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REGULARITY OF SYMBOLIC POWERS OF EDGE IDEALS
A. V. JAYANTHAN AND RAJIV KUMAR

ABSTRACT. In this article, we prove that for several classes of graphs, the Castelnuovo-
Mumford regularity of symbolic powers of their edge ideals coincide with that of their

ordinary powers.

1. INTRODUCTION

This article is motivated by the results in the paper [5]. Gu et al. in [5] studied the
properties and invariants associated with symbolic powers of edge ideals of unicyclic graphs.
Let G be a finite simple graph on the vertex set z1,...,z, and I(G) denote the ideal in the
polynomial ring S = k[xy, ..., x,| generated by {z;x; | {x;, x;} is an edge of G}, where k is a
field. There have been a lot of research on connection between algebraic properties of I(G)*
with the combinatorial properties of G, see [2] and the references there in. In the geometrical
context, the symbolic powers have more importance since it captures all polynomials that
vanishes with a given multiplicity. Algebraically, the symbolic powers are harder to compute
or handle. In our situation, we can observe that I(G)® = Mpeassn P°- It was proved by
Simis, Vasconcelos and Villarreal that G is bipartite if and only if I(G)®) = I(G)* for all
s > 1, [12]. It has been conjectured by N. C. Minh that if G is a finite simple graph, then
reg(1(G)®)) = reg(I(G)®) for all s > 1, see [5]. Gu et al., in [5], proved this conjecture
for odd cycles. Recently, the conjecture has been proved for the classes of unicyclic graphs,
chordal graphs and Cameron-Walker graphs by Seyed Fakhari, [9, 10, 11]. In [7], Kumar
and Selvaraja generalized a result of Seyed Fakhari to prove Minh’s conjecture for a class of
graphs obtained by attaching complete graphs to vertices of unicyclic graphs.

In this article, we extend some of the results in [5] to prove the equality of regularity
of ordinary powers with that of symbolic powers for certain classes of graphs. Our main
theorem is stated as follows:

Theorem 4.12. Let G be a graph obtained by taking clique sum of a Co,i1 and some
bipartite graphs. Let H be an induced subgraph of G on vertices V -\ U, ey (c,,,,) Na(®).
Assume that none of the vertices of H is part of any cycle in G. If v(G) — v(H) > 3, then
reg (1)) = reg (I*).
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2 A. V. JAYANTHAN AND RAJIV KUMAR

As in [5], the approach is through understanding the symbolic power as a sum of product of
ordinary powers of certain related ideals. We use this decomposition to study the regularity
of symbolic powers of edge ideals of graphs whose each odd cycle is a dominant odd cycle.

Theorem 3.5. Let G’ be a clique sum of r cycles of size 2n+1, say C1,...,C,, and G be a
graph by taking the clique sum of G' and some bipartite graphs. If Ng(C;) = V(G) for any
odd cycle C; in G, then reg (I(S)) =reg (I®) for all s > 1.

The article is organized as follows. We collect the required terminologies and results in
Section 2. In Section 3, we obtain the decomposition for symbolic powers in terms of ordinary
powers and use it to prove Theorem 3.5. In the final section, we prove Theorem 4.12.
Acknowledgement: We thank Yan Gu for going through a preliminary version of the article
and making some valuable comments. We are also thankful to the anonymous reviewer for
reading the manuscript carefully and asking pertinent questions which lead us to finding a
gap in one of the lemmas in the first version.

2. PRELIMINARIES

Throughout this paper, all graphs considered are assumed to be finite and simple. For a
graph G with vertex set V(G) = {z1,...,2,}, S denotes the polynomial ring k[z1, ..., x,]
and m denotes the unique graded maximal ideal in S. In this section, we recall the definitions
and results that are needed for the rest of the paper. We begin by recalling the some of the
terminologies related to finite simple graphs.

Definition 2.1. Let G be a graph on the vertex set V. Then,

i) set (@) := min{|C| : C is a vertex cover of G};

ii) the graph G is called decomposable if there exists a partition of V' = V;U- - -1V, such that
> a(G;) = a(G), where G; is induced subgraph of G on V;. If G is not decomposable,

then G is called indecomposable;
iii) for T'C V, G\ T denote the induced subgraph of G on the vertex set V' \ T’

It was shown by Harary and Plummer, [6] that every indecomposable contains an odd
cycle. We now recall the duplication and parallelization.

Definition 2.2. Let G be a graph on n vertices and v = (vq,...,v,) € N

i) The duplication of a vertex x of G is the graph obtained from G by adding a vertex '
and all edges {2/, y} for all y € Ng(x).

ii) The parallelization of G with respect to v, denoted by GV, is the graph obtained from
G by deleting x; if v; = 0 and duplicating v; — 1 times z; if v; > 1.

For an ideal I in a commutative ring A, let Ry(I) := @,50I™#" denote the symbolic
Rees algebra of I. For a vector v € N, let x¥ be the monomial zi* - - -z € k[z1,...,z,).
Martinez-Bernal et al. obtained the k-algebra generators for the symbolic Rees algebra:
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Theorem 2.3. [8, Lemma 2.1] Let G be a graph on V. Then
Ro(I) = k[zVt* : G¥ is an indecomposable graph, v € NV and b = a(G")].
Here we recall the definition of implosive graphs.

Definition 2.4.

i) A graph G is called implosive if symbolic Rees algebra of I is generated by monomials
of the form zVt*, where v = {0, 1}V,

ii) Let G; and G5 be graphs. Suppose G; N Gy = K, is a complete graph, where G; # K,
and Gy # K,.. Then G1 U G, is called the cliqgue-sum of Gy and Gj.

Remark 2.5. [4, Theorem 2.3, Theorem 2.5]

i) If G is a cycle, then G is implosive.
ii) The clique-sum of implosive graphs is implosive.

3. REGULARITY OF DOMINANT CYCLES

Gu et al. in [5] shows that if G is unicyclic graph with Cy,11 = (z1,...,%2,41), then
k

I =S =0 ) (3 o9, 11)7, where s = k(n+ 1) + 7 for some k € Z and 0 < r < n. In
i=0
this section, we generalize some of the results in sections 3 and 5 of [5] and use it to compute

the regularity of the symbolic powers, generalizing [5, Theorem 5.3].

Lemma 3.1. Let G’ be a clique sum of r cycles of size 2n + 1, say Cy,...,C,, and G

be a graph by taking the clique sum of G' and some bipartite graphs. Let I = I(G) and

J = (uey, ..., uc,), where ug, = Hzf{l x;,, the product of variables corresponding to the

j
k
J—H ) here
=0

vertices of the cycle C;. Then I®) = I® for all s < n and I®) =
s=k(n+1)+r for somek € Z and 0 <r <n.

(2

Proof. Since G is the clique sum of odd cycles and bipartite graphs, by [4, Theorems 2.3, 2.5],
we get that G is implosive. By [6, Theorem 2], any indecomposable induced subgraph of G
is contained in C; for some ¢ or an edge. Moreover, by [6, Corollary 1b], an indecomposable
induced subgraph of C; is either itself or an edge. Hence by Theorem 2.3, we get Ry(I) =
S[It, Jt"*1]. Now comparing the graded components on both sides of the above equality, we

k
get 1) =I5 for all s <n and I®) = Y Jis—ilnt), O

=0
To study the regularity of I®®), we need to understand the structure of 1) N m?s. This is
done by studying the intersection with each of the term appearing in the summation in the

previous result.



4 A. V. JAYANTHAN AND RAJIV KUMAR

Lemma 3.2. Let G be a graph as in Lemma 3.1. Then
](s N m Z szzls i( n+1

Proof. By Lemma 3.1, it is enough to show that J/I*7*"+D) qm? = Jim' [+ Since
Jimifs—i(n-l-l) C Jz'Is—i(n-l-l) and Jimi]s—i(n—i-l) C m25, we get

Jimi]'s—i(n-i-l) C Ji]s—i(n—l-l) N m23.

For the reverse containment, let u € J'I*~' ) N m?s Write u = fgh, where f € G(J?),
g € G(I*7"*Y)). Note that « € m**implies that deg(u) > 2s. Since deg(f) = i(2n + 1) and
deg(g) = 2s — 2i(n + 1), we get that deg(h) > i which completes the proof. O

As an immediate consequence, we obtain the intersection 1) Nm?® for the class of graphs
that we are considering.

Corollary 3.3. Let G be a graph as in Lemma 3.1. If Ng(C;) =V for any odd cycle C; in
G, then I®) Nm? = I°.

Proof. We show that mJ C I"*!. Let z; € V(G) and uc, = Hf’”{l x;; be a minimal generator
of J. Without loss of generality, let z;, € N¢,(2;). Then zuc, = 22, - iy T4y - - Ty, Tigyy €
I"*. Hence mJ C I"*! so that m’.J! C ['("+). O

For a homogeneous ideal I C S, let a(I) denote the least degree of a minimal generator

(s
of I. The Waldschmidt constant of I is defined to be &(I) := lim M. The real number

5—00 S

p(I) = sup{s/t | I®®) ¢ I'} is called resurgence number of I and p,(I) = sup{s/t | I®") ¢
I' for all r > 0} is called asymptotic resurgence number of I. We compute the Waldschmidt
constant, resurgence and asymptotic resurgence number of the edge ideals of the graphs
considered in Lemma 3.1.

Corollary 3.4. Let G be as in Lemma 3.1. Then
(1) a(I(G)¥) =2s — | 7] for all s € N;
(2) a(1(G)) = 25
(3) a(I(G)®
)

)
) < a(I') if and only if I(G )(s) 7 It;
(4) p(1(G)) =

pa1(G)) = 323

Proof. Since the proof is exactly same as the proof of [5, Theorem 3.6], we skip it here. [

We now generalize [5, Theorem 5.3].

Theorem 3.5. Let G be as in Lemma 3.1. If No(C;) =V for any odd cycle C; in G, then
reg (I(s)) = reg (I®) for all s > 1.
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Proof. Suppose v(G) = 1. Then G is either Cy or is the clique-sum of a Cs, say T, with
several copies of U5, say Gy, ..., G, along the edges of T" and copies of P, say G,11,...,G;
along the vertices of T'. If G = Cj, then the assertion is proved in [5]. If G # Cj, then G°
is the clique-sum of a K with s — r copies of C3 along the edges of K, and with r many
edges along the vertices of K. Hence G is a co-chordal graph. Therefore, S/I° has linear
resolution for all s > 1. Consider the short exact sequence

(1) O—>£—>i@i—>i—>0.
Is 76 m2s 76) + m2s
Note that since I® contains a minimal generator of degree 2s, reg(S/I®)) > 25 — 1 =
reg(S/m?*). Also, S/(I%®) +m?*) is Artinian, [S/(I®®) +m?*)]5s_1 # 0 and [S/ (1) +m?*)]y, = 0
so that reg(S/I®) + m?*) = 2s — 1. Hence it follows from the exact sequence (1) that
reg(S/I®)) < 25 — 1. Therefore reg(S/I1®)) = 25 — 1 = reg(S/I*).
Assume now that v(G) > 2. Since S/(I®®) + m?®) is Artinian, the regularity is given by

& ) =2s—1=reg <%) and by [5, Theorem 4.6]

the socle degree. Hence reg <W

reg (%) > 2s+v(G)—2. Since v(G) > 2, this implies that reg (%) > reg (ﬁ)

Hence it follows from the short exact sequence (1) that reg (1)) = reg (I*). O

Example 3.6. We would like to note here that the class of graphs that we have considered
here is more general than unicyclic graphs with a dominating odd cycle which are considered
in [5].

For example, the graphs given on the right are
not unicyclic graphs but satisfy the hypotheses
of Theorem 3.5. The first one is a clique sum
of C5 with some bipartite graphs which contain \A/

cycles. The second graph on the right is a clique

sum of three C’s.

4. REGULARITY OF UNICYcCLIC GRAPHS

In this section, we focus on graphs which has only one odd cycle. For the rest of the paper,
let G be a graph obtained by taking clique-sum along the vertices or edges of an odd cycle
Cy,41 and some bipartite graphs. Let V(Co,i1) = {x1, ..., Zont1}, Na(Cont1) \V(Cong1) =
{y1,...,u} and V(G) \ Ng(Cont1) = {21, ..., 2m}. Now we set [ = I(G), o= 21 Topi1,
L = (z1,...,%ons1,Y1,--»U), K = (z1,..., zn) and m the homogeneous maximal ideal in
k[L, K]. For any monomial ideal J, let G(.J) denote the set of minimal monomial generators
of J. We first give a refinement of the decomposition of I¢) N m?*.

k
Lemma 4.1. I®) nm? = > /K[~ +D),
1=0
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k

Proof. Using Lemma 3.2, we get 1) Nm? = 3 p'm’[*~("+Y) _Since for any a € L, we know
i=0

that ap € I"t, we get L'yt C I'™+H1) | By above remark, we get

I Am? Zk: ZZ: Lt i) Zk: ZZ: i g L GlCaR Zk: (KD
i=0 =0 i=0 t=0 i=0
Since each term of the summation on the right hand side is naturally contained in the left
hand side, the reverse inclusion follows easily. U

We now define an ordering, called edgelex ordering, among the monomial generators of
I(G)® and m"I(G)* following [1, Discussion 4.1]. This helps us in understand certain colon
ideals which are crucial in the study of regularity of powers.

Definition 4.2. Let G be a graph with E(G) = {ey,...,e,.} and I be its edge ideal. For
A, B € G(I*), we say that A >cqgelex B if there exists an expression A = ¢! - - - ¢f” such that
for all expressions ei-’ll . -ef: = B, we have (ay,...,a,) >1x (b1,...,0.).

Let J = I*m”. Then for any u,v € G(J), we say that u > v if there exists an expression
u = fu' such that for any expression of v = gv’ with g € G(I°) and v € m", we have either
[ >edgetez g Or f = g and u' >, v'. Further, we say u = fu' is a mazimal expression of w if

for any other expression fiu; = u with f; € G(I°) and u; € m", we have f > i4eier f1-

We now recall the concept of edge-division given in [1, Definition 4.2]. Let G be a graph
with E(G) ={ej,...,e.} and I be its edge ideal of G. Let u € I°. Then for some j, we say
that e; edge-divides u if there exists v € I°7! such that u = e;v. We denote this by e; [°99¢ u.

For example, if G = C5 and I(G) = (2129, xax3, X324, 425, T125) C k[z1,...,25], then
(2425)? >cdgerer (x125)%. Note that with respect to the lex order, the inequality is reverse.

%Ilfg and zox3 | T1222314. Note that the second one is a normal division,

Also, x179 [*99¢ 2120
not an edge-division.
Most of the proofs that we do are by some type of induction. Understanding the behavior

of the colon ideal is necessary to apply induction. We first generalize [1, Lemma 4.11].

Lemma 4.3. Let G be a graph, I be its edge ideal and m be the homogeneous mazimal ideal
in the appropriate polynomial ring. Let J = I*m”. Then there exists an ordering on minimal
monomial generators of J = (uy,...,uy) such that for j < k, either (u; : ug) C I*T! 1wy
or there exists i < k such that (u; : ug) is an ideal generated by a variable and it contains
(uj = ug).
Proof. Consider the ordering on G(J) given in Definition 4.2. We prove the result by using
induction on (s,r). For j < k, let u; = fiv; and u, = fov, be maximal expressions, where
f1, fo € I* and vy, 05 € m".

If » = 0, then the assertion follows from [1, Lemma 4.11]. In particular, if (s,r) =
(1,0), then the assertion holds true. Assume by induction that the assertion is true for all

(51, Tl) <lex (57 T)'
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Let ab be the maximal edge such that ab |°%¢ f,. If ab |°%¢ f,, then write f; = abf] and
f2 = abf} for some f{, f5 € I*"'. Then ui; = uj/ab = flvy and uj, = up/ab = fyvy are in
I*~'m". Moreover, (u}: u},) = (u; : u). By induction, either (u} : uj) C (I* : uj) or there
exists and i < k such that (u] : u}) is an ideal generated by variables and it contains (u} : uy,).
If (uf : up) C (I° : up), then clearly (u; : up) C (I°T! @ uy). Suppose there exists an i < k

such that (u} : u}) is generated by a variable. Clearly (abu; : ug) = (u}

: 't uy). Hence it is
enough to show that abu) > u; and set u; = abu}. But this is obvious since v} € G(I*~'m"),
ab is an edge and ab edge divides fs.

Now we assume that ab {°%¢ fy. If ged(ab, ;) = 1, then (u; : uy) C (ab) C (IST! : wy).
Hence the assertion follows. Suppose ged(ab, ug) # 1. Consider the case when a | ug. If
a | vg, then we claim that b { ug. Suppose b | uy. If b | vy, then we can write uy, = v5 f}, where
f5 = :_f fo for some edge e; with e; |ed9e £, and v} = %w. Since f) >cdgeies f2, the expression

U = v fo is not maximal which is a contradiction. Hence b { vy so that b|f. Let &' be such
that bb' |°%9¢ f,. This implies that ab |*%9¢ %{2 and %{2 uy. Note that %{2 >cdgeler f2, and
hence fyv9 is not a maximal expression which is a contradiction to our assumption. This
implies that b { uy and (u; : ) C (b) C I*™ ug. If a | fo, then, as in the earlier case, we
get bf vy, Then there exists a vertex ¢ such that ac|°¥f,. Suppose (u; : uy) C (b). Write
fi = abf] and fo = acf} and take u; = abfjv,. Hence w; > uy and (u; = ug) = (b) D (u; : ug).
Suppose (u; : ug) ¢ (b). Since b | w;, b | ug. Also, b{ vy. Therefore, b | f, and there exists

a vertex d such that bd [¢¥9¢ f,. If (u; : ux) C (a), then by the symmetry of arguments, we
get (u; : ug) = (a) D (u; : uy), where u; = abévg. Hence, for the rest of the proof we may
assume that neither a nor b divides (u; : uy).

Let (u; : u,) = (w). If ged(fi,w) = 1, then w | v;. Let w = zw', where z is a variable,

m with deg(w;) = deg(w'). Set u; = uiuul)l Since

fi >edgetex f2, we have u; > uy, and (u; : ug) = (x) which contains w.
Suppose ged(fi,w) # 1. Let z be a vertex such that x | w and = | f;. Note that
xr # a. Since x | fi, there exists y such that zy |°®¢ f,. If y does not divide uy, then

and take w; such that w; |

(u; : u) C (zy). Since zy is an edge, this implies that zyu, € I*™ ie., zy € I*T @ .
Hence (uj : u) C I*™ : uy. Now assume that y | u,. If y | va, then zvyfy € I°T!, since
zy is an edge and fo € I°. Therefore, x € I**! : uy. Hence (u; : uy) C (z) C 5T ¢ wy.
If y | fo, then there exists z such that yz [°%¢ f,. Write f; = abryf] and fy = acyzfy for
some f1, fy € I*"2. Since (u; : uy) = (w), we get u; | wug, and hence abf'v; | w'zacfyvs.
This implies that (w'z) C (abfivy : acfjve). Let (abfi'vy : acfivy) = (w]). This gives us
abf'vy | wyacf)vy, and hence wu; | wyzuy which forces that w'z | wyz. This implies that
(abf{'vy : acfivy) is equal either to (w') or to (w'z). Note that abf >cigerex acfy. Therefore
by induction (abfjvy : acfyve) C I° : acfjvy or there exists v/ € G(I*'m") such that
(u' : acfivq) is generated by a variable and it contains (abfvy : acfivs).
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Assume that (abf'vy : acfyjve) = (w') D (u; : ug). Suppose (abfi'vy : acfyvy) C I° :
acfyvy. This implies that (u; : ug) C (abfivy : acfyvy) C I¥™' : uy. Suppose there exists
v € G(I*~'m") such that (v : acfjvs) = () for some variable [ which divides w’. Therefore,
by taking u; = yzu', we get (u; : uy) = (u' : acfjvy) = (1) which divides w’, and hence w.

Suppose (abf]vy : acfive) = (w'z). If (abfvy : acfive) C I° : acflvy, ie., w'zacfyvy € I°,
then w'zzyacfivy € I*T, ie., wuy € I*T!. Suppose there exists ' € G(I*~'m") such that
(v : acfive) = (I), where [ is a variable and [ | w’z. If [ = z, then take u; = xyu’. This gives
us (u; : ug) = (x). If 1 # z, then take u; = yzu'. Then we get (u; : ug) = (I). In both cases,
(w; : ug) is generated by a variable and it contains (u; : uj) which completes the proof. [

We now recall the definition of even-connection introduced by Banerjee in [1].

Definition 4.4. Let G be a graph and x and y be vertices of G. Then we say that x and y
are even connected with respect to u = ey - - - e, if there is a path pop; -+ -pogs1, £ > 1in G
such that

i) po = = and pori1 = Y.
ii) For all 1 <1 <k, we have py_1py = e; for some i.
iii) For all 4, we have [{{ > 0 : py_1py =¢e;}| < |{j : ¢; = ei}].

One of the most important property of the even connection is that it describes the gener-
ators of the colon ideal I° : u.

Theorem 4.5. [1, Theorem 6.7] Let G be a graph and I be its edge ideal. Let uw € G(I*71).
Then I° : w =1+ (zy : x is even connected to y with respect to u).

We further analyze the even-connected edges in this class of edge ideals and certain colon
ideals which come up in the induction step.

Lemma 4.6. Let G be a graph obtained by taking the clique-sum along the vertices or edges
of an odd cycle Cy,11 and some bipartite graphs. Let {z1,...,zn} = V(G) \ Na(Coni1)-
Assume that z; is not part of any cycle for all i = 1,...,m. Then there exists an ordering
on G(I*) = {wy,...,u,} such that if z; and z; are even-connected with respect to u; for some
1 <t <r, then there exists us > u; such that (us : uy) = (2), where k = min{i, j}.

Proof. Since z; is not part of any cycle, it follows that the induced subgraph on V(G) \
Ng(Co,41) is a forest. After a re-ordering of the vertices, assume that e; is a leaf in G having

pendant vertex z; and e; is a leaf in G\ {ey, ..., e;_1} with pendant vertex z;, fori =2,... ,m.
Set 21 >+ >z, €1 > -+ > e and on E(G) \ {ey,...,en}, set the lexicographic ordering
with y; > -+ >y, > 1 > -+ > x9,41 and such that for any e € E(G)\{e1,...,em}, em > €.

Now, take the edgelex ordering on I°.
Suppose z; and z; are even connected with respect to w; = e;, ---e;,. Without loss of
generality, we may assume that 7 < j. Hence z; < z; and e; < e;. Let zipy -+ -parzj, b > 1

be an even-connection in G.
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We claim that z;py > pipa. If z;p1 < pip2, then z; < po. This implies that p, = 2;, for
some 71 < 7. Since z;, is obtained as a pendant vertex after removing 21, ..., z;,—1 and both
z; and p; are less than z;,, ps = z;, for some 75 < 7;. Continuing like this, we obtain that
Dak+1 = Z; > % which is a contradiction to our assumption that ¢ < j. Hence z;pi > pips.

Uu
Set us = z;p1——. Then us > uy and (us @ wy) = 2;. O
Pip2
Remark 4.7. Let f = pigu € G(u'K'I*="+1)) and M = supp(g). Then we have the
following;:

i) Let [ € M and I’ € Ng(1). This implies Fpy e ps=6=D0t) o any j. Hence I'uigu =
T

j
%ll’uiu € K 0004 which shows that Ng(M) C g~ tK=H[s= =D+ . £

ii) Let I € M UV(C,) and I" € V(G) such that [ and !’ is an even connection with

u . .
respect to K% for some j. Hence By e 150D+ for some j. Hence I'pigu €
X; X

j
LK s~ G=D0 ) which shows that ! € /=LK 1[5~ G- D0+ . £,

To understand the colon with symbolic power, we study the colon with ideals in the
decomposition of the symbolic power.

Lemma 4.8. Let G be as in Lemma 4.6 and f = pigu € G( KI5~ for 1 < i < k
with f ¢ = K= =000 yhere w € 15770 Then

Iui—lKi—lls—(i—l)(n—l—l) . f =]+ L/,
where L' is an ideal containing L and generated by a set of variables.

Proof. Note that for any a € L, we know that au € ", and hence we get

LC Mi—lKi—ljs—(i—l)(n—l—l) .

We first claim that 75~C=D0+D 4 is generated in degree at most 2. Since HY ¢
i
[~ =D+)=1 " the ideal [5~(-D0+1) . HY 55 of the form It : e, - --e; which is generated
Z;

I

in degree 2. Let v € [°=(=DM+D) . This implies that va; € [5~0-D0+) - L2 Thyg

there exists a monomial v' of degree 2 such that v’ | va;. If x; { v/, then v’ | v. IIZf x; | v,
then v'/x; € I[*=G=D0+D -y Hence I°~G=D0+D o is generated in at most degree
2. Suppose v € G(I*~=DM+D ) such that v | g. Suppose deg(v) = 1. Then f =
,ui_l%vuu € i K s G-+ which is a contradiction to our assumption that f is not
in that ideal. Hence deg(v) = 2. Then one can see as above that f € p'~'Ki=2[s~(=1n+1),
Hence K C p/ 'K 1[s=G=D0+D) . f 5o that i K500 - f — g = [) = [+ L.

n+1)

For the rest of the proof, we may assume that if v € G(I°~ (=1 : pu), then v 1 g.
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Now, let K' = (g1,..., 9k, --,9,) With g; | g for j = 1,..., k. Suppose g = l;g; for
j=1,...,k. Note that

k r
Iui—lKi—lls—(i—l)(n—i-l) D f = Z[s—(i—l)(n—i-l) Iulju+ Z gj[s—(i—l)(n-i-l) L ugu.
J=1 j=k+1

We claim that for k +1 < j < r, g;I*=0"D0+D + gy C Zle [0+ . Suppose
that ged(g;, g) = hy. Write g; = h;g} and g = h;g'. Now, let a be a monomial such that
apg'u € 15~V - Hence ag’ € 15~0~D0+D gy and this colon ideal is generated in at
most degree 2, where the degree 2 generators are either edges or even connections. Then
there exists a monomial generator v of I°~(=D™+1) -y dividing ag’. If apu € [5~C-D0+1)
then we are through. Assume that apu ¢ I*~0=Y+D If 4 | @, then vyu and hence apu
belongs to I°~(~D(+1) which is a contradiction to our assumption. Hence v {a. Also, v 1 ¢’
(since v 1 g). Hence we may write v = [;0" such that [; | ¢’ and v’ | a. This implies that v' €
=00 2 L, and hence @ € 13~0D0H Ly Therefore a € Z =00 L
which proves the claim.

Now we claim that [5=0-D0+D + 1y = [ + I' + L;, where I’ is the ideal generated
by the even connections with respect to £* for all a. Let v € [~ 00D yu. Then
vE,l; € [P D+) B As [s—(=Dn+1) 2 is generated by edges and even connections
with respect to % there exists w = wyws which is an edge or an even connection with
respect to £ such that w | va,l;. If w | v, then we are done. If w | z,l;, then this implies
that plju € I~0-D0+D and hence f € p' =t K11~ 0=D™+D which is a contradiction. Now,
let w{ v and w1 z,l;. We may assume that wy | v and wy | z.l;. If we = z,, then
wy € Ng(Cyp) = L. If wy = 1j, then wy € Ng(M) C L', by Remark 4.7(i). Hence, In either
case, w € L'. Hence we get that p/ ' K*1[s=(-D0+D) . £ — T 4 [/ where L' = 2?21 L;.
Now, Using Lemma 4.6, we know that I’ C L’ which completes the proof. O

In the process of understanding colon with symbolic power, in a step-by-step manner,
we now study the colon with respect to the partial sums in the decomposition of symbolic

powers.

Lemma 4.9. Let G, pu, K, L be as defined in the beginning of the section. Assume that z,
is not part of any cycle for allr = 1,...,m. Let I = I(G) and for 1 <i < [45]| +1, set

i—1

Liy = Y KD Then there exists an ordering of G (p'K I/t = {uy, ..., u,}
=0

such that for all j =0,...,r —1,

([i—l + (u1> o >uj)) U4 = I+ L//a

where L" is an ideal containing L and generated by a subset of variables.
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Proof. Let u;i; = p'fu, where f € G(K') and u € G(I*"{"*V). In order to prove the
assertion we claim that for a fixed ¢ and t < i — 1, if p'gu ¢ Pt K*I°~""+1 then

Mth]s—t(n+1 M gu C /J,Z le 1[3 i—1)(n+1) . ,uigu.

We first consider the linear part of the left hand side colon ideal and show that it is contained
in the right hand side. Note that

k
trs—t(nt1) . i—t s=tn+1) , iz tg s—t(n+1) . it g

K'I S gu-Z[ : u—l— zk;rl gg]I S 7gcd(g,gj)u’
where g; € K" is a divisor of g for 1 < j < k and for k+1 < j < r, g; € K" that does
not divide g. As in the case of proof Lemma 4.8, it can be shown that the second term in
the above summation is contained in the first. Hence, to prove the assertion, it is enough to
consider the first summation.

First of all, note that u~fu € et )-|
see that this ideal is generated in degree at most 2, with the degree 2 part generated by some
of the edges and even connections. Hence, if [ € V(G) is such that [ € Kt7*~Hn D= (=]
1 tgu, then there exists I € V(Cyny1) or I € supp(g) such that II’ € E(G) or an even
connection. By Remark 4.7, we get that [ € g~ 'K~ '[s=0=D0+D - igy. Now, note
that v € 57D and =t € J=n+)-[=5=]
Ktps—toD=[=] pw~tgu = I+ L}, where L} is generated by a set of variables and contains
L. This implies that pfK'Is=t0+) « gy ¢ I+ L' = p~ K= 0=D0+D - gy, This
proves the claim.

Thus by Lemma 4.8, we have I, ; : ujyy = (I*7FD+ ) + [/ On G(p' K Is—i ),
define an ordering induced by the ordering in Lemma 4.6 and Definition 4.2. By Lemma

= Again, as the proof of Lemma 4.8, one can

Hence by Lemma 4.3, we know that

4.3, there exists a largest ideal generated by a subset of variables, say Lo, such that L, C
(uy ... uy) s ujeg and (ug, ... uy) @ ujpq C IS70FDFL oy 4 [y Take L” = L' + Ly. Then
it follows from Theorem 4.5 and Lemma 4.6 that (1;_y + (u1,...,u;)) : uj41 € I+ L". Since
Ly C (uy, ... uj) s ujyy and Ly ujpq = (37D F 0 y) 4 [V D T+ I/ we get the reverse
containment as well. U

Remark 4.10. Let H be the induced subgraph on V(G) \ Ng(Ca,41). By Lemma 4.9, we
know that

([i—l + (ul, ce ,Uj)) CUjp1 = 1 + L//,
where L C L” C m. This implies that I + L” corresponds to an induced subgraph of H.
Therefore, we get

e <(Ii—1 + (u, S ) : Uj+1) = s (%) = vH)

Proposition 4.11. Let the notation be as in Lemma 4.9 and H denote the induced subgraph
on V(G)\ Nag(Copnt1). If v(G) —v(H) > 3, then for 1 <i < |==|+1, reg(I®) =reg(l;—1).

n+1




12 A. V. JAYANTHAN AND RAJIV KUMAR

Proof. Result is true for ¢ = 1. Assume that it is true for ¢ — 1. Using Lemma 4.9, write
G KI5~ *)) = {u,, ..., u,} such that for all j =0,...,r — 1,

Li=1 1+ (u,...,u.) and (Li—g + (ug,...,u5)) s ujy =1+ L.

For 7 = 0, consider the following exact sequence

(—2s) =5 5 S — 0.

0—
I Iiy + (u)

I+ L"
From Remark 4.10, we know that

S S S
_ < < . L
reg <I+L”( 25)) <2s+v(H) <25+ v(G)— 3 < reg (IS> reg (Ii—l) ,

where the third inequality follows from [3, Theorem 4.5]. Hence reg ( ]S ) = reg (%()) :
i—1 i—1 Uy

Assume by induction on j that reg(/;_1+(uq, ..., uj—1)) = reg(I®). Since (L;i_1+(u1, ..., u;)) :
ujr1 =1+ L", we get the desired equality from the short exact sequence:
S S

(—2s) 25 7 — — 0.

0—>
o1+ (g, uy) Lioy + (un, oy ug40)

[+1L"

We are now ready to prove our second main theorem.

Theorem 4.12. Let G be a graph obtained by taking clique sum of a Cy,y1 and some
bipartite graphs. Let H be an induced subgraph of G on wvertices V \ Uxe\/(cznﬂ)NG(x)-
Assume that none of the vertices of H is part of any cycle in G. If v(G) — v(H) > 3, then
reg (1)) = reg (I°).

Proof. Let s > 1 and k = | == |. Consider the following exact sequence

nt1
00— 5 — S S 5 — 5 —0
Ik [(s) m2s I(s) +m28 )
where I, = SOF ptKsHD G (G) > 2 h (i) ( & ) =
k o 1 . Since v > 2, we have reg ( 7y | > reg{ o
reg <L) Hence reg <§> = reg <i) Since v(G) — v(H) > 3, by Proposition
1) +m2s ) I 16 ) =
4.11, we get that reg(I®) = reg(I®). O

Remark 4.13. If the odd cycle in G is of length at least 9, then the condition v(G)—v(H) >
3 is always satisfied.

(1) If the unique odd cycle in G is of length 7, then the hypothesis of Theorem 4.12 is
satisfied if a Pj5 is attached to C5.

(2) If the unique odd cycle in G is of length 5, then the hypothesis of Theorem 4.12
is satisfied if either two P3’s are attached to a single vertex or a P3 and a P, are
attached to adjacent vertices (see figure below).
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(3) If the unique odd cycle in G is of length 3, then the hypothesis of Theorem 4.12 is
satisfied if either two P;’s are attached to a single vertex or on each vertex of Cs a
Pj is attached (see figure below).

(4) It may also be noted that the class of graphs considered in Theorem 4.12 is not a
subset of unicyclic graphs. It also includes graphs which are obtained by taking clique
sum of copies of Cy along the edges of an odd cycle (see figure below).

We illustrate with pictures, some of the graphs for which the regularity of the symbolic

powers of their edge ideals are same as that of their regular powers.

1]
2]

-
X
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