arXiv:1109.4462v1 [quant-ph] 21 Sep 2011

On Admissible States of Quantum Fourier Transform

Arpita Maitra and Santanu Sarkar
Applied Statistics Unit, Indian Statistical Institute,

203 B T Road, Kolkata 700108, INDIA
Email: arpita76b@rediffmail.com, sarkar.santanu.bir@gmail.com

December 5, 2018

Abstract

We present a general methodology to obtain the basis of qudits which are admis-
sible to Quantum Fourier Transform (QFT). We first study this method for qubits to
characterize the ensemble that works for the Hadamard transformation (QFT for two
dimension). In this regard we identify certain incompleteness in the result of Maitra
and Parashar (IJQI, 2006). Next we characterize the ensemble of qutrits for which
QFT is possible. Further, some theoretical results related to higher dimensions are
also discussed.

Keywords: Hadamard Gate, Qubits, Qutrits, Qudits, Quantum Fourier Transform, Uni-
versality.

1 Introduction

One important quantum gate is the Hadamard gate that has received wide attention in
computer and communication science. There are a number of seminal papers in quantum
computation and information theory where the Hadamard transform has been used. The
Deutsch-Jozsa algorithm [3] to distinguish the constant or balanced Boolean functions uses
an n-dimensional Hadamard gate. Furthermore, the Toffoli and Hadamard gates comprise
the simplest universal set of quantum gates [6, Chapter 4]. Thus one can easily claim that
Hadamard gate is one of the most frequently used building blocks in quantum computational
model.

An extension of Hadamard transform over higher dimension is the Quantum Fourier
Transform (QFT). QFT has frequent applications in Quantum computation and information
and one may refer to [6, Chapter 5] for detailed discussion in this area. The QFT can be
seen as linear transformation on quantum bits. This is the quantum analogue of the Discrete
Fourier Transform (DFT). Shor’s famous algorithm [9] for polynomial time factoring and
discrete logarithm are based on Fourier transform which is a generalization of the Hadamard



transform in higher dimension. It has applications in other important areas such as quantum
phase estimation and hidden subgroup problem. It is also important to note that the QFT
can be performed efficiently on quantum computational framework.

Thus, it is important to identify the quantum states that are admissible to QFT as those
states can be used in a similar manner as the standard basis and thus states can be used
in the same quantum gates that are already available. We describe the exact problem in
Section 1.2 little later. Thus, in this paper we study the universality of QFT.

Pati 7] has proved that one can not design a universal Hadamard gate for an arbitrary
unknown qubit. This is due to the simple reason that linearity does not allow linear su-
perposition of an unknown state |¢)) with its orthogonal complement [¢;). Motivated by
Pati’s work, in [4], it has been shown how one can construct a general class of qubit states,
for which the Hadamard gate works as it is. The result of [4] provides certain ensemble
qubit states, for which it is possible to design a universal Hadamard gate, are given by
(a+15)]0) + a|1). In [4], the orthogonal state of the form *|0) — a*|1) has been considered
for the state a|0) + b|1). In fact, all the phase shifts of the state b*|0) — a*|1) are orthogonal
to al0) + b[1).

In this paper, we show that the result of [4] is not a complete characterization of the

qubits such that after application of Uy |t), [11) goes to %(W(ﬁ +¢1)) and %(WO) —[¢1))
respectively. We complete the characterization here that 1s presented in Section 2.

1.1 Brief Background

The quantum bits, well known as qubits, can be represented as the superposition of |0) and
|1) in the form |¢)) = a|0) + B|1), where «, 3 are complex numbers such that |a|* +|3]? = 1.
The qubits of higher dimensions are called qudits. An n-dimensional qudit can be represented
as [1) = auo|0) + 1 |1) + auol2) +. ..+ qpp_1|n — 1), where ay 0, 1, 2, . .., Q1 are all
complex numbers and Z;:g | j|* = 1. We here index the qudits by ¢ as we will be using
more than one qudits at the same time.

The discrete Fourier transform is usually described as transforming a set xg,...,z,_1 of
n complex numbers into a set of complex numbers vy, ..., y,_1 defined by

1 n—1 amish

y; = Un(x;) = NG e n .
k=0

The quantum Fourier Transform (QFT) is the counterpart of this transformation and is
defined as follows.
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Quantum Fourier Transform has extremely important role in Quantum computation as evi-
dent from [3, 9]. One can write the DFT/QFT matrix U, as follows for n dimension, when
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Thus DFT/QFT is a unitary transformation given by the unitary matrix U,. One can view
the DFT as a coordinate transformation that specifies the components of a vector in a new
coordinate system. Thus, given a set of qudits g, 11, ..., 1¥,_1, after application of QFT, one
can get another set of qudits ¢(, 1, ..., _,. From the Plancherel theorem [10] it is known
that the dot product of two vectors is preserved under a unitary DFT/QFT transformation.
Thus if ¢, and v, are orthogonal then ¢/ and 1! will be orthogonal too.

Let us briefly introduce what happens in case of qubits in terms of Hadamard oper-
ations. The Hadamard transform is an example of Fourier transform for n = 2 and the
transformation (H gate) is as follows:

171 1
|
This takes the orthogonal vectors |0) and |1) to two other orthogonal vectors %(m) +11))
and (|O> |1)) respectively. One important question is [7] what is the set of orthogonal
Vectors [to), |t1) such that after application of Hadamard gate H one gets two orthogonal

vectors %(Wo) + |11)) and (Wo) |t1)) respectively. This cannot be true for all the

qubits. However, using hnearlty, it has been shown [4] that |¢)y) needs to be of the form
(a+10)|0) + a1).

1.2 The problem

Thus we have the following problem in hand related to QFT. Consider that an n-dimensional
qudit can be represented as |¢y) = au0|0) + auq1|l) + @2]2) + ... + p_1|n — 1), where
Q0, 1, g2y - - -, Qg1 are all complex numbers and Z;L:_S | j|* = 1. We like to character-
ize the qudits |¢y), [t1), ..., |tn_1) such that

Un(l47)) Z 2)

It is clear that this is true when [o) = [0), |[¢1) = |1), ..., [¥n—1) = |n — 1). However, it is
not true in general and it is an important theoretical question to characterize such ensembles.
Looking at U,, as a matrix as we have described above, U, (|1;)) can be seen as U, x [1);)

Q5.0
interpreting |1);) as a column vector 1| Thus, U, x ([o), [1), - -, [n_1)) can be

aj,n—l
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seen as U, x A,, where,

0,0 10 .- Qp—1,0

Q1 dr1 .. Op—1,1

An — b b n b
donp—1 AX1p—-1 -+ On_1n-1

Now, linearity gives that U(v;) = o oU(|0)) + ;1 U(|1)) + ... + @j,_1U(Jn — 1)). From
this it is clear to note that for linearity, we need

UnA, = AU,.

This provides n? many constraints on the elements of the matrix A, and based on those
constraints one can characterize [1), |¢1), ..., |¢n_1) that satisfy Equation 2.

1.3 Outline of the paper

In this paper we point out certain incompleteness in the result of [4] and complete the char-
acterization in Section 2. In Section 3, the characterization related to the qutrits that satisfy
the QFT are presented. Some brief results related to QFT for quantum states of higher
dimensions are presented in Section 4 and we explain that the nature of the solutions (sym-
metric or asymmetric) depends on the eigenvalues of the QFT matrix. Section 5 concludes
the paper.

2 The case for qubits

To study the simplest case, we may revisit the work of [4] in this model, which only considers
the case n = 2. In this case,

[Yo) = aopl|0) +agall), (3)
[V1) = aip]|0) + aiq]l). (4)
Thus, we have
o 1 1 1 . Qoo Q10
Ug—ﬁ{l _1],andA2—[a07l ary |

To elaborate, one needs to satisfy

allvo)) = (o) + 91},
1

U. = — . 5
2(|¢1)) ﬁ(\w(ﬁ |41)) (5)
Now from Us Ay = AyUs, we get 22 = 4 equations and then simple manipulations provide
o= o — Qoo — 11
L0 = Qo1 = o
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Thus, the general ensemble can be written as

[P0) = (2c0,1 + a11)[0) + 1]1),
1) = @.1|0) + a1al1). (6)

Hence we get the following result.

Theorem 1 Let |¢y), |101) be the qubits as described in (3). Then they will satisfy (5) if and
only if they are of the form mentioned in (6).

When |[1)y) and |¢1) are orthogonal, it has been considered in [4] that

Q10 = Ojlk,O? i. €., 010 is real,
a1 = —(2000+a11)" = —2a10 — af; as g is real, which gives
a1 +aj; = —2a, and thus, Real(ay;) = —aqp.

Taking oy o = a, a real number and «a;; = a + ib, where b is real too, one can see that |t)
is of the form (a + ib)|0) 4+ a|1) as given in [4]. If one takes

alp = —ajg, and

ar; = (2ong+a11)",

then oy o becomes imaginary and imaginary part of a;; becomes equal to —a; . Thus, |¢)
is of the form (a + ib)|0) + ¢b|1). However, these are not the complete characterization of
the ensembles and thus we refute the following claim of [4]: “We obtain the most general
ensemble of qubits, for which it is possible to design a universal Hadamard gate.” We present
the proper characterization in the following analysis.

2.1 The complete solution for U, taking |vy), |1);) orthogonal

Take [1g), [11) as in the form mentioned in (6). As they satisfy (5), if |¢y), [1)1) are orthog-
onal, following Plancherel theorem [10], Us(|10)), Ua(|11)) will be orthogonal too.
Let us take a1 = a+ 40 and apy = 7 + id. Putting these in (6), we have

o) = ((a+27)+i(8+26))|0) + (v +14d)[1)
1) = (y+1i6)|0) + (o +iB)|1).

Thus, exploiting normality of [1), |¢1) and the orthogonality between |vy), [1)1), we get the
following kinds of conditions.

1. Both 7 and ¢ are zero: ap; = 0 gives a trivial solution where v = § = 0, and
a = £4/1 — 2. That is |1pg) has only |0) component and |¢;) has only |1) component.



2. One of v or J is zero:

If we take v = 0 then from orthogonality, we get 8 = —¢, and thus a = £v/1 — 262.
Hence, [t)g) is of the form (a4 id) |0) 4 i0|1).

Taking 0 = 0, from orthogonality, we get a = —v, and thus § = ++/1 — 272. Hence,
|1o) is of the form (v +if) |0) + v|1).

This covers the cases considered in [4].
3. Both 7 and 4 are non-zero:
2 2
O = S (5(52 +97) EV07 97 —2(82 + v2)2> -

R (5(52+7 ) £7/0% +7 —2(52+7)>

One may note that |ag|* = 6% + 2.

Item 3 is not covered in [4]. If we put § = v = % in item 3, we get « = 8 = —

5 Hence we
have,

1
2

o) = 110+ 1)), ) = T

Clearly the [¢) above is not of the form given in [4].

(10) = 11)).

3 Characterization for Qutrits

We will now consider the case for qutrits. Several quantum systems work on the qutrits and
for example one may refer to [2] for a BB84 like cryptographic protocol. For a qutrit, the
QFT can be seen as follows putting n = 3 in (1).

Denoting the transform as Us, one can write it as:

Us(|0)) = \7(|0>+|1>+|2>)
Us(I1)) = 7(\0>+w3|1>+w3\2>)
Us(12)) = 7(\0>+w3|1>+w3\2>) (7)
1 1 1
That is, given ws = V1, Us = 1 Z;;: Zi



Now we need

Us(l) = %uww 1) + [2)),
Us(l) = %(|¢0>+w3|¢1>+w32,\¢2>)7
Us(192)) = —= (o) + wllthr) + wslifn))-

S

3

The states [1g), [11), [1)2) are as follows.

Vo) = aop|0) + ag1|l) 4+ ag2]2)
V1) = aip|0) + aiq|l) + 12]2)
[e) = a20|0) + ag1|l) + aa2(2).

From UsAs = A3Us, we get the following equations.

From (10),

Qo0+ Q1+ Qo2
Qo0 + w1 + wgaog
Qo0 + wgozo,l + w3 0lp,2
Qo+ Q1+ Q2
Q1.0 + ws 1 + ngéLg
1.0 + wgal,l + w3y 2
Qoo+ Qg1 + Qo9
Q20 + ws2 1 + wgau

2
Q90 + W39 1 + w302 9

Qoo+ Q19+ Qo
Qo1+ a1+ Qo
Qo2+ a0+ Qoo
o0 + w30 o + wgag,o
Qo1 + w31+ w§a2,1
2 + W3 2 + wgag,g
&p,0 + wgam + w2 o
Q1 + w§a1,1 + w3z g

2
2 + W30y 2 + w3z 2

—~
o
~—

e e
w N = O

— =
N O Ot

e N N N N N N e N e NN
(0.¢] W=~
T D D D D T

Qo1 = Q1,0+ Q29 — Q2.

Adding (11) and (12) and putting the value of g1, we get

Qoo = Q1,0+ Qg + 5(041,1 + a1+ a1e+ aga).

Then putting both the values of g, a1 in (12), one can get

1 1
Qp,2 = 5(0&1,0 + 042,0) + —wg(am + 042,2) — —w%(oq,l + 04271).

4 4

Further, replacing ag in (13), it can be seen that

1 1
Q1o = §W§(041,1 + oy 2) — §w§(042,1 + a2) + azp.



Now (14) gives,
2 2
Q10+ Wi o = Qo1 + Wi

and from this it follows that
Q12 = Q21.

Similarly from (15), we get

2 2
Q1,0+ W31 = Qoo + W30 9.

Replacing the values of 2, a1, we get
11 = (2.

Next from (16), one can get
Q2,0 = Q1,0

Thus, we finally get
Qp1 = Q10 = Q20 = Op2-

Manipulating (17), (18), one can check that
Qg1 = Q2 and Qg9 = (1 1.-

So |to), [11), |19) are of the following form.

[Yo) = (11 +aip+2a01)[0) + ao|l) + ao12)),

V1) = ao1|0) +a11|1) + a12(2)),
V) = @1]|0) + a12]1) + @11]2)).

Thus we get the following important result.

(19)

Theorem 2 Let |t)g), [1)1), [t2) be the quirits as described in (9). Then they will satisfy (8)

if and only if they are of the form mentioned in (19).

3.1 Solutions when [¢y), |¢1), |12) are orthogonal

Let a1 = o + 1Yo, 1,1 = @1 + Y1, 12 = T2 + 1y2. Now we will try to obtain relations

following (19). From orthogonality and normality, we get the following conditions:

fi = aq+ygtai+yi+as+y;—1=0,

fo = (@14 24 220)% + (1 + y2 + 200)* + 2(25 + 43) — 1 =0,
f3 = (@14 22+ 230)20 + (Y1 + Y2 + 2%0)Y0 + Tox1 + Yoy1 + ToT2 + Yoy2 = 0,

fi = x+y5+2zw0 + 2y1y2 = 0,

(20)

over the variables xq, yo, 1, Y1, T2, y2. That is we need to find common roots of fi, fo, f3, f4.
Let, I be the ideal generated by fi, fa, f3, fs over the polynomial ring R[zg, 1, Z2, Yo, Y1, Ya)-
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As dimension of I is 3 (checked using SAGE [8]), one can choose any three of zq, o, z1, 1,
T2, Yo and then obtain the values of other three by putting the chosen in the equations above.

As an example, one can choose the values of vy, y1,y> and then try to find zg, x1, 25 in
terms of yo, y1, yo. However, it is extremely tedious to write the complete expression. Let us
first provide an example with some numerical value.

Example 1 Take yo = y1 = yo = 1—10. Thus we get the following that provide solutions

to (20):
_ /11 | /1909
To=1\/75 T 300 -

2y = 1i5(90 + 2v/3(44 + VI000)? — 135/3(44 + VIOD) — /5727(44 + V/I009)),
2 = 15 (—47\/3(44 4 VI009) + 1/5727(44 + V/I900)
— /2862 + 54/I000 + 12354(44 + /I909) — 282v/1909(44 + v/I909)).

Next we carefully study several interesting situations that provide compact expressions.

3.1.1 The solutions when xy = yy =0

Given zy = yo = 0, we have the following solutions.

(v2+u3-1-/ (T +B—12= 4y1y2)(\/l vi—v3—/ (Wi +y3—1)%— 4y1y2)
2v2y1y2
j:\/l y1 y2 \/(y1+y2 12 43/13/2

1. [L’lzi

(v+u3- 14/ (F+B- D223 (\/1 vi-v3+y/ (i3 -1)2- 4y1y2)
2v2y1y2
j:\/l y1 y2+\/(y1+y2 12 43/13/2

2. [L’lzi

In this case, o1 = 0 and putting that in (19), |¢), |¢1), [1)2) are of the following form.

Vo) = (11 + a12)]0),
1) = aia[l) + a12(2)),
[P2) = aig|l) + @1.1]2)). (21)

Two examples of such states are
1 1
o) = 10), |th1) = (1—1)\1> 51 +9)[2), |v2) = (1+Z)I1> 51 =9)I2);

and

i—1
[%0) = W‘O>’ |¥1) = 7(—I1> +12)), [¢2) = 7( i) = 12)).



3.1.2 The solution when y, =0, but 27 # 0
When yy = 0 we have following solutions.

1. xg == _1_(@/13-1-312)2
N \/1—(y1—|ry2)2 \/1—(y1—y2)2
T =+ 2V3 - 2
Z 2 o — )2
2y = :F\/l 2(3\//1;—?;2) + V1 (y21 y2)

2. ko == _1_(@/13-1-312)2
(1+92)?  V/1-(y1—y2)?
2V/3 2

1—
Ty = :F\/

3.1.3 The real solutions

One interesting situation is when ag1, 01,012 are all real, i. e., yo = y1 = yo = 0. This
follows putting y; = y2 = 0 in the results of previous section (Section 3.1.2). One may note
that there are exactly four solutions for this.

_ 1 _ 1 1 _ 1 1
Loy=%7 n=F5-nn2=TFas 5

_ 1 _ 1 1 _ 1 1
2w =Ep i =Fpte = Fag o

Following (20) and taking yo = y1 = yo = 0, one can consider this as obtaining points of
intersection of the following four planes in three dimension.

ot ri -1 =
(z1+ 29+ 210)2 + 220 — 1 =

(r1 + xo + 230) w0 + Tox1 + T =

o oo o

2
Ty + 2x119 =

4 Brief study of the general case

From the previous two sections, it is clear that Ay, A3 are symmetric. Thus it requires an
understanding what happens for the general case. In this direction, let us first present the
following result.

Theorem 3 If the Eigen values of U, are distinct, then A, is symmetric.

Proof: Since the Eigen values of U, are distinct, U, is diagnosable. Let T), be a matrix
so that 1T,,U, T lis diagonal, with distinct diagonal entries wuy, us, . .., u,. Consider a matrix
B,, such that B, U, = U,B,.
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Now, (T, B, T, VT, U, T ") = (T,U, T, )T, B, T;Y). Let, M, = T,,B,T.;}. Now(i, j)-th
entry of M, (T, U, T ") is myju;. Also (i, j)-th entry of the matrix (T,,U, T, )M, is u;m;;.
If i # j, given wu;,u; are distinct, m;ju; = u;m;; holds iff m;; = 0. Thus, a matrix com-
muting with T,,U, T, ! is diagonal. Using interpolation one can find a polynomial P so that
P(T,U,T;") = T,B,T, " is that other polynomial. Since P(T,,U, T, ') =T, - P(U,)-T, ", so
B, = P(U,).

Since U, is symmetric and B, is a polynomial in U,, B, will be symmetric too. From
definition, we have A,U, = U, A,,. Thus A, is symmetric when the Eigen values of U,, are
distinct. |

The Eigen values of U, are 1 and the Eigen values of Us are /3, —1 4 2ws. Thus, the
Eigen values of Uy and U; are distinct and thus As, A3 are symmetric as we have already
observed in the previous sections. Now let us look at Uy and A4 which are of the following
form:

1 1 1 1 Qpo Q10 Qo0 Q30
2 3
Ll wy wiowy _ | @1 Q11 21 Qa3
U4 = A4
= 2 2 | =
211 wi 1 wy Qoo Q12 Qg9 Q32
30,2
1 wy wi ws Qo3 (13 Qa3 Q33

One may note that wy, = 7. The Eigen values of Uy are 1,1, —1, 4, which are not distinct and
we find that the A, is indeed not symmetric.
As before, We consider the qudits of the following form.

[v0) = @00/0) + ap1[1) + ao2l2) + agsl3),
|’17D1> = Oé170|0>‘|‘0é171|1>+Oé172|2>+0é173|3>,
[2) = agpl0) + ag1|l) + a22(2) + az3]3),
[v3) = @z0l0) + az1|1) + az2|2) + aszs]3). (22)
To satisfy QFT, we need
Ullin)) = 5 (1) + I9n) + ) + [9s)),
U(0)) = 5 (o) + el + il + i)
Ulln)) = 5 (o) +flob) + o) + i),
Ulls)) = 5 (19) +lin) + il + walis) (23)

i. e.,

U, A, = AU, (24)

It is clear that from Equation (24), we have 16 polynomials over the variables ay; for 0 <
k,l < 3. Since it is not easy to handle all these equations in hand, we use Mathematica

11



7.0 [5] to find the following conditions.

Qo0 = Qo9+ 2032 + 2003,

o2 = Qoo+ 2039+ p3— 13— Qa3 — 33,
Qg0 = Qg2+ Qp3— Q13+ Qa3 — 33,

a1p = Q32+ 003 — a3,

Q3p = Q32+ Qp3— a3,

Qo1 = Qp3,

11 = 033,

31 = 043,

Qg1 = Qg3,

Q1o = Q39.

Hence the general form of [¢g), |¢1), [12), [15) such that it satisfies (23) is as follows.

|1/10> = (042,2 + 20(372 + 20&0’3)‘O> + OKO’3|1>

+(042,2 + 20(372 + Qo3 — (13 — (g3 — 043’3)|2> + 04073|3>

|'l/11> (Oég,g + Qg3 — Oé2,3)|0> + Oé3,3|1> + Oé3,2|2> + 04173|3>
[19) = (cn2+ o3 — i3+ ass— a33)|0) + ass|l) + a22]2) + s 3(3)
|'l/13> = (Oég,g + Qg3 — Oé2,3)|0> + Oé1,3|1> + Oé3,2|2> + 04373|3> (25)

Thus we have the following result.

Theorem 4 Let |1y), [11), |12), [13) be the qudits as described in (22). Then they will satisfy
(23) if and only if they are of the form mentioned in (25).

Similar to the previous sections, one may attempt to find out the conditions when |)g),
|11), |12), |13) are orthogonal. These cases as well as the cases for higher dimensions are
not easy to handle by hand calculation and one may need to take the help of SAGE [8] or
Mathematica [5].

5 Conclusion and Open Directions

In this paper we have studied the general classes of quantum states that can work in a similar
manner as the standard bases with respect to the Quantum Fourier Transform. The QFT
2mijk

takes the state |7) to ﬁ S ge n |k). We have tried to characterize the states [¢;) that

n—1 2mijk

goes to % Y i—g€ n |tYy) under the action of QFT. We could provide a full characterization
of the set of Hadamard-admissible pairs for qubits and as well for QFT-admissible triplets
for qutrits. The generalized results for higher dimensions are also studied.
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