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Abstract

We prove analogues of Grauert—Miilich and Flenner’s restriction theorems for semistable principal Higgs
bundle over any smooth complex projective variety.
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1. Introduction

Let X be a smooth complex projective variety, with dim X > 2. Fix a very ample line bundle
Ox (1) on X. For any integer n, the line bundle Ox (1)®" will be denoted by Ox ().

Let E be a semistable vector bundle over X. Then for a general smooth hypersurface D
on X from the linear system |Ox (a)|, the restriction of E to D is semistable if the integer a
is sufficiently large. More generally, for any vector bundle V over X, the Harder—Narasimhan
polygon of V|p can be estimated from the data of V (see [6, Ch. 3 and Ch. 7]).

We recall the Grauert—Miilich and Flenner restriction theorems.
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Theorem 1.1 (Grauert—Miilich theorem). Let E be a semistable torsionfree sheaf over X. Let

C
D:ﬂD,-
i=l1

be a general complete intersection of hypersurfaces D; € |Ox (a;)| such that dim D > 0. If the
restriction V| p is not semistable, then consider the Harder—Narasimhan filtration

O=VoCcVicV,C---CVpo1 CViu=Vip.
Then for all 0 < j <m,

IRC

i=1

0<wu(V;/Vi—1) = n(Vit1/Vj) < max <]_[ai> - deg(X).

See [6, p. 59, Theorem 3.1.2] for a proof of the Grauert—Miilich theorem.

Theorem 1.2 (Flenner’s theorem). Let V be a semistable torsionfree sheaf on X of rank r. Take
any integer a such that

(a+dimx) —ac—1 2
> deg(X) - max ) g

a

a

Then the restriction of V to the general complete intersection D = (\;_, D; of positive dimen-
sion, where D; € |Ox(a)|, is semistable.

See [6, p. 161, Theorem 7.1.1] for a proof of the above theorem.

In [3], the above theorems were generalized to principal G-bundles over X. Our aim here is
to generalize them to Higgs G-bundles.

We prove the following two theorems (see Theorem 4.1 and Theorem 5.1):

Theorem 1.3. Let (E,0) be a semistable Higgs G-bundle on X. Then there is a nonempty
open subset S' C S such that for all s € S the following holds: Let (E,0)|z, be the restric-
tion of E to the complete intersection Zs := D1 N --- N Dy. If it is unstable, let (Ep,6p) be the
Harder-Narasimhan reduction of (E,0)|z,, and let (Er,01) be the Higgs L-bundle obtained
by extending the structure group of the Higgs P-bundle (Ep,6p), where L is the Levi quotient
of P. Then for any a € I’ (see (2.2)),

c
0 < u(EL(g")) < max{a;} ( ]_[az) deg(X),
i=1
where (Er(g%),0(g%)) is the Higgs vector bundle associated to (Ey, 0L) for the adjoint action
of L on the Z -root space g*.

Theorem 1.4. Let a € N be such that
(a+dim(X)) —loa—1

di —dimt
a > deg(x)ng —ame
a 2
If (E, 0) is a semistable Higgs G-bundle, then the restriction (E, 0)|p,n..np, to a general com-

plete intersection of positive dimension with D; € |Ox(a)| is Higgs semistable.

The notation used in Theorem 1.3 and Theorem 1.4 is explained in Section 4.
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2. Preliminaries
2.1. Higgs sheaf

Let X be an irreducible smooth projective variety over C of dimension n, with n > 2. The
holomorphic cotangent bundle of X will be denoted by £2 )1(
A Higgs sheaf on X is a pair of the form (E, ), where E —> X is a torsionfree sheaf, and

0:E— EQQ)

is an Oy -linear homomorphism such that 6 A 8 =0 [9]. The homomorphism 6 is called a Higgs
field on E. A coherent subsheaf F of E is called 8-invariant if

O(F)C F ® 2y.

A f-invariant subsheaf will also be called a Higgs subsheaf.

Fix a very ample line bundle H := Ox (1) on X. The degree of a torsionfree coherent sheaf V
on X is the degree of the restriction of V to the general complete intersection curve Dy N ---N
D,,_1, where D; € |Ox(1)]. So,

degree(V) = (c1(V) Uer(H)" ") N[X].

The quotient degree(V)/rank(V) € Q is called the slope of V, and it is denoted by p (V).
A Higgs sheaf (E, 0) is said to be stable (respectively, semistable) if for every Higgs subsheaf
F C E with 0 < rank(F) < rank(E), the inequality
W(F) < u(E) (respectively, w(F) < /L(E))

holds.
Given a Higgs sheaf (E, 6) over X, there is a unique strictly increasing filtration of Higgs
subsheaves

O0=EyCE|IC---CEx1CEx=E (2.1)
such that for each i € [1, k], the quotient E; /E;_; equipped with the Higgs field induced by 6 is
Higgs semistable, and furthermore,

W(ED) > w(E2/Ey) > -+ > p(E;/Ej—1) > -+ > u(Ex/Eg—1)-

This filtration is known as the Higgs Harder—Narasimhan filtration of (E, 0) [10].

2.2. Higgs G-bundles

Let G be a connected reductive linear algebraic group defined over C. The Lie algebra of G
will be denoted by g. For a principal G-bundle E — X, let E(g) be the vector bundle associated
to E for the adjoint action of G on g; it is called the adjoint vector bundle of E, and it is also
denoted by ad(E).

A Higgs G-bundle on X is a pair of the form (E, 6), where E — X is a principal G bundle

0:0x — E(g) ® 2y

is an Ox-linear homomorphism such that 6 A 6 = 0; note that 6 A\ 6 is a section of E(g) ® [2)2(
(it is defined using the Lie algebra structure of the fibers of E(g)).
A Zariski open subset U C X is said to be big if codimension(X \ U) > 2.
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Let E be a principal G-bundle on X. Let H be a closed algebraic subgroup of G. The quotient
map E — E/H will be denoted by g. A reduction of structure group of E to H over a big open
subset U is a section

o:U— E(G/H)

of the fiber bundle E(G/H) = E/H — X. Note that q’l(U(U)) — U is a principal H-
bundle.
If (H, o) be a reduction of E to H over a big open subset U, and if

0n e H'(U, En(h) ® 2}))

is a section such that the diagram

Oy —C~E@ o2,

e
En(h) ® 2},

is commutative, then the quadruple (H, o, 0y, U) is called Higgs reduction of E to H. Sometime
we will denote it by (E'y, 6y) provided it does not cause any confusion.

Let Zg C G be the center. Fix a maximal torus T C G and a Borel subgroup B C G contain-
ing T. The Lie algebras of T and B will be denoted by t and b respectively. Let R7 be the set of
roots of G with respect to 7' and R;f C R7 the set of positive roots. Let A be the set of simple
roots of g. For a € t¥ — {0}, let

g ={veg [s,v]=a(s)v, foralls €t}

be the root space.

For any parabolic subgroup P of G, there is a unique parabolic subgroup Q containing B
such that Q is a conjugate of P.

Henceforth, by a parabolic subgroup P of G we will always mean that P contains B.

For any parabolic subgroup P containing B, there is a unique maximal connected 7 -invariant
reductive L(P) subgroup P. The composition

L(P)~ P — P/R,(P)

is an isomorphism, where R, (P) is the unipotent radical of P. This subgroup L (P) will be called
the Levi factor of P. The Levi factor projects isomorphically to the quotient group P/R,(P).
The group P/R,(P) is called the Levi quotient of P.

Let p be the Lie algebra of the parabolic subgroup P. Let IT’ be the set of simple roots a € A
such that —« is not a root of p. Let

O:=A\IT (22)

be the complement.
The center of the Levi factor L of P, which is a torus, will be denoted by Zy . Let

31:=Lie(Z1)
be the Lie algebra of Z;. For @ € 31,

g* ={veg [s,v]=as)v, forall €3}
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If @ € Ry C tY, the set Rz, = {a&: g% #£0} C 3] of Zy roots forms an abstract root system,
but not necessarily reduced. If @ € Ry C t” is a T-root, then the corresponding element in
Rz, U {0} C 31 will be denoted by & (see §2 of [3] for more details). The spaces g& are not
necessarily one-dimensional, in fact

= P

(BeRy: s.t.p=a)

where g# is the root space associated to the root 8 € Ry C t¥. We have the following root space
decomposition

g=t® @ a“.

O_lERZL

Let E be a principal G-bundle on X. For any quasiprojective variety F on which G acts
from the left, let E(Y) be the associated fiber bundle. So E(Y) is the quotient of £ x Y where
(e1, y1) and (ez, y2) of E x Y are identified if there is an element g € G such that e = ¢; g and

-1
y2=8 ).
Let p : G — H be a homomorphism of connected reductive algebraic groups. For any prin-
cipal G-bundle Eg, let E,(H) be the principal H-bundle obtained by extending the structure

group of E¢ using p. Note that we have a homomorphism
p'1ad(E) —> ad(E,(H))

given by the homomorphism from g to the Lie algebra b of H associated to p. Using p’, a Higgs
field on E produces a Higgs field on E,(H).

The Higgs structure 0y on E,(H) (= E X, H) is given by 6y := (p' ® id) 00 where p’ ®id :
E(g)® R, — E(h) ® 2y and0: Ox —> E(g) ® 2.

A character x of a parabolic subgroup P C G will be called strictly anti-dominant if x is
trivial on the connected component of Z, and the line bundle on G/ P associated to the principal
P-bundle G — G/ P for y is ample.

A Higgs G-bundle (E, 0) is said to be Higgs semistable if for any Higgs reduction (Ep, 6p)
of (E, 6) to any proper parabolic subgroup P C G over some big open subset U, and for any
strictly anti-dominant character x of P, the associated line bundle L, := Ep xX C is of nonneg-
ative degree.

We note that (E, 0) is Higgs semistable if and only if for any Higgs reductiono : U — E/P
to any proper maximal parabolic subgroup P C G over some big open subset U, the vector
bundle 0 *Ty is of nonnegative degree, where T —> E/P is the relative tangent bundle for
the projection E/P —> X (see [8, p. 129, Definition 1.1] and [8, p. 131, Lemma 2.1]).

A Higgs reduction (Ep,0p) of (E,0) over a big open subset of X is called a Harder—
Narasimhan reduction if the following two conditions hold:

(1) The associated Higgs L(P)-bundle (Ep(L(P)), 01 (p)) is Higgs semistable, where L(P) :=
P/R,(P) is the Levi quotient of P.

(2) For each nontrivial character x of P which is a nonnegative linear combination of simple
roots with respect to B, the associated line bundle Ep x* C has positive degree.

For any Higgs G-bundle there is a unique Harder—Narasimhan reduction [4, Theorem 16].
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3. Some useful results
In this section we will put down four lemmas which will be used in the proof of Theorem 4.1.

Lemma 3.1. (See [ 1, Proposition 2.8].) Let E1 and E; be two torsion free sheaves over X. Then

(1) Hom(E1, E) # 0 implies that pimin(E1) < pimax (E2).
(2) If there exists a surjective homomorphism

E,— E, — 0,

then ,Uvmin(EZ) Z ,Uvmin(El)-

Lemma 3.2. Let Vi C Vo C --- C V, = (V, 0) be a filtration of Higgs shaves of a torsionfree
Higgs sheaf (V, 0). Assume that V1, with the induced Higgs field, is Higgs semistable. Also, as-
sume that each successive quotient V;/Vi_1, 2 < i < n, with the induced Higgs field is Higgs
semistable, and u(V;/Vi_1) < u(Vy). Then Vi is the maximal destabilizing Higgs subsheaf
of (V,0) (meaning V| is the first term of the Harder—Narasimhan filtration of (V, 0)).

Proof. The proof is exactly identical to the proof of Lemma 4.2 of [3]. O

Let p: Z — X be a projective morphism with § integral, and let Oz (1) be a p-very ample
line bundle on Z. The following lemma is the Higgs analogue of [6, p. 45, Theorem 2.3.2].

Lemma 3.3. Let (V, 0) be a Higgs torsionfree sheaf on Z which is flat over S. Then there exists
an open subset S’ C S and a Higgs filtration

ocvic---Cc Ve =V,

where U’ := p~1(S"), such that for all s € S', the restriction of the above filtration to the fiber
Z, is the Harder—Narasimhan filtration of the Higgs sheaf (V|z,, 0|z,) with respect to the polar-
ization Oz(1)|z,.

Proof. It can be proved by simply imitating the proof of Theorem 2.3.2 of [6]. O

We recall that Maruyama introduced the notion of a relative Harder—Narasimhan filtration for
any family of torsionfree sheaves [7].

Lemma 3.4. Let (F, ©) be a Higgs G-bundle over Z Then there exists an open dense set S’ C S,
an open set U C Z' = p~'(S') such that the codimension of the complement Zs \ Uy in Zy is
at least two for all s € S', where Ug = U N Z, and, furthermore, there is a Higgs parabolic
reduction of structure group (Fp,®p) of Fly to P, such that for all s € S', the restriction
(Fp,®p)|u, is the Harder—Narasimhan reduction of the Higgs bundle (F, ®)|z, with respect
to polarization Oz(1)|z,.

Proof. Using Lemma 3.3 and [4, Proposition 12], this lemma is derived following the proof
[1, Proposition 3.3]. O
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4. Grauert-Miilich theorem

In this section we will prove Grauert—Miilich theorem for Higgs principal G-bundle. This
theorem appeared first in [2] for vector bundles of rank 2 over projective spaces, and there it is
attributed to Grauert and Miilich. Subsequently it was generalized for arbitrary rank by Spindler
in [11], and to arbitrary projective varieties by Forster, Hirschowitz and Schneider in [5], and
also by Maruyama [7]. In [3], this was extended to principal G-bundles [3, Theorem 4.1].

For a positive integer m, let

Sy :=P(H(X, H™)")
be the linear system of hypersurfaces of degree m and
Ly = {(x,s): s(x)=0, se Sm}.

Then we have a diagram,

T — o S 4.1)

|

X

where p,, and g,, are the natural projections.

The fiber of g, over s € §,,, is embedded as hypersurface in X. So we always think of fibers
of g, as closed subschemes of X. Scheme theoretically, Z,, can be described in the following
way. The evaluation map gives rise to a following exact sequence

0——=Ky—H(X,0,(m)) ® Oy — Oy (m) ——0. (4.2)
Then Z,, =P(K}) is a projective bundle over X with projection
Pm L — X. 4.3)

Let T, , =T, /p,(Ty) be the relative tangent sheaf for p,, in (4.3). We have the Euler
exact sequence

00— Ozm Hq*(K,,,) Q P:Fn (Ozm (1)) sz/x 0. 4.4)
Let

1
Z:=Zpy Xy "Xy Zy and § 3=HSmw
i=1
where all m; are positive integers, and / < dim(X). We have natural projections
zZ 4.5)
/T,i X
S Zm; X

induced from (4.1). The relative tangent sheaf 7, is given by

l
T =D, 0- (4.6)
i=1
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Since Z is a fiber product of projective bundles over X, we have following relations among
Picard groups,

Pic(Z) = ¢*(Pic(X)) ® p*(Pic(S)) = ¢*(Pic(X)) ® Z'. 4.7

Theorem 4.1. Let (E,0) be a semistable Higgs G-bundle on X. Then there is a nonempty
open subset S' C S such that for all s € S’ the following holds: Let (E,0)|z, be the restric-
tion of E to the complete intersection Z; := D1 N --- N Dy. If it is unstable, let (Ep,6p) be the
Harder—Narasimhan reduction of (E, 0)|z,, and let (Ey,, 01) be the Higgs L-bundle obtained by
extending the structure group of the Higgs P-bundle (Ep,60p) to L, where L is the Levi quotient
of P. Then for any a € IT' (see (2.2)),

0 < u(Er(g%)) < maxfa;) ( Hai) deg(X),

i=1

where (Ef, (g&), Q(g&)) is thg Higgs vector bundle associated to (Er, 01) for the adjoint action
of L on the Z -root space g“.

Proof. Consider (F, ®) :=¢*(E,0). It is a Higgs G-bundle on Z such that for each s € S, the
restriction (F, @)|z, is a Higgs G-bundle isomorphic to (E, 0)|z,.

There is a dense open subset S’ C S, an open subset U C Z, and a Harder—Narasimhan reduc-
tion (Fp, @p) of (F, ®@)|y to a parabolic subgroup P of G, such that the following holds: For
each point s € §’, the induced reduction (Fp, @ p)|ynz, is the Harder—Narasimhan reduction of
(E, 0)|z, (this follows from Lemma 3.4).

Take any a € IT' C At (see (2.2)). Let Q be the maximal parabolic subgroup containing
P associated to . Let (Fp, ®g) (respectively, (Egp,0¢p)) be the extension of structure group
of (Fp,®p) (respectively, (Ep,0p)) to Q by the inclusion of P in Q. For each s € S, the
restriction (Fg, ®g)|unz, is areduction of (£, 8)|z, to the maximal parabolic Q. This reduction
is given by a morphism

og:U— F(G/Q).
Note that Z is projective bundle over X with fiber
l
P:= ]"[ P(Ky,),
i=1
and E = F/PP. We have the following diagram

U—2-F(G/Q)—L~EG/Q)x (4.8)
r g
X/

where X' is the image p(U) in X; this X’ is a big open subset of X because p is a bundle map.
Let ¢ := f oop, and Uy = U N Z;. Consider the relative differential

D¢ :Tz;xlu — ¢*TEG/0)/x- (4.9)
We will now show that (D¢)|y, # 0 for a general s € Y.
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If D¢ =0 for a general s, then ¢ is constant on the fiber, hence ¢ factors through a morphism
p: X' —> E(G/Q)|x . This produces a reduction E¢ of E|x: to the maximal parabolic Q. It is
a Higgs reduction because for each s € §,

Olu, : Oy, — (E(0) ® 2x) |y,
factors through
00|z,nv = Oyny — (E@)|z, OU®~QZI )

where q is the Lie algebra of Q. One can easily check that (Eg, ®¢) contradicts the Higgs
semistability of (E, 6). Hence for a general s, we have D¢ (s) # 0.
Now by Lemma 3.1(1),

,U«mm( /XlUA-) Mmax(¢ (G/Q)/XlU:) (410)

The theorem will be proved by analyzing the two sides of this inequality.
First we will calculate the left-hand side of the inequality in (4.10). For each i € [1,!], the
Koszul complex associated to the evaluation map

e : HO(X, Ox(mi)) ® 0, — O, (m;)

gives a surjection

2
(/\HO(X, ox(m,-))) ® Ox (—m;) —> K, = Ker(e;). (4.11)

Composing (4.11) with the Euler exact sequence in (4.4) and restricting it to Z; we get a surjec-
tive morphism

é (/Z\(HO(OZ (m) ® O, <—m,»>)>

i=1

— T, 4z, (4.12)
Z

Note that,

2
Mmin ((/\ HO(OZ(mi)) ® Oz(_mi)>)

= mlg{ m;} -deg(Zs)

1<i<!

s

= — max (m;] ]_[m, deg(X).

Hence by Lemma (3.1)(2) we have
!
pmin(Ty12.) > = max (m) Hm deg(X). (4.13)

Now we will calculate right-hand side of the inequality in (4.10). Denote the principal bundle
Fly, on Us by F*, denote the reduction Fp|y, by Fp. Denote the extension of structure group
of the principal P-bundle 7}, to Q (respectively, L) by F; SQ (respectively, 7 ). We have

" Trs6r00x = Fo(0/0) = Fpla/a)-
Since P acts on g~% @ q, there is a well-defined Higgs subbundle
Fi (@™ ®a)/a) C Fpa/a).
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We will show that this is the maximal destabilizing Higgs subbundle of 77, (g/q). Note that
Fple™ @a) =7y (s7%)-
Since Z; acts on g~* by multiplication of scaler, Fi (g~%) is Higgs semistable (see [4, Lem-
ma 13]). )
Now we will prove that F73 (g7%) is the maximal Higgs subbundle of 7} (g/q) with largest
slope.
There is a maximal P invariant flag (see [3, p. 783, line 13])
g g@g e
g q c g g q Co g’
q q q
where «, ,B_i’s are Zj, roots as described in [3, p. 783, line 6].
The above filtration induces a filtration of Higgs subbundles

—& -& gy B2
A en(H ) een(S)

Each successive quotient in the above filtration is isomorphic to F; (gﬂ_" ) which is again Higgs
semistable by [4, Lemma 13]. Since B; — B is a non-positive linear combination of simple
roots, and F is Higgs semistable, we conclude that deg(Fj ( Xa(Bi—f))) < 0 for some positive
integer a. From [3, Lemma 4.3] we get that

deg(Fr(Xa5—p))

u(Fi (") = » +u(F(BD) < (7L ().

Hence using Lemma 3.2 we conclude that 77 (g7% @ q) is the maximal Higgs destabilizing
subsheaf of 77 (g*). By [3, Lemma 4.3],

tmax (8" (TFs(6/0)/x)) = tmax (Fp(8/0) = 1 (F7 (67%)) = —1(F7 (6%))- (4.14)
Hence using (4.10), (4.13) and (4.14) we have,
0<u(F; (9&)) = —pmax (@ (Trs /0y %) |us) < —pmin(Zz)/x |Uy)
1
< max{a;} | [ ai deg(X). (4.15)
i=1

This completes the proof of the theorem. 0O
5. Flenner’s theorem

Theorem 5.1. Let a € N be such that
+dim(X)
(“ . )—l-a—1

dimg — dimt
> deg(X) dimg—dm* .
a 2
If (E, 0) is a semistable Higgs G-bundle, then the restriction (E, 0)|p,n..np, to a general com-
plete intersection with D; € |Ox (a)| is Higgs semistable.

5.1

Proof. Let (E,6) be a semistable Higgs G-bundle. Assume that the restriction of (E,6) to a
general complete intersection Z; = D1 N --- N Dy is not Higgs semistable. Consider

(F.0):=q"(E,0),
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where g is the projection in (4.5). It is a Higgs G-bundle on the family Z such that for each
s € S, the restriction (F, ®)|z, is a Higgs G-bundle on the complete intersection Z; C X which
is isomorphic to (E, 0)|z,. By Lemma 3.4, there is an open subset S’ C S and an open subset
U C Z with a Higgs reduction (Fp,®p) of (F,®)|y to a parabolic subgroup P C G, such
that for each s € §’, the induced reduction (Fp, @p)|ynz, is the Harder-Narasimhan reduction
of (E,0)|z,.

By (4.15),

—umin(Tz/x12,) = n(FL(a%)). (5.2)
By (4.7) we have
det(Fr(g%)) =q*(L1) ® p*(L2)

with L; € Pic(X) and L, € Pic(S). This implies that deg(Fz(gE‘)) = a“deg(L1). Since
(Fp.O®p)lunz, is the Harder-Narasimhan reduction of (E, 8)|z,, it follows that deg(L) > 1.
Hence we have,

. deg(Fp(g® ¢ 2a¢
p(Fy(gf)) = 8UL@)) @@ 24t (5.3)
dim g* dim(g¥) ~ dimg —dimt

In the proof of Flenner’s theorem for vector bundles (see [6, Theorem 7.1.1, (7.1)]) it is shown
that
ac+1
e deg(X) = —umin(Tz/x1z,)- (5.4)
(‘M —-ta—1
Combining (5.2), (5.3) and (5.4) we contradict (5.1). Hence the restriction (E, 6)|z, is Higgs
semistable for a general complete intersection subvariety Z; C X. O
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