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The enormous red-shifting of the modes during the inflationary epoch suggests that physics at
the Planck scale may modify the standard, nearly, scale-invariant, primordial, density perturbation
spectrum. Under the principle of path-integral duality, the space-time behaves as though it has
a minimal length LP (which we shall assume to be of the order of the Planck length), a feature
that is expected to arise when the quantum gravitational effects on the matter fields have been
taken into account. Using the method of path integral duality, in this work, we evaluate the Planck
scale corrections to the spectrum of density perturbations in the case of exponential inflation. We
find that the amplitude of the corrections is of the order of (H/MP), where H and MP denote the
inflationary and the Planck energy scales, respectively. We also find that the corrections turn out
to be completely independent of scale. We briefly discuss the implications of our result, and also
comment on how it compares with an earlier result.

PACS numbers: 98.80.Cq, 04.62.+v

I. INTRODUCTION

The inflationary scenario [1, 2] provides an attractive
mechanism to generate the primordial density perturba-
tions that are eventually responsible for the anisotropies
in the cosmic microwave background (CMB) and the for-
mation of the large scale structure (LSS). Typically, the
CMB and LSS data have been used to constrain the pa-
rameters of the inflationary model such as, for example,
the height and the slope of the canonical scalar field po-
tential [3, 4]. However, over the last few years, it has been
realized that, in most of the models of inflation [5], the
period of acceleration lasts so long that length scales that
are of cosmological interest today would have emerged
from sub-Planckian length scales at the beginning of in-
flation. In other words, inflation provides a magnifying
glass to probe physics at the very high energy scales (say,
∼ 1017GeV) that are otherwise inaccessible to observa-
tions or experiments. This has led to a considerable ef-
fort in the literature towards understanding the effects
of Planck scale physics on the inflationary perturbation
spectrum [6]–[16], and the resulting signatures on the
CMB [17–20].

In an exponential (i.e. de Sitter) or a power-law infla-
tionary scenario, the spectrum of perturbations is essen-
tially given by the Fourier transform of the Wightman
function of a free, massless and minimally coupled scalar
field (see, for instance, Ref. [2]). Therefore, in order to
study the effects of Planck scale physics on the primor-
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dial spectrum, we need to understand as to how quantum
gravitational effects modify the two-point function of a
scalar field in an inflationary background. But, due to
the lack of a viable quantum theory of gravitation, one is
forced to consider phenomenological models constructed
by hand—models which are supposed to contain one or
more features of the actual effective theory obtained by
integrating out the gravitational degrees of freedom. The
different high energy models that have been considered
in this context modify either the dynamics or the initial
conditions (and, in some cases, both) of the canonical
scalar field [7]–[16].

A class of models that has been used extensively to
study the Planck scale corrections to the primordial spec-
trum involves the violation of local Lorentz invariance
at the energy scales of inflation [7, 8]. However, theo-
retically, there exists no apriori reason to believe that
Lorentz invariance may be broken at the inflationary en-
ergy scale. Moreover, certain observations and experi-
ments seem to indicate that local Lorentz invariance may
be preserved to extremely high energies (see Ref. [21]; in
this context, also see Ref. [22]). In such a situation, to
study the Planck scale effects, it becomes important to
consider models that preserve local Lorentz invariance
even as they contain a fundamental scale [14].

One such model that introduces a fundamental length
scale while preserving Lorentz invariance is the approach
due to the principle of path-integral duality [23]. Recall
that, in standard quantum field theory, the path inte-
gral amplitude for a path connecting events x̃ and x̃′ in
a given space-time is proportional to the proper length,
say, R(x̃, x̃′) between the two events. The duality prin-
ciple proposes that the path integral amplitude should
be invariant under the transformation R →

(
L2

P
/R
)
,
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where L
P
is assumed to be of the order of the Planck

length. A consequence of this postulate is that, in the
two-point function in the Minkowski vacuum, the proper
distance, say, (∆x̃)2 between two space-time events is re-
placed by

[
(∆x̃)2 + 4L2

P

]
. This suggests that, under the

duality principle, the background space-time behaves as
though it possesses a minimal length L

P
, a feature that is

expected to arise when the quantum gravitational effects
are taken into account.
In this work, we shall utilize the locally Lorentz in-

variant approach due to path integral duality to evaluate
the Planck scale corrections to the spectrum of density
perturbations in the exponential inflationary scenario. It
should be pointed out here that, recently, another ap-
proach that is based on T-duality in string theory has
been used to evaluate the Planck scale corrections to the
standard spectrum of gravitational waves in exponential
inflation [24]. There seem to exist some correspondence
between the approaches of T-duality in string theory and
the principle of path integral duality1. However, we
would like to emphasize here the following crucial dif-
ference between the approach motivated by T-duality in
string theory that has been adopted in Ref. [24] and the
approach due to path integral duality we shall adopt. In
Ref. [24], the authors use a modified dispersion relation
to mimic the effects due to T-duality on the propaga-
tor. Clearly, such an approach assumes violation of local
Lorentz invariance. In this work, we shall instead use
the proper time representation of the modified propa-
gator [23]—an approach that explicitly preserves local
Lorentz invariance—to evaluate the Planck scale correc-
tions to the spectrum of perturbations. As we shall see,
the amplitude of the corrections prove to be the order of
(H/M

P
), where H and M

P
denote the inflationary and

the Planck energy scales. Moreover, in contrast to the
results obtained in Ref. [24], we find that the corrections
turn out to be completely independent of scale.
The remainder of this paper is organized as follows.

The modifications to the two-point functions that arise
due to the path integral duality are easily expressed in
terms of the Schwinger’s proper time representation for
the Greens functions [23]. Therefore, in the following
section, using the proper time method, we shall very
briefly outline as to how the approach of path integral
duality modifies the two-point functions of a quantum
scalar field propagating in a curved space-time. We shall
also point out the initial conditions that need to be im-
posed for evaluating the perturbation spectrum through
the proper time method. In Section III, we shall obtain
the standard, scale invariant perturbation spectrum in
exponential inflation through the proper time formalism.
In Section IV, we shall evaluate the Planck scale correc-

1 For instance, using the T-duality in string theory, it has been
shown that the propagator for the string center of mass results
in the same propagator as obtained through the principle of path
integral duality. For details, see Ref. [25].

tions to the scale invariant spectrum using the approach
of path integral duality. Finally, in Section V, we con-
clude with a summary and discussion of the results we
have obtained.

A few words on our convention and notation are in
order at this stage of our discussion. The metric signature
we shall adopt is (+,−,−,−), and we shall set ~ = c = 1.
Also, for convenience, we shall denote the set of four
coordinates xµ as x̃.

II. PATH INTEGRAL DUALITY MODIFIED

TWO-POINT FUNCTIONS

Consider a free and minimally coupled scalar field
of mass m that is propagating in a classical gravita-
tional background described by the metric tensor gµν . In
Schwinger’s proper time formalism, the Feynman Green’s
function corresponding to such a scalar field can be ex-
pressed as [26, 27]

GF(x̃, x̃
′) = i

∞∫

0

ds e−im2s K(x̃, x̃′; s), (1)

where K(x̃, x̃′; s) is defined as

K(x̃, x̃′; s) ≡ 〈x̃|e−i✷̂s|x̃′〉. (2)

In other words, the quantity K(x̃, x̃′; s) is the path in-
tegral amplitude for a quantum mechanical system de-
scribed by the following Hamiltonian:

Ĥ = ✷̂ ≡ 1√−g∂µ (g
µν∂ν) . (3)

It can be shown that demanding the principle of path
integral duality corresponds to modifying the above ex-
pression for the Feynman propagator to (for details, see
Refs. [23])

G
(M)
F (x̃, x̃′) = i

∞∫

0

ds eiL
2

P
/s e−im2s K(x̃, x̃′; s), (4)

where, as pointed out earlier, L
P
is of the order of the

Planck length. We shall utilize this prescription to eval-
uate the Planck scale corrections to the inflationary per-
turbation spectrum. However, before proceeding with
the calculations, we need to clarify two technical issues.

Firstly, in cosmological perturbation theory, the spec-
tra of perturbations are determined by the Fourier trans-
form of the Hadamard function (i.e. the symmetric two-
point function) of the quantum field. The two-point func-
tion (1), however, is a Feynman Green’s function rather
than the Hadamard function. It can be shown that, for
a minimally coupled scalar field, the Hadamard function
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can be written as2

G(1)(x̃, x̃′) =

∞∫

−∞

ds e−im2s K(x̃, x̃′; s), (5)

where K(x̃, x̃′; s) is the kernel defined in Eq. (2). There-
fore, the path integral duality modified Hadamard func-
tion can be written as

G
(1)
(M)(x̃, x̃

′) =

∞∫

−∞

ds eiL
2

P
/s e−im2s K(x̃, x̃′; s). (6)

Secondly, in a time-dependent background, since the
field evolves with time, the states at two different instants
are, in general, different. In the inflationary scenario, the
perturbations are evaluated as expectation values in the
in-vacuum, a state which is defined when the modes are
well inside the Hubble radius (see our discussion imme-
diately before and after Eq. (8) below). Therefore, when
evaluating the kernel K(x̃, x̃′; s), we need to impose suit-
able initial conditions to ensure that the resulting Green
function is an in-in function (rather than the in-out func-
tion that is usually considered in, say, S-matrix or scat-
tering calculations).

In the next section, we shall obtain the scale invari-
ant perturbation spectrum in a de Sitter universe using
the expression (5) for the Hadamard function. And, in
Section IV, we shall evaluate the Planck scale correc-
tions to the scale invariant spectrum using the modified
Hadamard function (6).

III. PERTURBATION SPECTRUM THROUGH

THE PROPER TIME METHOD

As we had mentioned in the introduction, in an ex-
ponential inflationary scenario, the metric perturbations
(both scalar and tensor perturbations) can be described
by a massless and minimally coupled scalar field, say, Φ,
which satisfies the following equation of motion [1, 2]:

✷Φ = 0. (7)

Also, the perturbations are assumed to be induced by the
fluctuations in the free quantum field Φ̂. Therefore, the
power spectrum as well as the statistical properties of the
perturbations are completely characterized by the two-
point functions of the quantum field. The power spec-
trum of the scalar perturbations per logarithmic interval,

2 See Appendix A. In this appendix, we explicitly illustrate this
result for the case of the Hadamard function in the Minkowski
vacuum.

viz.
[
k3 PΦ(k)

]
, is defined as [1, 2]

∞∫

0

(
dk

k

) [
k3 PΦ(k)

]
= 〈0|Φ̂2(η,x)|0〉

= G+ (x̃, x̃) =

(
1

2

)
G(1) (x̃, x̃) , (8)

where |0〉 is the vacuum state of the field, and G+(x̃, x̃′)
and G(1)(x̃, x̃′) denote the Wightman and the Hadamard
functions of the quantum field, respectively.
Consider a spatially-flat Friedmann universe described

by the line-element

ds2 = dt2 − a2(t) dx2, (9)

where t is the cosmic time and a(t) denotes the scale
factor. The symmetry of the Friedmann background al-
lows us to write the kernel K(x̃, x̃′; s) as follows (see, for
example, Ref. [28]):

K(x̃, x̃′; s) =

∫
d3k

(2π)3
eik·(x−x

′) 〈t|ei Ĥk s|t′〉, (10)

where

Ĥk ≡ −
(

1

a3

)
d

dt

(
a3
d

dt

)
−
(
k2

a2

)
. (11)

Therefore, for a massless scalar field, the Hadamard func-
tion (5) is given by

G(1)(x̃, x̃′) =

∞∫

−∞

ds

∫
d3k

(2π)3
eik·(x−x

′) 〈t|ei Ĥk s|t′〉. (12)

From this expression and the definition (8) of the power
spectrum, we then obtain

[
k3 PΦ(k)

]
=

(
k3

4 π2

) ∞∫

−∞

ds 〈t|ei Ĥk s|t〉

=

(
k3

4 π2

) ∞∫

−∞

ds 〈t|e−i Ĥk (−s)|t〉. (13)

The Schrodinger equation corresponding to the Hamil-

tonian Ĥk is given by

Ĥk ψE ≡ −
(

1

a3

)
d

dt

(
a3
dψE

dt

)
−
(
k2

a2

)
ψE = E ψE ,

(14)
where the wave function ψE is normalized as follows:

∫

all t

dt a3(t)ψE(t)ψ
∗
E′(t) = δ (E − E′) . (15)

(In the de Sitter background that we are interested in,
the energy E turns out to be a continuous distribution.
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Hence we have normalized the wave functions using the
delta function normalization.) If we write

ψE(t) = a−3/2(t) χE(t), (16)

then we find that the function χE(t) satisfies the differ-
ential equation

−
(
d2χE

dt2

)
−
[(

k2

a2

)
−
(
3

4

)(
ȧ

a

)2

−
(
3

2

)(
ä

a

)]
χE

= E χE , (17)

and the normalization condition (15) reduces to
∫

all t

dt χE(t)χ
∗
E′(t) = δ (E − E′) . (18)

On using the Feynman-Kac formula (see, for instance,

Refs. [29, 30]), we can write the kernel 〈t|e−i Ĥk (−s)|t〉 in
terms of the wave function χE as follows:

〈t|e−i Ĥk (−s)|t〉 =

∫

all E

dE |ψE(t)|2 eiEs

=

(
1

a3(t)

)∫

all E

dE |χE(t)|2 eiEs, (19)

where the integral is all over the values of the energy E.
Substituting this expression in the expression (13) for the
power spectrum, we obtain that

[
k3 PΦ(k)

]
=

(
k3

4π2 a3(t)

) ∞∫

−∞

ds

∫

all E

dE |χE(t)|2 eiEs.

On interchanging the order of the integrals and carrying
the integral over s first, we find that the power spectrum
reduces to

[
k3 PΦ(k)

]
=

(
k3

2π a3(t)

) ∫

all E

dE δ(E) |χE(t)|2

=

(
k3

2 π a3(t)

)
|χ

0
(t)|2. (20)

Note that the integral over s leads to a ‘density of states’
that is a delta function in E. Evidently, this implies
that only the wave function corresponding to E = 0 con-
tributes to the sum, thereby leading to the standard re-
sult one usually arrives at by the canonical quantization
procedure. As we shall see later, path integral duality
introduces Planck scale modifications to the ‘density of
states’ , and these modifications in turn lead to the quan-
tum gravitational corrections in the power spectrum.
We shall now use the above procedure to calculate the

power spectrum of the perturbations in de Sitter infla-
tion. Consider the case of exponential inflation described
by the scale factor

a(t) = eHt, (21)

where H denotes the energy scale during inflation. In
such a background, the Schrodinger equation (17) re-
duces to

−
(
d2χE

dt2

)
−
[
k2 e−2Ht −

(
9H2

4

)]
χE = EχE . (22)

The general solution to this differential equation is given
by

χE(t) = NE H(1)
ν

(
kH−1 e−Ht

)
+ME H(2)

ν

(
kH−1e−Ht

)
,

(23)
where NE and ME are E-dependent constants which are
determined by the initial conditions and the normaliza-

tion condition (18). The functions H
(1)
ν and H

(2)
ν are

the Hankel functions of the first and the second kinds,
respectively, and the quantity ν is given by

ν =

[(
9

4

)
−
(
E

H2

)]1/2
. (24)

In inflationary cosmology, the initial conditions are im-
posed at very early times when the modes are well within
the Hubble radius. Also, it is assumed that, in the sub-
Hubble limit (i.e. when (k/a) ≫ H), the modes are in
the vacuum state. In the Schrodinger picture that we are
working with here, this condition corresponds to choos-
ing χE to be an ‘outgoing’ wave at the ‘left infinity’. For
the case of de Sitter, this condition reduces to

lim
t→−∞

χE(t) ∝ exp−
(
ikH−1 e−Ht

)
(25)

which can be achieved by setting condition ME to zero
in Eq. (23). The quantity NE can be determined using
the normalization condition (18). We find that it is given
by (for details, see Appendix B)

NE =





[
|sin(πν)|

4H

]1/2
, for E <

(
9H2/4

)
,

[
sinh(π|ν|) e−(2π|ν|)

4H

]1/2
, for E ≥

(
9H2/4

)
,

(26)
so that we have

χE(t)=





[
|sin(πν)|

4H

]1/2
H

(1)
ν

(
kH−1e−Ht

)
,

for E <
(
9H2/4

)
,

[
sinh(π|ν|) e−(2π|ν|)

4H

]1/2
H

(1)
i|ν|
(
kH−1e−Ht

)

for E ≥
(
9H2/4

)
.

(27)

The wave function for E = 0 is then given by

χ0(t) =

(
1√
4H

)
H

(1)
(3/2)

(
kH−1e−Ht

)
(28)

and the power spectrum (20) can be written as

[
k3 PΦ(k)

]
=

(
k3

8 πH e−3Ht

) ∣∣∣∣H
(1)
(3/2)

(
kH−1 e−Ht

)∣∣∣∣
2

.

(29)
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Using the expression for the Hankel function H
(1)
(3/2) (see,

for instance, Refs. [1]) it is then straightforward to ob-
tain the following spectrum at Hubble exit [i.e. when(
kH−1 e−Ht

)
= 1]:

[
k3 PΦ(k)

]
=

( H2

2 π2

)
(30)

which is the standard, scale-invariant, spectrum one ob-
tains in de Sitter. It should be pointed out here that,
in obtaining the above expression, we have evaluated the
power spectrum when the modes leave the Hubble ra-
dius. In the literature, the spectrum of perturbations
is usually evaluated at the super-Hubble scales. In the
standard theory, the power spectra at Hubble exit and
at super-Hubble scales typically differ in amplitude by a
factor of order unity.

IV. PLANCK SCALE CORRECTIONS DUE TO

PATH INTEGRAL DUALITY

In this section, using the approach of path integral
duality, we shall evaluate the Planck scale corrections to
the scale invariant perturbation spectrum (30).
To obtain the modified power spectrum, we shall use

the path integral duality modified Hadamard function (6)
in the definition (8) of the power spectrum. Using the ex-
pression (10) for the complete kernel, and the Feynman-
Kac formula (19) for the kernel in the time direction, it
is straightforward to show that the modified spectrum is
given by

[
k3 PΦ(k)

]
(M)

=

(
k3

4π2 a3(t)

) ∞∫

−∞

ds eiL
2

P
/s

×
∫

all E

dE |χE(t)|2 eiEs

=

(
k3

4π2 a3(t)

) ∫

all E

dE |χE(t)|2

×
∞∫

−∞

ds ei[(L
2

P
/s)+Es], (31)

where, in the second expression, as we had done ear-
lier, we have interchanged the order of integration over E
and s. On carrying out the integral over s, we obtain the
path integral duality modified ‘density of states’ to be
(for details, see Appendix C):

∞∫

−∞

ds ei[(L
2

P
/s)+Es]

= (2π)

[
δ(E)− θ(E)

(
LP√
E

)
J1

(
2L

P

√
E
)]
, (32)

where θ(E) denotes the step function and J1 is the Bessel
function of order unity. On substituting this ‘density of
states’ in the expression (31), we obtain the modified
power spectrum to be

[
k3 PΦ(k)

]
(M)

=

(
k3

2π a3(t)

)
|χ

0
(t)|2

−
(

L
P
k3

2π a3(t)

) ∞∫

0

dE√
E
J1

(
2L

P

√
E
)
|χE(t)|2. (33)

The following points need to be emphasized regarding
the expressions we have obtained above for the modi-
fied ‘density of states’ and the corresponding power spec-
trum3. It is clear that it is the second term in these ex-
pressions that leads to the Planck scale corrections in the
‘density of states’ and the primordial spectrum. Impor-
tantly, as required, this additional term vanishes in the
limit of LP → 0 so that we recover the standard result.
Before we proceed to evaluate the corrections, it is

important that we highlight another feature of the cor-
rection term in the above modified spectrum, and make
suitable clarifying remarks. Note that, in the expres-
sion (33) for the modified spectrum, it is wave functions
with energy E > 0 that contribute to the corrections.
In field theoretic language, wave functions with E > 0
correspond to massive modes. (Recall that the first term
in (33) arises due to the E = 0, which corresponds to
a massless mode, in confirmation of the canonical pic-
ture.) In other words, it is the massive modes that lead
to the Planck scale corrections and, in fact, in our model,
the corrections are a sum of the contributions due to all

the massive modes. But, it is well known that, in the
standard inflationary picture, the amplitude of massive
modes decays at super-Hubble scales. Hence, within the
conventional scenario, the amplitude of the corrections
would be expected to decay at the super-Hubble scales.
However, we shall adopt the point of view that, since,
in our model, the massive modes represent the Planck
scale corrections to the standard, massless modes, the
mechanism that ‘freezes’ the amplitude of the standard
spectrum at super Hubble scales will also ‘freeze’ the am-
plitude of the Planck scale corrections at their value at
Hubble exit. Therefore, in what follows, we shall evalu-
ate the corrections to the standard power spectrum when
the modes leave the Hubble radius.
Let us now evaluate the Planck scale corrections to

the spectrum (30) we had obtained in the last section for
the case of the de Sitter universe. On substituting the
wave function (27) in the expression (33) for the modified

3 We should stress here that the quantity in Eq. (32) is not positive
definite and, therefore, it does not represent a genuine density
of states. We have used the term ‘density of states’ simply as a
convenient shorthand for referring to this quantity.
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power spectrum and imposing the condition of Hubble
exit, we obtain that

[
k3 PΦ(k)

]
(M)

=

(H2

4π2

)
− C(k,H, L

P
), (34)

where the term C(k,H,L
P
) denotes the Planck scale cor-

rections to the scale invariant power spectrum and is
given by

C(k,H, LP)

=

(H2 L
P

8π

)(9H2/4)∫

0

dE√
E
J1

(
2L

P

√
E
)
sin(πν)

× |H(1)
ν (1) |2

+

(H2 L
P

8π

) ∞∫

(9H2/4)

dE√
E
J1

(
2L

P

√
E
)
sinh(π|ν|)

× e−(2π |ν|) |H(1)
ν (1) |2. (35)

Clearly, the corrections are independent of k. Therefore,
the corrections do not result in any features in the stan-
dard, scale invariant power spectrum, but they simply
change the amplitude of the spectrum4. In fact, in a
de Sitter universe, this feature seems to be common to
many of the high energy models that have been consid-
ered in the literature—for example, see, Refs. [13, 34].
Since the amplitude cannot be determined from the ob-
servations, the above corrections are, in principle, unob-
servable. Nevertheless, the amplitude of the Planck scale
corrections is of theoretical interest and, in what follows,
we shall evaluate this amplitude.

In terms of the variable

E =
(
2L

P

√
E
)
, (36)

we find that the corrections C(k,H, LP) can be written
as

C(k,H, L
P
) =

(H2

8π

)
[A(δ) + B(δ)] , (37)

where the quantities A and B depend only on the dimen-
sionless quantity δ defined to be

δ = (HL
P
) = (H/M

P
) (38)

with M
P
being the Planck mass. The quantities A and

4 In Appendix D, as a consistency check, we have explicitly shown
that, in the limit of H → 0, the modified spectrum evaluated at
a given time reduces to the expected power spectrum of a scalar
field in flat space-time.

B are described by the integrals

A(δ) =

(3 δ)∫

0

dE J1(E) sin(πν) |H(1)
ν (1) |2, (39)

B(δ) =

∞∫

(3 δ)

dE J1(E) sinh(π|ν|) e−(2π |ν|) |H(1)
ν (1) |2 (40)

and the quantity ν can be expressed in terms of E and δ
as follows:

ν =

[(
9

4

)
−
( E
2 δ

)2
]1/2

. (41)

However, closed form expressions for the above integrals
describing A and B do not seem to exist. Therefore,
we have evaluated them numerically and, in the figure
below, we have plotted the sum of A and B as a function
of δ. It is evident from the above figure that, in a de

0.005 0.015 0.025 0.035 0.045

0.005

0.015

0.025

0.035

δ

A
 
+
 
B

FIG. 1: (A+ B) plotted as a function of the quantity δ.

Sitter universe, the Planck scale corrections to primordial
spectrum are linear in δ.

V. SUMMARY AND DISCUSSION

In this work, using the locally Lorentz invariant ap-
proach of path integral duality, we have evaluated the
Planck scale corrections to the primordial perturbation
spectrum in the case of exponential inflation. We find
that the Planck scale corrections are of the order of
(H/M

P
). Moreover, the corrections are completely scale-

free, which implies that they simply change the ampli-
tude of the power spectrum. As we pointed out in the
last section, the amplitude in itself cannot be determined
from the observations and, as a result, the corrections we
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have obtained are unobservable. However, the ampli-
tude of the Planck scale corrections (whether they would
depend on, say, (H/M

P
) or (H/M

P
)2) have been of theo-

retical interest and, our calculation assumes importance
in this context.

At this stage, it is interesting to compare our results
with that of Ref. [24]. As we had mentioned in the in-
troduction, in this work, the authors evaluate the power
spectrum of the gravitational waves in exponential infla-
tion. For computational convenience, they use a particu-
lar modified dispersion relation to mimic the high energy
effects. For the case of the minimal energy initial state—
which is similar to the vacuum state we have chosen in
Eq. (25)—they obtain a spectrum which has a blue tilt
with superimposed oscillations. In contrast, using the lo-
cally Lorentz invariant proper time method, we obtain a
spectrum that is strictly scale invariant with the Planck
scale corrections of order (H/M

P
).

In cosmological perturbation theory, it is well-known
that, the metric perturbations do not couple to the mat-
ter perturbations in a de Sitter background (see, for in-
stance, Ref. [2]). For this reason, the exact de Sitter case
is considered pathological and, ideally, one would like to
carry out the analysis in slow-roll inflation, or, at least
for the case of power-law inflationary scenario. However,
the wave functions χE for E 6= 0 are not known in an
analytic form in such cases and one needs to resort to a
WKB approximation to evaluate the wave functions and
the resulting corrections. We hope to address this issue
in a forthcoming publication.
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APPENDIX A: PROPER TIME

REPRESENTATION OF THE HADAMARD

FUNCTION

In this appendix, we shall outline as how the Hadamard
function in flat space-time can be written as in Eq. (16).
Let us begin by recalling that the Hadamard function of
a quantized, scalar field Φ̂ is defined as follows:

G(1)(x̃, x̃′) = 〈0| Φ̂(x̃) Φ̂(x̃′) + Φ̂(x̃′) Φ̂(x̃) |0〉. (A1)

Consider a massive, scalar field in flat space-time. Using
the canonical quantization procedure, it is straightfor-

ward to show that the Hadamard function is given by

G(1)(x̃, x̃′) =

∫
d3k

(2π)3

(
1

2ω

)(
e−iω(t−t′) + eiω(t−t′)

)

× eik·(x−x
′), (A2)

where ω2 =
(
k2 +m2

)
. This expression can, in turn, be

written as

G(1)(x̃, x̃′) =

∫
d3k

(2π)3

∫
dk0
(2k0)

[δ(k0 − ω) + δ(k0 + ω)]

× e−i[k0(t−t′)−k·(x−x
′)]

=

∫
d4k̃

(2π)3
δ
(
k̃2 −m2

)
e−ik̃·(x̃−x̃′), (A3)

where k̃ ≡ kµ, k̃2 ≡ (kµk
µ),

(
k̃ · x̃

)
≡ (kµ x

µ), and in

the final expression we have made use of the relation
(

1

2ω

)
[δ (k0 − ω) + δ (k0 + ω)] = δ

(
k20 − ω2

)

= δ
(
k̃2 −m2

)
. (A4)

On using the integral representation of the δ function, we
obtain that

G(1)(x̃, x̃′) =

∞∫

−∞

ds e−im2s

∫
d4k̃

(2π)4
eik̃

2s e−ik̃·(x̃−x̃′)

=

∞∫

−∞

ds e−im2sK(x̃, x̃′; s), (A5)

where in the last expression we have identified the inte-
gral over k̃ to be the path-integral kernel of a free particle
in four dimensions.

APPENDIX B: DETERMINING THE

NORMALIZATION CONSTANT NE

In this appendix, we shall evaluate the normalization
constant NE for the wave functions corresponding to the
Hamiltonian Hk in de Sitter. Recall that, in a de Sitter
background, for the initial conditions of our interest, we
can setME to zero in Eq. (23), so that the wave function
χE is given by

χE(t) = NE H(1)
ν

(
kH−1 e−Ht

)
, (B1)

On substituting this wave function in the left-hand side
of Eq. (18), we get

I(E,E′) = (NE N
∗
E′)

∞∫

−∞

dt H(1)
ν

(
kH−1 e−Ht

)

× H
(1)∗
ν′

(
kH−1 e−Ht

)

= (NE N
∗
E′)

∞∫

0

dη

Hη H
(1)
ν (kη) H

(1)∗
ν′ (kη), (B2)
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where, in the second expression, we have expressed the
integral in terms of the new independent variable η =(
H eHt

)−1
. Also, the quantity ν′ denotes the quantity ν

[defined in Eq. (24)] corresponding to the energy E′.

In order to establish the normalization condition (18) and arrive at the value of normalization constant NE , we
shall adopt the following procedure. We shall relate the Hankel functions appearing in the integral (B2) above to the
MacDonald function Kν and use the following standard integral (see, for example, Ref. [31], p. 693):

∞∫

0

du u−λKα(pu)Kβ(qu) =

(
2−(2+λ)

Γ(1− λ)

)
p−(1+β−λ) qβ

× Γ

(
1− λ+ α+ β

2

)
Γ

(
1− λ− α− β

2

)
Γ

(
1− λ− α+ β

2

)
Γ

(
1− λ+ α− β

2

)

× F

[(
1− λ+ α+ β

2

)
,

(
1− λ− α+ β

2

)
, (1− λ) ,

(
a2 − b2

a2

)]
, (B3)

where Γ denotes the Gamma function and F is the hypergeometric function.

Note that, while the argument of the Hankel func-
tion appearing in the integral (B2) is always real, the
index ν is real for E < (9H2/4), but it is imaginary for
E > (9H2/4). For real values of the index, the Hankel

functions H
(1)
ν and H

(2)
ν are complex conjugates of each

other, and they are related to the MacDonald functions
Kν as follows (cf. Ref. [32], p. 375)

H(1)
ν (z) = −

(
2i

π

)
e−(iπν/2) Kν(−iz), (B4a)

H(2)
ν (z) =

(
2i

π

)
e(iπν/2) Kν(iz). (B4b)

Whereas, when ν is imaginary, the corresponding rela-
tions can be obtained to be

H
(1)
i|ν|(z) = −

(
2i

π

)
e(π|ν|/2)Ki|ν|(−iz), (B5a)

H
(2)
i|ν|(z) =

(
2i

π

)
e−(π|ν|/2)Ki|ν|(iz). (B5b)

For an imaginary index, the two Hankel functions are
not complex conjugates of each other, but are related as
follows:

H
(1)∗
i|ν| (z) = e(πν)H

(2)
i|ν|(z). (B6)

Let us first consider the case wherein E and E′ are
both greater than (9H2/4) so that ν and ν′ are both

imaginary. In such a case, on using the relations (B5a)
and (B6), the integral (B2) can be expressed as

I(E,E′) =

(
4NE N

∗
E′

π2 H

)
e[π(|ν|+|ν′|)/2]

×
∞∫

0

dη

η
Ki|ν|(−ikη) Ki|ν′|(ikη). (B7)

In order to identify the divergent part in the limit of
E → E′, we shall express this integral as a limit in the
following fashion:

I(E,E′)

=

(
4NE N

∗
E′

π2 H

)
e[π(|ν|+|ν′|)/2]

× lim
ǫ→0

∞∫

0

dη η−(1−2ǫ) Ki|ν|(−ikη) Ki|ν′|(ikη). (B8)

On comparing Eqs. (B8) and (B3), we can identify that

λ = (1− 2ǫ) ,

p = −(ik), q = (ik),

α = (i|ν|) , β = (i|ν′|) , (B9)

so that we have

I(E,E′) =

(
NE N

∗
E′

2 π2H

)
e[π(|ν|+|ν′|)/2] e(πν

′) Γ

[
i(|ν|+ |ν′|)

2

]
Γ

[−i(|ν|+ |ν′|)
2

]

× lim
ǫ→0

[
Γ (ǫ+ [i (|ν| − |ν′|)/2]) Γ (ǫ− [i (|ν| − |ν′|)/2])

Γ(2ǫ)

]
, (B10)
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where we have made use of the fact that F (a, b, c, 0) = 1
(cf. Ref. [32], p. 556). On using the following, standard
properties of Γ function (cf. Ref. [32], p. 256)

Γ(1 + z) = z Γ(z), (B11a)

Γ(z) Γ(1− z) = −z Γ(z) Γ(−z)

=

(
π

sin (πz)

)
, (B11b)

|Γ(iz)|2 =

(
π

z sinh (πz)

)
, (B11c)

|Γ(1 + iz)|2 =

(
π z

sinh (πz)

)
, (B11d)

we find that the expression (B10) can be expressed as

I(E,E′)

=

(
NE N

∗
E′

πH

)(
e[π(|ν|+3 |ν′|)/2]

[(|ν|+ |ν′|)/2] sinh [π(|ν| + |ν′|)/2]

)

×
(

[π (|ν| − |ν′|) /2]
sinh [π (|ν| − |ν′|) /2]

)

× lim
ǫ→0

(
ǫ

ǫ2 + [(|ν| − |ν′|) /2]2

)
. (B12)

Using the following representation of the delta function

δ(x) =

(
1

π

)
lim
ǫ→0

(
ǫ

ǫ2 + x2

)
, (B13)

we can then write that

I(E,E′) =

(
2 |NE|2

H

) (
e(2π|ν|)

|ν| sinh (π|ν|)

)
δ(|ν| − |ν′|).

(B14)

From the relation between E and ν [cf. Eq. (24)], we find
that

δ(E − E′) =

(
1

H2

)
δ
(
ν2 − ν′2

)

=

(
1

2H2 |ν|

)
δ (|ν| − |ν′|) . (B15)

Therefore, we have

I(E,E′) =
(
4H|NE |2

) ( e(2π|ν|)

sinh (π|ν|)

)
δ(E−E′) (B16)

which, finally, leads to

|NE |2 =

(
1

4H

)
sinh (π|ν|) e−(2π|ν|). (B17)

Let us now assume that both E and E′ are less that
(9H2/4) so that ν as well as ν′ are real quantities. As we
had done earlier, we shall express the integral (B2) as a
limit as follows:

I(E,E′) =

(
4NE N

∗
E′

π2 H

)
e−[iπ(ν−ν′)/2]

×
∞∫

0

dη η−(1−2iǫ)Kν(−ikη)Kν′(ikη). (B18)

where we have made use of the relations (B4). On com-
paring Eqs. (B18) and (B3), we can identify that

λ = (1− 2iǫ) , a = −(ik), b = (ik), α = ν and β = ν′,
(B19)

so that we can write

I(E,E′) =

(
NE N

∗
E′

2 π2 H

)
e−[iπ(ν−3 ν′)/2] Γ

[
ν + ν′

2

]
Γ

[
−
(
ν + ν′

2

)]

× lim
ǫ→0

[
Γ (iǫ+ [(ν − ν′)/2]) Γ (iǫ− [(ν − ν′)/2])

Γ(2iǫ)

]
, (B20)

where, again, we have made use of the result that F (a, b, c, 0) = 1. On using the properties (B11) of the Γ function,
we find that the above expression can be written as

I(E,E′) =

(
NE N

∗
E′

πH

)(
i e−[iπ(ν+3 ν′)/2]

[(ν + ν′)/2] sin [π(ν + ν′)/2]

)

× Γ (1 + [(ν − ν′) /2]) Γ (1− [(ν − ν′) /2])× lim
ǫ→0

(
ǫ

ǫ2 + [(ν − ν′) /2]2

)

=

(
2 |NE|2

H

) (
i e−(2iπν)

ν sin (π ν)

)
δ(ν − ν′) =

(
4H|NE |2

) ( i e−(2iπν)

ν sin (π ν)

)
δ(E − E′), (B21)

where in arriving at the second and the third equalities,
we have made use of the relations (B13) and (B15), re-

spectively. Dropping irrelevant phase factors, we obtain

|NE |2 =

(
1

4H

)
| sin(πν)|. (B22)
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We have quoted the results (B17) and (B22) in
Eq. (26).

APPENDIX C: PATH INTEGRAL DUALITY

MODIFIED ‘DENSITY OF STATES’

In this appendix, we outline the derivation of the result
we have quoted in Eq. (32). Let

G (E,L
P
) =

∞∫

−∞

ds ei[(L
2

P
/s)+Es] (C1)

which can be expressed as

G (E,L
P
) =

∞∫

0

ds ei[(L
2

P
/s)+Es] +

∞∫

0

ds e−i[(L2

P
/s)+Es]

= lim
ǫ→0+

∞∫

0

ds e−[(ǫ−iE)s−(i L2

P
/s)]

+ lim
ǫ→0+

∞∫

0

ds e−[(ǫ+iE)s+(iL2

P
/s)], (C2)

where we have introduced a small parameter ǫ which we
shall eventually set to zero. On using the following in-
tegral representation of the modified Bessel function (cf.
Ref. [31], p. 376)

∞∫

0

du exp− [a u+ (b/u)] =

√
4 b

a
K1

(√
4ab
)

(C3)

which is valid for Re. a > 0 and Re. (b) ≥ 0, we obtain
that

G (E,L
P
)

= lim
ǫ→0+

2

( −i L2
P

ǫ− iE

)1/2

K1

(
2
[
−iL2

P
(ǫ− iE)

]1/2)

+ lim
ǫ→0+

2

(
i L2

P

ǫ+ iE

)1/2

K1

(
2
[
iL2

P
(ǫ+ iE)

]1/2)
, (C4)

We shall now utilize the following series representation
of the Macdonald function K1 (cf. Ref. [32], p. 375):

K1(z) =

(
1

z

)
+ ln

(z
2

)
I1(z)

−
(z
4

) ∞∑

k=0

(
ψ(k + 1) + ψ(k + 2)

k!(k + 1)!

)(z
2

)2k
, (C5)

where I1 is the modified Bessel function of order unity
and ψ denotes the di-gamma function. On using this
series representation and the relation I1(z) = − [i J1(iz)]

(J1 being the Bessel function), we find that we can write
the modified ‘density of states’ as follows:

G (E,L
P
) = lim

ǫ→0+

(
2 ǫ

ǫ2 + E2

)
+

(
2πiL

P√
E

)
I1

(
2iL

P

√
E
)

= (2π)

[
δ(E)−

(
LP√
E

)
J1

(
2LP

√
E
)]
, (C6)

where we have also made use of the representation (B13)
of the delta function. This is the result (32) we have
made use in the text.

APPENDIX D: A CONSISTENCY

CHECK—POWER SPECTRUM IN THE LIMIT

OF H → 0

As a consistency check, in this appendix, we shall ex-
plicitly show that, in the limit of H → 0, the modified
power spectrum in de Sitter reduces to that of the cor-
responding modified spectrum for a scalar field in flat
space-time. In order to do so, let us first evaluate the
modified spectrum in flat space-time.
In flat space-time (i.e. when a = 1), the normalized

wave functions corresponding to the Schrodinger equa-
tion (14) are given by

χE(t) =

(
1

4π
√
k2 + E

)1/2

e−i
√
k2+E t. (D1)

On subsituting this wave function in the expression (33)
for the modified power spectrum, we obtain that

[
k3 PΦ(k)

]
(M)

=

(
k2

8π2

)
−
(
L

P
k3

8π2

) ∞∫

0

dE√
E (k2 + E)

J1

(
2LP

√
E
)

=

(
k2

8π2

) [
1− 2 e−kL

P sinh (kLP)
]

=

(
k2

8π2

)
e−2kL

P (D2)

This expression illustrates the fact that the duality prin-
ciple leads to an exponential suppression of power for the
trans-Planckian modes (i.e. modes for which k ≫ L−1

P
).

We shall now outline as to how the modified power
spectrum in exponential inflation reduces to the above
flat space-time expression in the limit of H → 0. In this
limit, we find that the wave function (27) in de Sitter
space reduces to

χE(t) ≃ (4H)−1/2 e−(π
√
E/2H)

× H
(1)

(i
√
E/H)

(
kH−1 e−Ht

)
. (D3)

Also, these wave functions are valid in the entire energy
range of 0 < E < ∞. For large complex order and real
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argument, the asymptotic form of the Hankel function

H
(1)
iν (z) is given by (cf. Ref. [35], p. 263)

H
(1)
iν (z) ≃ [− (πνi/2) tanh γ]−1/2 eν(tanh γ−γ) e−iπ/4.

(D4)
where ν = (z cosh γ), γ = (α+ iβ) and 0 < β < π. If we

choose β = (π/2), then, we find that ν = (iz sinhα) and

tanh γ = cothα. In our case, we have ν = (i
√
E/H), z =

(kH−1 e−Ht) so that sinhα = (
√
E k−1 e−Ht). On using

these expressions in the above asymptotic expansion of
the Hankel function, we find that, as H → 0,

∣∣∣∣H
(1)

(i
√
E/H)

(
kH−1 e−Ht

)∣∣∣∣
2

→
(H tanhα

π
√
E

)
e(π

√
E/H) =

( H
π
√
k2 + E

)
e(π

√
E/H) (D5)

so that we have

|χE(t)|2 ≃
(

1

4π
√
k2 + E

)
(D6)

which is the amplitude of the wave function in flat space-
time. Evidently, substituting this wave function in the
expression (33) for the modified spectrum will lead to the
required spectrum in flat space-time.
It should be emphasized here that we have arrived at

the flat space-time result by taking the limit of H → 0

without imposing the condition of Hubble exit in the
expression for the power spectrum in a de Sitter back-
ground. Physically, the limit of H → 0 is equivalent to
sub-Hubble scales in exponential inflation and, therefore,
this limit leads to the flat space-time result. It should be
noted that the condition of Hubble exit and the limit
H → 0 correspond to two extreme limits. Hence, we
could not have arrived at the flat space-time result by
setting H = 0 in the power spectrum evaluated at Hub-
ble exit in exponential inflation.
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