig. 21b],
we find that on an average KIc is independent of the elastic heterogeneity. However, on a more local scale, there
are deviations from linearity for the zero-offset laminate,
and KIc depends on the initial location of the tip of the
crack front.
Another commonly used probe to characterize the fracture process is statistics of acoustic emissions during fracture, or equivalently avalanche statistics in simulations.
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FIG. 21. The variation of the failure stress σmax with crack
length a0 . The results are for laminates with staggered offset and zero offset, as well as the homogeneous model, with
5% standard deviation in the failure threshold. The panels
correspond to failure thresholds based on (a) common stress
criterion and (b) common strain criterion. Each data point
has been averaged over 25 realizations (50 for homogeneous).

An avalanche is defined as the number of bonds that are
broken in one increment of applied strain. Let P (s) denote the probability density function for avalanches of
size s. The distribution is usually insensitive to the nature of the material undergoing fracture and follows a
power law distribution P (s) ∼ s−α for large s. The
avalanche size distribution, for 10% standard deviation
in failure strength, is shown in Fig. 22 for the different
laminate configurations for both choices of the critical
thresholds and compared to that for the homogeneous
model. For intermediate s, we see that the data for the
different meso-structure follow power law distributions

(b)

FIG. 22. The variation of the avalanche size distribution,
P (s), with avalanche size, s, for different laminate configurations, as well as for the homogeneous model. The panels
represent data for (a) a common stress failure thresholds, and
(b) a common strain failure thresholds. The data are for 10%
standard deviation in failure threshold and averaged over 250
realizations.

for both common stress theshold (see Fig. 22a) as well as
common strain threshold (see Fig. 22b). In this range of
s, there is no distinguishable effect of meso-structure on
the exponent α. However, the range of the power law is
limited, and a more definite statement on the universality requires simulation of much larger system sizes. We
conclude that exponent α is atmost weakly dependent
on the meso-structure as well as the choice of threshold.
Note that the power law distribution is quite different
from the avalanche distributions obtained from RSNM
simulations, in the absence of a pre-existing notch or
crack, which have exponents close to 2.5 [22]. However,
close to breakdown, it is known from exact solution of
the fiber bundle model as well as simulations of the ran-
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Fracture processes in composite materials strongly depend not only on the properties of the constituents but
also equally on their architecture. In this paper, we develop a methodology for constructing a discrete element
model for composites, particularly a plain weave laminate, which incorporates the inherent spatial patterns of
the meso-structure. Though the macroscopic elastic behavior does not depend on the spatial patterning of its
constituents, the spatial distribution of the stresses for
a composite is distinctly different from that of an elastically equivalent homogeneous system as the high stresses
near the crack tip are delocalized significantly.
For studying fracture behavior, two failure threshold
criteria were used: a common stress threshold and a

common strain threshold. Interestingly, the enhancement in strength and fracture toughness is observed for
all initial crack lengths when the failure criteria have
a common stress threshold. The enhancement is most
pronounced for the composite laminate with zero offset.
The dominant mechanism is observed to be the breakage
of bonds that are energetically less dissipative. Consequently, when energetically more dissipative bonds are
encountered in the path of a growing crack, it tends to deflect from its plane, resulting in a more tortuous path and
a larger number of total bonds broken. In contrast, for a
common strain threshold, while there is no enhancement
in toughness on an average, occasional enhancement in
toughness is observed depending on the initial position
of the crack tip.
We also studied the effect of spatial patterning on the
avalanche size distribution. Within the simulation data,
the avalanche distribution is independent of the elastic
heterogeneity as well as the failure criteria. However, the
value of the avalanche exponent is much smaller than the
value reported for RSNM. In the presence of a crack as
well as very little disorder, we argued that the avalanche
resemble critical avalanche close to breakdown. In such
case, it is known for other models like fiber bundle models and random fuse model that the critical avalanche
exponent could be significantly lower than off-critical exponents. Determining this exponent more accurately for
RSNM is a promising area for future study.
The simulations provide valuable insights into the role
of elastic heterogeneity in a two-phase network in the
enhancement of toughness for the two specific scenarios of comparative failure thresholds. In particular, a
common stress threshold criterion in which the harder
phase is weaker and the softer phase is tougher is a common comparative material failure response. However, for
the realistic approximation of actual experimental data,
the imposition of a constraint such as a common failure threshold would be inapplicable. Equivalent statistical signatures of two-phase behavior, as observed in the
count of broken bonds, if found in experimental data such
as acoustic emission activity, can provide vital inputs in
establishing a failure criterion for the two phases.
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